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Abstract 

The one-dimensional discrete ordinates code ANISN has been adapted to 
simulate the transport of low-energy (on the order of a few MeV) electrons. 
Two different calculational techniques have been utilized for the treatment 
of electron-electron collisions that result in a small energy transfer. 
method treats such collisions by a continuous slowing-down approximation, 
while the other method treats these collisions by the use of a very approximate 
cross section. Calculated results obtained with ANISN are compared with ex- 
perimental data for the transmitted energy and angular distributions for 1-, 
2.5- ,  4 - ,  and 8-MeV electrons normally incident on aluminum slabs of various 
thicknesses and for 1-MeV electrons normally incident on a gold slab. The 
calculated and experimental results are in reasonably good agreement for the 
aluminum slabs but are in poor agreement for the gold slab. Calculated results 
obtained with ANISN are also compared with calculated results obtained with 
Monte Carlo methods. 
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I. INTRODUCTION 

. 

The men and instruments aboard space vehic les  must be protected 

from t h e  rad ia t ion  encountered i n  e x t r a - t e r r e s t r i a l  f l i g h t .  A s i g n i f -  

i c a n t  research e f f o r t  has been under way f o r  some time t o  discover t h e  

i d e n t i t y ,  energy, and abundance of t h e  p a r t i c l e s  involved, and t o  

determine t h e i r  a b i l i t y  t o  pene t ra te  sh ie ld ing  mater ia l s .  l J 2  

space labora tory  o r b i t i n g  through the  Van Allen e lec t ron  b e l t s  would be 

exposed t o  a l a r g e  number of  low-energy e l ec t rons .  A code i s  ava i lab le  

A manned 

t h a t  t r e a t s  low-energy e lec t ron  t r anspor t  by Monte Carlo methods. 3 

However, because of d i f f i c u l t i e s  with t h e  s ta t is t ical  accuracy obtained 

i n  some cases,  a n o n s t a t i s t i c a l  ca l cu la t iona l  method i s  needed. The 

purpose of t h i s  i nves t iga t ion  i s  t o  study t h e  adap tab i l i t y  of t h e  

method of d i s c r e t e  ord ina tes ,  which was developed f o r  neutron trans- 

por t ,  t o  t he  t r anspor t  of low-energy e l ec t rons  and the  photons which 

they produce. 

Consideration here i s  l imi t ed  t o  t h e  energy range below 1 0  MeV, 

s ince  t h i s  i s  the  a rea  o f  primary concern fo r  t he  sh ie ld ing  of space 

vehic les .  However, t h i s  energy range i s  broad enough t o  be of genera l  

i n t e r e s t .  Other problems t o  which t h e  ca l cu la t iona l  method developed 

here  might be appl ied include t h e  e f f e c t  of mult iple  s c a t t e r i n g  on the  

response of b e t a  de tec tors  and t h e  e f f e c t  of t h e  energy f luc tua t ions  

r e s u l t i n g  when a monoenergetic beam of e l ec t rons  i s  inc ident  on a t h i n  

t a r g e t  ( f o r  example, i n  a device such as the  e lec t ron  microscope). 
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I n  Sect ion I1 a bas i c  discussion of e l ec t ron  penet ra t ion  i s  

presented, and previous e f f o r t s  made toward t h e  so lu t ion  of t h i s  

problem a re  reviewed. 

t i o n  used i n  t h i s  inves t iga t ion  a re  given i n  Section 111. The s p e c i f i c  

forms of t h e  c ross  sec t ions  and o ther  parameters u t i l i z e d  i n  t h e  

equations a r e  discussed i n  Section IV. 

obtained from t h i s  inves t iga t ion  and r e s u l t s  frm other  sources,  both 

ca l cu la t iona l  and experimental, a r e  presented i n  Sect ions V, VI, and 

VII. A pure angular spectrum from mul t ip le  e l a s t i c  s c a t t e r i n g  and a 

pure energy spectrum due t o  e lec t ron  s t r agg l ing  a re  considered i n  

Section V, and comparisons with experimental r e s u l t s  a r e  given i n  

Section VI. Experimental da t a  a re  l imi t ed ,  and none were ava i l ab le  

t o  descr ibe t h e  pene t ra t ion  of an inc ident  energy spectrum such as 

t h a t  inc ident  on spacecraf t  i n  t he  Van Allen b e l t s .  A comparison w i t h  

another ca l cu la t iona l  method for t h e  e lec t ron  energy d i s t r i b u t i o n  

r e s u l t i n g  from a f i s s i o n  spectrum source of e l ec t rons  i s  presented i n  

Section VII. Energy spec t r a  fo r  t h e  photons produced by these elec-  

t rons  and t ranspor ted  through l a r g e  slab thicknesses  w e  also included 

here .  Conclusions and recommendations f o r  f’urther i nves t iga t ion  a re  

discussed i n  Sect ion VIII. The d e t a i l e d  der iva t ion  of t h e  t r anspor t  

equation with a term corresponding t o  t h e  continuous slowing-down 

approximation i s  given i n  Appendix A, and t h e  der iva t ion  of t h e  high- 

frequency end-point correct ion appl ied t o  t h e  bremsstrahlung cross  

sec t ion  i s  shown i n  Appendix B. 

The equations involved i n  t h e  methods of solu- 

Comparisons between the  r e s u l t s  

. 
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11. LITERATURE SURvE?c 

When e l ec t rons  with energies  of a f e w  MeV pene t r a t e  matter,  they 

undergo a l a r g e  number of c o l l i s i o n s  within a very sho r t  pathlength.  

Since the re  a r e  many possible  energy and angular changes for each col- 

l i s i o n ,  t h i s  r e s u l t s  i n  a d i s t r i b u t i o n  of e l ec t rons  i n  terms of both 

energy and d i r e c t i o n  of t r a v e l .  The most s i g n i f i c a n t  i n t e r a c t i o n s  f o r  

t he  p red ic t ion  of t he  r e s u l t i n g  d i s t r i b u t i o n  by t r anspor t  ca l cu la t ions  

a r e  e l a s t i c  nuclear  (Coulomb) sca t t e r ing ,  i n e l a s t i c  s c a t t e r i n g  from 

atomic e l ec t rons ,  and r a d i a t i v e  (bremsstrahlung) i n t e r a c t i o n s  with 

both nuc le i  and atomic e l e c t r o n s .  Birkhoff described e l e c t r o n i c  i n t e r -  

act ions and summarized t h e  progress made on numerical models represent- 

ing  various aspects  of e l ec t ron  t r a n s p o r t .  More recent ly ,  Zerby and 

Kel ler  presented a comprehensive s t a t e -o f - the -a r t  review of t heo re t -  

i c a l  and experimental i nves t iga t ions  i n  t h e  area of e l ec t ron  t r a n s p o r t .  

4 

5 

Coulomb i n t e r a c t i o n s  a r e  very frequent,  r e s u l t i n g  i n  an angular 

d i s t r i b u t i o n  heavi ly  peaked i n  the  forward d i r e c t i o n .  Since t h e  mass of  

t h e  e l e c t r o n  i s  minute compared t o  t h a t  of t he  nucleus, t h e  energy loss 

suffered by the  e l ec t ron  i s  i n s i g n i f i c a n t ,  and these  c o l l i s i o n s  may be 

considered e l a s t i c .  Various methods have been developed for ca lcu la t -  

i ng  mul t ip l e  - (Coulomb) s c a t t e r i n g  d i s t r i b u t i o n s  Moli;re 6 7  7 formu- 

l a t e d  a numerical funct ion i n  terms of a reduced s c a t t e r i n g  angle t o  

descr ibe t h e  r e s u l t  of small  angular de f l ec t ions .  Goudsmit and 

S a ~ n d e r s o n ~ ’ ~  derived a Legendre s e r i e s  t h a t  can be evaluated f o r  a 

s p e c i f i c  s ing le - sca t t e r ing  c ros s  sec t ion  t o  give t h e  d i s t r i b u t i o n  

r e s u l t i n g  from angular de f l ec t ions  of any magnitude. 



4 

Elec t ronic  c o l l i s i o n s  with atomic e l ec t rons  r e s u l t i n g  i n  a s m a l l  

energy t r a n s f e r  and a cor re la ted  small angular de f l ec t ion  are also 

qu i t e  numerous. The atomic e lec t ron  involved is  e i t h e r  e leva ted  t o  an 

exc i ted  s t a t e  or ionized i f  the  energy transfer i s  s u f f i c i e n t l y  g r e a t .  

Col l i s ions  involving a l a rge  energy transfer and angular de f l ec t ion  do 

occur, but  t h e i r  frequency decreases as a fbnct ion of increasing energy 

l o s s .  

becomes p a r t  of t h e  t ransmi t ted  spectrum. High energy-loss reac t ions  

a re  therefore  p a r t i c u l a r l y  important f o r  an accurate  determination of 

t he  e l ec t ron  flux r e s u l t i n g  a t  thicknesses  approaching t h e  range of t h e  

inc ident  beam. I n e l a s t i c  s ca t t e r ing  from atomic e lec t rons  i s  t h e  p r i -  

mary mode of energy lo s s  for e lec t rons  i n  t h e  f e w  MeV range. 

The secondary or  knock-on e l ec t ron  produced i n  such a c o l l i s i o n  

11 and Landau derived a universa l  curve t o  descr ibe the  9,10 W i l l i a m s  

c h a r a c t e r i s t i c  d i s t r i b u t i o n  o f  energies  r e s u l t i n g  when a monoenergetic 

e l ec t ron  beam passes through a t h i n  f o i l ;  i . e . ,  one i n  which t h e  

average energy lo s s  i s  small  compared t o  t h e  i n i t i a l  energy of t h e  

e l ec t ron .  Angular e f f e c t s  were not  considered. The curve i s  b a s i c a l l y  

a Gaussian d i s t r i b u t i o n  centered near t h e  most probable energy l o s s  

with a 

energy 

l a r g e r  

give a 

long t a i l  a t  lower energies .  Col l i s ions  involving a s m a l l  

t r a n s f e r  a re  responsible  f o r  t h e  Gaussian d i s t r ibu t ion ,  while 

energy t r a n s f e r s  cause the  t a i l .  Blunck and Leisegang 12,13 

cor rec t ion  for t he  Landau theory t o  account for t h e  e f f e c t  of 

more t i g h t l y  bound atomic e lec t rons ,  e spec ia l ly  the  K-shell e l ec t rons  

for  high-Z atoms. V a v 0 1 0 v ~ ~ ~ ~ ~  modified the  Landau d i s t r i b u t i o n  t o  
a 

make it more ind ica t ive  of t he  inc iden t -pa r t i c l e  ve loc i ty .  
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. 

Bremsstrahlung r eac t ions  a l s o  r e s u l t  i n  energy degradation, 

although they a r e  not  of prime i n t e r e s t  i n  t h e  range considered h e r e .  

Bremsstrahlung becomes much more s i g n i f i c a n t  a s  t h e  e l ec t ron  energy 

and t h e  atomic number of t he  t a r g e t  i nc rease .  However, bremsstrahlung 

r eac t ions  are c r u c i a l  i n  t h e  determination o f  r a d i a t i o n  e f f e c t s  a t  

t a r g e t  depths beyond t h e  range of t h e  inc iden t  e l e c t r o n s .  Koch and 

Motz present  a d e t a i l e d  review of t h e  bremsstrahlung i n t e r a c t i o n .  16 

Various attempts have been made t o  solve t h e  complete e lectron-  

t r a n s p o r t  problem by applying numerical techniques t h a t  combine t h e  

resul ts  of several e x i s t i n g  t h e o r i e s .  

t heo r i e s  previously mentioned, such ca l cu la t ions  d i s t ingu i sh  between 

e l e c t r o n  pathlength and sample thickness .  

I n  c o n t r a s t  t o  any of t h e  

The moments method i s  a semianalyt ical  numerical so lu t ion  t o  t h e  

t r anspor t  equation i n  which t h e  energy, angular, and s p a t i a l  depen- 

dence of t h e  flux a r e  described by a s e r i e s  of polynomial expansions. 

Spencer and Fano adapted t h e  moments method t o  t h e  e l ec t ron  trans- 

p o r t  problem. Electron-electron c o l l i s i o n s  involving small  energy 

t r a n s f e r s  were t r e a t e d  according t o  a continuous slowing-down model 

which assumes that  t h e  form of t h e  cross  sec t ions  for t hese  c o l l i s i o n s  

i s  unimportant as long as t h e  co r rec t  stopping power (energy lo s s  p e r  

u n i t  path length)  i s  obtained. Spec i f i ca l ly ,  t h e  r e l a t i v i s t i c  

Mdllerl7 cross  s e c t i o n  f o r  e l e c t r o n i c  c o l l i s i o n s  with f r e e  e l ec t rons  a t  

rest i s  assumed t o  be v a l i d  down t o  a very s m a l l  f r a c t i o n a l  energy loss 

which i s  defined s o  as t o  give t h e  co r rec t  t o t a l  stopping power. 

Spencer and Fano's method assumes an i n f i n i t e ,  homogeneous medium and 

12 
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includes the production of secondary or knock-on electrons. 

production via bremsstrahlung reactions is accounted for, but there is 

no provision for subsequent transport of the photons. 

Photon 

Theoretically, Monte Carlo calculations can follow each individ- 

ual electron through every collision as the electrons are slowed down 

and scattered through the target foil. In practice, this is not 

feasible due to the staggering number of collisions involved. A single 

electron with an initial energy of a few MeV will undergo in the 

neighborhood of lo5 collisions in the process of downscattering to the 

0.1 MeV range. Individual electronic collisions are therefore not 

treated in the Monte Carlo calculations. Instead, theories describing 

various segnents of the transport problem are used to group together 

large numbers of collisions. 

successive spatial intervals, with the resulting distributions 

determined by a conventional random sampling based on the suitable 

multiple-scattering theories. Berger and Seltzer have'written a 

Monte Carlo code ETRAN, in which the angular deflections can be com- 

puted by the method of Goudsmit and Saunderson, Molie're, or Fermi's 

Gaussian distribution. 

determined by the modified Landau energy-straggling distribution or 

from a continuous slowing-down model. 

transfers can be considered separately from the continuous slowing- 

down model, and secondary electrons and photons are produced and trans- 

ported through the target sample- In general, calculations based on 

The computation proceeds by considering 

18 3 

The spectrum resulting f r m  energy loss is 

Collisions involving large energy 

18 

. 

a 
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. 

ETRAN have shown good agreement with experimental r e s u l t s .  Neverthe- 

l e s s ,  t h e  Monte Carlo method i s  r e s t r i c t e d  by t h e  s t a t i s t i c a l  varia- 

t i o n s  inherent  i n  random sampling. 

The method of d i s c r e t e  ordinates  o f f e r s  a v iab le  a l t e rna t ive  t o  

Monte Carlo methods i n  t h a t  it can follow each e lec t ron  on a co l l i s ion -  

by-col l i s ion  bas i s ,  it does not  involve random sampling, and it requi res  

only bas i c  cross-sect ion d a t a .  I n  t h e  o r i g i n a l  d i s c r e t e  ordinates  

method for s l a b  geometry a s  suggested by the  angular var ia -  

b l e  i s  divided i n t o  a d i s c r e t e  number of  i n t e r v a l s .  The t r a n s f e r  

i n t e g r a l  term i n  t h e  Boltzmann t r anspor t  equation i s  then approximated 

by a Gaussian quadrature formula, r e s u l t i n g  i n  a s e t  o f  coupled equa- 

t i o n s  f o r  t he  discrete-angle  f luxes .  The S method is  a spec ia l  case 

of t h e  d i s c r e t e  ord ina tes  method developed by Carlson.21 

n 

Here, t he  

d i r e c t i o n a l  f l ux  i s  assumed t o  vary l i n e a r l y  between in t e rpo la t ion  

poin ts  i n  both t h e  angular and s p a t i a l  var iab les .  Carlson l a t e r  sim- 

p l i f i e d  and general ized the  S method i n t o  t h e  cur ren t  d i s c r e t e  ordi-  

nates  method.22 

n 
The flux i s  now stated i n  terms of t h e  average values 

a t  t he  midpoints of t he  s p a t i a l  and angular i n t e r v a l s .  The d i s c r e t e  

ord ina tes  method w a s  developed for neutron t r anspor t  and i s  now prefer -  

e n t i a l l y  used for t he  so lu t ion  of one- and two-dimensional neutron- and 

gamma-transport problems i n  t h e  form of codes such as  ANIS$3 and 

DOT. This i nves t iga t ion  i s  t h e  f i rs t  attempt t o  adapt d i s c r e t e  ordi-  24 

nates  procedures f o r  t h e  t r anspor t  of  e lectrons through matter. I n  

pr inc ip le ,  ANISN may be used t o  t r anspor t  e l ec t rons  by the  simple expe- 

d ien t  of introducing i n t o  t h e  code the  d i f f e r e n t i a l  cross  sec t ions  f o r  
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electron-nucleus e l a s t i c  c o l l i s i o n s ,  electron-nucleus bremsstrahlung- 

producing c o l l i s i o n s ,  and e l ec t ron -e l ec t ron  c o l l i s i o n s .  I n  p r a c t i c e ,  

however, t hese  c ros s  sec t ions  a.re q u i t e  d i f f e r e n t  from those which 

occur i n  neutron t r anspor t ,  and t h e  method has shown only p a r t i a l  

success i n  t r anspor t ing  e l ec t rons .  The d i s c r e t e  ordinates  method 

allows t h e  production of photons and secondary e l ec t rons ,  and t h e i r  

subsequent t r a n s p o r t  through the  t a r g e t .  Individual  e l e c t r o n i c  c o l l i -  

s ions  a re  t r e a t e d  except i n  the  continuous slowing-down version of 

e l e c t r o n  t r a n s p o r t  by d i s c r e t e  ordinates  where e l ec t ron -e l ec t ron  c o l l i -  

s ions  t h a t  r e s u l t  i n  a small  energy t r a n s f e r  are handled by a continu- 

ous slowing-down term. 

Experimentally obtained electron-transmission data provide a b a s i s  

w i t h  which t o  t e s t  t h e o r e t i c a l  ca l cu la t ions .  The energy s p e c t r a  of  

e l ec t rons  t r ansmi t t ed  through s l a b  t a r g e t s  have been measured as a func- 

t i o n  of angle. 

normally inc iden t  on aluminum slabs.  Rester  and Dance s tud ied  t h e  

Rester and Rainwater25 considered 1-MeV e l ec t rons  

26 

spec t r a  r e s u l t i n g  f r o m  1-MeV e lec t rons  on aluminum and gold t a r g e t s .  

Lonergan, J u p i t e r ,  and MerkleP7 inves t iga t ed  the transmission of 4- 

and 8-MeV incident-electron beams through beryllium, aluminum, and gold 

t a r g e t s .  
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. 111. DISCRETE ORDINATES TRANSPORT EQUATIONS 

The equations used t o  t r a n s p o r t  e l ec t rons  and photons through 

matter a r e  developed i n  t h i s  s ec t ion .  

t r a n s p o r t  equation can be w r i t t e n  for e lec t rons  i n  a uniform medium a s  

The time-independent Boltmann 

E d a  2 

+ n  f d E ' S d n '  ( E ' , E , z '  - E ) $  (S,E' , ; ' )  
Y 

E 

and f o r  photons i n  a uniform medium as  

E r- 
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i = e l ,  br,  i n e l  , 

where 

3 = a vec tor  denoting t h e  pos i t i on  of t he  p a r t i c l e ;  

R = a unit vector  i n  t h e  d i r ec t ion  of t h e  momentum vec tor ;  
-+ 

= an  element of  solid angle; 

E' = t h e  k ine t i c  energy of t h e  inc ident  p a r t i c l e ;  

E = t h e  k i n e t i c  energy of  t h e  emergent p a r t i c l e ;  

$'(X,E,Z) = t h e  e l ec t ron  flux per  u n i t  energy; 

+ ( z , E , z )  = t h e  photon flux per  u n i t  energy; 
Y 

E = t h e  highest  k i n e t i c  energy considered; 
0 

n = t h e  atomic number densi ty:  

p@,E,Z) = t h e  number of e lec t rons  per  u n i t  energy per  s te rad ian  per 

u n i t  vobme per  second input  a t  R from an ex te rna l  source; 
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-+ 
P (R,E,z)  = t h e  number of photons p e r  u n i t  energy pe r  s t e rad ian  

p e r  u n i t  volume p e r  second input a t  R from an ex- 

t e r n a l  source ( P  (X,E,Z) = 0 i n  t h e  ca l cu la t ions  v 
undertaken he re ) ;  

Y 

2 
ai(E' = t h e  d i f f e r e n t i a l  atDmic cross  sect ion f o r  a p a r t i c l e  

dEdn 
with k i n e t i c  energy E' going i n  d i r e c t i o n  5' t o  

undergo process i, a f t e r  which t h e  p a r t i c l e  has a 

k i n e t i c  energy D and i s  t r a v e l i n g  i n  d i r e c t i o n  Q ;  
.-) 

f o r  e lectrons,  
i = e l  ( e l a s t i c  nuclear s c a t t e r i n g ,  for which E' = E) ,  

b r  (bremsstrahlung s c a t t e r i n g  from both nuclei  and 

atomic electrons,  thereby producing a photon), 

i n e l  ( i n e l a s t i c  s c a t t e r i n g  from atomic e l ec t rons ,  

thereby producing a secondary e l ec t ron ;  t h e  

d i f f e r e n t i a l  c ros s  sec t ion  here includes t h e  

production of both t h e  primary and secondary 

e l ec t rons )  ; * 

c 

*The i n e l a s t i c  s c a t t e r i n g  c ros s  sec t ion  used i n  t h i s  i nves t iga t ion  
i s  the  atomic c ros s  sec t ion ,  and i s  found by multiplying t h e  d i f f e ren -  
t i a l  c ros s  sec t ion  f o r  an i n e l a s t i c  e lectron-electron collision by the  
number of e l ec t rons  per atom, Z. An e l a s t i c  e lectron-electron c o l l i -  
s ion  involving an incident  e l e c t r o n  wi th  k i n e t i c  energy E' results i n  a 
primary e l ec t ron  with k i n e t i c  energy E and an energy l o s s  of E ' -E  which 
i s  imparted t o  t h e  s t r u c k  e l ec t ron .  If E ' -E  i s  l a r g e  enough, i on iza t ion  
occurs and a secondary e l e c t r o n  i s  produced with k i n e t i c  energy E ' -E ,  
neglect ing t h e  energy required fo r  t h e  ion iza t ion  process .  If E ' -E  i s  
t o o  small for ionizat ion,  t h e  s t ruck  e l ec t ron  i s  elevated t o  an exc i t ed  
s t a t e .  However, because of a l a c k  of cross-sect ion information i n  t h e  
region where t h e  energy imparted i s  on the  order of  t h e  binding energy 
or  l e s s ,  it was necessary i n  t h i s  i nves t iga t ion  t o  assume t h a t  a secon- 
dary e l e c t r o n  i s  produced i n  each i n e l a s t i c  e lectron-electron c o l l i s i o n ,  
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S O  t h a t  t h e  m u l t i p l i c i t y  f o r _ s u . h  c o l l i s i o n s  was 2 .  
cross  sec t ion  

always assumed t o  include both t h e  primary and secondary e l ec t ron ;  t h a t  
i s ,  i n t e g r a t i o n  gf t he  d i f f e r e n t i a l  i n e l a s t i c  c ros s  s e c t i o n  over energy 
and angle gives  the  t o t a l  i n e l a s t i c  c ros s  sec t ion  t imes t h e  m u l t i p l i c i t y ,  

The d i f f e r e n t i a l  
kinel ( E '  ,E,hl'* n) i n  t he  equations i n  the  t e x t  i s  

dEdha 

nl 

Since t h e  m u l t i p l i c i t y  i s  2 by assumption, 

If t h e  primary e l ec t ron  i s  defined as the  r e s u l t i n g  e l e c t r o n  with t h e  
highest  k i n e t i c  energy, then it has a poss ib l e  range from E' t o  E'/2, 
and Q ( E ' )  m-w a l s o  be obtained from T 

i n e l  

( E ' , E , E '  -6) E '  2 
Dine1 

aT i n e l  ( E ' )  = f d E f m  dEdQ 
E '  

( E ' )  t h a t  w i l l  be used i n  t h e  t e x t .  T 
i n e l  It i s  t h i s  form of 0 
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f o r  photons, 

i = eo (Compton s c a t t e r i n g s  from atomic e l ec t rons )  

pe (pho toe lec t r i c  absorption, thereby producing an 

e l ec t ron ) ,  

pp ( p a i r  production, thereby producing an e l e c t r o n  

and a pos i t ron ) ;  

= the  d i f f e r e n t i a l  atomic cross  sec t ion  f o r  an e lec-  

t r o n  with k i n e t i c  energy E ' ,  going i n  d i r e c t i o n  s i ' ,  
t o  produce a photon with k i n e t i c  energy E, going 

i n  d i r e c t i o n  Q, by bremsstrahlung s c a t t e r i n g ;  
-4 

: t h e  d i f f e r e n t i a l  atomic cross  sec t ion  for a photon 

with k i n e t i c  energy E ' ,  going i n  d i r e c t i o n  Q ' ,  t o  

produce an e l e c t r o n  with k i n e t i c  energy E, going 

i n  d i r e c t i o n  61, by pho toe lec t r i c  absorption or p a i r  

production. 

4 

4 

Electrons produce photons by bremsstrahlung, and photons produce 

e l ec t rons  by pho toe lec t r i c  absorption and p a i r  production. 

and e l e c t r o n  t r a n s p o r t  equations are therefore  cross-coupled and m u s t  

be solved toge the r .  

photons produce pos i t rons  by pair production and posi t rons produce pho- 

tons by bremsstrahlung and ann ih i l a t ion .  However, pos i t ron  t r a n s p o r t  

i s  not s i g n i f i c a n t  for t h e  ca l cu la t ions  undertaken here, and s o  t h e  

pos i t ron  t r a n s p o r t  equation i s  not  included. 

The photon 

Posi t ron coupling should a l s o  be considered s ince 

The photon-electron source term i n  t h e  e l e c t r o n  t r a n s p o r t  equation 

i s  small for t h e  t r a n s p o r t  of i nc iden t  e l ec t rons  i n  t h e  few-MeV range, 
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and w i l l  be neglected he re .  

no longer coupled t o  t h e  photon t r a n s p o r t  equation i n  t h e  photon- 

e l e c t r o n  d i r e c t i o n  s i n c e  e l ec t rons  produced by photons a r e  not  included. 

The e l e c t r o n  t r a n s p o r t  equation i s  then 

The e l e c t r o n  t r a n s p o r t  equation t o  be solved i s  

which i s  obtained from Eq. (1) by dropping t h e  photon-electron source 

term, 

Electrons s t i l l  serve as  a source for photons, and an electron-photon 

t r a n s p o r t  case w i l l  be reported i n  Sect ion VII. The one-way coupling 

scheme ( e l e c t r o n  t o  photon) i s  s i m i l a r  t o  t h e  neutron-photon problem 

t h a t  for some t i m e  has been solved by t h e  use o f  var ious d i s c r e t e  

ordinates  codes. 

The r e s u l t i n g  Eq. ( 3 )  f o r  e l e c t r o n  t r a n s p o r t  i s  solved by t h e  method 

of d i s c r e t e  o rd ina te s .  This method was developed t o  solve t h e  neutron 

t r a n s p o r t  equation analogous t o  Eq. ( 3 ) ,  and e l e c t r o n  t r a n s p o r t  repre- 

s en t s  a new adaptat ion.  The code used f o r  t h i s  adaptation, 
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has been notably successful  i n  solving t h e  neutron and photon t r a n s p o r t  

problems. Nevertheless, t h e  c ros s  sec t ions  involved for e l e c t r o n  t r ans -  

p o r t  a r e  s o  d i f f e r e n t  i n  form from neutron c ross  sec t ions  t h a t  it was 

not a t  a l l  c l e a r  whether they would be handled c o r r e c t l y .  Theoreti-  

c a l l y ,  neutrons, photons, or e lec t rons  can be t ransported from an i n i t i a l  

angle and energy d i s t r i b u t i o n  t o  a f i n a l  angular and energy spectrum 

without a knowledge of t he  type p a r t i c l e  and knowing only t h e  proba- 

b i l i t y  of a r eac t ion  occurring. 

ANISN i s  ab le  t o  t r e a t  any one-dimensional geDmetry, bu t  only slab 

geometry cases  a r e  considered he re .  The exact procedure f o r  obtaining 

the  d i s c r e t e  ordinates  form for Eq. ( 3 )  i s  described elsewhere, 24 '' but  

a b r i e f  i nd ica t ion  o f  some of t he  concepts involved w i l l  be presented 

here  f o r  t he  one-dimensional s l a b  geometry case .  

The energy dependence of t h e  flux and t h e  cross sec t ions  i s  

expressed i n  multigroup form. Consider t h e  energy group, G, which 

extends from E 

group G i s  

to E g, where Eg = Eg+l + A E ~ .  The e l ec t ron  flux for 
g+l 

E 

The multigroup form of t he  cross  sec t ion  f o r  an e l ec t ron  with energy 

E '  t o  produce an e l ec t ron  with energy E i s  found by i n t e g r a t i n g  the  

d i f f e r e n t i a l  cross  sec t ion  over t he  energy bounds of t h e  i n i t i a l  group 
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G'  from Egl+l  + LEGl ), and averaging over t h e  i n i t i a l  

group and i n t e g r a t i n g  over the  energy bounds of t h e  f i n a l  group, G. 

Then 

The angular dependence of the  c ross  sec t ions  i s  expressed i n  an 

+ 1 ) - t e r m  Legendre s e r i e s  expansion i n  bo, where I.1 i s  t h e  cosine ( emax 0 

of the  s c a t t e r i n g  angle.  If t he  Legendre expansion i s  defined a s  

,G (?if*;) 
n 

dR 

I where L (uo) i s  t h e  Legendre func t ion .  then t h e  s e r i e s  c o e f f i c i e n t s  a r e  

given as  

-I 

The angular va r i ab le  i s  then expressed as a funct ion of a fixed-coordi- 

nate  system i n  which the  angular va.riable i s  divided 

of angles )  d i s c r e t e  angular i n t e r v a l s .  

add i t ion  theorem for Legendre polynomials. The i n t e g r a l  over angle i n  

i n t o  NOA (number 

This i s  done by use of t h e  



t h e  Boltzmann equation i s  replaced by a Gaussian quadrature formula 

NOA 

where 

A 

NOA i s  t h e  t o t a l  number of po in t s  (angles )  considered, and OD 

and w a r e  the  ordinates  and weights for t h e  Gaussian quadrature.  

The weights, wD, a r e  normalized t o  give a sum of one instead o f  ~ T T ,  so  

t h a t  for one i n t e r v a l ,  D,  

D 

with 

The i n t e g r a l  over angle i n  Eq.  (3) may then be represented by a sunmation 

over t he  incident  angle, D '  , from D' = 1 t o  D '  = NOA (number of ang le s ) .  

I f  1 = . k, where i s  t h e  u n i t  vector  normal t o  t h e  s lab ,  then 
4 4  



The s p a t i a l  region of i n t e r e s t  i s  divided i n t o  s p e c i f i c  i n t e r v a l s  

represented by t h e  subsc r ip t  I, 

where 

I = 1 t o  number of i n t e r v a l s ,  and 

r = t h e  l i n e a r  d i s t ance  t o  t h e  beginning of i n t e r v a l  I, i 

r .+ l  = t h e  l i n e a r  d i s t ance  t o  t h e  end of i n t e r v a l  I .  

The mean value theorem i s  then applied t o  each t e r m  i n  t h e  t r a n s -  

1 

p o r t  equation giving average f lux  values f o r  each energy group, s p a t i a l  

i n t e r v a l ,  and angular i n t e r v a l  considered- The r e s u l t i n g  d i s c r e t e  

ordinates  form f o r  E q .  (3) i n  t h e  one-dimensional multigroup slab geometry 

form i s  then 

G NOA 

R= 0 G ' = l  D ' = l  

where 

$G,I,D = t h e  e l e c t r o n  f l u x  in t eg ra t ed  over energy group G, 

averaged over s p a t i a l  i n t e r v a l  I and evaluated a t  

i n  angular i n t e r v a l  D, 

t h e  average e l ec t ron  flux i n  energy group G and angu- 

l a r  i n t e r v a l  D a t  s p a t i a l  po in t  r 

PD 

@ G , i + l , D  = 

i+l' 
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- T 
* G  - 

R A =  D 

' G ,  I, D 
- - 

t h e  t o t a l  r e a c t i o n  cross  s ec t ion  fo r  an e l ec t ron  i n  g r w p  

t h e  ex te rna l  source i n  a s p a t i a l  i n t e r v a l  1 f o r  e l ec t rons  

i n  energy group G, angular i n t e r v a l  D. 

The i n i t i a l  Boltzmann equation, Eq. ( 3 ) ,  i s  now represented by a s e r i e s  

of equations s imilar  t o  Eq. (4), w i t h  each equation representing the  

e l ec t ron  balance i n  a so-called "phase space c e l l " ,  for which 9 
G , I , D  

(energy group G, s p a t i a l  i n t e r v a l  I, angular i n t e r v a l  D) i s  def ined.  

The t h i r d  term i n  E q .  (4), 

then represents  t he  number of e l ec t rons  i n  energy group G and angular 

i n t e r v a l  D produced i n  s p a t i a l  i n t e r v a l  I by e l ec t rons  i n  a l l  angular 

i n t e r v a l s  ( D ' = l  t o  NOA), i n  a l l  energy groups G'  which represent  

energies  g r e a t e r  than or equal  t o  the  energies i n  group G .  

I n  order  t o  solve E g .  ( k ) ,  it i s  necessary t o  evaluate 9 
G, I, D' 

- F i r s t ,  it i s  assumed t h a t  t he  incoming f luxes ,  +G, i+l, D' and $G, i , D  

$G,i,D, a r e  known from boundary conditions or from the  ca l cu la t ion  for 

t h e  previous i n t e r v a l .  

assumed i n  t h e  form 

Additional difference equations a re  then 
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where a i s  determined by a weighted d i f fe rence  The d i s c r e t e  

ordinates  form f o r  t he  photon t r anspor t  equation i s  similar t o  Eq. ( 4 )  

with t h e  appropriate  photon cross  sec t ions  used. 

A s  shown i n  E q .  (4), t he  d i s c r e t e  ord ina tes  form of the  t r anspor t  

equation categorizes  the  e lec t rons  a t  a p a r t i c u l a r  s p a t i a l  po in t  i n  

terms of energy groups and angular i n t e r v a l s .  The c ross  sec t ions  which 

t r a n s f e r  e l ec t rons  from one energy group t o  another a r e  determined by 

in t eg ra t ing  the  d i f f e r e n t i a l  cross  sec t ion  over the  var ious energy 

groups, and t h e  angular changes a re  described by expanding the  c ross  

sec t ions  i n  a Legendre s e r i e s  i n  t h e  cosine of t h e  s c a t t e r i n g  angle.  

If the  energy and the  angular changes are s m a l l  enough f o r  a p a r t i c u l a r  

co l l i s ion ,  t h e  inc ident  e l ec t ron  would be i n  t h e  same energy group and 

angular i n t e r v a l  a f te r  the  c o l l i s i o n  as before it. Thus, wi th in  the  

l i m i t s  of t he  accuracy of ANISN's ca lcu la t ions ,  no change has occurred 

i n  the  energy and angular spec t r a .  Such c o l l i s i o n s  are very numerous 

for e lec t rons .  An approximation known as the  de l ta - func t ion  cor rec t ion  

i s  therefore  made i n  an e f f o r t  t o  remove those c o l l i s i o n s  from the  cross  

sec t ions .  The explanation given here i s  s i m i l a r  t o  t h a t  presented by 

m a t t .  26 

Let  t h e  within-group Legendre s e r i e s  expansion coe f f i c i en t s  be 

expressed as 

MR = (2L+l) f R ,  
G, G 

so t h a t  the within-group s c a t t e r i n g  angular d i s t r ibu t ion ,  which was 

given e a r l i e r  by an ( 1  +l)- term Legendre s e r i e s  as m a x  

( 5 )  
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&= 0 

may now be represented a s  

rnax a 

a= 0 

Because t h e  cross  sec t ions  a r e  heavi ly  forward peaked, they can be 

approximated by an R 

t h e  forward d i r ec t ion :  

-term Legendre s e r i e s  plus  a d e l t a  funct ion i n  max 

f -1 max 

R= 0 

where it i s  assumed t h a t  

The ( R  

f o r e  assumed t o  be a del ta-funct ion c o e f f i c i e n t .  Since the accuracy of  

t h e  i n i t i a l  Legendre s e r i e s  representat ion increases  with the  number o f  

terms used i n  the  expansion ( a  +l), t h e  del ta-funct ion c o e f f i c i e n t  

assumption should a l s o  be a b e t t e r  approximation as  P 

determine f 

+l)-term of the  within-group expansion c o e f f i c i e n t s  i s  there-  max 

rnax 
increases .  To rnax 

1 

and C, equate E q s -  (6) and ( 7 ) ,  mult iply through by a a 
and then Legendre polynomial L N (bo), where N v a r i e s  from 0 t o  R 

max' 

i n t eg ra t e s  over ~1 
0 
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Since 

= 2fN, f o r  N s Rmm, 

= o  f o r  N > Rmm, 

and 

+1 

-1 

then it i s  found t h a t  

2 f i  = 2f - C f o r  R 5 Rmax 1 

and 

c = 2f  
' m a  

Multiplying Eq. (9) by (2R+l), and combining t h e  resul t  with Eq.  ( 5 )  

gives t h e  equation for t h e  corrected c o e f f i c i e n t s :  
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The modified Rmax - term Legendre s e r i e s  c o e f f i c i e n t s  a r e  used i n  t h e  

s c a t t e r i n g  i n t e g r a l  and t h e  d e l t a  funct ion i s  accounted f o r  by sub- 

t r a c t i n g  f l  from t h e  t o t a l  cross sec t ion ,  where 
max 

C - -  
f Q  - 2  max 

The corrected cross-sect ion c o e f f i c i e n t s  a r e  commonly r e fe r r ed  t o  as 

P -corrected-P The c ross  sec t ions  used i n  t h i s  invest iga-  

t i o n  were P corrected-P6. 

c i e n t s  and i s  the  standard representat ion.  L has been used as a 

'max a m a 4  ' 
(Pa here r e f e r s  t o  t h e  Legendre coe f f i -  7- 

R 

mat ter  of convenience). The magnitude of t h e  del ta-funct ion correc- 

t i o n  i s  q u i t e  l a r g e  f o r  e l ec t rons ,  s o  t h a t  it g r e a t l y  f a c i l i t a t e s  t he  

ANISN ca lcu la t ion ,  e s p e c i a l l y  s ince  t h e  within-group cross  sec t ion  

determines the  number of i t e r a t i o n s  required f o r  convergence. 

If the  required cross  sec t ions  were known, the  so lu t ion  could now 

be obtained. With t h e  proper input data, ANISN could be used f o r  obtain- 

i ng  the t ransmit ted e l e c t r o n  s p e c t r a .  However, a l l  t he  necessary cross  

sec t ions  a r e  not  available. The i n e l a s t i c  e lectron-electron atomic 

cross sec t ions  t h a t  a r e  ava i l ab le  were derived assuming a c o l l i s i o n  i n  

which the  energy l o s t  by the  primary e l ec t ron  i s  s i g n i f i c a n t l y  l a r g e r  

than the  binding energy of t he  t a r g e t  e l ec t ron .  I n e l a s t i c  e lectron-  

e l ec t ron  c o l l i s i o n s  involving a l a r g e  energy t r a n s f e r  w i l l  be r e fe r r ed  

t o  as hard c o l l i s i o n s .  No adequate c ros s  sec t ions  a re  known f o r  c o l l i -  

s ions  involving energy t r a n s f e r s  of t h e  order of t h e  binding energy o r  
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smaller .  Nevertheless, t h e s e  cross  sec t ions  were estimated by Spencer 

and Fano, 

as  a p a r t  of  t h i s  i n v e s t i g a t i o n .  I n e l a s t i c  e l ec t ron -e l ec t ron  c o l l i -  

s ions  involving a small  energy t r a n s f e r  p e r  c o l l i s i o n  a re  very frequent  

f o r  e l ec t rons  and account f o r  a l a r g e  p a r t  of t h e  t o t a l  energy degrada- 

t i o n .  

12 and ca l cu la t ions  based on a s i m i l a r  es t imate  have been done 

They w i l l  be termed " s o f t  c o l l i s i o n s . "  

I n e l a s t i c  c o l l i s i o n s  occur s o  f requent ly  t h a t ,  a s  an approxima- 

t i o n ,  e l ec t rons  can be considered t o  undergo a continuous slowing down, 

with a f ixed  energy loss p e r  u n i t  pa th  l eng th  t r a v e l l e d .  This quan t i ty  

i s  r e f e r r e d  t o  as t h e  stopping power and i s  we l l  known both experimen- 

t a l l y  and t h e o r e t i c a l l y  .30 

cannot be derived from t h e  stopping power alone, s ince  the  stopping 

power represents  an i n t e g r a l  over t h e  c ross  s e c t i o n .  However, t h e  

stopping power i s  adequate f o r  many appl icat ions,  and one can account 

for t h e  energy loss due t o  s o f t  c o l l i s i o n s  by u t i l i z i n g  t h e  appropriate 

stopping power i n  a continuous slowing-down term. This procedure uses 

t h e  best  information ava i l ab le  and has the  advantage of avoiding t h e  

cross  sec t ion  for low-energy t r a n s f e r  c o l l i s i o n s .  The continuous 

Unfortunately, t h e  needed cross  sec t ions  

slowing-down equation was obtained by t h e  method used by Ross i .  31 A 

complete de r iva t ion  can be found i n  Appendix A ,  but  an o u t l i n e  of t h e  

procedure i s  given h e r e .  

Beginning with t h e  e l ec t ron  t r a n s p o r t  equation, express E q .  (3) as  
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where 

E - I '  -2 

. 

I' = an a r b i t r a r y  value taken t o  be t h e  minimum energy loss a l lowed  

i n  a l a r g e  energy t r a n s f e r  or hard c o l l i s i o n  ( a  c o l l i s i o n  

involving an energy t r a n s f e r  smaller than I '  i s  a s o f t  c o l l i -  

s i o n )  0 
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The i n e l a s t i c  s c a t t e r i n g  terms a r e  now separated i n t o  terms 

descr ibing s o f t  and hard c o l l i s i o n s .  

L e t  

where T now descr ibes  the  s c a t t e r i n g  due t o  s o f t  c o l l i s i o n s .  Now 

add and s u b t r a c t  

where 

Assume 

That i s ,  t h e  s o f t  c o l l i s i o n s  involve only an energy degradation and not 

an angular change. Then 
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da ( E Y E 1 )  

dE  
i n e l  

' &?,E,?!). - n / dE'  

E - I f  

dUinel(E1 , E )  +. +. 
R R , E ' , R )  i s  now expanded i n  a Taylor s e r i e s ,  and af ' tcr  dE 

defining t h e  s o f t  stopping power S ( E )  t o  be 

E - I '  

it i s  found t h a t  

(14) 

Subs t i t u t ing  Eq .  (15) i n t o  E q .  (11) gives t h e  e l ec t ron  t r anspor t  

equation as  solved by ANISN with continuous slowing down (AWCS): 

E 

E+I1 
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The d i f f e rence  between E q s .  (3) and (16) i s  t h a t  t h e  i n e l a s t i c  

-e c o l l i s i o n s  r e s u l t i n g  i n  an  energy loss less than I' ( t h e  s o f t  

c o l l i s i o n s )  are now handled by a continuous slowing-down term. 

s o f t  c o l l i s i o n s  are t r e a t e d  as p a r t  of t h e  i n e l a s t i c  and t o t a l  removal 

cross  sec t ions  i n  Eq. ( 3 ) ,  although t h e  cross  sec t ions  f o r  t h e  s o f t  

c o l l i s i o n s  a r e  not we l l  known. I n  Eq. (16), t h e  energy l o s s  due t o  

these  s o f t  c o l l i s i o n s  i s  t r e a t e d  by a continuous slowing-down term. 

The stopping power used i n  t h e  continuous slowing-down term i s  not 

t h e  well-known energy l o s s  pe r  u n i t  d i s t ance  due t o  e x c i t a t i o n  and 

ion iza t ion  but a po r t ion  of it, and w i l l  be described i n  d e t a i l  i n  t h e  

next s ec t ion .  No knock-on e l ec t rons  a re  produced from s o f t  c o l l i s i o n s  

t r e a t e d  by Eq. (16), and t h e  inc iden t  e l e c t r o n  involved s u f f e r s  an energy 

degredation, but  no angular de f l ec t ion .  To ob ta in  t h e  d i s c r e t e  o rd ina te s  

form f o r  T [Eq. (15)], i n t e g r a t e  over the energy bounds of group G.  

Then 

The 

which i s  then incorporated i n t o  Eq. (16) t o  give 
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I= 0 G ' = l  

NOA 

. 

4 = t h e  average e l ec t ron  f lux i n  s p a t i a l  i n t e r v a l  I, evaluated 
g7 I, D 

a t  po  i n  angular i n t e r v a l  D with energy E 
g ' 

S = t h e  stopping power (energy loss/cm) due t o  s o f t  
g' 1 

c o l l i s i o n s  f o r  e l ec t rons  i n  i n t e r v a l  I with energy E 
g ' 

u*~(E) = oZe(E)  + o l (E) ,  T 

= Rth Legendre expansion term for t he  -e s c a t t e r i n g  due t o  

e l a s t i c ,  bremsstrahlung and hard i n e l a s t i c  c o l l i s i o n s .  

a r e  i n t e r r e l a t e d  by a weighted 
+g, I, ~7 pg+i, I, D' and % , I , D  

difference model29 similar t o  t h a t  used f o r  s p a t i a l  i n t e r v a l s .  
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I V .  T W S P O R T  CROSS-SECTION DATA 

Described i n  t h i s  sect ion a re  the  cross sect ions and other  param- 

e t e r s  used i n  t he  electron and photon t ranspor t  ca lcu la t ions  presented 

i n  Sections V, V I ,  and V I I .  

Electrons with k ine t i c  energies below 10 MeV undergo th ree  s ign i f -  

i can t  react ions:  ' 
o r  Coulomb sca t t e r ing  from atomic nuc le i ,  and bremsstrahlung ( r a d i a t i v e )  

i n t e rac t ions  with both atomic electrons and nuc le i .  

i n e l a s t i c  s c a t t e r i n g  from atomic e lec t rons ,  e l a s t i c  

A .  I n e l a s t i c  Electronic  S c a t t e r i n g  from Atomic Electrons 

Mdller5'l7 derived a r e l a t i v i s t i c  cross  sect ion for an i n e l a s t i c  

e l e c t r o n i c  co l l i s ion  with a f r e e  e lec t ron  a t  r e s t ,  which may be s t a t e d  

as 

1 
X (E/E' ) ( ~ - E / E '  ) 

2K- 1 - -  
K2 

+q 2 , 
K 

where 

s ince i n  a two-body c o l l i s i o n  t h e  s c a t t e r -  

ing  angle i s  a mnc t ion  of t he  i n i t i a l  and 

f i n a l  energy of t h e  p a r t i c l e  considered; 
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E '  = t h e  i n i t i a l  k i n e t i c  energy of t h e  inc iden t  

e l ec t ron  ; 

E = t h e  f i n a l  k i n e t i c  energy of t h e  primary 

e l ec t ron  ; 

E'-E = t h e  k i n e t i c  energy l o s t  by t h e  primary 

electron i n  t h e  c o l l i s i o n ,  which i s  a l s o  

t h e  k i n e t i c  energy of t h e  secondary 

e l ec t ron  produced by t h e  c o l l i s i o n ;  

* Z = t h e  atomic number of t he  t a r g e t  atom; 

K = (E '+m)/m; 

m = t h e  e l ec t ron  r e s t  mass; 

r = t h e  c l a s s i c a l  e l ec t ron  radius;  
0 

2 Jr = m/B ; 

B = t h e  r a t i o  of the  ve loc i ty  o f t h e  incident  

e l ec t ron  t o  t h e  ve loc i ty  of l i g h t ;  

f ( E ' , E )  = cos$, E 2 E'/2; 

= cos€lL, E < E'/2. 

The r e s u l t a n t  e l ec t ron  with t h e  highest  k i n e t i c  energy i s  defined as 

t h e  primary e l ec t ron .  The m a x i m u m  energy t r a n s f e r  p e r  c o l l i s i o n  i s  

the re fo re  E'/2. The angle of s c a t t e r i n g  8 of t h e  electron emerging ! 
> with t h e  lower energy (secondary or knock-on e l e c t r o n )  i s  given by 

*he c ross  sect ion given here i s  not t h e  normal Mbller formula 
bu t  Z x M#ller c ross  sect ion f o r  an e lectron-electron c o l l i s i o n ,  s ince  
t h e  atomic form i s  used i n  t h i s  i nves t iga t ion .  
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1 

and 8 for t h e  primary e lec t ron  by h 

where cos8 2  COS^^ 2 0. 

If t h e  energy t r a n s f e r r e d  by t h e  inc ident  e l ec t ron  t o  t h e  atomic 

e lec t ron  i s  l a r g e  enough so t h a t  t he  binding energy i s  i n s i g n i f i c a n t  

(hard c o l l i s i o n ) ,  t h e  atomic e lec t ron  can be assumed t o  be f r e e ,  and 

t h e  Mdller cross  sec t ion  i s  appl icable .  

t h e  order of t h e  binding energy, t h e  c o l l i s i o n  does not f i t  t h e  Mbller 

cross-sect ion c r i t e r i a .  

When t h e  energy t r a n s f e r  i s  of 

One approach used i n  t h i s  inves t iga t ion  t o  

t r e a t  such c o l l i s i o n s  w a s  based on t h e  work of Spencer and Fano. 1 2  

This method assumes t h a t  f o r  i n e l a s t i c  e lec t ron-e lec t ron  c o l l i s i o n s  

involving a s m a l l  energy t r a n s f e r ,  only t h e  r a t e  of energy d i s s ipa t ion  

i s  important.  The procedure used t o  determine t h e  energy l o s s  per  u n i t  

pathlength i s  s i m i l a r  t o  that formulated by Rohrlich and Carlson. 9 

From Eq. (14), t h e  stopping power f o r  t h e  low-energy t r a n s f e r  ( s o f t )  

c o l l i s i o n s  i s  
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The Bethe 9,32 theory of stopping power, i n  which an e x p l i c i t  summation 

i s  conducted over t he  exc i t a t ion  p r o b a b i l i t i e s  of t h e  atom, p red ic t s  

t h a t  f o r  low-energy t r a n s f e r  c o l l i s i o n s  

where 

n = t he  e l ec t ron ic  number densi ty  of the t a r g e t  mater ia l ;  

6* = t h e  S t e r r ~ h e i m e r ~ ~  cor rec t ion  f o r  t h e  densi ty  e f f e c t ,  t h e  
e 

mean-energy-loss reduction due t o  polar iza t ion  of t h e  medium; 

I = t h e  average ion iza t ion  energy f o r  t h e  t a r g e t  mater ia l ;  

I ' = t h e  m i n i m u m  energy t r a n s f e r  f o r  a hard (high-energy 

t r a n s f e r )  c o l l i s i o n .  

Analagous t o  Eq. (14), t h e  stopping power f o r  hard c o l l i s i o n s  may be 

expressed as 

E l - 1 '  
dGM(E' ,E) 

dE 'hard ( E ' )  = n 1 dE(E'-E) 
E'/2 

Direct  i n t eg ra t ion  y i e l d s  
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From Eqs. (22) and (24), t h e  t o t a l  energy l o s s  per unit pathlength due 

t o  i n e l a s t i c  e l e c t r o n i c  c o l l i s i o n s  with atomic e lec t rons  i s  

Eq. (25) d i f f e r s  from t h e  r e s u l t  of the  Rohrlich and Carlson der iva t ion  

by the  presence of smaller terms (no assumption w a s  made as t o  t h e  

r e l a t i v e  s i z e s  of E '  and 1') and the  inclusion of t h e  Sternheimer 33 

correct ion.  Spencer and Fano defined a minimum e n e r w  loss  per  

c o l l i s i o n  so t h a t  the  cor rec t  stopping power, here given by Eq. 

i s  obtained by t h e  use of t h e  Mdller cross  sec t ion .  

be expressed as 

( 2 5 ) ,  

The d e f i n i t i o n  may 

Since I' here i s  the  minimum energy loss  allowed i n  any c o l l i s i o n ,  

t he re  i s  no separate  s o f t  energy l o s s  term. 

S e t t i n g  Statal LEq* (2511 equal to 'hard [Eq. (24)] and solving f o r  I ' 

gives 

I' i s  now a f'unction of E ' .  
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I' = 1 2 exp (B *+6) 
2 ( K + l  )E ' 

as t h e  minimum energy l o s s  per  i n e l a s t i c  c o l l i s i o n  wi th  an atomic 

e l ec t ron  f o r  an inc iden t  e l ec t ron  with k i n e t i c  energy E'. The I' 

values obtained from Eq.  (27) are approximately four orders  of magni- 

tude smaller than I and the re fo re  far below t h e  energy l o s s  range f o r  

which t h e  Mdller cross sect ions were derived. However, i n  t he  absence 

of an adequate d i f f e r e n t i a l  cross  sec t ion  f o r  s o f t  c o l l i s i o n s ,  t h e  use 

of t h e  Mdller c ross  sect ion down t o  I '  i n  Eq. (3)  does guarantee the  

co r rec t  stopping power. This should be s u f f i c i e n t  i f  t h e  form of the  

cross  sect ion i s  unimportant f o r  s o f t  c o l l i s i o n s  and only t h e  energy 

l o s s  mat ters ,  as Spencer and Fano assumed. This type o f  ca l cu la t ion  

w i l l  be  r e f e r r e d  t o  as ANISN with t h e  Mbller c ross  sect ion used t o  

t r e a t  low-energy t r a n s f e r  c o l l i s i o n s  (AWMC). A t y p i c a l  f i r s t  within- 

group cross-section expansion c o e f f i c i e n t ,  (p0 term of c w), i s  of t h e  

6 2 order of 1 0  before  correct ion,  but  o f  t h e  order  of 1 0  a f t e r  t h e  

d e l t a - m e t i o n  correct ion.  

A s  an a l t e r n a t e  treatment,  t hese  lower energy t r a n s f e r  ( s o f t )  

c o l l i s i o n s  were approximated by a continuous slowing-down term, 

as ( E ) 4 ( & E , z )  
aE , 

i n  Eq.  (16).  

by Eq. (22)  as 

The stopping power for s o f t  c o l l i s i o n s ,  S ( E ) ,  i s  defined 
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The only undetermined parameter i n  the  S ( E )  d e f i n i t i o n  i s  1', t h e  

m i n i m u m  energy t r a n s f e r  f o r  a hard c o l l i s i o n .  It i s  not at all c l e a r  

what value should be used. 

cross  sec t ions  t o  be v a l i d .  On t h e  o ther  hand, too  high a value would 

have undesirable  e f f e c t s  on t h e  angular d i s t r i b u t i o n  and e lec t ron  

population s ince  t h e  continuous slowing-down approximation assumes 

c o l l i s i o n s  a re  s t ra ightahead and does not account f o r  secondary 

e l ec t rons .  I n  general ,  it seems reasonable t o  assume t h a t  I '  should 

be g rea t e r  than I, t h e  average ion iza t ion  energy. The use of t h e  

continuous slowing-down approximation t o  handle low-energy t r a n s f e r  

c o l l i s i o n s  does have some advantages as  a method f o r  ca l cu la t ing  

e lec t ron  t r a n s p o r t .  The cor rec t  t o t a l  stopping power i s  assured when 

t h e  hard energy loss obtained i n  Eq. (23) i s  combined wi th  t h e  s o f t  

energy lo s s  from Eq. (22).  Also, t h e  continuous slowing-down approxima- 

t i o n  a l l e v i a t e s  t he  need f o r  a s o f t - c o l l i s i o n  cross  sec t ion  by assuming 

a uniform, continuous energy loss  involving no change of  d i r e c t i o n .  

This type of ca lcu la t ion  w i l l  be r e fe r r ed  t o  as ANISN with continuous 

slowing-down used t o  t r e a t  low-energy t r a n s f e r  c o l l i s i o n s  (AWCS ) . 
A t y p i c a l  f irst  within-group cross-sect ion expansion coe f f i c i en t  i s  of 

t h e  order  of 10  before  cor rec t ion ,  but of t h e  order of 10 a f t e r  t h e  

d e l t a - h c t i o n  cor rec t ion .  

I ' must be high enough f o r  t h e  Mhller 

4 2 
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B. E l a s t i c  Coulomb Sca t te r ing  from Atomic Nuclei 

The d i f f e r e n t i a l  cross  sect ion used here f o r  e l a s t i c  s c a t t e r i n g  

from a nucleus i s  based on the  Mott 5'34 s e r i e s  (evaluated as the  r a t i o  

of Mott-to-Rutherford cross sect ions34) ,  with the Moligre 

angle and Spencer's35 treatment for  low-angle sca t t e r ing .  

and Saunderson' s5'8 expression for t h e  screened Rutherford cross  

7 screening 

Goudsmit 

sect ion with Moli&e's7 screening angle i s  

where 

0 = Molikre's7 screening angle t h a t  attempts t o  account for 
S 

t h e  screening of t h e  nuclear p o t e n t i a l  by atomic e lec t rons ;  

2 F(Z)  = Z for nuclear s ca t t e r ing ;  

e = t h e  electron charge; 

p = t he  r e l a t i v i s t i c  momentum of the  incident  e lec t ron;  

v = t he  r e l a t i v i s t i c  ve loc i ty  of the incident  e lec t ron;  

R = the  r a t i o  of Mott-to-Rutherford s c a t t e r i n g  cross sec t ions .  
* 

Spencer3' rearranged the  cross sect ion i n  Eq. (28) t o  get a b e t t e r  

expression for s m a l l  s c a t t e r i n g  angles and obtained 

)CSince the  Mott s e r i e s  i s  i n f i n i t e ,  t h e  Mott-to-Rutherford r a t i o  
can be represented only by an i n f i n i t e  s e r i e s .  The s e r i e s  representa- 
t i o n  w a s  not given here  because it i s  too  complicated, bu a fill 
discussion can be found i n  Doggett and Spencer's a r t i c l e .  45 
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where 

C .  Bremsstrahlung (Radiat ive)  In t e rac t ions  with Nuclei and Atomic 

E l  e c t  r on s 

The d i f f e r e n t i a l  cross  sec t ion  used t o  descr ibe bremsstrahlung 

in t e rac t ions  i s  given by McCormick, Kei f fe r ,  and P a r ~ e n , ' ~  who 

reca lcu la ted  t h e  work of R a ~ a h , ' ~  as 
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where 

p = t h e  r e l a t i v i s t i c  f i n a l  momentum of t h e  e l ec t ron ;  

p' = t h e  incident  momentum of t h e  e l ec t ron ;  

k = t h e  energy o f  t h e  emitted photon; 

C = a dimensionless parameter, defined i n  Ref. 35, which i s  a 

flmction of  t h e  i n i t i a l  and f i n a l  e l ec t ron  energies;  

F = a high-frequency l i m i t  correct ion f a c t o r ,  defined as 

= x ,  p = 0; 

2nZE where X = - , 
137P 

The high-frequency end-point correct ion i s  necessary s o  t h a t ,  a f t e r  

i n t eg ra t ion  over angle, t h e  cross  sect ion w i l l  not approach 0 as t h e  

k i n e t i c  energy o f  t h e  electron a f t e r  t h e  c o l l i s i o n  approaches 0. 

and Motz16 present Fano's formula f o r  t h e  high-frequency l i m i t  cross 

sec t ion .  The de r iva t ion  o f t h e  correct ion f a c t o r  used here i s  presented 

i n  Appendix B.  

approximate s ince  it i s  designed t o  give t h e  co r rec t  limit a f t e r  

in t eg ra t ion  over angle. There i s  no ind ica t ion  o f  t he  e f f e c t  of t h e  

Koch 

It should be noted t h a t  t h i s  correct ion i s  only very 

correct ion at a s p e c i f i c  angle.  Eq. (30) e x h i b i t s  the  well-known - 1 K 

divergence when E'=E(K=O), so t h e  energy i n t e g r a l  over t h e  d i f f e r e n t i a l  

bremsstrahlung cross  sect ion was cu t  o f f  a t  E'=E-10 . Therefore, 

c o l l i s i o n s  t h a t  involve an e l ec t ron  energy loss  o f  MeV and 

photon production with a maximum energy U O  

-4 

-4 MeV a r e  not  considered. 
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D. Photon In t e rac t ions  

The photon cross  sec t ions  used i n  t h e  so lu t ion  of t h e  e lec t ron-  

photon case presented i n  Section V I 1  were taken from a photon cross- 

sec t ion  l i b r a r y  tape  prepared by MUG.” The Klein-Nishina approxima- 

t i o n  for unpolarized photon s c a t t e r i n g  from f r e e  e l ec t rons  a t  r e s t  

was used t o  account for  Compton s c a t t e r i n g .  The pho toe lec t r i c  and 

pair-production cross  sec t ions  were obtained from data evaluated by 

McMaster e t  al.41 and by Plechaty and T e r r a l l .  

40 

42 
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V . COMPARISON WITH THEORETICAL MODELS 

A .  E l a s t i c  Mult iple-Scat ter ing Angular Dis t r ibu t ion  

8 Goudsmit and Saunderson obtained an ana ly t i c  expression f o r  t h e  

angular d i s t r i b u t i o n  of t ransmit ted e lec t rons  when monoenergetic 

e lec t rons  a re  normally inc ident  on a s u f f i c i e n t l y  t h i n  s l ab  so  t h a t  

t h e  energy degradation of t h e  e lec t rons  may be neglected.  Berger 18 

used t h e  Goudsmit-Saunderson theory t o  obtain t h e  angular d i s t r i b u t i o n  

of t h e  t ransmit ted e lec t rons  r e s u l t i n g  from 1-MeV e lec t rons  normally 

inc ident  on an aluminum s l ab  of  thickness  0.0287 g/cm 2 . The Mott 33 

e l a s t i c  s c a t t e r i n g  cross sec t ion ,  modified t o  account f o r  t h e  screening 

of  t h e  nuclear  charge by t h e  o r b i t a l  e lec t rons ,  was used i n  t h e  expan- 

s ion .  The t ransmi t ted  angular current  of e lec t rons  ca lcu la ted  by 

Berger i s  represented by t h e  histogram shown i n  Fig.  1. The ANISN 

r e s u l t s  f o r  t h i s  case a re  given as  t h e  p lo t t ed  poin ts .  I n  t h e  ANISN 

ca lcu la t ion ,  one energy group with a range from 1.0106 MeV t o  0.9894 

MeV and a midpoint of 1 . 0  MeV was used. No energy degradation w a s  

allowed and only e l a s t i c  s c a t t e r i n g  was permitted; i . e . ,  i n  t h i s  

ca lcu la t ion  Eq. (3) was solved with CT = a  = o .  i n e l  b r  

The two ca lcu la t ions  shown i n  Fig.  1 are i n  exce l len t  agreement, 

and thus  t h e  method of d i s c r e t e  ord ina tes  can handle small-angle 

mult iple  Coulomb s c a t t e r i n g  successf'ully. 

B. I ne l a s t i c -Sca t t e r ing  Energy Dis t r ibu t ion  

An ana ly t i c  so lu t ion  t o  t h e  e lec t ron  t r anspor t  problem i s  

44 reported by pas so^^^ and by Alsmil ler  for a p a r t i c u l a r  form of t h e  

s c a t t e r i n g  cross sec t ion  i n  which t h e  s t ra ightahead approximation i s  
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assumed so t h a t  t he re  a re  no angular e f f e c t s .  The source f o r  mono- 

energe t ic  inc ident  e l ec t rons  o f  k i n e t i c  energy E i s  expressed as 
0 

+(E,@ = N~ ~ ( E ~ - E )  , 

where 

N = t h e  source s t rength ,  taken as 1.0 i n  the  ca l cu la t ions  
0 

reported here .  

The flux at d is tance  r i s  

+ ( E , r )  = N 0 6(E 0 -E)e-Q++s(E,r) , (31 1 

where 

Q = t h e  t o t a l  c ross  sec t ion ,  which has a constant value for 

a l l  energies;  

+ s ( E , r )  = t h e  secondary e lec t ron  flux. 

The so lu t ion  for t h e  secondary e lec t ron  flux i s  

1 

where 

F ( E ' , E )  = t h e  number per u n i t  energy of e lec t rons  with energy E ee 
produced i n  a nonelas t ic  c o l l i s i o n  of an  e lec t ron  

with energy E ' ,  
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m = an input parameter; 

E 

J E V 
E 

45 I = t h e  modified Bessel f'unction of t h e  f i r s t  kind. 1 

The d i f f e r e n t i a l  i n e l a s t i c  cross  sec t ion  used i n  t h e  a n a l y t i c  calcula-  

t i o n  i s  

where 

0 = , t h e  t o t a l  microscopic cross  sec t ion .  

A s e t  of comparisons was made with t h i s  a n a l y t i c  so lu t ion  i n  order 

n 

t o  verif 'y ANISN's a b i l i t y  t o  ca l cu la t e  the  energy d i s t r i b u t i o n  r e s u l t -  

ing from i n e l a s t i c  c o l l i s i o n s .  Since t h e  i n e l a s t i c  cross  sec t ion  i s  

proport ional  t o  (E' /E)m, a small ,  pos i t i ve  m allows downscatter over a 

considerable range of E values,  while a l a r g e ,  negative m severely 

r e s t r i c t s  t h e  E values from a given E ' .  

s imulate i n e l a s t i c  c o l l i s i o n s  r e s u l t i n g  i n  a l a r g e  energq t r a n s f e r  and 

those r e s u l t i n g  i n  a s m a l l  energy t r a n s f e r .  With a known so lu t ion  and 

known cross  sec t ions ,  any discrepancy between t h e  a n a l y t i c  r e s u l t s  and 

ANISN's ca lcu la t ions  must be due t o  ANISN's method of so lu t ion .  

It w a s  t he re fo re  poss ib le  t o  
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Equation (3) was solved with o = CY = 0, and oinel was replaced b r  e l  

with am from Eq.  ( 3 3 ) ,  except t h a t  

0 

T where CJ AN = 0, a constant ,  and 

- 
J 

0 

t he  m u l t i p l i c i t y  

t d E ' F ( E '  , E ) ,  

E because t h e  a n a l y t i c  c ross  sec t ion  i s  not symmetric about - 2 .  

It should be noted, however, t h a t  the  cross  sec t ion  form given i n  

Eq. (33) i s  only a very rough approximation t o  t h e  Mbller cross  sec t ion  

given i n  Eq. (19). 

a b i l i t y  t o  handle t h e  Mbller cross  sect ion on the  bas i s  of t h e  

It i s  d i f f i c u l t ,  therefore ,  t o  pred ic t  ANISN's 

ana ly t i c  r e s u l t s  presented here .  Figure 2 shows the  d i f f e r e n t i a l  

cross  sec t ion  at E'  = 1 MeV, 0 5 E I 1 MeV, f o r  t h e  ana ly t i c  cases 

considered and fo r  t h e  Mghler formula. 

diverges as E -+ E'  and i s  symmetric about E = E'/2, t h e  primary 

e lec t ron  from a Mdller c o l l i s i o n  i s  considered t o  have a k i n e t i c  

energy E, where E'/2 I E 5 E'-I', and the  secondary e lec t ron  has a 

k i n e t i c  energy of E'-E. 

Since t h e  Mbller cross sec t ion  

The t o t a l  microscopic Mhller c ross  sec t ion  

2 f o r  a 1-MeV inc ident  e lec t ron  i n  aluminum i s  2.18 x 10 b a r n s  f o r  

I '  = 100 I 

MeV), and 3.53 x 1 0  

procedure (1 .O7 x 1 0  MeV). 

(1.63 x MeV), 2.29 x 1 0  4 barns f o r  I '  = I (1.63 x 10- 4 
8 

barns when I' i s  determined by t h e  Spencer-Fano 
-8 
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Two separa te  ana ly t i c  cases were r u n ,  both f o r  1-MeV e lec t rons  

normally inc ident  on aluminum s labs ,  so tha t  Eo = 1 . 0  MeV and Q = 

0.0602252 x o . The f i r s t  case s e t  m = 1/2 

shows t h a t  t h e  a n s l y t i c  d i f f e r e n t i a l  cross  

3 slowly increases  from a value of 1 . 5  X 10 

3 and CT = 1 0  . Figure 2 

sec t ion  f o r  t h i s  case very 

barns/MeV at E = 1 MeV t o  

3 4.7 x 1 0  

sec t ion  i s  much l a r g e r  near E = 1 MeV but  much lower from E = 0.9 MeV 

barns/MeV a t  E = 0.1 MeV. By comparison, t h e  Mdller cross  

t o  E = 0.5 MeV. 

t h i s  ana ly t i c  case has more l a r g e  e n e r a - t r a n s f e r  c o l l i s i o n s ,  over a 

wide range of poss ib le  t r a n s f e r s ,  than does t h e  M#ller cross  sec t ion .  

The ANISN ca lcu la t ion  used 40 energy groups from 1 . 0  MeV t o  0.1 MeV. 

I n  Fig.  3, r e s u l t s  a r e  p l o t t e d  for aluminum s l abs  0.11 g/cm2 t h i c k  

and 0.33 g/cm t h i c k .  Both p l o t s  show extremely c lose  agreement 

between t h e  ana ly t i c  so lu t ion  and ANISN's ca lcu la ted  values .  This 

i nd ica t e s  t h a t  t h e  method of d i s c r e t e  ord ina tes  can success fUly  be 

used t o  ca l cu la t e  the r e s u l t s  of i n e l a s t i c  s c a t t e r i n g  over a wide 

e n e r a  range f o r  t he  s p e c i f i c  cross-sect ion form given here .  The s m a l l  

high-energy peaks appearing i n  Fig.  3 represent  t he  uncollided cur ren t ,  

expressed as N 

e lec t ron  current  remaining i n  t h e  source group for ANISN. 

With a t o t a l  microscopic cross  sec t ion  of  l o 3  barns,  

2 

6(E-E) e-&r f o r  the  ana ly t i c  case i n  Eq. (311, and t h e  
0 

4 The second ana ly t i c  case s e t  a=10 and m = - 100. A s  can be seen 

from Fig.  2, t h i s  r e s u l t s  i n  a l a r g e  d i f f e r e n t i a l  cross  sec t ion  f o r  

s m a l l  energy-transfer  c o l l i s i o n s ,  with r e l a t i v e l y  few c o l l i s i o n s  below 

E = 0.9 MeV. However, t h i s  ana ly t i c  d i f f e r e n t i a l  cross  sec t ion  has a 
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Fig. 3. Transmitted e l ec t ron  current  pe r  u n i t  energy e r  inc iden t  
e lectron f o r  1-MeV e l ec t rons  normally inc iden t  on 0.11-g/cm 3 - t h i c k  and 
0.33-g/cm2-thick aluminum slabs. 
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6 f i n i t e  value of 1.02 x 10 

d i f f e r e n t i a l  cross  sec t ion  diverges as E 4 1 MeV. 

sect ion then r e s u l t s  i n  a grea t  number of very s m a l l  energy-transfer 

c o l l i s i o n s  t h a t  a r e  not present  i n  t h i s  ana ly t i c  case.  The t o t a l  
4 microscopic cross  sec t ion ,  10 barns,  roughly corresponds t o  t h a t  

obtained from t h e  Mbller cross  sect ion with I ' = I = 1.63 x 

(2.12 x 1 0  

I '  = 1.07 x 10 

g/cm2 - t h i c k  aluminum slab, and r e s u l t s  were obtained for seve ra l  

depths within the  s l ab .  I n  Fig.  4 t he  ana ly t i c  t ransmi t ted  energy 

barns/MeV at E = 1 MeV, while t h e  Mbller 

The Mbller cross  

MeV 

4 barns) ,  but  i t  i s  much smaller than i n  t h e  case where 

The t a r g e t  was a 0.66 - -8 8 MeV (3.53 x 10 barns) .  

2 spec t r a  a re  p lo t t ed  along with ANISN's so lu t ion  f o r  0.11 g/cm , 
0.33 g/cm , and 0.66 g/cm thicknesses .  

energy groups from 1 .0  MeV t o  0.1MeV a re  used. Agreement between 

t h e  ana ly t i c  so lu t ion  and ANISN's ca lcu la t ion  i s  reasonable for a l l  

t h r e e  thicknesses ,  i nd ica t ing  t h a t  t he  t ransmi t ted  energy spectrum 

obtained from t h i s  p a r t i c u l a r  cross  sec t ion  can be co r rec t ly  ca lcu la ted  

using t h e  method of  d i s c r e t e  ord ina tes .  It should be noted t h a t  a 

l a rge  number of smaller-energy-transfer c o l l i s i o n s  r e s u l t s  i n  a 

t ransmit ted spectrum i n  t he  form o f  a t h i n  spike,  somewhat l i k e  a 

d e l t a  function d i s t r i b u t i o n  . 

2 2 I n  t h e  ANISN ca lcu la t ion  80 
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g/cm2-, and 0.66-g/cm2-thick aluminum slabs. 



51 

V I .  COMPARISON WITH EXPERIMENTAL RESULTS 

I n  t h i s  sec t ion  t h e  t ransmi t ted  current  of e lec t rons  ca lcu la ted  

by t h e  method of d i s c r e t e  ord ina tes  i s  presented, along with t h e  

experimentally measured spec t r a  for  cases involving monoenergetic 

e l ec t rons  normally inc ident  on t a r g e t  s l abs  of varying thicknesses .  

Calculat ional  r e s u l t s  from t h e  Monte Carlo code ETRAN 3 where ava i l ab le  

i n  s u i t a b l e  form are  a l s o  included f o r  add i t iona l  comparison. 

A.  Experiments of Rester 

The experimental da t a  presented here a re  taken from the  work of 

46 Rester 

ca lcu la ted  using ETRAN-15. Resul ts  a r e  given for normal incidence of 

1-MeV e lec t rons  on Al and Au t a r g e t s  and f o r  2.5-MeV e lec t rons  on Al 

t a r g e t s  . 

and Rester and D e r r i c k s ~ n . ~ ~  The Monte Carlo spec t r a  were 

1. 1-MeV Electrons Incident  on Aluminum 

The poin ts  p lo t t ed  i n  Fig.  5 show t h e  measured t ransmi t ted  e l ec t ron  

current  per u n i t  energy f o r  1-MeV e lec t rons  normally inc ident  on 

aluminum slabs of thicknesses  of 0.10 g/cm , 0.22 g/cm , and 0.32 

g/cm , respec t ive ly ,  roughly corresponding t o  0.2, 0.4, and 0.6, 

respec t ive ly ,  of t h e  range of t h e  inc ident  e l ec t ron .  The s o l i d  

curves i n  t h e  f igu re  represent  t h e  r e s u l t s  from t h e  d i s c r e t e  ord ina tes  

ca lcu la t ions  using a continuous slowing-down term with I '  = 101 t o  

t r e a t  s o r t  i n e l a s t i c  c o l l i s i o n s ,  designated by AWCS (ANISN with 

continuous slowing down), and t h e  dashed curves represent  t he  r e s u l t s  

from t h e  d i s c r e t e  ord ina tes  ca l cu la t ions  using the Mdller cross  sec t ion  

2 2 

2 
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t o  dea l  with 

M#ller c ross  

s o f t  i n e l a s t i c  

s e c t i o n ) .  The 

co l l i s ions ,  designated by AWMC (ANISN with 

s o l i d  histograms represent  t h e  Monte Carlo 
2 

ca l cu la t ions .  For t he  0.10-g/cm case,  t h e  experimental r e s u l t s  a re  

lower than t h e  ca lcu la ted  r e s u l t s  a t  t h e  peak of t h e  d i s t r i b u t i o n ,  but 

they a re  g rea t e r  elsewhere, e spec ia l ly  a t  t h e  higher energies .  I n  t h e  

0.22-g/cm and 0.32-g/cm cases ,  however, agreement between experi-  

mental r e s u l t s  and t h e o r e t i c a l  ca lcu la t ions  a r e  b e t t e r  along t h e  high- 

energy edge of t h e  d i s t r i b u t i o n  than at t h e  peak o r  lower energy edge. 

I n  gene ra l ,  t h e  r e s u l t s  of t h e  d i s c r e t e  ord ina tes  ca lcu la t ions  a re  i n  

reasonably good agreement wi th  those of t h e  experimental measurements. 

It should be noted, however, t h a t  t he  r e s u l t s  of t h e  d i s c r e t e  ord ina tes  

and Monte Carlo ca lcu la t ions  appear t o  be i n  b e t t e r  agreement with each 

o ther  than with t h e  experimental measurements. The AWCS r e s u l t s  a r e  

somewhat higher than the  AWMC r e s u l t s  and f o r  t he  0.10-g/cm 

0.32-g/cm 

Carlo ca l cu la t ions .  

2 2 

2 and 

2 cases,  a r e  i n  p a r t i c u l a r l y  good agreement with the  Monte 

Since t h e  d i s c r e t e  ord ina tes  approximation approaches t h e  

Boltzmann t r anspor t  equation as t h e  number of energy groups and s p a t i a l  

i n t e r v a l s  are increased, t he  accuracy of the  ca lcu la t ion  i s  dependent 

on these  parameters. I n  general ,  for  t h e  d i s c r e t e  ord ina tes  calcula-  

t i o n s  undertaken i n  t h i s  inves t iga t ion ,  an increase i n  t h e  number of 

energy groups used t o  descr ibe a case causes the  r e s u l t i n g  spectrum t o  

become more sharply peaked and t o  s h i f t  t h e  peak of the  spectrum t o  a 

s l i g h t l y  higher  energy. 

tends todec rease  t h e  magnitude of t h e  t ransmit ted spectrum. Both of 

these  e f f e c t s  continue up t o  a po in t ,  beyond which no change i s  noted 

Increasing the  number of s p a t i a l  i n t e r v a l s  
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i n  t he  t ransmi t ted  spectrum as  a r e s u l t  of an increase  i n  t h e  number 

of s p a t i a l  i n t e r v a l s  or energy groups. Unless otherwise s t a t e d ,  t h e  

r e s u l t s  presented i n  t h i s  inves t iga t ion  a re  considered t o  be converged. 

The number of energy groups and s p a t i a l  i n t e r v a l s  u t i l i z e d  i n  a p a r t i c -  

u l a r  ca l cu la t ion  i s  l imi t ed  by t h e  core s torage  capaci ty  of t h e  computer 

and by t h e  time required for t h e  computation. Various ca l cu la t ions  were 

made f o r  t h e  case of 1-MeV e lec t rons  normally inc ident  on a OS22-g/cm 

t h i c k  aluminum s l a b  i n  order t o  make a d i r e c t  comparison between t h e  

two d i s c r e t e  ord ina tes  ca l cu la t iona l  methods and t o  show the  e f f e c t s  of  

some f a c t o r s .  Two AWCS ca lcu la t ions  were made, one with I ' = 101 using 

160 energy groups and 100 s p a t i a l  i n t e r v a l s  and another with I' = 1001 

using 166 energy groups and 155 s p a t i a l  i n t e r v a l s .  

AWMC ca lcu la t ions  were made, one using 175 energy groups and 101 s p a t i a l  

i n t e r v a l s  and another using a 8  energy groups and 145 s p a t i a l  i n t e r v a l s .  

The r e s u l t s  of all four  ca l cu la t ions  a re  shown i n  Fig.  6 i n  t h e  form of 

t h e  t o t a l  t ransmi t ted  e lec t ron  cur ren t  per  MeV per inc ident  e l ec t ron .  

The 218-group AWMC ca l cu la t ion  represents  a s e t  of converged r e s u l t s  

and gives higher values  and a more sharply peaked d i s t r i b u t i o n  than 

does t h e  176-group AWMC ca lcu la t ion .  

converged r e s u l t s ,  t h e  21-8-group AWMC ca lcu la t ion  r equ i r e s  a l a r g e r  

number of s p a t i a l  i n t e r v a l s  and a much longer  run time than t h e  176- 

group PIWMC run. The two AWCS ca lcu la t ions  give f a i r l y  s i m i l a r  r e s u l t s ,  

although the  I' = 1001 ca lcu la t ion  r equ i r e s  a l a r g e r  number of s p a t i a l  

i n t e r v a l s  and a longer  run  time than does t h e  I' = 101 run. It should 

a l so  be noted t h a t  t h e  I' = 1001 ca lcu la t ion  gives  a very s t rongly  

2 

I n  addi t ion ,  two 

However, i n  order  t o  achieve t h e  
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Fig .  6 .  Transmitted electron current  per  u n i t  energy e r  i nc iden t  
e l ec t ron  for 1-MeV e lec t rons  normally incident  on 0.22-g/cm 8 - th i ck  
alminum s l abs .  



forward-peaked angular d i s t r i b u t i o n  f o r  a t h i n  case (such as 0.10 

g/cm'-), s ince  t h e  s o f t  c o l l i s i o n s  a r e  s t ra ightahead  and the  number of 

s o f t  c o l l i s i o n s  increases  as I '  increases .  I n  general ,  t h e  AWCS 

method r equ i r e s  fewer energy groups, fewer s p a t i a l  i n t e r v a l s ,  l e s s  

t ime t o  produce t h e  cross  sec t ion  coe f f i c i en t s ,  and a shor t e r  time for 

ca lcu la t iona l  than the  AWMC method r equ i r e s  i n  o rder  t o  obta in  

converged r e s u l t s .  

given i n  t h e  following t a b l e .  The running t imes shown a r e  f o r  t h e  

IBM 360/91 computer. The cross-sect ion production time r ep resen t s  

t h e  time required t o  produce the  cross-sect ion c o e f f i c i e n t s  used f o r  

t h e  p a r t i c u l a r  ca l cu la t ion .  Other ca l cu la t ions  ( e spec ia l ly  f o r  o the r  

t a r g e t  th icknesses)  were f requent ly  made with the  same s e t  of c o e f f i -  

c i e n t s .  The c a l c u l a t i o n a l  time i s  t h e  time required f o r  ANISN t o  obta in  

a so lu t ion  f o r  the  problem using t h e  prev ious ly  determined cross-sec t ion  

c o e f f i c i e n t s .  

f> 

Deta i l s  on t h e  ca l cu la t ions  shown i n  F ig .  6 a r e  



Table I. Requirements for t h e  Di sc re t e  Ordinates Calculat ion Shown i n  F ig .  6 

Time for Time for 
ANISN Cross-Section 

Di sc re t e  Ordin at  e s  Number of Number o f  Calcul a t  ion Product ion 
Ca lcu la t iona l  Method Energy Groups S p a t i a l  I n t e r v a l s  (min . ) (min . ) 
AWCS* (ANISN with 

continuous slowing- 
down 
I '  = 101 

= 1.63 x MeV 160 

AWCS 
I '  = 1001 

= 1.63 x MeV 166 

AWMC* (ANISN with 
Mbller cross-  s ec t  ion ) a8 

AWMC 175 

100 

155 

14 5 

101 

11.5 18 

35 15 

44 

14.5 

24 

16 
~ ~ ~~ 

jCThis ca l cu la t ion  a l s o  appears i n  Fig.  5. 



The ca l cu la t ed  and measured t ransmi t ted  e l ec t ron  cur ren t  pe r  unit 

energy per  u n i t  s o l i d  angle i s  presented i n  Fig.  7 f o r  t ransmission 

angles of 7.5", 47.5" and 77.5" through a 0.10-g/cm2-thick aluminum 

s l a b .  Both the  AWCS and AWMC ca l cu la t ions  give good agreement with 

t h e  experimental r e s u l t s  at  - [ . L , " ,  although the  AWCS values  a r e  s l i g h t l y  

high, probably due t o  t h e  tendency of t h e  AWCS ca l cu la t ion  t o  produce 

a forward-peaked angular d i s t r i b u t i o n  f o r  t h i n  cases .  Both d i s c r e t e  

ord ina tes  methods a re  i n  reasonable agreement with experiment a t  47.1" 

and i n  poor agreement a t  77.5". It should be noted t h a t  t h e  Monte 

C a r l o  r e s u l t s  a t  77.5" show evidences of d i f f i c u l t y  with s t a t i s t i c a l  

accuracy. 

The t ransmi t ted  e lec t ron  cur ren t  f o r  1-MeV e lec t rons  through a 

0.22-g/cm2-thick aluminum s l ab  at angles of  7.5", 47.5", and 77.5" i s  

shown i n  Fig.  8. Both d i s c r e t e  ord ina tes  c a l c u l a t i o n a l  methods show 

good agreement with the  measured r e s u l t s  a t  7.5", except at t h e  peak 

of  the  experimental  d i s t r i b u t i o n .  Agreement wi th  experiment i s  fa i r  

a t  47.5" and poor a t  77.5", with t h e  d i s c r e t e  ord ina tes  r e s u l t s  again 

being low. The angular transmission f o r  t h e  two d i s c r e t e  ord ina tes  

ca l cu la t ions  were a l i t t l e  more cons is ten t  f o r  t h e  0.22-g/cm 

than f o r  t h e  O.lO-g/cm case.  Presumably t h i s  occurs because t h e  

increase  i n  t a r g e t  thickness  allows s u f f i c i e n t  e l a s t i c  angular 

s c a t t e r i n g  so t h a t  t he  d i f fe rences  i n  t h e  way i n  which the  i n e l a s t i c  

s c a t t e r i n g  i s  handled a r e  not extremely s i g n i f i c a n t .  

2 case 
2 
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0.10-g/cm - th i ck  aluminum slab.  

Fig. 7. Energy  d i s t r i b u t i o n s  of the  t r ansmi t t ed  e lec t ron  current 
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The angular d i s t r i b u t i o n s  o f  t h e  t ransmi t ted  e l ec t rons  pe r  unit 

s o l i d  angle r e s u l t i n g  from 1-MeV e lec t rons  normally inc ident  on 

0.10-g/cm , 0.22-g/cm , and O.32-g/cm - th i ck  aluminum s l abs  a r e  

presented i n  Fig.  9. The AWCS ca lcu la t ion  does show a s l i g h t l y  

forward-peaked d i s t r i b u t i o n  i n  t h e  0.10-g/cm 

agreement with the  experimental va lues .  The AWMC r e s u l t s  show 

reasonable agreement f o r  t h e  O.lG-g/cm* s l ab .  

ca lcu la t ions  a r e  very similar f o r  t h e  0.22-g/cm 

reasonable agreement with experiment. I n  t h e  0.32-g/cm case,  the  

AWCS values  a r e  i n  good agreement with experiment, while t he  agreement 

f o r  AWMC i s  only fa i r .  The higher r e s u l t s  f o r  AWCS a re  s i m i l a r  t o  

those shown i n  F ig .  5 f o r  t h e  t o t a l  t ransmi t ted  e lec t ron  cur ren t  for 

0.32 g/cm . 

2 2 2 

2 case,  but  i s  i n  good 

The d i s c r e t e  ord ina tes  

2 case,  and a re  i n  
2 

2 

2. 1-MeV Electrons Inc ident  on Gold 

The t o t a l  t ransmi t ted  e lec t ron  cur ren t  per  u n i t  energy r e s u l t i n g  

from 1-MeV e lec t rons  normally inc ident  on a 0.15-g/cm2-thick gold s l ab ,  

represent ing  0.2 range, i s  shown i n  Fig.  loa .  The experimental po in ts  

and Monte Carlo histogram a r e  s i m i l a r  t o  those  used e a r l i e r  f o r  t h e  

aluminum cases ,  and the  s o l i d  curve represents  t h e  r e s u l t s  o f  a 

d i s c r e t e  ord ina tes  AWCS ca lcu la t ion  with I '  = I (7 .97 x 

value was used because it i s  close t o  the  value used f o r  t h e  1-MeV 

aluminum runs (I '  = 1.63 X lom3 MeV). 

a r e  much lower than the  experimentally measured values  and s i g n i f i c a n t l y  

lower than t h e  Monte Carlo ca l cu la t ion .  

MeV). This 

The d i s c r e t e  ord ina tes  r e s u l t s  

Additional work i s  necessary 

t o  determine i f  t h e  poor agreement noted here  i s  due t o  the  cross 
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Fig.  9. Angular d i s t r i b u t i o n s  of  t h e  transmi t ed  e lec t ron  cur ren t  5 f o r  1-MeV e lec t rons  normally inc ident  on 0.10-g/cm -, 0.22-g/cm2-, and 
0.32-g/cm2-thick aluminum s l abs .  
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sec t ions  o r  t o  the  method of  t h e  ca l cu la t ion  i t s e l f .  A t  l e a s t  p a r t  

of t h e  d i f f i c u l t y  must be i n  t h e  cross  sec t ions ,  s ince  t h e  hard 

i n e l a s t i c  atomic cross  sec t ion  was determined by mult iplying the  

Mdller c ross  sec t ion  by Z .  

s h e l l  e l ec t rons  i n  gold a re  far t o o  t i g h t l y  bound t o  be considered 

f r e e ,  but no t e s t e d  correct ion f a c t o r  was ava i l ab le .  

d i s t r i b u t i o n  of t h e  t ransmi t ted  e lec t ron  current  per  u n i t  angle for 

t h i s  case i s  given i n  Fig.  l ob .  It shows t h e  d i s t r i b u t i o n  ca lcu la ted  

by d i s c r e t e  ord ina tes  t o  be much smaller a t  low angles than t h e  

experimental d i s t r i b u t i o n ,  as  i s  expected from Fig .  loa, bu t  t h a t  it 

increases  i n  r e l a t i o n  t o  t h e  experimental po in t s  at l a r g e r  angles .  

The same general  behavior i s  shown by the  Monte Carlo ca l cu la t ion  of  

t h e  d i s t r i b u t i o n ,  which i s  lower than t h e  experimental measurement a t  

low angles but  ac tua l ly  higher at l a r g e  angles .  

This i s  obviously inco r rec t  s ince t h e  K 

The angular 

3. 2.5-MeV Electrons Inc ident  on Aluminum 

The poin ts  p l o t t e d  i n  Fig.  11 show t h e  t o t a l  t ransmi t ted  e l ec t ron  

current  per  u n i t  energy per inc ident  e lec t ron  r e s u l t i n g  from 2. ?-MeV 

e lec t rons  normally incident  on O.3l-g/cm (0.2 range)  and 0.62-g/cm - 
(0.4 range)  t h i c k  aluminum s l abs .  

histograms, AWCS and AWMC representa t ions  a re  similar t o  those used 

f o r  t h e  1-MeV case.  Reasonable agreement i s  shown between t h e  d i s c r e t e  

ord ina tes  r e s u l t s  and t h e  experimental measurements i n  both cases .  

2 2 

The experimental po in ts ,  Monte Carlo 
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However, t h e  d i s c r e t e  ord ina tes  ca lcu la t ions  here  are  somewhat lower 

than t h e  Monte Carlo values,  espec ia l ly  a t  t h e  peak of  t he  d i s t r i b u t i o n ,  

while agreement between d i s c r e t e  ord ina tes  and Monte Carlo ca l cu la t ions  

i s  good for t h e  1-MeV cases .  

The t ransmi t ted  e lec t ron  cur ren t  at 20°, 45", and 60" r e s u l t i n g  

from 2.5-MeV e lec t rons  normally inc ident  on a 0.31-g/cm2-thick 

aluminum s lab  i s  shown i n  Fig.  12. 

i n  f a i r  agreement with the  experimental po in ts ,  bu t  at 45" t h e  agree- 

ment i s  poor a t  t h e  peak of t h e  d i s t r i b u t i o n ,  with t h e  ca lcu la ted  

r e s u l t s  higher than t h e  experimental r e s u l t s .  

o rd ina tes  ca lcu la t ions  a r e  considerably higher than t h e  experimental 

measurements over most of  t h e  d i s t r i b u t i o n .  This seems t o  cont rad ic t  

t h e  large-angle  ca lcu la t ions  for t h e  0.2 range 1-MeV case,  where t h e  

ca lcu la ted  values were low compared t o  experiment (see Fig.  7 ) .  The 

reason for t h i s  phenomenon i s  not apparent. 

The ca lcu la ted  values a t  20" are  

A t  60", t h e  d i s c r e t e  

The t ransmi t ted  e lec t ron  current  at 10" and 20" r e s u l t i n g  from 

2. ?-MeV e lec t rons  normally incident  on a 0.62-g/cm*-thick aluminum 

s l a b  i s  given i n  Fig.  13. Agreement between the  AWCS ca lcu la t ion  and 

experimental measurements i s  poor at the  peak of t he  d i s t r i b u t i o n  fo r  

both cases but i s  qu i t e  reasonable elsewhere. The low ca lcu la t iona l  

r e s u l t s  shown here a re  somewhat cons is ten t  with t h e  s l i g h t l y  low peak 

values shown i n  Fig.  11 for t he  t o t a l  t ransmi t ted  current  through t h e  

0.62-g/cm2 s l a b .  
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The angular d i s t r i b u t i o n s  of t h e  t ransmi t ted  e lec t ron  cur ren t  

per uni t  s o l i d  angle f o r  2.5-MeV e lec t rons  normally incident  on 

0.31-g/cm and 0.62-g/cm - thick aluminum s l abs  a re  presented i n  

Fig.  14 .  

for t h e  0.31-g/cm2 case a re  higher than t h e  experimental measurements 

through much of t h e  d i s t r i b u t i o n ,  as wasshown i n  F ig .  12.  The 

Monte Carlo ca lcu la t ions  a l s o  follow t h i s  general  tendency. The AWCS 

2 2 

The values ca lcu la ted  by the  d i s c r e t e  ord ina tes  methods 

2 r e s u l t s  f o r  t h e  0.62-g/cm case show more reasonable agreement with 

t h e  experimental values ,  although t h e  ca lcu la t ion  i s  s l i g h t l y  low at  

t h e  forward angles .  

B. Exp eriments of Lonergan e t  .al. 

The experimental da t a  presented here a re  taken from t h e  work of 

Lonergan, J u p i t e r ,  and Merkel .27 

made by Edmondson, Derrickson and Peasley" using E T R A N - ~ ~ . ~  

a re  given for 4-MeV and 8-MeV e lec t rons  incident  on aluminum t a r g e t s .  

The Monte Carlo ca lcu la t ions  were 

Resul ts  

1. &MeV Electrons Incident  on Aluminum 

The e lec t ron  current  per  u n i t  energy per u n i t  s o l i d  angle 

t ransmi t ted  at 30" from 4-MeV e lec t rons  normally inc ident  on a 

1.275-g/cm2-thick aluminum s l a b  (0.5 range)  i s  given i n  Fig.  15a.  

The experimental po in ts  and Monte Carlo histogram are  p lo t t ed  i n  t he  

usual manner, and t h e  s o l i d  curve represents  an AWCS d i s c r e t e  ord ina tes  

ca lcu la t ion  with I '  = lOI(1.63 x MeV). Agreement between t h e  

d i s c r e t e  ord ina tes  r e s u l t s  and t h e  experimental measurements i s  f a i r ,  

*As mentioned i n  Ref. 27. 
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while t h e  agreement between the  Monte Carlo values  and experiment i s  

much b e t t e r .  However, i n  t h e  summary of Ref. 27 it s t a t e s  "The number 

of 4.0 MeV e lec t rons  t ransmi t ted  through 1.275-g/cm2-thick s l a b s  of 

Al w a s  25% higher  i n  t h e  ca l cu la t ion .  

spec t r a  and angular d i s t r i b u t i o n  were renormalized t o  t h e  experimental 

transmission they agreed with t h e  measured da ta . "  

ca l cu la t ion  i s  considerably higher than t h e  experimental r e s u l t s  and 

t h e  Monte Carlo values a t  t h e  peak and at lower energies  i n  t h e  

d i s t r i b u t i o n ,  it seems qu i t e  poss ib le  t h a t  t h e  agreement between t h e  

AWCS r e s u l t s  and the  Monte Carlo ca l cu la t ion  before  renormalization 

might be b e t t e r  than t h a t  shown i n  Fig.  15a. 

When t h e  ca lcu la ted  energy 

Since t h e  AWCS 

The angular d i s t r i b u t i o n  of  t h e  t ransmi t ted  e lec t ron  cur ren t  per  

u n i t  s o l i d  angle from 4-MeV e lec t rons  normailly inc ident  on a 

1.275-g/cm2-thick aluminum slab i s  shown i n  F ig .  1%. 

a re  considerably higher over most of  t h e  d i s t r i b u t i o n  than the  Monte 

Carlo r e s u l t s  and those from t h e  experimentalmeasurements, as would 

be expected from Fig.  1%. It i s  i n t e r e s t i n g  t o  note ,  however, t h a t  

t h e  d i s c r e t e  ord ina tes  value at 0" i s  very close t o  t h e  experimental  

po in t ,  while t h e  Monte Carlo histogram i s  much lower. 

The AWCS values 

2. 8-MeV Electrons Incident  on Aluminum 

The e lec t ron  current  per  u n i t  energy pe r  u n i t  s o l i d  angle t r ans -  

2 mi t ted  a t  20" from 8-MeV e lec t rons  normally inc ident  on a 0.953-g/cm - 
t h i c k  aluminum s l ab  (0.2 range)  i s  given i n  Fig.  16a. 

poin ts ,  Monte Carlo histogram, and AWCS using I' =lo1 a r e  shown as  i n  

previous f i g u r e s .  The d i s c r e t e  ord ina tes  ca l cu la t ion  shows exce l len t  

The experimental  
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agreement with t h e  experimental measurements over most of t h e  energy 

range. However, t h e  ca lcu la ted  curve ac tua l ly  increases  i n  value below 

2 MeV, while t h e  experimentally measured po in t s  continue t o  decrease i n  

magnitude. It should be noted t h a t  t h e  Monte Carlo ca lcu la t ion ,  

although exh ib i t i ng  some s t a t i s t i c a l  f l uc tua t ion ,  a l s o  appears t o  

increase i n  t h e  lower energy range. 

The angular d i s t r i b u t i o n  of  t h e  t ransmi t ted  e l ec t ron  current  per  

2 un i t  so l id  angle f o r  8-MeV e lec t rons  normally inc ident  on a 0.953-g/cm - 
t h i c k  aluminum s l a b  i s  presented i n  Fig.  16b. 

t h e  d i s c r e t e  ord ina tes  ca lcu la t ion  i s  i n  exce l len t  agreement with the  

experimental po in ts  a t  t h e  higher angles,  but i s  does not exh ib i t  a 

low-angle peak as t h e  experimental d i s t r i b u t i o n  does. 

peak i n  Fig.  161.1. i s  i n  sharp cont ras t  t o  t h e  high experimental value 

a t  0" shown i n  Fig.  1%. 

The d i s t r i b u t i o n  from 

The low-angle 
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V I I .  COMPARISON WITH A THEORETICAL CALCULATION 

FOR AN I N C I D E N T  ELECTRON SPECTRUM 

A. Transmitted Electron Spectra 

Because of the  lack of experimental data ,  i t  was not poss ib le  t o  pre- 

s en t  a comparison between ca l cu la t ed  and experimental r e s u l t s  f o r  the  

case of an e l ec t ron  energy spectrum inc ident  on a s lab .  

Carlo code ETRAN of Berger and Sel tzer , '  Scott48 ca lcu la ted  the  t r ans -  

mit ted e l ec t ron  cur ren t  per u n i t  energy f o r  t he  case of a spec i f i c  

e l ec t ron  energy spectrum normally inc ident  on aluminum slabs,  and t h i s  

t h e o r e t i c a l  ca l cu la t ion  has been compared with r e s u l t s  obtained with 

ANISN. The inc ident  e l ec t ron  energy d i s t r i b u t i o n  used i n  the  calcu- 

l a t i o n s  i s  a representa t ion  of t he  spectrum r e s u l t i n g  from thermal- 

neutron capture  i n  235U.49 This spectrum extends t o  e l ec t ron  energies  

of the  order of 10 MeV and i s  shown e x p l i c i t l y  i n  Fig.  17 ( taken from 

Ref. 48). 

t inuous slowing-down vers ion  of ANISN from Eq. (16).  I n e l a s t i c  col-  

l i s i o n s  with atomic e lec t rons  involving an energy t r a n s f e r  g rea t e r  than 

I' were represented by the  Mbller c ross  sect ion,  Eq. (19). 

an energy t r a n s f e r  l e s s  than I '  were approximated by a continuous slowing- 

down term. The I' value used f o r  t h i s  ca l cu la t ion  was 100 I, or 0.0163 

MeV. The ANISN ca lcu la t ion  used 21  e l ec t ron  energy groups down t o  0.15 

MeV and 320 s p a t i a l  i n t e r v a l s  f o r  1.0-g/cm 

s u l t s  for an aluminum s l ab  0.5-g/cm 

histogram and the  ANISN r e s u l t s  a r e  shown a s  p lo t t ed  points .  A s imi l a r  

comparison i s  given i n  Fig. 18 f o r  an aluminum s l a b  1.0-g/cm2 th i ck .  

Using the  Monte 

The t ransmi t ted  e l ec t ron  cur ren t  was ca lcu la ted  by the  con- 

Those with 

2 thickness .  The ETRAN r e -  

2 t h i c k  a r e  shown i n  Fig. 18 a s  a 
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I n  both p l o t s  t h e  ETRAN and ANISN r e s u l t s  a r e  i n  reasocable agreement, 

although the  ANISN r e s u l t s  a r e  a l i t t l e  high i n  t h e  2- t o  4-MeV range 

f o r  t he  1.0-g/cm case.  2 

B. Transmitted Photon Spectra 

I n  addi t ion  t o  the  e l ec t ron  t r anspor t  ca lcu la t ion ,  the  photon cur- 

r e n t  produced by bremsstrahlung was computed and t ranspor ted  through the  

s l ab  by solving Eq. (2)  fo r  photon t r anspor t  coupled with Eq. (16) for 

e lec t rons .  A s  ind ica ted  i n  Section 111, t h i s  coupling introduces pho- 

tons produced by e l ec t ron  bremsstrahlung as a source f o r  t h e  photon 

t r anspor t  equation, bu t  e lec t rons  produced by photons a r e  not introduced 

i n t o  the  e l ec t ron  t r anspor t  equation. The photon ca l cu la t ion  used 60 

e n e r w  groups down t o  0.01 MeV and a total of 339 i n t e r v a l s  f o r  a 50- 

g/cm - th i ck  aluminum s lab .  A t  t h i c k  depths the  primary e l ec t rons  a r e  

no longer present ,  and photons c o n s t i t u t e  t he  bulk of t he  dose a t  such 

depths.  Electrons a r e  present,  produced by the  photons, bu t  the  photons 

a r e  dominant. The method of d i s c r e t e  ord ina tes  i s  qu i t e  capable of 

ca l cu la t ing  t h e  r e s u l t i n g  photon cur ren t ,  even f o r  very t h i c k  t a r g e t  

depths, as shown i n  Fig. 19. It would be very d i f f i c u l t  t o  ob ta in  

reasonable s t a t i s t i c a l  accuracy i n  a similar ca l cu la t ion  by a Monte 

Carlo procedure. 

2 
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V I I I .  CONCLUSIONS AND RECOMMFNDATIONS 

Discrete  ord ina tes  appears t o  be a very promising method f o r  cal.- 

cu la t ing  the  t r anspor t  of e l ec t rons  i n  aluminum, bu t  a d d i t i o n a l  i n v e s t i -  

ga t ion  i s  required t o  determine the  ex ten t  of i t s  a p p l i c a b i l i t y .  The 

r e s u l t s  achieved f o r  e l ec t ron  t r anspor t  through gold a r e  considerably 

poorer than the  ca l cu la t ions  f o r  aluminum. It seems probable t h a t  t he  

d i f fe rence  i n  t he  r e s u l t s  achieved i s  due t o  the  d i f f e rence  between 

heavy elements (Au) and l i g h t  elements ( A l ) .  

t he  d i f f i c u l t y  experienced with gold i s  due t o  the  method of c a l c u l a t i o n  

o r  t o  the  c ross  sec t ions  employed, bu t  i t  seems more l i k e l y  t h a t  t he  

problem l i e s  i n  the  c ross  sec t ions .  

It i s  not  known whether 

Both ANISN with continuous slowing down used t o  t r e a t  low-energy 

t r a n s f e r  c o l l i s i o n s  (AWCS) and ANISN with the  Mbller c ross  sec t ion  used 

t o  t r e a t  low-energy t r a n s f e r  c o l l i s i o n s  (AWMC) a r e  capable of giving 

acceptable  r e s u l t s  f o r  aluminum. A t  t h i s  s tage  of development, AWCS 

seems preferab le  because it requ i r e s  fewer energy groups t o  produce con- 

verged r e s u l t s  and r equ i r e s  a sho r t e r  running time than does AWMC. 

Subsequent a reas  of i nves t iga t ion  should include ca l cu la t ions  f o r  

s eve ra l  nonaluminum t a r g e t s  i n  order  t o  determine the  range of appl ica-  

b i l i t y  of t he  method of ca l cu la t ion  and of t he  cu r ren t  c ross  sec t ions .  

An attempt should then be made t o  develop the  c ross -sec t ion  theo r i e s  

for  heavy elements i n  order  t o  ge t  agreement with the  experimental  re -  

s u l t s .  

s tud ie s  of e l ec t ron  bremsstrahlung. 

Calculat ions should a l s o  be made f o r  comparison with experimental  
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Calculat ion of e l ec t ron  t r anspor t  by d i s c r e t e  ord ina tes  could be 

made more e f f i c i e n t  by a more prec ise  determination of the  energy-group 

s t ruc tu re  required t o  achieve converged r e s u l t s  f o r  both monoenergetic 

and energy-spectrum sources.  The c a l c u l a t i o n a l  procedure i n  ANISN 

could be made more e f f i c i e n t  f o r  e l ec t rons  by l i m i t i n g  the  app l i ca t ion  

of the  convergence c r i t e r i a  f o r  a p a r t i c u l a r  energy group t o  those 

s p a t i a l  i n t e r v a l s  where the  ca lcu la ted  e l ec t ron  cur ren t  f o r  t h a t  grourJ 

i s  s i g n i f i c a n t .  In  addi t ion,  a weighting funct ion might be used t o  re -  

duce the  number of energy groups required f o r  a ca l cu la t ion .  Weighting 

funct ions a r e  o f t en  used i n  the  process of t r e a t i n g  c ross  sec t ions  t o  

obta in  a multigroup form and normally involve the  representa t ion  of 

s eve ra l  groups from a normal energy group s t r u c t u r e  by a s ing le  energy 

group with an averaged cross  sec t ion .  

24 

The averaging procedure includes weighting the  c ros s  sec t ions  i n  

the  o r i g i n a l  group s t r u c t u r e  by some measure of t h e i r  r e l a t i v e  importance. 

However, recent  work on neutron t r anspor t  i n  iron5' shows t h a t  although 

s ign i f i can t  improvement can be obtained by the  se l ec t ion  of a good 

weighting function, some problems requi re  a s p e c i f i c  group s t r u c t u r e  

i n  order t o  obta in  prec ise  answers. 
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APPENDIX A 

DERIVATION OF THE CONTINUOUS SLOWING-DOWN TRCLNSPORT EQUATION 

The der iva t ion  given here follows the  method used by Rossi.'l 

B o l t z m a n n  transport  e q u a t i o n  fo r  e l ec t rons  i s  given by Eq. (11) as  

The  

d20* ( E ' ,  E,;' .;) 
dEdSl Z.V&,E,Z) = P(Z,E,Z) + n dE '  1 130,' e+e 4(Z? E' ,ii' ) 

E 

E 
d 2 ainel(E', E ,z '  .z) 

+( z, E'  ,?if ) + n fo dE'  SdSl' dEdQ 
E + I  ' 

E + I '  
d 2 oinel( E ' ,  E,;' .;) 

4 ( ii, E ' , ii ' ) dEdll + n  f dE'  /dll' 

E 

where 

E - I '  d 2 oinel(E,E',?i' .?i) 
T 

a l ( E )  = 1 d E . 1  dll dE'  dil 9 

E 
2 
- 

E-I '  
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The i n e l a s t i c  s c a t t e r i n g  i s  now separated i n t o  terms descr ibing 

l a rge  and small energy t r a n s f e r  c o l l i s i o n s .  Define 

E (35) 

where T descr ibes  small energy t r a n s f e r  c o l l i s i o n s .  Add and s u b t r a c t  

where 

Then 
2 E + I '  

d oinel( E ' ,  E,;' -;) 
+( g, E' ,i?' ) T = n dE' J m '  dEdQ 

E 

. 
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Now assume 

t h a t  i s ,  the  s o f t  c o l l i s i o n s  involve only an energy degradation and no t  

an angular change. 

and 

The f i r s t  and l a s t  terms i n  Eq. ( 3 6 )  then cancel, 

Define 

).L = E' - E , dw = dE' , f i r s t  term; 
A A 

Pt = E - E ' ,  dx = -dE'  , second term. 

Then I '  

T = n f du f(E+tl,E) 
0 

I '  

- n 1 d; f ( E , E - i )  . 
0 
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Now l e t  

g(E' ,n)  = f ( E ' , E ' - H )  

= f(E+w,E) . 

Expanding g(E' ,u) i n  a Taylor se r ies  about E' = E while LAo 

s t a n t  gives  

ding u con- 

Then 

so t h a t  

a f ( E ' , E ' - H )  = f(E,E-n) + u - a E  [f(E,E-u)] , 

or 

(39) 
a f (E+t l ,E)  = f(E,E-n) + u [f(E,E-x)] 

A 
Subs t i t u t ing  Eq. (39) i n t o  Eq. (38), and not ing t h a t  u and u are 

var i ab le s  of i n t e g r a t i o n  so t h a t  t h e  d i s t i n c t i o n  between them may be 

dropped, 

I' 
a T = n 1 du u [f(E,E-u)] . 

0 

Now s e t  E' = E - K, and 



Defining t h e  stopping power S(E) as 

I' 
do ( E, E '  ) 

dE' S(E) = n dw w ? 

0 

or 

E 

S(E) = n f dE' ( E - E t )  dao . dE ' 
E- I 

Then s u b s t i t u t e  Eq. (41)  i n t o  Eq. (40),  t o  f ind  

T = - a !:S(E) +(:,E,;)] . 
a E  (43) 

Equation (42) def ines  t h e  r e l a t i o n s h i p  between t h e  stopping power and 

t h e  d i f f e r e n t i a l  c ros s  sec t ion  f o r  low-energy t r a n s f e r  c o l l i s i o n s .  

i n i t i a l l y  defined i n  Eq. (35), T represents  two terms i n  Eq. (34).  

as defined by Eq. ( 4 4 )  i s  now subs t i t u t ed  back i n t o  Eq. (44)  t o  give 

As 

T 

The low-energy t r a n s f e r  c o l l i s i o n s  represented by a [ S(E) +(:,E,E')] 

i n  Eq. (44)  now do not produce knock-on e l ec t rons  bu t  only reduce the  

energy of t h e  inc iden t  e lec t ron .  

3E 
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Equation (44)  i s  given i n  Section I11 as Eq.  (16), with S ( E )  de- 

f ined  as i n  Eq. (42), and i s  t h e  form of  t h e  t ranspor t  equation solved 

by AWCS (ANISN with continuous slowing down used t o  t r e a t  low-energy 

t r a n s f e r  c o l l i s i o n s ) .  
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APPENDIX B 

HIGH-FREQUENCY EXD-POINT CORRECTION FOR THE DIFFERENTIAL 

BREMSSTRAHLUNG CROSS SECTION 

The bremsstrahlung cross  s e c t i o n  of McCormick, Keiffer ,  and 

Parzen,37 which i s  d i f f e r e n t i a l  i n  angle and energy, was given a.s 

Eq. (30) i n  Sect ion IV. When Eq. (30) i s  in t eg ra t ed  over angle,  t he  

r e s u l t  m a y  be expressed as "Eq. (3BN)" i n  Koch and Motz: 16 

3 
PO P 

8 E  E k 2 2  (E $+p2p2) 
E 
0 

+L[&-+  3 3  0 0 

POP 

where 

€ 0  = In (m) Eo+po 7 



E , E  = t h e  i n i t i a l  and f i n a l  t o t a l  energy of t he  e l e c t r o n  
0 

2 i n  a c o l l i s i o n ,  i n  mc u n i t s ,  

, p  = t h e  i n i t i a l  and f i n a l  momentum of t h e  e l e c t r o n  i n  PO 

a c o l l i s i o n ,  i n  me u n i t s ,  
2 

k = t h e  energy of t h e  emitted photon i n  me u n i t s .  

The bremsstrahlung cross  sec t ion  should have a f i n i t e  value a t  t h e  

high-frequency l i m i t ,  bu t  E q .  (45)  gives a value which approaches 0 as  

p -B 0 .  Fano's cross-sect ion formula f o r  t he  high-frequency l i m i t  i s  

given by Koch and Motz [ i n  Eq. (II-g)] as:  

where 

Bo,B = t he  r a t i o  of t h e  i n i t i a l  and f i n a l  e l ec t ron  

ve loc i ty  t o  t h e  v e l o c i t y  of l i g h t .  

A high-frequency l i m i t  co r r ec t ion  f a c t o r  F i s  sought, t he re fo re ,  

s o  t h a t  dak [ E q -  (45)] x F = dok [ E q .  (46)] when p=O. 

f a c t o r  was chosen t o  be F = 

a l s o  apply near t h e  l i m i t ,  as p + 0. Then 

The form of t h e  

, s o  t h a t  t h e  co r rec t ion  would X 

1- exp ( -x) 

F=+, 1-exp -X P f O ;  

F = X, p = o .  



Therefore, E q .  (45) must be evaluated as p -, 0 so the  r e s u l t  s e t  equal 

t o  Eq. (46) i n  order t o  f ind  X. F i r s t  mul t ip ly  Eq.  (45) by the  f a c t o r  

X i n  t h e  form X = X'E/p, and take  t h e  limit as p -, 0, t o  ge t  

dok = 

Then s u b s t i t u t e  t he  

Eq.  (46) t o  give 

L 

i d e n t i t i e s  2f3, "- In  po = f3 E i n t o  
0 0  

Now s e t  Eq. (47) equal t o  Eq. (48) and solve f o r  X ' ,  not ing t h a t  

P +1 = 8 o 9  s o  t h a t  
2 
0 

and 

(47) 

as  given i n  Eq . (30),  Section IV. This f a c t o r  was derived t o  assure  

the  co r rec t  value as  p 4 0 a f t e r  i n t eg ra t ion  over angle,  but it does 

not assure  t h e  co r rec t  l i m i t  a t  a s p e c i f i c  angle.  
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