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NOMENCLATURE 

diinensiotiles~ coefficients in the eo tr,iiriinent equatwa 
tneasute (J i  the jet width 
concentidtion 
specific hent a t  cunstdnt volume atid at constant pressure, respectively 
drdg coefficient 
cos 0 l  

cos Q 
mass dlfruslvlty 
shorthanil notation for ( r i p l )  C c z  + ( r /p2 )Sh  
en trdininent late 
body toice 
drag force 
Froude nuiiibei, [ ( p ,  poi rOy /pO]  . ditncnsiunless 
local Froucle number, uhl / l ( p w  

acceleiation of gravity, 32.174 it/sec2 
gravity vectoi, gk 
unit vectors parallel tu the x, y ,  z axes, respectively 
unit vectors parallel to the 7, r, @ axes, respeLtively 
siniddrity integral, 
thernid conductivity 
prc‘sauic 
difference between local pressure and hydrost.itic pressure 

JCa’rdr - 1/4E2 1/4 liin ( r2C’2)  

radlal distdnce from jet cehg; line 
Jet  half-width, distmce from ccntei line to point at which u I M , , ~  = 0.5 
velocity I atio, u_/u, 
R-sin d l  .cos02 
streamwise coordinate, distance along the jet ;]xis 
sin 0, 
5111 cp 
teniperature 
stratification parameter, @, - p o  )/[ ro(dp_/dz)] 
component of velocity parallel to i, 
u -  in 0 -cos O 2  
component of velocity parallel to  i,, 
vector velocity, ui, + vi, + wi, 
volurrie flow rate, nr2 ~1 

Loinponent uf velocity parallel to  i, 
Cartesian coordinate, horitontal and perpeiidicular to free stream 
Cartesian coordinate, horizontal ;ind parallel to flee stieani 
Cartesian coordinate, positive vertically up 
tlieimal coeificient of volurnetm expansion, 

p n l )  I/g/p, ] , diriiensionless 

j , ,~u /z i ,~ )  [a(r (L’yTIuk )/arl d(r /h)  

od 

( 1  /p,,) (dp/at), 

V 



vi 

concentration coefficient of volumetric expansion, -Ql/p,) (aplacj, 
eddy diffusivities for momentum and heat, respectively 
angle between the projection of is onto the x, y plane and the x axis 
angle between is and the x ,  y plane 
spreading ratio between density and velocity profiles 
kinematic viscosity 
density 
radius of curvature, (do /as)-' 
radius of curvature, (de, /ds)-' 
timc 
azimuthal angle 
dissipation function 
at diffuser outlet, s = 0 
at jet center line, r = 0 
top-hat value 
free stream value 
at end of flow establishment zone 
average with respect t o  time 
fluctuating component 
( I - (  1, 



ANALYSIS OF ROUND, TURBULENT, BUOYANT JETS 
DTSCH‘4RCED TO FLOWiNG STRATIFlED AMBIENTS 

b. A. Ifirst 

ABSTRACT 

Modern stt‘am electric power phnts  discharge npproxiniately 1.5 to 2 kWhr of waste heat f o ~  every 
kWhr of electrical energy produced. I;sually this heat is discharged to an  adjacent water body in 
“once-through” cooling which increases the water temperature near the outfall. Since aquatic 
organisms tend to be temperature-sensitive, these thermal additions modify the l(.)cal aquatic 
environment. 

I n  order to assess the ecological consequences of waste heat discharge one must first know the 
physical \rhanges (temperature, velocity, salinity) induced by these discharges. It is with this latter 
aspect, prediction of physical properties, that the current work is primiirily concerned. 

A new integral method is devised to predict the devebpment o f a  riiomentum jet discharged to an 
infinite ambient through a sirigle circular submerged diffuser. l’he jet is  subjected to buoyancy forces, 
ambient cross flows, ambient turbulence, and ailtbkllt density stratification and will, in general, follow’ 
a three-dimensional path. 

This method differs from existing methods in several ways. First, the new method is applicable to 
a nluch wider range of flows. For example, the new method can handle flows for which the 
lrajzctories are three-dimensional, whereas existing methods are limited to jets with two-dimensional 
paths 

Second, the method is based on an integration of the basic partial differential equations written in 
il iiew “naturdl” coordinate system. Deriving the integrdl equations from these basic equations reveals 
certain terrns involving the turbulence ant1 radius of ciirvatiire which do not appear in the older 
methods. 

‘Tlurd, a ncw entrainment function has been postulated. This function includes the effects of 
interrial turbulence, buoyancy, and cross flow. ‘This new equation contains four coefficients. only one 
of which must be determined empirically by fitting the predictions to  the datu. 

The theoretical predictions have been compared with data for 100 different Ilows, and the 
agreement between theory and experiment is good. This is especially significant since the method tias 
been used to predict a wide range of flows with nll the entrainment coefficients kept constant. 

Finally, the new metliod is used to asess the physical consequences of thermal discharges from a 
hypothetical power plant. This example shows how the new method can be used to help design 
optimal discharge systems. 

I .  INTRODUCTION 

This work is concerned with the beliavior of momen- 
tum jets discharged to an infinite ambient through a 
single circular subnieiged diffuser subjected to buoy- 
ancy forces, anibierit cross flows, mibierit turbulence, 
atid amlbient density stratification. The primary objec- 
tives of this work are to (I)  derive the basic equations 
(inass, momentum, eneigy , and concentration) gov- 
erning the development of jets with three-dimensional 
trajectories using a new “natural” coordinate system 
which moves with the center line of the jet; arid (2) 
devclop a simple integral method solution to these 
basic equations. This latter effort involves the formu- 
Lation of a general rzed entrainment function which 
accounts for all the effects listed :hove. Results 
obtained with the integral method are coinpaled with 
data fruin about 100 dit‘feient jet and plume experi- 
ments covering a wide range of the variables. The 
agreenierit be tween theory and experiment is good. 

‘This research 1s motivated by a concern with Lhe 
ecological corisequences o f  therrriil effluents froin 
steam-electric power plants.* Modern power plants 
dischaige appoxnn;itcly 1 5 to 2 tune? as niucli thermal 
energy (waste heat) as electrical energy IS produced. 
Usually t h i s  hedt is discharged to an ddjacerit wdtei 
body in “once-tliruugh” cooling wluch increases the 
water temperature iiear the outfall Aqiiatic orgauisins 
tend to be temperatuie-,erisi~ive, hence these thermal 
additions c m  modify the local ecosysttm. 

As part of the powei plant site selection process one 
must assess the ecological consequences of [lie themid 
discharges. If the ecologicdl impact is unacccpt‘tble, 
then alternative means of waste heJt dixharge can be 
employed, for example, cooling toweis. 

’However, the theory developed herc I$ general enough to be 
applicnhle to  other pioblems ot current mtersst, for example, 
brine effluents fiom drsallnatlon piants and smokestack plumes 

1 
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In order to predict the ecological jrnpact of siich 

thermal additioris one must first predict the physical 
changes (temperature? salinity, velocity) due to the 
thermal discharges. It is with this latter aspect ~~ 

theoretical predictions of physical properties - that the 
current work is concerned. 

The waste heat can be discharged to the receiving 
water body in many ways, for example, single sub- 
merged diffuser, inultiport submerged diffuser, or sur- 
face jet. This study is limited to a consideration of 
discharge through a single circular submerged diffuser. 
In addition, the theoretical development assumes that 
the receiving water body is infinite in extent, and this 
excludes the influences of shoreline, bottom topog- 
raphy, and the air/water interface. Extensions of this 
research will remove some of these limitations. 

The engineering model developed here can be coupled 
with biological models (which predict organism be- 
havior given their time-temperature history) to produce 
an integrated model capable of predicting certain 
ecological consequences of waste heat discharge 
through a single submerged diffuser given the con- 
ditions at the diffuser exit and the ambient conditions. 

Chapter 2 reviews previous experimental and theo- 
retical efforts related to buoyant jets. A large body of 
experimental data exists for flows in which the trajec- 
tory of the jet remains in a single plane. Data for flows 
with three-dimensional trajectories are nonexistent. 
Similarly, several theoretical methods exist for the 
prediction of single-plane trajectory jets. But none of 
these methods are capable of predicting the growth and 
development of jets with three-dimensional trajectories. 
The method developed here is concerned with buoyant 
jets whose trajectories are not confined to a single 
plane, an extension and logical outgrowth of previous 
efforts. 

In Chap, 3 the basic partial differential equations 
governing the development of a buoyant jet are derived 
in a new ‘‘natural” coordinate system which moves 
with ilie jet center line. The resulting equations and 
boundary conditions are extremely complicated. There- 
fore, the equations are simplified by assuming the flow 
to be axisymmetric and then integrating these equations 
over a cross section of the jet. This yields a set of 
“integral” equations with the steamwise coordinate as 
the single independent variable. 

Chapter 4 develops the solution to  these integral 
equations. In order to achieve closure, velocity and 
density profiles and an entrainment function must be 
assumed. Gaussian profiles are used. A generalized 
entrainment function is formulated which includes the 
effects of internal turbulence, buoyancy, and cross 

flow. This new entrainment function contains four 
coefficients, only one of wluch must be determined 
empirically by fitting predictions to the data. 

The theoretical predictions are compared with data 
for 100 different flows. The agreement between theory 
and experiment is good, which is especially significant 
since the method has been used to predict a wide range 
of flows with all the entrainment coefficients kept 
constant. 

The method developed in Chaps. 3 and 4 is capable of 
predicting the temperature and velocity fields in buoy- 
ant jets discharged at arbitrary angles to flowing 
stratified ambients. In Chap. 5 this method is used to  
study the thermal discharge from a hypothetical 
lOOO-MW(e) power plant sited on the Gulf of Cali- 
fornia. Jet trajectories and temperature fields are 
computed for 24 different discharge configurations. 
These cases include two flow-rate-temperature-dif- 
ference combinations and various initial jet orienta- 
tions for jets discharged to both quiewent and flowing 
ambients. The results of these computations are dis- 
cussed in terms o f  jet location, dilution, and size of the 
mixing zone. Ways in which this method can be used to 
develop optimal thermal discharge systems are de- 
scribed. 

The last chapter discusses the significance and limita- 
tions of the present method. ‘The possibilities for future 
research are also described. 

Two excellent reviews of submerged jet theory and 
experiment hive been published by Silberman and 
Stefan’ and Baumgartner and Trent.’ Therefore we 
shall discuss only those aspects of jet flow applicable to  
the study reported in Chaps. 3,4,  and 5. 

Jet flows can be divided into several classes according 
trajectory of the jet center line: to  th< 

Class . Straight line trajectories 
a. simple momentum jets 
b .  momentum jets discharged to a coflowing 

c. vertically discharged buoyant jets and 
stream 

plumes* 
Class 2. Single plane trajectories 

a. buoyant jets discharged at arbitrary angles 
to  the vertical 

*High Froiide number flows are usually referred to as jets, 
low Froude number flows arc called plumes, and intermediate 
flows are called buoyant jets or forced plumes. 
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ti nonbuoyant jets discharged to a cioss flow 
CI. buoyant jets discharged in the plane formed 

by the cioss-tlow vector and the gravity 
force (q, 1 g X u,) 

Class 3.  I'tiree-dmiensioiial trajectories 
LZ. buoyant jets discliarget1 at arbitrdry angles 

to a free stream 

For ;ill t h e e  classes the jet passes through several 
leglines as it moves from tlie outfall thiough the 
anibient. Ilie three regimes corninonly considered are 
(see Fig. 1) 

1 h r r r  o j  f h v  establishment, In which the velocity 
and tu1 bulence profiles uriclergo 21 trarisition Prom their 
mtcmal flow shapes to d flee turbulent flow condition. 
It is in t h b  region thdt niixing begins with the ambient 
lluid Here the flow is strongly influenced by the outfiall 
conditions and only slightly iiifluer)ced by dmbient 
cond it  ions. 

2 Zone of established fZow begins when turbulent 
riilxirig lids ieached the jet center h e .  In this legmi the 
protiles have assumed their free rurbuleiir shapes and 
the jet dyndmics are goveiried by the jet's inoineritutn 
and buoyaocy and the flee-stream conditions. but not 
by the initid outfall conditions. 

3 Fzel'd zone, in which tlie jet momenturn i s  depleted 
and the je t  fluid is convected and diffused by the 
ambient cui ren t s arid ani bie ii t t u  rb uleiice . 

In whal follows we shall be primarily concerned with 
region 2, the zone of established flow. The Lone o f  flow 
establishrnent is short ( I  0 to 20 r o )  relative to the Lone 
of establdied flow, arid by the time the ELuid tias 

reached the field zone the concentration and 
teniperaiure excess are small relative tu theu values i n  

region 2 

ORNL-DWti 71 -1438 
' M E R  SURFACE 

/ i 

2.1 Class 1 Flows 

Simple momentuin jets (Fr = -) have been studied 
extensively during tlie past 40 years as a classic example 
of nonisotropic free turbulcnce. T h e  experuneiital work 
of Albertsoii e t  a1.j slivwed that the mean velocity 
profile is very nearly Gaussian, 1 hat is, 

u/ll,u = e  - 7 6 r 2 1 x 2  

or 

U/71,T1 = P - y 2  I b 2  , (1) 

wheie b = x/v% is a measure of the jet width. 

decayed as 
Rlherison alsv showed that the center line velocity 

beyuiid the zone of flow estabhshrnent, which was 
fouod t o  be 1 2 . 4 ~ ~  in length. The  rate at which ambient 
fluid is entrained into the jet, E ,  was sliowii to be 

B = 0.057U,,O ( 3 )  

In iecent years the  wotk of Albertson has bee11 
significantly extended by Sdmi et dl.,4 Becker et al ,5 

and Wygnanski et a1 Sanii wnducted a detailed 
investigal LIXI ol the mean and turbulent flow tields 
within the region of i l o w  establishment. Wygnanski 
made sim ilar measui einents i n  the fully developed flow 
region. 

Becker investigated the concentratioii held in ii simple 
momentum jet. 7 tie proiiles of concenttation (or any 
other scalar pioperty) ale also Gaussian but slightly 
flatter than are the velocity piofiles 

o r  

where x ( = 47@3iZ = I .  1 I for a simple momentum 
jet) I S  a meaxire of the relative spreading o f  the 
concenl rat ior i  atid velocity profiles. Also. the center 
line concentration decays sornewllat mole tdpdly than 
does the Center line velocity, that IS, 

\ ,  ZONE OF FLOW 
ESTA B L I SHME N T 

Fig. 1. Plow regimes for buoyant jets. 
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Forstall and Shapiro7 and Landis and Shapiro8 
investigated the mechanics of noribuoyant turbulent 
jets discharged to a coflowing ambient. The free stream 
tends to narrow the jet and delay the onset of the fully 
developed flow region. However, the center line 
velocity and concentration in the established flow 
region decay with x - l ,  as they do for simple 
momentum jets. 

Reviews of theoretical analyses for simple momentum 
jets aild jets in a coflowing stream can be found in 
EIinzeg and Abramovich.' 

The work of Rouse et al.' ' on vertical plumes was 
concerned with the velocity and temperature fields 
above a point heat source. Their measurements showed 
that the velocity and temperature profiles for these low 

A comparison with Eq. ( 3 )  shows that the entrainrncnt 
is higher for pliimes than for jets. AbrahamI3 also 
showed that the zone of flow establishment becomes 
shorter with decr-easing Fr. 

Abraham' and Frankel and Cumming' measured 
the center line concentration in vertical buoyant jets 
discharged with various Froude numbers. It is difficult 
to  draw conclusions from their raw data because each 
data point represents a different flow, at a different Fr. 
However, Frankel and Cumming made enough 
measurements to  permit cross-plotting the data, from 
which cui-ves of cm/c, vs z/r ,  for particular Fr were 
obtained. These curves indikate that the concentration 
at any height ( z / ro)  increases with increasing Fr. This is 
probably due to the higher entrainment rate for low 

Froude number flows were also Gaussian: 

u / u ,  = e - 9 6 r 2 / x 2  

or 

u/u,7, :: e - - r 2  / b 2  

where b == x/$96 at low Froude numbers, and 

,&/At,,, = e -  7 I r 2  /X 

or 

&/A?.r, .:I e - ( r l h b 1 2  , 

. . .. 
where X = J96/7 1 = 1.16 for these flows. 

Froude number flows. 
Several investigators have studied the discharge of 

vertical plumes to a stratified ambient, in which the 
free-stream density decreases with increasing height. For 
such a stably stratified arnbient the buoyant jet will 
only reach a certain height, determined by its initial 

(6) Froude number and the degree of stratification. 
Experimental height of rise data for vertical buoyant 
jets were given by Hart,I 
AbIaharn and Eysink,' Fox,' and Fan2 

Several theories exist for the prediction of vertically 
discharged buoyant jets, all of which are based on the 
integrated equations of motion. 'The methods of Rouse 
et al.,' ' Priestley and Hall,2 and Schmidt' ' involve a 
solution to the integral conservation equations of 
vertical momentum, mechanical energy, and diffusion 
(energy): 

Crawford and 

(7) 

Because 

A,, = 0 = 1.16 

and 

A,, = ~ = 1.11 , 

(12) 
scalar properties diffuse more rapidly relative to the 
velocity for low Fr flows than for high Fr flows. 

Rouse's measurements also showed that the center 
line velocity decayed as x-"3 and the center line 
temperature decayed as xP5 l3  rather than as x- . ' .  
AbrahamI2 suggested that, for low Fr flows, the 
entrainment rate i s  

E = 0.085u,b . 

'The shear stress integral in Eq. (11) is assumed t o  be 
similar and known. 'The velocity and density difference 
profiles are taken to be either Gaussian or "top-hat." 
See Fig. ?. for a comparison of the two profile shapes. 
'The theoretical results are identical regardless of which 
profile shape is used, provided that (9) 
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TOP-HAT PROFILES 

Fig. 2. Velocity and density difference profile shapes. 

wiiere 

d r i d  utj2 = u,/2 15 the aveiage jet velocity ancl b,i, = 

also solved i l i a  prubleni using the 
integral method. Ilowever, they dropped the mechan- 
ical energy equation and used instead the integral form 
of inass c onse i va t ion : 

is a cliilractemtic jet widtIi.* 
Morton et a1 

In order to evaluaie the integrals they used the top-hat 
profiles, with the entrainnient function: 

I:' = utLlflb*/, , 

wjt11 LI =- @(o.oxs), the value apprupnate for plumes. 
developed an interesting and valuable method 

for determining plume developnierit in a stratified or 
uniform anibient. Using the iiitegial equations for 
conservation of  mass, momentum, mechanical energy, 

Fox' 

'Since the methods of Rouje, Pnestley, arid Schinidt do not 
use the conservation of miss equation they do not have to make 
any awmip tioris concernml: entidininent. 

and energy and Gaussian piofiles for the velocity and 
density, he derived an entrainment equation: 

where FrLis the local Froude iiuniber. This entrainriient 
function 15 a generahiation of Mortoii's formulation. 
Accotdli1g ti1 FOX. 

the entr,iinriient r & t ~ ~ ~  p did not require any  
exterridl speclt'lcatiun othei than the dssumpt~on of ~ n i l a r -  
ity common to all plume theories, m d  the added a s u m p  
tion of a similarly distributed (UT) Actudly, the entian- 
mrnt reiatmn3hip is the result of requiring the four 
difterential equ'itions In the t h e e  dependent cartabler to be 
Lonsi,tent. 

With Eq. (17) the eritrairiment coc 
for decieasing riL, which is 111 agreclixrlc with expeii- 
mental observations. ,4150, for s t r a t i f 4  flows FrL 
becornes negative the plume rise. its equilibn- 
um height. Thus L' may become nagai've, and this 
provides theoretical 4 u t i o n s  which are physically moi e 
realistic than ones obtained with a constant eiitiain- 
nierit coe ffic lent. 

The niechanical eneigy integral equation is uaed d g d h  

in Chap. 4 to derive an erdiaininent turiction for 
buoyant jets discharged with ai birrary initial oiienta- 
tion. 

2.2 Buoyant Jets Discharged at Arbitrary 
Angles to the Vertical 

Nonvertical buoyant jets discharged to 3 ui-utorm 
quiesceiit ambient have been experimentally studied by 
Cederwal12' (cited in Abralimi' ' >, Bosariquet et a1 ,2 

FTdrikel and cuoiming,' 
Cedarwall measured the ca i  ter line location and 

cuncentra tion for various horizontally discharged jets 
Unfoitunately, each data point was oblained with 
tlifferznf initial Londitioiis, making it d~fficult to draw 
conclusions from his data Frankel and Cuoiming 
measuied the center line concentration for buoyant jets 
dischaiged at angles of 0, 15, 30, 45, and to the 
horizontal. Their concentration data were ieplotted (as 
explained previously) to  provide plots o f  cnl /co vs z/ro 
for severill values of initial F r  ancl angle. 

Bosancluet nieasured tra]ectories for buoyant jets 
discliaiged boi rzontally and at 45" to the tiorimiital 
Fan obtained center hne trajectory data foi w v e d  jets 
discliarged at variou, angles lo uniform and stratified 
ambients. 

Anwai, in what IS probably the most complele study 
o f  this kind, nieasured both centci line tiajectory and 
concentration for four Iiori~oritally discharged jets with 

hwi l r .2  ' and ban.' 'I 
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different initial Fr. In addition, center line trajectory 
data were given for four buoyant jets discharged at 
--~30" to  the horizontal. 

These measurement5 show that as Fr decreases the jet 
begins to  turn upward more rapidly. This is because the 
initial momentum is less significant at low Fr than at 
higher values. At a particular height the concentration 
decreases with increasing Froude number for horizon- 
tally discharged jets. This follows from the fact that a 
higher Fr jet travels a greater distance to  reach a given 
height than does a more buoyant jet. 

As the discharge angle is increased toward the vertical, 
the trend changes, until the jets behave much like 
vertically discharged jets, that is, the concentration 
itzcrrases with increasing Fr. 

Abraham,27 Rosanquet et al.,25 Fan," and Anwar' 
developed methods for the prediction of buoyant 
jets discharged to  a quiescent medium. Abraham used 
the vertical and horizontal momentum equations and 
the concentration (energy) equations (see Fig. 3a): 

Gaussian profiles were used for the density diff- Lrence 
and velocity profiles, and b and h were specified as 
empirical functions of s and e ? .  The three differential 
equations were then solved for unl, Lipt,,  , and 0 ,  as 
functions of s. x and z were deterniined from s and 0 ,  
as 
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Pig. 3. Coordinate systems for class 2 jets. 

z = J," sin e;. ds 

The methods of Bosanquet, Fan, and Anwar are quite 
similar. They also solved Eqs. (18) to (20), but rather 
than specify b and h a priori, they used the integral 
continuity equation (16) with E = uumh. Fan suggested 
a I: 0.082 using Gaussian profiles to evaluate the 
integrals. 

2.3 Nonbuoyant Jets Discharged 
to a Cross Flow 

Nonbuoyant jets discharged to  a cross flow have been 
investigated experimentally by Gordier,, Keffer and 
Baines,? Pratte and B a i n e ~ . ~  Platten and Keffer,3 
Marga~on,~*  and by various authors at a NASA 
S y m p o s i ~ m . ~  

Gordier measured the trajectories for several jets 
issuing normal to  a free stream with different velocity 
ratios R = u_/u,. Gordier's measurements of the center 
line velocity decay show that the larger R is the more 
rapidly the velocity decays towards the free-stream 
value. 'The total and static pressure traverses obtained 
by Gordier show quite clearly the characteristic horse- 
shoe shape for a jet discharged to a cross flow. 

explained that the jet cross section 
develops a horseshoe shape because the free stream 
deflects the low-speed flujd at the edge of the jet more 
than the fluid near the center line. This progressively 
deforms the shape of the cross section, as shown in Fig. 
4. 

Keffer and Baines also studied jets discharging normal 
to  the free stream. Unfortunately, their measurements 
only cover the first 20 to 30r, of the jet's develop- 
ment. Therefore, these data are less useful than are 
Gordier's, which extend to  about 100 r,,. On the basis 
of mean flow and turbulence measurements, Keffer and 
Plaines concluded that these jet flows display similarity, 
that is, the profiles at various s stations are identical 
when plotted with appropriate coordinates. This is an 
important observation since the assumption of similari- 
ty is made in all integral method analyses of such flows. 
Their data also show that the zone of flow establish- 
ment decreases in length with increasing R.  

Flatten and Keffer measured the trajectories for jets 
issuing at various angles to the free stream, ranging from 
O 1  = 45 t o  +45". (e, = 0 corresponds to ajet  issuing 
normal t o  the free stream; see Fig. 3b.) Margason also 
measured trajectories for jets issuing at various angles 

Abramovich' 

(-90" < e l  G + 300). 
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SeveiaI methods exist for the prediction of nonbuoy- 
ant jets discharged t o  a free stream. The method of 
Platten and Ket‘fer? is typical. They considered tile 

( 2 3 )  

jntrgral conservation equations of niass ( I  6), x nionieii- 
turn,  and y momentum: Platteri arid Keffel uscd top-hat proiiles and suggested, 

for the entrauinmit function: 
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7.6 

+- a2 b,h u_ (sin h, sin J . (24) 

Accoi ding to them 

l l ~ e  first teim acLounts for the entIainrnent due to 
ordinary tuibulent tnixmg which ociuis because of J. 

ditfsretice of relative velocity l h e  srcond IS dn approxi- 
mate function mtioduced tu acLourit fur the vortex \heal 
inflow 

The two leg? of the horseshoe shown in Fig. 4 are the 
counter-iotatitig vu[ tices which give rise to the second 
tern1 1x1 the entrainment funciioii. u t  and u2 ale the 
eritraitinient p,irametets, supposedly constant. Unfoi 
iunatzly, agreement between cheir theory and thcir 
experimental data could be obtained only by adjusting 
both miistdnts for each parcit:ular flow; the constants 
ranged over d factor of about 3. Thus, otie rriust view 
[his method as a correlation technique rather tliaii a 
predictive tool. 

2.4 Buoyant Jets Discharged to a Cross Elow 

Buoyarit jets dischdrged vertically to  a IioriLontal 
cross flow have been extensively studied lor niariy yeais 
because of the interest in plrrriie rise arid dispersion 
from smokestacks. Uriggs3 provides dn excellent re 
view of the expei-itnental data arid methods for cdlcu- 
lating plume rise. 

T h e  methods ( ~ f  Fanzb arid I-ioult et a1 3 5  2 3 6  ale 
studied tiele b e c a m  t h y  reprebent two of the nioic 
sophisticated plume rise theories. 

Fan’s method is siinllai to his prediction technique 
foi buoyant jets d~,charged to .I quiescent medium. He 
again solved the integral coiiservati~~i equations for 
mass f 16). energy (20), horuorital momentum, and 
vertical momentum 

Pig 4. Cro~s-ti~~ectiot~d patterns for a noiibuoyant jet dis- 
charged to a cross flow, from Abramovicli.lo 
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FD is a drag force which accounts for the variation in 
pressure field around the jet due to the interaction 
between the jet and the free stream. l;, is written in 
terms of a drag coefficient C, as 

Fan used Gaussian profiles for the velocity and density 
difference variations. Including the effects of the free 
stream changes the velocity profile: 

u = ~ I u , ~  c r 2 I b a  + u - c o s 0 2  . (28)  

Fan assumed that the entrainment rate is proportional 
to  the vector difference between the local jet center line 
velocity and the free-stream velocity: 

‘The four differential equations plus values for a and 
C‘, permit one to compute the solution for b ,  Au, , 
ApV1,  and 0 2 .  The two geometrical equations (21) allow 
prediction o f x  andz.  

Unfortunately, Fan found that both C, and a must 
be adjusted for each particular flow. The values of a 
were nearly constant (a 2 0.4), but the constant chosen 
differed significantly from the value (a = 0.082) which 
Fan used to predict the development of buoyant jets 
discharged to a quiescent ambient. Values for C, 
ranged from 0.1 to  1.7. Thus, this method suffers from 
the same deficiency as does the Platten and Keffer 
method. The two “constants” are not constant at all! 

The method of Hoult et al. used the integral 
conservation equations of mass (16), energy (20), 
streamwise momentum, and tangential momentum: 

Note that the momentum equations used by Hoult 
do  not contain the drag force terms included by Fan. 

(However, aside from the FD terms, the two sets of 
momentum equations are cquivalent.) Hoult et al. used 
top-hat profiles and the following entrainment func- 
tion: 

According to  them: 

There are basically two entrainment mechanisms: one is 
due to the difference between the plume velocity and 
wind velocity component parallel to the plume and the 
other to the wind velocity component normal to the 
plume. 

The two entrainment coefficients were assumed con- 
stant. However, the values suggested are somewhat 
different in the two references cited; n l  = 0.12 and a2 
ranges from 0.6 to  0.9. In a more recent report,37 the 
values selected areal  = 0.1 1 and az = 0.60. 

Even though the methods of  Fan and Hoult use the 
same basic differential equations they differ substan- 
tially in their entrainment function and in the use of 
drag force terms. Noult et al. eschew the ED t e r m  
because they feel that the drag force is important only 
in the first few nozzle diameters downstream of the 
outfall. 30th inethods contain two adjirstable constants. 

Extensive field measurements of power plant plumes 
have been conducted by Thornas et 3 3 9  at several 
Tennessee Valley Authority plants. Rringfel? niade 
similar measurements at industrial chimneys in Sweden. 

Laboratory experjments on buoyant jets discharged 
to a cross flow were performed by Fan’ and Mewett et 
aL4 Fan measured plume trajectories and center line 
concentrations at four different Fr and four different 
R .  His experinients were conducted in a water tank 
with a uniform free stream of hoinogeneous density. 

Hewett, working with a wind tunnel, measured plume 
trajectories and center line temperature decay for very 
low Fr plumes discharged to stratified flowing arn- 
bients. 

2.5 Summary 

There exists a large body of experimental data for 
class I and class 2 jet flows. However, with the 
exception of the simple momentum jet and the simple 
plume very few velocity and density profiles normal to  
the jet axis have been measured. Turbulence measure- 
ments are even more scanty. 

For most of the class 1 flows both the center line 
velocity and density difference (or equivalent scalar 
property) have been measured. Unfortunately, this has 
been the exception rather than the rule for class 2 
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flows. ?'he flows of Anwar, Fan, and Hewett are 
notable exceptions. 

Data ior class 3 flows are completely nonexistent. 
Thus, theie are several gaps in ou r  experimentd 
knowledge coiiceriiing these fi ec turbulent shear flows. 

Several thewretical methods exist for the prediction or 
2 flows. These inethods aie based on 

t h e  integral conservation equations, derived by consid- 
eiiiig a control volume in finitesirnally thick 111 the 
streamwise duection and of finite extent normal to the 
jet axis. The velocity arid density difference profiles are 
assumed to be siniilar. The inctliods either use The 
Lontiiiurty cquation in which case the entrainmeii t 
filtlctiori rnusl be specified or thcy use the mecfiariical 
energy integral equation for whicti the turbulent shear 
stresr integi a1 must be specified. With the excepiiori of 
a piotutype method developed by Telford?* no 
methods make explicit mention of the turbulence. 

The purpose3 of the woik described i n  the following 
chapters are to: (1) derive the basic partial differential 
eyuatioiis foi a class 3 jet; (2) develop an integral 
niethod based 011 these equations; and (3) use this 
method tu predict the physical effects of thermal 
discharges from power plants. The integral equations 
developed from these basic partial differential equations 
contain i e m s  which do not appear in previous integral 
methods. A generahzed enttainrnent function is formu- 
lated, b:ised on the work ofFoxl ' and T I ~ u l t , ~ ~  whch 
adequately prcdicts class 1 :ind class 2 jets and should 
also provide reasoilable piedictioiis for class 3 tlows. 

3.  DERlVATJlON OF THE INTEGRAL EQUAT1ONS 

3.1 The Basic Eyuatioris 

Th-e problem coiisitlered here involves the dynamics 
of a buoymt jet disclurged frum a iound diffuser or 
pipe. The jet density may differ from tbe ambient 
cleiisity becaure of tenipzrature and/or qalinity drf- 
tererices. The riiotion of the jet IS determined by. the 
initial conditions a t  the diffuser exit (velocity, buoy- 
nricy, outlet orientation, diffuser radius), the buoyancy 
force, atrid the ambiznt velocity, tuibulence levels, and 
density stratification. 

The basic equations goveining the dynamics o i  the jet 
as it muves through the dnibieiit ale: 

'Ttiese six equations are sufjicienr to solve foi the 
pressuie. three velocity components, temperature, md 
ialiniry. The5e equations. written in general vector 
form, 

a/, - + V.(pv) = 0 , 
&r (33)  

- ac t v.(Vc) = V * ( D  Vc) , 
37- 

(3s j 

Foi our  pioblern, the tollowing rimplifying assuniptiorLs 
can be mdde 

1 
2. i d ly  turbulent flow: molecula diffusion is ne- 

3 incoriipresible flow, rhe density vdl-ution dppears 
only 11: the buoymcy tertn (Boussiricsy apprux i- 
niatiorL) o P  the  momentuni equdtion, 

st+atly flow, 111 the n1c:111, 

g h t e d ,  

4. constant fluid properties, 

5. small Eckert number (flow vzloLity), ftictiunal 
heating is rieglectzd in the eireigy eyLlation. 

Wirh these assumptions Eq7. (33) through (36) 
become. 

v v = o .  (37) 

V.(VC)  = 0 , (39) 

I vp -+ pF -Vv" v X ( V X x V ) =  
2 P O  

The pressure giadient rerni in Eq. (40) can be written 
as 

1. conservation o f  rnass, 
2. cuns,ervation of energy. 
3. conservation of salt (or other scalar component), 
4. coriservdtiori of momentum (three scalar equationr). 

wlierc p_g 1s the kiycltostat~c pressure gradient, due 
solely to the weight of the arribieilt fluid, and Vp* i s  the 
dit'teierice betwezri the local arid I~ytliostatic pressure 
gradients. 
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The body force term in Eq. (40) is due t o  the weight 
of the jet fluid, that is, 

Combining the above two expressions yields 

V p + p F = ( p  - p , ) g  vp".  (41) 

An equation of state for p can be derived by 
expanding p ( t ,  c )  in a double Taylor series about the 
reference density po : 

where 

Then 

(43) 

This equation of state (43) is used to determine the 
local density from a solution to bqs. (38) and (39). 

With Eq. (41), the momentum equation (40) becomes 

(44) 

In order t o  solve Eqs. (37) to (39) and (44) an 
appropriate coordinate system must Ire defined iii 
which to express these equations. 

In general, the jet center line will follow a three- 
dimensional trajectory because the jet momentuni 
vector, buoyancy force, and cross-flow vector may all 
point in different directions. The most suitable co- 
ordinate system for this kind of problem is a "natural" 
system which moves with the jet center line. Figure 5 
shows the coordinate system used in this analysis. The 
system is fully described in Appendix A.  

In Appendix H the governing equations (37) to  (39) 
and (44) are written in terms of this new coordinate 
system. The result is a set of six nonlinear coupled 
partial differential equations with three independent 
variables - s, Y, 4. Because these equations are 
immensely difficult to solve we shall make certain 
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Fig. 5. Natural coordinate system for buoyant j e t  analysis. 

physically reasonable assumptions which will allow us 
to obtain solutions. 

We first assume the flow to be axisymmetric, that is, 
w = (3, a/a$ = 0. For simple momentum jets and 
buoyant jets discharged vertically up into a quiescent 
ambient, the motion is indeed axisyrnmetric. For more 
general cases the flow may not be axisymmetiic. In 
particular, for je t s  in a cross flow the fluid tends to roll 
up into two counterrotating parallel vortices;' O , 2 8  see 
Fig. 4. In spite of this evidence we shall see (in Chap. 4) 
that reasonable predictions can be obtained with this 
assumption. The asynmeti-y can probably be ignored 
because the governing equations are (later in this 
chapter) integrated over the jet's cross section, and this 
effectively averages out the asymmetry. We shall also 
neglect the noiihydrostatic pressure gradient. 

These axisymmetric equations are derived in Ap- 
pendix C. First, the complete inomentiitn equations are 
written in the s (parallel to the jet axis), z (parallel to 
the buoyancy force), and y (parallel to the free-stream) 
directions. Then, these equations and the continuity, 
energy, and concentration equations are integrated with 
respect to (p t o  yield another set of six differential 
equations. However, this new set of equations contains 
only s and r as independent variables. 

Since these equations do not explicitly include the 
effects of turbulence, they are rewritten in terms of 
average and fluctuating components. 

The flow in a buoyant turbulent jet is of the 
boundary layer type; that is, gradients in the strearnwise 
( s )  direction are much smaller than are gradients in the 
normal ( r )  direction and U % V. Invoking the usual 
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boundary layer approximations‘ smiplifies the equa- 
tiom cotiuiderdbly. 

Tbese equations, (e- 17) to  (C-22), whle  corisiderably 
simpler tlidn those of Appendix B, are still riot easy to  
solve. Seveial gioups (particulaily at the Los Alainos 
Ycieo t i  GL Laboratory and the National Centei foi 
Atmospheric Research) have developed coniputer tech 
iii(pes F o i  solvtng siniilar fluid niecl~iiiics problerns. 
However, the solutions require large investments 111 

coniputei time aiid piogramming efiort. ‘Therefore, we 
hdve elected to  reduce the complexity of these equa- 
tioris by one more order 

3.2 Integral Equations 

Equations (C-17) to (C-22) are formally integrated in 
the radial direction from the jet axis to infinity. The 
resulting set. of ordiriary differential equations contains 
s as the single inclepeiiderit variable. 

Derivation of these “integral” equations involves no 
new assuniptions. However, the process of integration, 
which implies an average, wipes out some of the 
information content of the partial differential q u a -  
tioris. This missing inforniation is irnplicitly reintro- 
duced by the eritrairiment function and velocity, 
temperature, and concentration profiles which must be 
specified in order to achieve closure. 

The final equations are: 

coritinuit:y equation: 

energy equation : 

concentr;ition equation: 

s inorneriturn equation: 

k motiientuni equation: 

j momentum equation: 

i momentum equation: *- 

where 

Equations (49) and (50) caii be simplified by using 
Ey. (48). The reduced equatioiis are 

These equ;itioiis contain several teinis which do not 
appear 111 the equ‘itiuns used by otlter investigators. 
Some of the new teims involve the ambient turbulence, 
ior example, Im (ni’v’), aiid others appear In (the 
last two terrns 5;;). The rurbulence teiins are Lero for 
jets discharged to nonturbulent dnihients, and the 
additional terrns i n  4 ale important unly for Jets 
discharged to 3 cross flow 111 the region riedr the oitglri 
wheie the curvatuie is large. 

Equations (35) to (48). (521, and (53) form the basis 
for the integial melliod developed 111 thc next chapter 
The boundary conditions tor these equations specify 
values lor the integrals 011 the left-hdild sides of &is. 
(45) to (48) aiid 0 and O 2  at li = 0. 

- 

*The i moriienturn equation is included here only for O O I I I -  

pleteness. It can be derived from the other tirrsc rrionientum 
equations; that is, the four momentum equations arc linearly 
depend ent. 
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The Cartesian coordinates (x, y ,  z )  of the center line 
can be expressed in terms of s, O 1  , and O 2  as follows: 

y = j S S ,  c, ds , 
0 

z $s* d s .  (54) 

These geometrical constraints are analogous to Eqs. 
(21 ) developed for a class 2 flow. 

Equatjon (45) is a statement of the conservation of 
mass. The rate of change in niass flux through any cross 
section of the jet niust be equal to the influx from 
outside the jet, that is, the entrainment. The entrain- 
ment, E ,  is a strong function of the turbulence levels 
within the jet. However, in most integral method 
solutions (including this one) the turbulence is not 
explicitly considered. So the entrainment function is 
assumed to depend on mean flow quantities. The 
development of an accurate and general entrajnriient 
function is a difficult but esseiitial task. This is 
discussed in Chap. 4. 

Equatioiis (44) and (47) are statements of the 
conservation of energy (temperature) and conservation 
of salt (concentration). The conservation equation for 
any scalar quantity is identical to  these equations. I he 
rate of change of flux of a scalar past a cross section of 
the je t  is equal to the inflow (with the entrained fluid) 
of the ambient concentration of the scalar and the 
inflow dire to turbuleiice at the edge of the jet. 

Equation (48) is a momentum balance in a direction 
parallel to  the local jet axis. The flux of momentum 
through the c ~ o s s  section is equal to the buoyancy force 
on that section and the circumferential momentum 
irifiovv due to  entrainment and the  ambient Keynolds 
stresses. 

Equatjon (52) shows how changes in O 1  depend on  
the oi-ientation of the jet and the free-stream velocity, 
11,. The cross flow tends to turn the jet in the y 
directiori. This turning effect is rnost pronounced when 
the jet is perpendicular to the free stream. Note that for 
O 2  s 90" Eq. (52) implies that dO ids is infinite. This is 
a reflection of the fact that, for 3, near 90", O 1  is 
undefined. When O 2  is close to 90", Eq. (52) is not 
used. 

Equation (53) shows how changes in O 2  depend on 
the buoyancy force and the free stream. The influence 
of buoyancy is greatest when the jet i s  horizontal and 
decreases a$ the jet approaches the vertical. 

3.3 Summary 

In this chapter and the Appendices the basic differ- 
ential equations governing the development of a mo- 
merituin jet have been derived in a new, natural 
coordinate system which moves with the jet center line. 
The resulting eqirations and boundary conditions are 
extremely complicated. 

'Therefore, the equations have been simplified by 
assuming the flow to be axisymmetric acid then 
integrating the governing equations over a cross section 
of the jet (perpendicular to is). The final ordinary 
differential equations (45) to (SO)  form the basis for 
the integral method solution developed in the next 
chapter. The assumptions implicit in the derivation of 
these integral equations are restated: 

1. the flow is steady, in the mean, 

2. the flow is fully turbulent; molecular diffusion is 
neglected, 

3. the fluid is assumed incompressible; density vari- 
ations are included only in the buoyancy terms, 

4. all other fluid properties are asslumed constant, 
5. fluid velocities are assumed low enough so that 

frictional heating can be neglected, 
6. the pressure variation is assumed to be purely 

hydrostatic, 
7. changes in density are assumed to be small enough 

so that the linear equation of state (43) is valid. 
8. the flow within the jct is assumed to  be axisym- 

metric, 
9. the flow within the jet is assumed to be of 

boundary layer type and the boundary layer 
approximations are valid, 

10. the jet is discharged to  an ambient fluid of infinite 
exteiit. 

4. INTEGRAL METMO 

4.1 Velocity and Density Difference Profiles 

The ordinary differential equations (45) to (481, (52), 
and (53) and the algebraic equation of state (43) form 
the basis for the integral niethod solution developed 
here. For the remainder of this report the free-stream 
turbulence terms in all equations are neglected because 
laboratory data showing the influence of ambient 
turbulence levels on jet development are nonexistent, In 
order to solve this system of equations, the velocity; 
temperature, concentration, and density profiles normal 
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to  the jet axis must be spcciried. Existing iiitegial 
methods assume that these profiles are similar, that is, 
the shape of the profde (when plotted in appropriate 

dinate. The two most popular profile shapes are the 
Gaussian arid the top-hat, shown in Fig. 2. 

(temperature and concentration) difference prot-des are 
For C ~ S S  3 flows the Caussran velocity and density 

ordiriary differential equations." 

coordirial es) is invariant with s, the streamwise coor- ds 

's 
1' [ A f r f l  yh2 ( t L l  

+ fi)] 
2 2  

U = Ailrri lb + t i l  . 

'ili-e corresponding top-hat profiles are 

ii ? l l J l ,  Y < hth , 

(6'2) 

wheie Aptl, and uth are the "averdge" density dif- 
Cerzncz arid velocity at any s station and h,, IT a cliar- 
acteristic let wrdth 

Iheore tical predictions using either set of profiles art: 
identical, provided that bqs. (1.3) and (14) are observed. 
Equating the integral mass flux, momentum flux, aiitl 
energy flux yields the followuig relations between the 
top-hat paranietern and the Gatissim parameters 

The predictions provided by tbis new method will 
ultimately be used to help assess the ecological conse- 
quetices of thermal discharges from power plants. Here 
the interest IS in the centei line tetnpeiature and 
temperature field, AS well as the jet trajectory. Hence, 
f o r  our purposes i t  is algebiaically easier to use the 
Gaussian profiles. 

[Jsing the Crauwan profiles of Eq (55) in Eqs. (45) to 
(481, ( 5 2 ) ,  and (53) yields the following system u E  

where 

The solution to these six equations yields values of 
u,,, t,, , cm,  h , 0 , and O 2  as functions of s. Equat ioris 
(54) give x ,y ,  arid z in t e r m  ofs, O 1  , and 0 2 .  

These integral equations call be nondimensionalized 
by normalizing all the vaxiables on the jet properties at 
the diffuser outlet, that is, uo,  Y,, i o ,  co, and po. 
Writing the equations in this form introduces three 
riondiinensional parameters, R ,  Fr, and 7'. K indicates 
the importance of the free-stwain velocity relative to 
the initial jet velocity, Fr is a rneasure of the relative 
importance of the buoyancy and inertia forces, and T is 
the stratification parameter and iridicates the impor- 
tance of the ambient density variation. 

* J r h  IS takcn to he the outer edge of the jet for the 
integrals Involvmg ti, *. for bxample, 
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4.2 Generalized Entrainment Functions 

In order to  achieve closure in Eqs. (58) to  (63), an 
entrainment function must be specified for the right- 
hand side of Eq. (58). The entrainment is a key 
determinant of the growth and development of buoyant 
jets. 

The entrainment (ingestion) of free-stream fluid is 
largely determined by the turbulence structure inside 
the jet, particularly near the edge. ‘l’he edge of a free 
shear flow is a highly irregular time-dependent surface 
which separates the jet from the free-stream fluid. This 
irregularity is clearly shown by intermittency measure- 
ments which indicate the fraction of time that the fluid 
flowing past a certain point is turbulent. The intermit- 
tency decreases from 1.0 at the jet center to 0.0 for 
large radii. Corrsin and K i ~ t l e r ~ ~  suggest that the 
entrainment of free-stream fluid takes place across a 
thin “superlayer” at the edge of the turbulent jet. 

Unfortunately, ignorance concerning the turbulence 
structure makes it difficult to develop a suitable 
entrainment function based on the turbulence structure 
of buoyant jets. Therefore, it has been common 
practice to formulate entrainnient eqiiatioris using the 
mean flow variables (urn, u1 2 ,  A,oIil, h).  

The entrainment function should depend on the 
following factors : 

1. local mean flow conditions within the jet, 

2. local buoyancy within the jet, FrL, 
3. velocity ratio, X ,  
4. initial jet orientation, 0 l o  and 8 2 0 ,  
5. ambient turbulence.” 

and b ,  

The entrainment function used by Morton et a1.2 and 
Fan,2o 6 = U U , ? ~ ~ ,  for the prediction of buoyant jets 
discharged to a quiescent medium includes only the 
local mean flow conditions; that is,  the influence of 
conditions 2 to  4 is neglected. 

The entrainment function derived by Fox’ for 
vertically discharged buoyant jets to a quiescent medi- 
urn, 

includes conditions 1 and 2, an impxov- d m n t  over 
Morton’s entrainment hypothesis. 

*The effect of ambient turbulence on entrainment is not 
considered here, again because of the lack of pertinent data. 

PIatten and Keffer’? function, developed for non- 
buoyant jets discharged to a cross flow,” 

includes conditions 1,  3, and 4. I-lo1.ilt’s3 entrain- 
ment function, developed for buoyant jets discharged 
to a cross flow, 

also includes conditions 1,  3, and 4. 
Our study of existing prediction methods reveals that 

no single entrainment function accounts for all the 
factors believed to be important. 

‘The method used by Fox l 9  to derive an entrain- 
ment function for vertically discharged buoyant jets 
can be applied to more general flows. The mechanical 
energy integral equation is derived by multiplying the 
streamwise momentum equation (C-20) by E and inte- 
grating across the jet. The resulting equation is: 

The shear stress integral in Eq. (66) is awumed to be 
similar so that it scales as (for jets discharged to a 
quiescent medium). 

where f is the similarity integral. 

into Eq. (66) yields, for R = 0 ,  
Substitution of the Gaussian profiles and Eq. (67) 

It can be shown that 

(69) 

*To facilitate comparisons the entrainment functions dis- 
cussed here have becn generalized for class 3 flows and 
converted to Gaussian form. 



15 

Substitiiting Eq. (58) into the left-hand side of Eq. 
(69) and Eqs. (61) and (68)  into the right-hand side 
of (69) yields an expression lor the entiaininenl 
function, for flows with K 0 ,  

where 

and 

u1  u,h represents the entrainment due to  the interrial 
jet turbulence. a1 is the entrainment coetficient in 
illorton’s2 or Fan’s’ entrainment function, E = 
alu,,b. Experimental data3 indicate that, for non- 
buoyant jets, 

n, = 0.057. 

The second term in this new entrainment function, 
u,&u,b/Frl,, represent? the incremental entrainment 
due to  the buoyancy force. For large Froude numbers 
this terrri is negligible, but for small Froude numbers it 
can be s~ginficant. With X I .1 1 (large Fr), a2 = 0.81 ; 
with h -- 1.16 (small Fr), a2 = 0.97. Since this second 
tenn is significant only for low Froude numbers it 
s e e m  remonable to fiu as 

= 0.97 . (71) 

This new entrainment function satisfies three of the 
five necessary conditions listed previously. Attempts to 
derive an entrainment function, using thls method, for 
jets discharged to a cross flow (K ff 0 )  failed to yield 
reasonable iesults, probably because the assumption of 
sinidar shear stress profiles is quite incorrect for R # 0. 

Howevcr, the new entrainment function (70) can be 
combined with either Eq. (64) o r  Eq. (65) to provide a 
generalized entrainment function which satisfies all four 
conditions. 

Thus, a combination of Eq. (70) and the IIoult 
func tio I: yields 

Siirtilarly, combining Eq. (70) and the Plat ten and 
Keffer function yields 

‘These two entrainment functions, both of which 
contain four coefficients, appear to satisfy the condi- 
tions listed earlier. The method used to  systeiiiatically 
determine these constants is explained in the next 
section, where values for the ur are given. 

4.3 Comparison with Experiments 

One could adjust the four constants in bq. (72 )  or 
(73) in such a way that the predictions are, i n  some 
sense, optimized. This “optmization” process is highly 
subjective arid dependent on the optimiLer’s thoughts 
conceiriing the relative unportance of different flows. 
Certainly this procedure is not unique; that is, different 
people would produce different sets of entrainnieot 
coefficients a,. 

On the other hand, one can define these constants 
using experimental data from specialized flows, which is 
the method used here. For example, the only term 
appearing in the entrainment function for the simple 
monienturri jet is the first ( a l )  term. From the 
discussion in Chap. 2 ,  we know that a ,  = 0.057, so u 1  is 
fixed at this value for all flows. Similarly, the discussion 
earlier in this chapter indicates that a ,  = 0.97 from low 
Fioude number data, so a2 is fixed at this value for all 
flows. 

We also assume that the ratio of buoyancy-induced 
entra~tirnent to inte m~l-turbulence-induced entiainnient 
is the Same for both terms in the entrainrnent function. 
Ths implies that a4/u3  = u2 /ul , which reduces Eqs. 
172) aiid (73) to 

Then, only one constant, u 5 ,  must be empirically 
deterni ine d. 
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At this point, the entrainment function for jets trate the quality of prediction* obtained wifli the 
discharged to a quiescent or cofiowing ambient is integral equations (58 )  to (63) and the entrainment 
completely deterniined. Furthermore, the two entrain- function (76)  with a ,  anda, fixed a priori. Theory and 
ment equations (74) and (75)  are identical for these data are compared for 71 flows of this type; the values 
flows: of Fr, R ,  0 1 ,  0 2 ,  and Tfor thesc flows are presented in 

Table 1. 

*These predictions are computed using an IBM 360/75 
computer and Hamming's modified predictor-corrector method 
(IBM Scientific Subroutine Package: HPCG) for solution of the 
differential equations. The initial conditions, at the beginning of 
the zone of established flow, d ~ e  derived in Appendex D. 

\ " L  / 

Therefore, we can now co1-*pare experimental data 
with theoretical predictions for these flows since the 
predictions are independent of , Figures 6-1 8 illus- 

Table 1. Experimental jet flows studied 

IO No. Ref. Class Fig. Fr 

~ 

R 

1101 
1201 
1203 
1204 
351 1 
3512 
3513 
3514 
35 15 
3516 
3517 
35 18 
3519 
3521 
35 22 
3523 
3531 
3532 
3533 
3534 
3535 
3536 
3537 
3538 
35 39 
3541 
3542 
3543 
3541 
3545 
3546 
3548 
3550 
355 1 
3552 
355 3 
3555 
3556 
3557 
3558 
3559 
3560 
356 1 
3563 

3.5,6,10 l a  
8' 
8 
8 
18 
18 
18 
18 
18 
18 
18 
18 
18 
20 
20 
20 
19 
19 
19 
19 
19 
19 
19 
19 
19 
11 
17 
17 
11 
17 
17 
17 
17 
17 
17 
17 
17 
17 
17 
17 
17 
17 
17 
17 

l b  
l b  
l b  
IC 
IC 
IC 
IC 
IC 
IC 
I C  
I C  
I C  

IC 
IC 
IC 
I C  

IC 
I C  

IC 
IC 
IC 
IC 
IC 
IC 
IC 

IC 
IC 
IC 
I C  
I C  

IC 
IC 
IC 
IC 
IC 
IC 
IC 
IC 
IC 
IC 
IC 
IC 
IC 

6 
7,s 
7 3  
7 3  
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
9 

m 

m 

m 

m 

109 
303 
5 34 
101 
138 
360 
445 
5 06 
121 

2450 
5618 

648 
86500 

8450 
139000 
182000 
188000 
154000 
46200 

2590 
11550 

20.6 
19.0 
17.0 
16.8 
14.4 
13.2 
12.6 
12.6 
12.6 
11.5 
11.2 
10.8 
10.6 
10.5 
10.6 
11.0 
11.8 
11.8 
13.3 

0 
0.25 
0.46 
0.50 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

0" 
90 
90 
90 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

0" m 

0 c6 

0 m 

0 m 

90 83.4 
90 57.0 
90 77.1 
90 141 
90 93.6 
90 92.4 
90 67.6 
90 92.1 
90 134 
90 87.5 
90 339 
90 205 
90 2123 
90 2062 
90 2020 
90 885 
90 89 3 
90 168 
90 150 
90 885 
90 282 
30 5 21 
90 896 
90 694 
90 1236 
90 708 
90 1416 
90 1586 
90 1825 
90 1667 
90 2038 
90 21 18 
90 2587 
90 2418 
90 3222 
90 3685 
90 4963 
90 4884 
90 6287 
90 7845 
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Table 1 (continued) 

TU No. Ref Class Fig.  R - 
300 1 
3002 
3003 
3004 
3006 
325 1 
32.52 
3253 
3254 
3101 
3102 
3103 
3104 
3109 
3110 
3111 
31 12 
3117 
3118 
3119 
3120 
3501 
3502 
3505 
3507 
3508 
3509 
2004 
2006 
2008 
201 0 
201 2 
2014 
2016 
2017 
2019 
2021 
2023 
205 1 
205 2 
205 3 
205 4 
2055 
2056 
400 1 
4002 
4003 
4004 
4005 
4007 
4008 
4009 
4010 
4021 
4023 
4025 
4027 
4028 

20 
20 
2 0 
20 
20 
26 
26 
26 
26 
15 
15 
15 
15 
15 
15 
15 
15 
15 
15 
15 
15 
20 
20 
20 
20 
20 
20 
31 
31 
31 
31 
31 
31 
31 
31 
31 
31 
31 
28 
28 
28 
28 
28 
28 
20 
20 
20 
20 
20 
20 
20 
20 
20 
41 
41 
41 
41 
41 

2d 
2a 
La 
2a 
2a 
2a 
2a 
2a 
2a 
2a 
2a 
2a 
2a 
2a 
2a 
2a 
2a 
2a 
2 a 
2a 
2a 
2a 
2a 
2a 
2a 
2a 
2a 
2b 
2b 
2b 
2b 
2b 
2b 
2b 
2b 
2b 
2b 
2b 
2b 
2b 
2b 
2b 
2b 
2b 
2c 
2c 
2c 
2c 
2c 
2c 
2c 
2c 
2C 
2c 
2c 
2c 
2c 
2c 

-. 
4034 41 2c 

10 
10 
10 
11 
11 
12,13 
12,13 
12,13 
12,13 
14 
14 
14 
14 
15 
15 
15 
15 
16 
16 
16 
16 
17 
17 
17 
18 
18 
18 
19 
19 
19 
20 
20 
20 
20 
21 
21 
21 
21 
22 
22 
22 
22 
22 
22 
23,24 
23,24 
25,26,29 
25Jb 
25,26 
27,28,29 
27,28 
27,28 
27,28,29 
30 
30 
31 
31 
32 
32 

8712 
33800 

3578 
2178 
416 

32.0 
72.0 

128.0 
242.0 
50.0 

200 
450 
800 

200 
450 
800 

200 
450 
890 

1352 
3200 
7200 

338 
800 

2601 

50 0 

5 0.0 

w 

c s  

e 

cn 

m 

s 

v)  

co 

m 

LI1 

eo 

m 

m 

00 

m 

m 

m 

170 
170 
800 
800 
6 83 

3200 
3200 
3200 
3200 

24.6 
22.7 
20.1 
17.2 
22.9 
22.6 

0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0.25 -45 
0 2 5  ~ 15 
0.25 15 
0.167 45 
0.167 -15 
0.167 15 
0.lh7 45 
0 125 45 
0.125 - 15 
0.125 15 
0.125 45 
0 4  0 
0.25 0 
0.167 0 
0.125 0 
0.076 0 
0.065 0 
0 2 5  90 
0.125 90 
0.25 90 
0.125 90 
0.083 90 
0 2 5  90 
0.125 90 
0.083 90 
0.063 90 
0.535 90 
0.496 90 
0.50 90 
0 5 4  90 
0.493 90 
0 4 8 6  90 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

30 
30 
3 0 
30 
90 
90 
90 
9 0 

0 
0 
0 

2.8 
39.1 
45 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

90 
90 
90 
90 
90 
90 
YO 
90 
90 
90 
90 
90 
90 
90 
90 

u 

m 

ru 

ixI 

m 

w 

ou 

m 

w 

w 

w 

m 

m 

= 
Y) 

m 

w 

m 

<xi 

m 

w 

2454 
10997 

1030 
227 
214 
423 

m 

cc. 

cd 

m 

w 

m 

m 

ca 

m 

m 

cd 

w 

cu 

m 

no 

P 

m 

m 

m 

w 

m 

C G  

w 

c.- 

35500 
2469 

m 

m 

1127 
3559 
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Figure 6 presents the center line temperature and 
velocity decay for a simple momentum jet. The 
experimental data are obtained fiom the works of 
Albertson et a1.,3 Abramovich," Uecker et at.,' and 
Wygnanski and l+xiler.6 The predictions are excellent, 
which is not surprising since the value for a1  used here 
is obtained from these experiments. 

Measurements show that for this flow the jet half- 
width grows linearly with x, that is, r0,5 := K * x ,  with K 
ranging from 0.085 to  0.097. The predictions give K = 
0.095, which is within the range of experimental values. 

Figures 7 and 8 show the center line velocity and 
temperature decay and the jet half-width for three 
nonbuoyant jets discharged to a coflowing stream 
studied by Landis and Shapiro.' The predicted and 
experimental velocity and temperature decay rates are 
in good agreement. However, the predictions are shifted 
to  the right relative to the data, which suggests that the 
starting length correlation proposed by Abramovich' 
(see Appendix U) may overestimate the starting length. 
Also, the predicted half-width values are somewhat less 
than the experimental values for 

Figure 9 shows the maximum height o f  rise data and 
theoretical predictions for 40 buoyant jets discharged 
vertically upward into stably stratified ambients. The 
experimmtal data are due to Crawford and Leonard,' 
Abraham and Eysink," Fox,' and Fan.207;he theory 
is quite good, although it tends to slightly underpredict 
the experimental data. To demonstrate the importance 
of the az /Fr, term in the entrainment function, 
predictions with n2 = 0.0 are shown for some flows. 
Clearly, incorporation of this buoyancy-dependent term 
improves the accuracy of the predictions. 

Figures 10-18 show predictions for buoyant jets 
discharged at various angles into uniform, quiescent 
ambients. Comparisons between Fan's' center line 
trajectory data and our predictions are shown in Figs. 
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Fig. 7.  (a) Center line velocity decay for nonbuoyant jets 
dischxged to a coflowing stream; (6 )  center fine temperature 
decay for nonbiioymt jets discharged to a ccafbwing atreaen. 
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Fig. 6. Center Line temperature and velocidy decay for the Fig. 8. Momentam hagf-width for mabuoyant jets discharged 
simple momentum jet. to a coflowing sircarn. 
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10 and 11. The predictions lag beliirid the data, 
suggesting that a higher entrainment coefficrent is 
needed. Predictioris obtained withn, = 0.082 (the value 
Fdri suggested) provide excellent agreement with the 
experimeiital trajectones for these flows; see Fig. 11. 
Unfortunately. using u ,  = 0.82 worsens the predictions 
for many other flows. So, for all other computations 
presented here, at  = 0.057, as indicated earlier. 

Figures 12 and 13 illustrate the predictions for four 
buoyant jets discliarged horizontally to a quiescent 
nietlium studied by Aiiwar.2 ' The center line trajectory 

URNL-UWG 71-14.30 
103 

5 

2 

." 
IO' 2 5 102 2 5 

(zmox/ro) MEGSURED 

1 

Fig, 9. Maximum height of rise for vertical plu~~?s discharged 
to stratified ambients. (a) cz2 = 0.97; ( 0 )  a2 = 0.0. 
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Fig. P O .  Trajectories for horizontally discltargd buoyant jets 
(data from ref. 20). 

predictions are quite good. The center line concentra- 
tion predictions are also good, but they tend to decay 
faster than the actual concent1ation. 
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Fig. 11. Trajectories for horizontally discharged buoyant jets 
(datafromref.20). (a )u l  = 0.057, @ ) a l  = 0.082. 
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Fig. 12. Trajectories for horizontally discharged buoyant jeth 
(data from ref. 26). 
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Figures I 4  -16 show comparisons between the center 
line concentration imeasurements of Frankel and 
Cumming' and the predictions for jets discharged at 
three different angles to the horizontal. In general, the 
predictions are quite accurate. 

Figuies 17 and 18 show center line trajectories for 
several buoyant jets discharged at various angles to 
stably stratified ambients studied by Fan." As with 
Fan's data for jets discharged to a uniform ambient 
(Figs. 10 and 1 l ) ,  these predictions lag behind the data. 
Nevcrtheless, the predicted height-of-rise values are in 
close agreement with Fan's measurements. 
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Fig. 13. Center line concenaation decay for the horizontalfy 
dkrchged buoyant jets sliown in Fis- 12. 
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Pig. 14. Center Ine concentration decay for buoyant jets 
c~iisclimrgrd with B 2  = 0 (data from ref. 15). 
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Fig. 15. Centea I h r  concentration decay for buoyant jets 
Bischxgcd with e 2 = 30° (data Iron1 ref. 85). 
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Pig. 16. Center line concentration decay for buoyant jets 
discharged with 0 2  = 90" (data front ref. $5) .  
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The above results indicate that good agreement 
between theory and experiment can be obtained with 
the entiaininent coefficients determined a priori and 
held constatit. 

Turning our attention now to flows for which R # 0 
or S, C2 f 1,  we find that one constant, u s ,  remains to 
be determined. Thib constant has been evaluated fur 
both entrainment equations, (74) and (7.51, b y  calculat- 
ing jet trajectories for several flows and adjusting the 
value of us to  provide a good fit. This method is 
somewhat subjective, 111 that the u w ' s  eye is used to  
decide when the best value has been reached. 

Two important conclusions emerge from thls "op tirni- 
mtioti'' proceduie. First, Eq. (74) provides much better 
predictions than does Eq. (75). Second, changing a5 
fruin its optimum value improves the predictions for 
wnie flows but worsens the predictions for others. The 
value finally selected for the entrainment equation (74) 
1s 

a5 = 9.0 (77) 

This gyves, for the entrainment function used in all 
further predictions, 

1 20 

io0 

80 

2 -,-. 60 

40 

20 

OIINL-UWG 71-14 

I , I I , 
e, - 3507 
G,--.-- 3508 , 
A,--"-- 3509 /' A 

/ A  
/' 

, 'A 
,A 

I 

" 
0 20 40 60 80 100 420 

s/ ru 

Fig. 18. Trajectories for buoyant jets discharged at various 
angles to stratified ambients (data fmm ref. 20). 

Predicttons have been made for 32 jets discharged to a 
cross flow. Comparisons between experimental data and 
theoretical predictions are shown in Figs. 19-32; see 
Table 1. 

The measuted and predicted trajectories for several 
noiibuoyant jets discharged to a cross flow are pie- 
sented in Figs, 19 22. Figures 19 21 show a cornpark 
son between predictions and %rajectories measured by 
Platten and Keffer31 for jets discharged at various 
angles to a cross tlow. The initid discharge angle varies 
f i  om 0 = -45" to +45". Except for the high cross-flow 
cases (R = 0.25), the predictions are reasonably good. 
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Pig. 19. Trajectories for nonbuoyant jets discharged at 
various angles to a free stream with f1 = 0.25 (data from ref. 
31). 
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Fig. 20. Trajectories for nonbuoyant jets discharged at 
various angles to the free sbrearn with R = 0,167 (data from ref. 
31). 



However, they tend to lag behind the actual trajec- 
tone$, which suggests that eithei a5 should be iiicredsed 
or that the jet orientation at s, is not the same as at s = 
0, as assumed in Appendix I>. 
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Fig. 22. Trajectories for nonhuoyant jets dischag& normal 
to a cross flow (data from refs 28). 

Predictions and experimental data are compared in 
Fig. 22 for several jets discharged normal to a cross 
flow, with R ranging from 0.065 to 0.40. The predic- 
tions for these flows, measured by Cordier,' are quite 
good. 
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Fig. 23. Trajectaraer fm buoyant jets discharged normal to a 
moss Bow with Fr = 170 (dab from ref. 20). 
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Fig. 24. Center line concentration deay for the bsrasyant jets 
discharged bo a LTOSS flow shown in Fig. 23. 

Pig, 25. Trajectoiks for buoyant jets discharged normal to a 
cross flow (&fa from ref. 20). 
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Results foi buoyant jets discharged to  :I cross flow ilrz 
pre,ented III Figs 27 32. Figures 23, 25, arid 27 
preseot wrnpmsons between b'dn's'' trajectoiy meas- 
urements and the integral method j~redlctlons. The 
piedictiuns are quile good. However, the theoiy tends 
10 lag behind the data for large velocity iatios and lead 
slightly for smallei R.  

0.15 

0.10 
\. 

0.05 

0 

ORNL-DWG 71-1444 
- , , .. - ........................................ . 

I 

50 100 150 200 250 300 
s/r ,  

Fig. 26. Center line umcentration decay for the buoyant jets 
discluuged to a cross flow shown in Fig. 25. 
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Fig. 27. Trajectories for buoyant jets discharged normal to a 
cross flow with Fr = 3200 (data from ref. 20). 
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Fig. 28. Center line concentration decay for the buoyant jets 
discharged to a aoss flow shown in Fig. 27. 

Figures 24, 26, d r d  28 preserit comparisons between 
the center line concentration measurements and pre- 
dictions for the sanie flows. Again, the predictions are 
good, although they tend to predict lower concentra- 
tions than those observed. 

Figure 29 shows the predicted and measured half- 
widths for thret: of these flows. The agreement is 
adequate, but the predicted values o f  are consis- 
tently higher than are the experimental values. This is 
to be expected because of the discrepancy between the 
axisynmetric Gaussian profiles used in the predictions 
and the asymmetric vortex pairs observed. 
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Fig. 29. Momentum half-width for some of the buoyant jets 
discharged to a cross flow shown in Figs. 23-28. 

30 

2 5  

20 

<o 15 

10 

5 

n 

e>- 4021 / 0 ./' os--- 4023 

.... 1 .......... J ............ J ............. !-.-L!-.1--~ 
0 20  40 60 80 100 V C  140 160 

y/r, 

Fig. 30. Trajectories for buoyant jets discharged normal to a 
cmss flow with stratified ambients (data from ref. 41). 
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Figures 30----32 present comparisons between the tra- 
jectories observed by IIewett and those predicted with 
the integral method. Except for the flows shown in Fig. 
31 these jets were discharged to stably stratified 
ambients. ‘The trajectory predictions are quite good. 
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Pig. 31. Trajectories for buoyant jets discharged noxma). bo a 
moss flow {dnta from ref. 41). 
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Fig. 32. Trajectories for buoyant jets discharged nornral to a 
cross flow with stratified ambients (data from ref. 41). 

4.4 Summary 

A generalized integral method has been developed, 
based on the equations derived in Chap. 3. This new 
method is capable of predicting class 3 flows (as well as 
the simplex class 1 and 2 flows). 

In order to  achieve closure with this method the 
integrals have been evaluated using Gaussian profiles, 
and a new entrainment function has been postulated. 
This new entrainment equation, an extension of work 
by Fox’ and Hoult et al.,3 includes the effects of 
local conditions within the jet, free-stream velocity, and 
jet buoyancy. Three of the four entrainment coeffi- 
cients are determined prior to comparison between 
theory and experiment. One i s  set intuitively and two 
are determined from experjmental end points --. the 
simple momentum jet and the simple plume. Only the 
fourth constant is determined by fitting the predictions 
to the data. 

‘Theoretical results have been compared with experi- 
mental data for 103 class 1 and class 2 flows. As Table 
1 shows, the range in experimental conditions is quite 
large. The Froudc number ranges from 10 to a, the 
velocity ratio varies from 0 to 0.54, 0’ varies from - 4 5  
to +45”, O2 varies from 0 to 90°, and the stratification 
parameter T ranges from 57 to a. 

In general, the quality of predictions is “good” but 
not “excellent.” The quality for certain flows can be 
improved by adjusting one or more of the entrainment 
coefficients? but this has not been done here. The 
predictions made with this new method are often no 
better than those made with existing methods. How- 
ever, one must remember that the entrainment coeffi- 
cients have been kept constant for all the flows studied 
and that this method should be capable of predicting 
class 3 flows, something which previous methods 
cannot do. 

5. APPLICATIONS OF THE NEW METHOD 

The method developed in Chaps. 3 and 4 i s  capable of 
predicting the growth and development of buoyant jets 
discharged at arbitrary angles to  a flowing stratified 
ambient. In thjs chapter we shall see how the method 
can be used to predict the physical properties associated 
with thermal discharges from power plants. To illustrate 
the full generality of the method we S k i d  assume that 
our hypothetical power plant is sited offshore on the 
continental shelf.” The effects of a cross flow and both 
thermal and salinity gradients will be considered. 

*See the recent article by Anderson5 ’ ior a discussion of the 
potential advantages of siting nuclear power plants in the ocean. 
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The physical properties of the ocean have been 
measured by numerous investigators; see reports by 
Sastry and Okubo>' Thornson et al.>' Cayot and 
N0rtl.1,~ and Wiegel.' The reported measuiements 
show this extreme variability of these propertles with 
both time and space. For the purposes of dlustration 
we shall site our power plant in the northern Gulf of  
California arid use the temperature and salinity gradi- 
ents presented in Figs. 10 and 16 of ref. 48. Averages of 
the April 1956, 1957, and 1959 data give, for the 
temperature and salinity gradients, 

dt_/G!z = 0.030GF/f t ,  

(Ec_/dz == 0.00085 ppt/ft ,* 

with the surface temperature and salinity: 

t = 6S.8"F, 
"0 

c := 35.48 ppt . 
-0 

We shall assume that the power plant condenser inlet 
is located 100 ni (328 ft)  beneath the curface of the 
ocem and that the coolirig water 1s dochaiged 5 0  m 
(164 f t )  beneath the surface through a single 16-ft-dum 
round pipe 

With Ihese assumptlons the propertles of the cooling 
water as I t  enters the condenser are: 

f,, = 56.1"F , 

cll = 35.20 ppt . 

Similarly, the free-stream properties at the outfall are: 

t =61.1°F, 
-0 

The reference density is taker1 as 64.0530 lb/ft' at 
59.O"F and 35.00 ppt. These values o f  0 and y agree 
quite well with the experimental densitv measurenlents 
of salt water reported by C o x  et aLS2 and Zerbe and 

3 

For a 3000-MW power plant operating at 33% 
efficiency, 2000 MW are discharged to the ocean as 
heated condenser cooling watel. Thus 

Q 2000 MW = 6.8 X LO' Btu/hr . 

Since Q = pep At V and p = 64.05 Ib/ft3, cp = 0.96 Btu 
lbm-'("F) -' then 

& 3.0 X 10" ft3 "F s a - '  . 
which shows that either the flow rate, t, or the 
temperature difference, Ai ,  can be arbitrarily adjusted. 
For this example we shall consider two different 
combinations of flow rate and temperature difference: 

1 .  At = 10°F. Then t.7 3.0 X 10' A3/sec. Since p= 
nro2zio and yo = 8 ft, then uo = 14.9 ft lsec. 

The temperature, salinity, and density of the heated 
effluent as it leaves the outfdl pipe are: 

to = 56.1 + 10.0 = 66.l"F , 

p o  = 64.0037 lb/ft3 ffom Eq. (42) . 

Thus, the Froude number is: 

- - 1135. Fr = (14.9)' 
(8) (32.2) (64.0523 - 64.0037)/64.0037 

Assuming the current to be 2.0 ft/sec gives, for the 
velocity ratio, 

c :35.34ppt ,  
-0 

R = 2.0114.9 = 0.134 . 

= 64.0523 lb/ft3 , . 
p ,  

where the density is determined from Eq. (42) with 

p = 0.00012 C'F)-' , 

y = -0.00077 (ppt )-' . 
~ - ___ 

*ppt = pdrts per thousand. 

2. A t  = 20°F. Now = 1.5 X I O 3  ft3/sec and u0 = 
7.5 ft/sec. 

The temperature, salinity, and density of the heated 
effluent as it leaves the outfall pipe are: 

lo = 761°F , 

e, = 35.20 ppt , 
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po = 63.9205 lb/ft3 

'The Froude number and velocity ratio are: 

Fr = 106 , 

R = 0.267 

For both flow-rate-temperature-difference combina- 
tions, predictions have been computed for 12 different 
outfall conditions including discharge to a quiescent 
and flowing ocean at various initial angles. The 24 dif- 
ferent cases considered are listed in Table 2. Flows aie 
computed for jets discharging at 0> 45. and 90" 
to the horizontal with and without cross flows. In 

addition, when R -f 0, flows are computed for jets 
which are discharged with 0 = -3Q,O, and +30". These 
cases include a wide range of operating conditons. 

Table 2 and Figs. 33-36 can be used to help develop 
an optimum discharge configuration for this situation. 
The fifth and sixth columns in Table 2 give the volumes 
of water within the jet for which the temperature 
difference (above local ambient) i s  greater iiiaii the 
value indicated. The last column in this table lists the 
temperature difference between the jet and ambient at 
the water surface. 

Figures 3 3 -  36 show thc trajectories for 8 of the 24 
configurations considered here. Figure 33 shows trajec- 
tories for three jets discharged to a quiescent ocean, 
with Ar = 10"F, at angles of 0 ,  45, and 90" to the 

.Kabk 2. Thermal dischage configurations from a hypothetical power plant 
Ato = 10"F,u, = 14.9 ft/sec,Fr= 1135, T =  29.3 

__............. _._ ....l.llll_ ___ 

9001 
9002 
9003 
9004 
9005 
9006 
9007 
9008 
9009 
9010 
901 1 
9012 

0 
0 
0 
0.134 
0.134 
0.134 
0.134 
0.134 
0.134 
0.134 
0.134 
0.134 

0 
0 
0 
0 
0 

90 
.- 30 
-30 

90 
30 
30 
90 

0 
45 
90 
0 

45 
90 
0 

45 
120 

0 
45 
60 

2.49 
2.15 
2.07 
1.66 
1.57 
1.56 
1.66 
1.49 
1.52 
1.72 
1.65 
1.62 

6.83 
3.94 
3.69 
3.49 
2.79 
2.74 
3.70 
2.7 1 
2.74 
3.64 
2.90 
2.83 

b 
-1.5 

0 
b 

-2.0 
-1.4 

b 
-3.5 
-2.5 

b 
-1.9 
-1.5 

Ar0 = 20"F, uo = 7.5 ft/sec, Fr = 806, T = 79.3 

9013 
9014 
9015 
9016 
9017 
9018 
9019 
9020 
9021 
9022 
9023 
9024 

0 
0 
0 
0.267 
0.267 
0.267 
0.267 
0.267 
0.267 
0.267 
0.267 
0.267 

0 
0 
0 
0 
0 

90 
-30 
- 30 

90 
30 
30 
90 

0 
45 
90 

0 
45 
90 

0 
45 

120 
0 

45 
60 

1.90 
1.81 
1.79 

c 
c 
C 

0.739 

0.727 
c 

C 

C 

C 

6.20 
4.59 
4.36 
1.87 
1.55 
1.54 
2.04 
1.48 
1.77 
2.68 
2.06 
2.44 

-~ 3.7 
+2.0 
+4.5 

b 
b 

b 
b 

--2.1 
b 
b 

-1.0 

-1.8 

**tm,surf. = [*,,surface - t-,surface. 

bl.he jet does not reach the water surface for these cases. 

'The volume within which At > 10' is completely inside the potential core. 
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harlzontal The dashed hies  on Fig. 33 indicate the 
legions within which the jet center line temperature is 
greater (or less) than the local ambient temperature. 
Because the ocean is stably stratified there IS a region in 
which ihe jet is actually coolei than the surrounding 
ocean. This figure shows that jet location and extent are 
strongly dependent on the initial angle o f  discharge. 

Figure 34 shows trajectories for three jets discharged 
to a quiescent ocean with At = 20°F. The initial Ftoude 
nuinbei is inuch smaller foi these flows than for the jets 
shown m Fig. 33. Consequently, these jets r ise more 
rapidly and the temperatuie excess IS greater tliati for 
the high Fr jets. 

ORNL-DWG 71-1427 

Pig. 33. Trajectories for thermal jets discharged from a 
hypothetical power phnt to a quiescent ocean; At,, = IOOF, 
Fr = 1135, T =  29.3. 

Fig. 34. Trajectories for thermal jets discharged from a 
hypothetiad power plant to a quiescent ocean; At ,  = 20°F, 
t7r = 106, T =  79.3. 

Figures 35 and 36 show trajectoriey for jets dis- 
charged in a vertical plane at various angles to the free 
stream ( B 2  = 60, 90, and 120"). These figures show that 
the lower Fr flows (Fig. 36) are deflected more rapidly 
than are the higher Fr flows (Fig. 35) .  

Several obseivations arid conclusions can be drawn 
from these predictions. 

1. Discharge with At = 10°F arid tio = 14.9 ft/sec 
gives much smaller mixing mnes (regions 111 which the 
jet temperature is significantly highei than the ambient 
temperature) than does discbarge with At = 20°F and 
u0 = 7.5 ft/sec. However, the larger flow rate associated 
with thc sinaller At iniplies a highei purnpitig cost. In 
addition, the higher velocities may adversely affect the 
fish mar the diffuser out fall and increase the entrain- 
ment of organisms 

200 

150 

_. - 
z 100 
N 

5 0  

0 

O R N L - D W G  74-1425 ......... ........ ,. ...... _-) -.-.,I.. ........... 

-100 - 5 0  0 5 0  I00 4 50 
y ( f t )  

Fig. 35. Trajectories for thermal jets discharged from n 
hypothetical powex plant to an ocean current; A t ,  = loop, Fr = 
1135, T = 2 9 . 3 , R  =0.134. 
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Fig. 36. Trajectories for thermal jets discharged from a 
hypothetical power plant to an ocean current; Af0 = 20%, Fr = 
106, 7'= 79.3, K = 0.267. 
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2. For jets discharged to the quiescent (R = 0) 
stratified ambient the mixing zone is smallest for 
vel tical discharge and largest for horizontal discharge. 
This is because of the higher entrainment coefficient 
associated with larger values of 8,. However, at a fixed 
height the temperature increase i s  greatest clue to  the 
vertically discharged jet; see Figs. 33 and 34. The 
importance of this depends on the levels at which 
various aquatic organisms live. 

3. The effect of a cross flow (R f: 0) is to 
substantially reduce the size of the mixing zone; see 
Table 2. Thus, discharge to a quiescent ambient is the 
worst possible case. 

4. For both temperature differences the smallest 
mixing zones are obtained with jets discharged at O 1  .:: 

-30" and O 2  = 45'. This suggests that jets discharged at 
an oblique angle to the free stream yield the smallest 
mixing zones. On the other hand, the largest mixing 
zones are obtained with horizontally discharged jets. 
Thus, for rapid heat dissipation the jets should be 
discharged at an angle ofB2 EE 45". 

5. Those jets discharged upstreai-[i at an oblique angle 
to the free stream affect the sruallesh total region in the 
ocean. For example, Figs. 35 and 36 show that jets 
9008 and 9020 have shorter trajectories than do the 
other jets shown. 

6. For discharge with At = 10°F most of the jets 
reach the water surface, while for discharge with At = 
20°F only half the jets reach the surface. Since the 
atmosphere is the ultimate sink of this thermal energy it 
is important to be able to predict the heat transfer rates 
for the jet after it has reached the surface. The theory 
discussed here cannot do this. One complicating factor 
is that the jet center line temperature at the surface is 
iisually less than the ambient surface temperature 
because of the stratification. 

I'hese results show that, if rapid mixing and disper- 
sion of the heated effluent are desired, discharge should 
be at B 1  = ---30° and O 2  = 45" with At = 10°F. If, on 
the other hand, rapid heat exchange with the atmo- 
sphere is desired then the jet should be discharged 
vertically up with .At = 20°F. The relative desirability of 
these two extremes depends, to  a large extent, on the 
ecological consequences of these discharge configura- 
tions. 

In an actual power plant design one would calculate 
the mixing zones and trajectories for many more 
configurations than we have done here. In addition one 
woluld have to consider several different sets of ambient 
conditions to find those which give the worst ecological 
effects. However, the example presented here gives a 
"feel" for the utility of this new integral method. 

6 .  SUMMARY AND BECOMMENOATIQNS 

The new method developed in Chaps. 3 and 4 is 
unique in several ways. The basic integral equations 
(45) to (50), derived in Chap. 3 and the Appendices, are 
written in a general form which allows the method to 
predict flows with three-dimensional trajectories (class 
3 flows), as well as the flows with single plane 
trajectories (class 1 and 2 flows) which other methods 
can predict. Derivation of these integral equations from 
the basic partial differential equations reveals new terms 
involving the ambient turbulence and the radius of 
curvature which do not appear in other integral 
methods. These additional terms are important for jets 
discharged to  a turbulent ambient and for jets dis- 
charged to a cross flow in the region where the 
curvature is large. 

In Chap. 4, a new genershed entrainment function is 
developed, based on the works of Fox' and Hoult et 
aL3' This new forrnulation inclnde5 the effects of 
internal turbulence, cross flow, and buoyancy on the 
entrainment rate and contains four coefficients, only 
one of which is determined empirically by fitting the 
predictions to the data. 

The theoretical predictions are compared with data 
for about 100 different flows. The agreement between 
theory and experiment is quite good, which is especially 
significant since the method has been used to  predict a 
very wide range of flows with all. four entrainment 
coefficients kept constant. 

Additional experiniental and theoretical work is 
needed to  improve predictions of temperature profiles 
in heated discharges and to increase the generality of 
this method. Some specific recommendations follow. 

6.1 Futture Experimental Study 

As indicated in Chaps. 2 and 4, experimental data exist 
only for class 1 and 2 flows. Experimental data for class 
3 flows are needed in order to test the general validity 
of the new integral method. The most immediate need 
is for data concerning jet trajectories, center line 
temperature and velocity decay, and temperature and 
velocity profiles normal to the jet axis for several class 3 
flows. These data can then be used to assess the 
accuracy of the new method. If the method is found 
wanting then the data can be used to help develop an 
improved entrainment function. 

Detailed turbulence measurements have been made 
only for the simple momentum jet. Because the 
buoyant jet flows studicd here are inherently turbu- 
lent, there is a real need for experirriental data 
concerning the turbulent structure of flows other than 
the simple inomenturn jet. 
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ln  order to assess the ability of this new method to 
predict jet development in a turbulent ambient some 
experinien ts performed with jets discliarged to a turbu- 
letit ambient should be performed. 

ecological consequences of thermal discharges through 
single subnierged diffusers. 

Appendix A 

THE s, r, Q COORDWATE SYSTEM 6.2 Future Theoretical Analyses 

The etitr:iinment functioii (78) used in this method 
appears to work reasonably well. However, more 
accuiate eii traiiinierit forndat ions can probably be 
developed. One could relate the entrainment to an 
integral rneasure of the turbulence intensity. Then, a 
model of the turbulent kinetic energy equation could 
be w d  to predicl the development of this tusbulence 
parameter. This approach, which involves the use of a 
differential equation rather than an algebraic equation 
for the entrainnient, has been explored to  sonie extent 
by Telford." 

Anothrr possibility is to integrate the partial differen- 
tial equations (C-17) to  (C-22) rather than the integral 
equations. With the partial differential equations 110 

assumptions concerning the velocity arid teinpeiature 
piofiles must be made. On the othei hand, the vinious 
turbulence teims appealing in these equations niust be 
specified in terms of the mean-flow variables. Work of 
this nature IS being carried out at a few institutions on 
similar problems. A search o f  the literature, however, 
failed tu reveal any attempts to solve buoyant jet 
problems using the partial difierential equations. 

There are several ways in which the ncw method 
should he extended. The method LS capable of pre- 
dicting jet growth and development only in the zone of 
established fluw. The method can be extended to the 
zone of flow establishment using the profiles suggested 
by Albertson et aL3 More important, thc niethud 
should be extended to allow prediction o f  the jet's 
developinent after it has reached its ultimate height. 
These extensions should be general enough to allow 
predictions of the jet development befote the niotnen- 
turn is depleted (surface jet) and when &he fluid moves 
with the m b i e n t  (Cield zone). 

In general, interest in thermal discharges is centered 
on the biological effects rather than the physical effects 
of the thermal discharge. Therefore, attempts should be 
made io couple the method developed here with 
"thermal-death" rtiodels. These biological models are 
capable of  predicting fish mortality, loss of equilibrium, 
and susceptibility to predation given the tiine- 
temperature history of the fish. This time-temperature 
history can be obtained from the method developed 
here. Thus, the outputs front the integral method serve 
as inputs to the biological model. Such an integrated 
inntiiernatical iiiodel can then be used to  predict certain 

Figiire 5 shows the coordinate system uspd in this 
analysis x, v, z are the usual Cartesidn coordinates and 
i ,  j ,  k die the correspoiitlirig unit vectors z is the vertical 
cooidinate and y IS set parallel to the dmbieiit current 

Y, Y, I$ are the coordinates in the natural sy$tem with 
is, i r ,  id, the corresponding unit vectors. A measures the 
distance along the jet a ~ i s  rronr the origin (ditiuser exit) 
and is is always tangent to the center line r measures 
thz distdnce from the jet axis in a plane peipendicukir 
to 4, r = 0 along the aYis (0 is thr angle which 
detet mines the orientation of r .  Tie conventio[i 
ndopted sets Q = 0 when & is horizunral to the left with 
Q increasuiig in the clockwise direction, looking i n  the 
direction of increasing s 

With these definitions s, r,  c f ,  form d right-handed 
system of orthogonal cuivilinear coordinates. A t  any 
fixed s, r and 0 are the usual cylindrical polar 

The two courdmate systenis are reldted to each other 
by O L  and 8,. O t  measures the a~igle between the 
projection of i, onto the x, y plane and the x axis. If 
there LS no cross flow then O 1  reitiains constant along 
the jet axis. 

O 2  Iiieiisures the angle betweeti is arid the x, y plane 
and varies in response to  both buoyancy foices and the 
cross flow. 

The relationships among flit' unit vectors of the two 
coordinate systems are showii schematically it1 Table 
A-I. Two examples suffice to illustrate the use of this 
table 

cool dlWdteS 

The basic differential rquations, (37) to (39) and 
(44), art' written in ternis of the gradient, divergence, 
and curl. 'Phese vectoi differential operators can be 
defined for this coordinate system only aftei the scale 
factors have bee11 derived. 

The scale factors, h,, h,, arid h,, are: 

=-.i aR 
s as S '  
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Table A-1. Relationships among the unit vectnrs in Cartesian 
and natural coordinate systtms 

ci = cos 

CS = cos Q 

Si = sin O i  

Sg = sin 0 

where a is any scalar. Substituting the scale factor 
expressions into ('4-4) yields: 

(A-5 1 where R = si, + ri, is the position vector of any point in 
the jet. The scale factors relate the diffaential distances 
to the differentials of the coordinates. In general, they 
vary from point to point. Only for the Cartesian 
coordinate system are the scale factors constant. 'To 
evaluate h, we proceed as follows: 

The divergence' of a vector a is: 

where a = a,is +-uri7 +utio. Substituting the scale factor 
expressions into (A-6) yields: 

IJsing the relationships in Table A-1 

The curl5 of a vector a is 

1 'si, hrb h@i@ i 

Similarly, Substituting the scale factor expressions into (A-8) 
yields: 

From page 137 of ref. 54, the gradient is: 

('4.4) 
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These expressions foz the gradient (A-5), divergence TWO additional kitiematical conditions are required to 
(,A-7), and curl (A-9) are used in Appendix 13 to derive close the system. These coriditioris arise from OUI 

t h t  governing equations for the jet from the original definition of the jet center line. Requiring the velocity 
vectoi equations, (37) to (39) and (44). at r = 0 to be parallel to the ceriter line (Le., the center 

line is a streamline) yields: 
Appendix B 

THE BASIC EQUATIONS IN TERMS OF s, r, 4 
v(s, 0, 0) = w(s, 0, 0)  = 0 . (13-7 j 

In addition, we require tlie velocity at any s station to 
be a maxiinum or minimurn at the center line: Using the expressions for the gradient, divergence, 

and curl derived in Appendix A, Eqs. (37) to  (39) arid 
(44) become, when written in scalar form: 

continuity equation, (37): IS-8) 

__- 11 au*im+1* 
1 - e  as 7 i3Y r a g  This yields a system of t h e e  linear homogeneous 

algebraic equations for (aupr) , , ,  , (dv/ar)r=o, and 
- _ _ _  0 ; (B-1) (awlar),.,,. Since the determinant of tlie coefficient 

matrix is riot, in general, Leto, then the three partial 

v e IV 1 ae-  
I e~ I - e r i ) $  

energy equation, (38): derivatives must be zero: 

concentration equation, (39): 

s momentum equation [Eq. (44)*i,] : 

-----++-++-- --_I 

1 - c a s  ar r d g  1 e r  a$ 
atl au au I1w 1 ae 

r momenlurri equation [Eq. (44)-ir J : 
u a v  a v  ~ a v  wZ u2 e 

---.-+y-+---.-+-- 
1 - 2 3 s  ar raq j  r 1 - - e r  

Equations (B-1) to (B-6) are a set of six nonlinear 
coupled partial differential equations with three inde- 
pendent variables s, v, 9. The eight unknowns are u, Y, 

w, p*,  t ,  c, e l ,  and 0 2 .  The density, p(t, c), is found 
from the algebraic equation of state, (43). 

Thus, the defiriitiori of the center line as a sireamlirie 
along which the velocity is locally a rtiaximum gives five 
additional conditions, three of which can be used as 
boundary conditions. * 

1. A t s = O .  
Additional boundary conditions are: 

u, v, w, p *, l ,  c specified as fl(r, $1 , 
O r ,  €J2 speciiied . (a-lo) 

2. In the circumferential direction, 

U, V, W, p *, t, c(@) = U, V, W, p *, t, c(g + 2n) . (B-11) 

3.  In the radial direction: 

a) As r -+ infinity,? 

vp*-+0, t’t,, c-c,, 

U - , U S 1 C 2 ,  

v -+ 2r,(cgc1 

w 3 -- U,(SQC, + C@S,S,) . 
S#S, sz ) 

(€3-1 2) 

*These conditions, Eqs. (B-7) and (B-9), are somewhat 
arbitrary. For jets in a cross flow the actual flow pattern is 
similar to a vortex pair, in which case the appropriate kinematic 
conditions are different. Since these conditions are not required 
for the solution developed here, this point is not discussed 
further. 

tConciitions (B-12) neglect possible variations of  [I,, f-, and 
c, arourid the jet perimeter. 
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b) At r = 0,  

See Eqs. (B-7) and (R-9). 

Appendix C 

DEWVATION OF THE 
AXISYMMETRIC EQUATIONS 

In order to sinlplify the equations developed in 
Appendix 13, we shall assunie the flow to  be axisym- 
metric, that is. w :I: 0, a/ag = 0. Also the nonhydrostatic 
pressure gradient, V p * ,  is neglected. 

The Q momentum equation, (B-6), i s  meaningless for 
axisymmetric flow. Therefore, rather than write mo- 
mentum equations in the s, r, and Q directions, we shall 
write them in the s, 2 ,  and y directions. This will give us 
momentum equations parallel to the jet axis, parallel to 
the buoyancy force, and parallel to the free stream. 

The k momentum equation is: 

k equation = (B-4)-S2 + (B-5).SQC2 + (B-6).C$C2, 

or : 

- (- s, '-3; sgc;; + --cgc, aw as 1 u a u  av  
I - e  as 

aw ar ) a v  + v ( $s2 + arSQC, +- cgc, 

Similarly, the j momentuin equation is: 

j equation = (B-4).S1 C, + (B-S)*(C$C, - - -  S @ S , S 2 )  

(B-~)*(S#JC, + CQS, SZ ) , 

or : 

... 1 - e  u- [au,iCZ as t$(C$C, -S$S,S,) 

Multiplying Eqs. (B-1) to  (B-4), (C-l), and (C-2) by (1 
- e). setting w = 0 and a/ag = 0, and integrating with 
respect to Q from 0 to 211 yields (assriming that all the 
dependent variables are independent of 4): 

aU 1 a - .+ ..- - (rv) z (j as r ar 

a t  at 
as ar u -  + v - = o ,  

(C-3) 

g r(C-7) 

x (",: 2.. -2 s l s ) = O .  (C-8) 
P z  

For the sake of completeness the i momentum 
equation is also given:" 

- 
*Only three of the four momentum equations, (C-6) to (C-9), 

are independent. Any one can be derived from the other three. 



33 

The above equations do not exphcitly mcludu the 
effects of turbulence. It is usual. for turbulent flows, to 
write the equations in teiiiis of average arid fluctuating 
quantities, that is, 

f=f t f" ,  

whercTis the average value off,  defined as 

and f" is the fluctuating component off. By definition, 
7 L- 0. Writing the dependent variables u, v, t, and c in 
ternis of  average and fluctuating components and 
plugging tltese expressions into Eqs. (C-3) to (C-9) 
yields: 

((2-10) 

(C-11) 

(C-12) 

, 4 ar 

The flow in a buoyant tuibu~erit jet is of the 
boundary layer type; that is, g rad ie~ts  in the streamwise 
direction Cs) are much smaller than in the normal 
direction (Y), and iz S- 7. Using the boundary layer 
approximations due to Piandt14 the above equations 
reduce to: 

where 

(C-17) 

(C-18) 

(C-19) 

iC-20) 

(C-2 1) 

(C-22 j 

(C-23) 

Equations (C-X 7) to ((2-22) are a set of' six equations for 
u, v, t, c, 0 ,  ,e,, ii'v', u " ,  v", v't', anti v'c'. 

__ _I ___I - I - I ... - 
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The turbulence quantities can be handled in different 
ways,” the most corninon of  which is to  assume that 
the “Reynolds stress” terms are simple functions of the 
mean quantities, for example, 

V ) t l Z E  __ at 
ar ’ 

where E ,  and eh are the eddy viscosity for momentum 
and heat, respectively, and are prescribed functions. 
The boundary conditions for this problem are : 

1. At s = 0, 

U ,  V, f, C specified asfi(r) , 

O 1  and O 2  specified . 

2. As r + infinity, 

U - , U , S ~ C 2 ,  
... 

V--+ Elr . 

where 

E = d/ds J,” iir dr is the entrainment rate , 

C+C,. 

3. At r = 0, certain boundary conditions may be 
required depending on the nature of the turbulence 
assumptions. 

Appendix D 

SPECIFICATION OF THE INITIAL CONDITIONS 

Equations (58) to  (63) can be used to develop 
theoretical solutions for class 3 jets once appropriate 
initial conditions are Epecified. These initial conditions 
are specified at the diffuser exit, the beginning of the 
zone of flow establishment (s = 0). However, the 
integral equations are valid only in the region of 
established flow. Therefore, we need to  derive initial 
conditions at the end of the zone of flow establishment 
(at s , )  in terms of the diffuser outfall conditions (at s = 
0) .  

In order to  account for this initial region of flow 
development the length of the region, s,, must be 

defined and the appropi-iate values for u,,,, h ,  A t r n ,  and 
Ac, must be specified at s,. 

givcs an expression for the length of 
this potential core for a nonbuoyant jet discharged to a 
coflowing stream. Adjusting his constant so that se/r, - 
12.4 when R = 0 (from Alheltson’) gives: 

Abramovich’ 

Equation (D-1) shows that the starting length increases 
with increasing R ,  which is in accord with the observa- 
tions of Shapiro and  coworker^.^^' 

graphically defines the starting length for jets 
discharged to a cross flow, based on Gordier’s*’ data. 
Fan’s correlation is closely approximated by: 

Fan2 

se/ro = 12.4 - 28.0R . (D-2) 

Combining and generalizing Eqs. (D-1) and (10-2) 
yields an expression applicable to  class 3 nonbuoyant 
jets: 

s, I r ,  = 12.4 ...... 
1 12 ___ ................ (; i”.J d m 1 2  

This equation is valid only for values of  R less tliaii 
about 0.5. 

Abraham‘ gives a starting lcngth expression for 
bi+wyaiit jets discharged vertically up into a quiescent 
medium. This equation, a cubic, shows that the stating 
length decreases from 12.4r0 as the Froude number 
decreases. Abraham’s equation can be approximated 
by: 

se/r, = 12.4, Fr > 80, 

10 < F r  < 80, 

Z < Fr < 10, 

= 7.8 f 0.057 Fr, 

= 4.15 f 0.425 Fr, 

= 0, 0 < Fr < 2. (D-4) 

Combining Eqs. (D-3) and (D-4) yields a general 
starting length equation valid for all class 3 flows: 

03-51 

In order to  define values of the dependent variables at 
s, the following assumptions are made: 
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1. 
2. 

3. 

4. 

urr2 = u~, at s = ,ye, by definition of s,: 
buoyancy forces are neglected in the zone of llvw 
establishment ; 
the 111 fluerice of free stream gradients (dt,/dz, 
dr,/dzf and free stream velocity are neglected in this 
region; 

the jet orientation at se is assumed equal to ttiat at 
s = 0. that is, O 1  =Ole antlHZC = I ) z o .  

Mass, inomenturn, energy, and salt balances betweeri s = 
0 and s = s, provide the following conditions: 

I 

!Jm, - uo , 

These boundary conditions (D-6) are delived by 
assuming tlial the piofile? ale top-hat at s = 0 arid 
Gaussiani at s s, Fqiidtioris (D-5j, (D-h), arid the 
values of I ) ,  and I ) ?  completely specify the necessary 
boundaiy conditions for Eqs. (58) to  (63). 

0 0 
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