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ABSTRACT 

The study of t h e  p rope r t i e s  of the eigenvalues of random matrices 

as r e l a t e d  t o  t h e  energy l e v e l s  wsls i n i t i a t e d  by  Wigner and pursued 

vigorously by a number of phys i c i s t s  ( S t a t i s t i c a l  Theories of Spectra, 

ed. by C .  E. Porter,  Academic Press, 1965). In high energy regions it 

i s  impossible i n  p rac t i ce  t o  determine exac t ly  a l l  t he  energy leve ls ;  

t hus  one i s  i n t e r e s t e d  only i n  the  s t a t i s t i c a l  p rope r t i e s  of t he  energy 

l e v e l s  i n  these  regions.  

In  1955 Wigner [Ann.  of Math. - 62 (19:1>) 3jh%561+] showed t h a t  t h e  - 

asymptotic d i s t r i b u t i o n  of t h e  eigenvalues of a symmetric: random matrix 

whose elements take  t h e  values +1 and -1 with p r o b a b i l i t i e s  $ and $ 

respec t ive ly  and whose diagonal elements a r e  i d e n t i c a l l y  equal t o  zero 

i s  a s imic i r c l e  d i s t r i b u t i o n .  In  t h i s  paper we prove a conjecture made 

by Wigner [Ann. of Wth .  - 6'7 (19%) 323-3261, ind ica t ing  t h e  v a l i d i t y  of 

t h e  semicircle l i m i t  d i s t r i b u t i o n  for more general  ensembles. In fact 

- 

we prove t h e  following theorem. 

n 
Let x = (x. .) be a random matrix such t h a t :  

1J 1,j=l 

(i) xij = xji a.s.; 

(ii) {Xis, i - < j }  i s  independent; 

(iii) EXij = 0; 

2 
( iv )  EX=! = o , i + j; i 3  

k 
(v) E ( X i j l  ,< Ck < m, k := 1,2, .. . 

Denote by W (x) t h e  empirical  d i s t r i b u t i o n  f'unctions of t h e  eigenvalues n 

of X/ZD Jn. 



v i  

Theorem : 

Wn(x) -, W(x) a.s.  as n - a, where W i s  the absolu te ly  continuous 

d i s t r i b u t i o n  f inc t ion  w i t h  semicircle dens i ty  

This r e s u l t  i s  stronger than (1) Wigner's conjecture,  (2) Grenander's 

result [P robab i l i t i e s  on Algebraic Structures ,  Wiley, 1963 1 ,  and may be 

compared with t h e  resu1.t by Arnold [J. mth. Anal. Appl. 1 20 (1.967) 262- - 

2683 a 
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ASYMPTOTIC DTSTRITBIJTION OF EIGENVALUES OF RANDOM MATRICES 

W .  H. Olson 

and 

V. K. K .  Uppuluri 
mthematics Division 

1. INTRODUCTION 

The impetus f o r  t h i s  paper comes mainly from work d.one i n  recent 

years by a number of phys i c i s t s  on a s t a t i s t i c a l  theory of spectra .  

book by M. L. Mehta [lo] and t h e  co l l ec t ion  of r ep r in t s  edi ted by C .  E .  

Porter [ll+] a r e  excel lent  references fo r  t h i s  work. 

sect ion 1.1 i s  an attempt t o  present a ra t iona le  f o r  such invest igat ions 

Our in t e rp re t a t ion  of l i nea r  operators a s  used i n  quantum mechanics i s  

based l a rge ly  on the  book by T .  F. Jordan [SI. 

The 

The discussion i n  

1.1 S t a t i s t i c a l  Theory of Spectra 

In quantum mechanics knowledge of  t h e  value of measurable quanti- 

t i e s  of a system i s  expressed i n  terms of p robab i l i t i e s .  A s t a t e  of  the  

system spec i f i e s  these  p robab i l i t i e s .  Measurable quan t i t i e s  a re  repre- 

sented by se l f -ad jo in t  l i n e a r  operators on a separable Hilbert  space. 

The only possible  values of t h e  measurable quan t i t i e s  a r e  those i n  the  

spectrum of  t h e  se l f -ad jo in t  operator which represents  t he  measurable 

quant i ty  . 
Experience ind ica tes  t h a t  energy i s  represented by t h e  Hamiltonian 

operator .  We a r e  in t e re s t ed  i n  t he  point  spectrum of  the  Hamiltonian, 

which i s  i t s  s e t  of eigenvalues. The eigenvalues, E, of t h e  Hamiltonian 

operator,  H, which a r e  r e a l  since H i s  se l f -ad jo in t ,  a r e  those values o f  
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energy for which some s t a t e  of the  system spec i f i e s  a probabi l i ty  of one 

t h a t  t h e  energy i s  exac t ly  equal t o  E [8]. This i s  expressed i n  the  

Schrodinger time- independent equation, 

where (I i.s an eigenvector associated with E .  

I n  ordinary s t a t i s t i c a l  mechanics renunciation of exact knowledge 

of t h e  s t a t e  of  a system i s  made and only proper t ies  of averages a r e  con- 

sidered. An exact knowledge of the  laws governing the  system i s  assumed 

known; it i s  t h e  imposs ib i l i ty  i n  prac t ice  of observing the  s t a t e  of t he  

system i n  a l l  i t s  d e t a i l  t h a t  l eads  t o  the  consideration of proper t ies  

of averages. 

An analogous s i tua t ion  e x i s t s  with respect  t o  the  Hamiltonian op, era- 

t o r .  It i.s possible  t o  choose an orthonormal b a s i s  for the  separable 

Hilbert  space i n  such a way t h a t  t h e  matrix representat ion of the  H a m i l -  

tonian with respect  t o  t h i s  basis i s  i.n a form with blocks ( f i n i t e  dimen- 

s iona l  square matr ices)  along the  diagonal and zeros elsewhere (see [lo]). 

Each block corresponds uniquely t o  each s e t  of values of a c e r t a i n  se t  of  

parameters. These parameters a r e  var iab les  which may be used t o  describe 

c e r t a i n  aspects  of t he  system, whatever s t a t e  it itlay be i n .  We a r e  in t e r -  

es ted  i n  the  eigenvalues of t he  very la rge  blocks.  There a r e  two a i f f i -  

c u l t i e s .  F i r s t ,  we do not know the  Hamiltonian and, second, even i.f we 

did,  it would be far too complicated t o  attempt t o  solve it. These d i f -  

f i c u l t i e s  lead  t o  a renunciation of an exact knowledge of the  system 

i t s e l f  i.e., of the  Hamiltonian. The bas ic  s t a t i s t i c a l  hypothesis i s  

t h i s :  the  s t a t i s t i c a l  behavior of energy l e v e l s  i n  a simple sequence 



(a simple sequence i s  one whose l eve l s  all have t h e  same s e t  of values 

of t h e  parameters mentioned above) i s  iden t i ca l  with the  behavior of t he  

eigenvalues of a random matrix.  It i s  desirable ,  due t o  our ignorance 

of t he  system, t h a t  t h e  s t a t i s t i c a l  p roper t ies  of  t he  eigenvalues be 

independent of as many of the  proper t ies  of t he  d i s t r ibu t ions  of the  e le -  

ments of t h e  matrices a s  possible .  A t  bes t  t h e  elements of these matrices 

a r e  random var iab les  whose d i s t r ibu t ions  a re  r e s t r i c t e d  only by the  gen- 

e r a l  symmetry proper t ies  we might impose on the  ensemble of operators.  

1 .2  Outline of Contents 

There are three  bas ic  parts. Chapter 111 contains the  combinatorial 

arguments which a r e  e s s e n t i a l  f o r  t h e  proofs o f  the  theorems i n  the sec- 

ond p a r t ,  Chapters IV, V, and VI. These chapters a l l  dea l  w i t h  the  asymp- 

tot ic ,  d i s t r ibu t ion  of t h e  empirical d i s t r ibu t ion  function of t he  eigen- 

values of a symmetric random matrix from the  poin ts  of view o f  weakening 

t h e  conditions placed on the  d i s t r ibu t ion  of t h e  elements of the  matrix 

and of strengthening t h e  mode of convergence of the  empirical  d i s t r ibu -  

t i o n  h n c t i o n s .  The l a s t  part, Chapter 1111, discusses r e s u l t s  of t he  

same type, i . e .  asymptotic d i s t r ibu t ions  of the  empirical  d i s t r ibu t ion  

function of the eigenvalues of random matrices, f o r  t h e  Gaussian ortho- 

gonal. ensemble [lo], a Toepl i tz  ensemble [?], and a Wishart ensemble. 

2. NOTATION, DEFDTITIONS AID FRELIMIT!JARLES 

2 .1  Random Matrices 

Le t  (C2,Z,P) denote a probabi l i ty  space, i . e . ,  s2 i s  a nonempty abs t rac t  

s e t ,  a i s  a o-algebra of subsets of 3, and P i s  a probabi l i ty  neasure on 2; 



4 

and l e t  (Rn,Dn) be t h e  measurable space where Hn i s  n-dimensional Euclid- 

ea,n space and (3 i s  t h e  Bore1 a-algebra of subsets of I3 . 
n n 

A mapping X : Q R i s  ca l l ed  a random vec tor  i f  { w  e R : X(w) E I31 
n 

When n c 3 for  all R 6 Pn. 1,  X i s  ca l l ed  a random variab1.e. 

A mapping A : R x Rn -, R 

f o r  every x c I? a random vector .  

l i n e a r  if A(m) [axl + Ox,] = a A(w) ix,] i- B A(w)  [x J f o r  every cu F: Q, 

x x F R  a n d c u , B s R  

i s  ca l l ed  a random operator if A(w)[x] i s  n 

A random operator A i s  said t o  be 
n 

2 

1‘ I’ 2 n 

A l i n e a r  random operator defined by t h e  n x n matrix 

(2.1.1) 
n 

A = (a. .) 
ij i , j  -1 

where the  a i j  a r e  random var iab les  i s  lcalled a random matrix.  

random matrix i s  a l i n e a r  random operator on R x H 

Thus, a, 

t o  Rn. 
n 

Throughout t h e  paper a1.1. random q x m t i t i e s  w i l l  be assumed t o  be 

defined on some f ixed  p robab i l i t y  space (Cl,J,P). 

2.2 Continuity of Ordered Eigenvalues 

It i s  es tab l i shed  i n  t h i s  sec t ion  that ordered eigenvalues of sym- 

metric random matr ices  a r e  indeed random var iab les .  

The followilig lemma. i s  needed. Denote by Xi(A) ,  i = 1,. . .,n, the  

eigenvalues of any (n x n) matrix A. 

Lemma 2.2.1: L e t  A be an (n x n) matrix and suppose E > 0 i s  given. Then 

n 
there  e x i s t s  a 6 > 0 such that f o r  any matrix D - (d .  .) 

i:j:l ij 

such that 

Id. . I  < 6, there  e x i s t s  a permutation o of {172, ..., n] f o r  which 

IJ i,j:1 

n 
‘ ’  

(2 .2.1)  Ih i (A)  - (A+D)I < E, i = 1 ,..., n . 
A proof of t h i s  lemma may be found i n  Ostrowski [13]. 



Denote by Al(A) < h (A) i...( h (A) t h e  ordered eigenvalues of any n - -  - 2  

(n x n) Hermitian matrix A. 

Corollary: The ordered eigenvalues Al,h:,, ..., h a r e  continuous functions 

of t he  elements of t he  Hermitian matrix A 

Proof:  The proof i s  by contradicttion. I& A = (a ) be given. By t h e  

above le- it i s  known t h a t  f o r  a given c > 0 there  e x i s t s  a FJ > 0 such 

n 
t h a t  fo r  any A '  

su i t ab le  permutat ion, 0 ,  of { l,?, . . . , n},  

n 

(a. . ) .  
1J  

ij 

(a i j ' )  such t h a t  X. laij - a I < F ,  one has f o r  a i,J J1 i ' j  

f o r  i = 1, ..., n. 

h i ( A ' )  > h i ( A ) .  

h j ( A ) ,  j : 1 ,..., i, i s  associated A. 

l l j ( A )  - h o ( s ) ( A ' ) I  < E .  

t h i s  purpose s ince A .  ( A ' )  - Xi(A) > 8 and hence h i ( A ' )  - b j ( A )  1 8, 

j = 1,. . . ,i. 
This completes t h e  proof. 

Assume IXi(A) - h i ( A ' )  I > s ;  t o  be d e f i n i t e  assume 

Then X1(A) <. . .;' i (A) < h i ( A ' )  5.. ._< h n ( A ' ) .  With each 

( A ' )  such that 
4 3 )  

Rut only Xl(A'),. . . ,?,i-l(A') are avai lab le  fo r  

1 

Thus, one must conclude [ A .  (A) - l i ( A 1 )  I .' 1, i - 1,. . . ,n. 
1 

a a.s. 
n 

be a random matrix such t h a t  a i j  k t  A -= b i j I i ,  j-;1 ji 
( re fer red  t o  as symmetric random matr ix) ,  and denote by J . ~ ( A )  I q: i 2 ( A )  

- -  <...< An(A) i t s  ordered eigenvalues. Then by the  above coro l la ry  the 

ordered eigenvalues A .  (A) a r e  random var iab les  s ince they are continuous 

funct ions of random var iab les .  

1 

2.3 Modes of  Convergence 

Three types of convergence of a sequence of random var iab les  a r e  

considered i n  t h i s  paper: convergence i n  l a w ,  convergence i n  probabil- 

i t y ,  and convergence almost surely. Le t  X be a random var iab le  and l e t  
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W 
{Xn)n--l be an i n f i n i t e  sequence of random variables;  ].et Fn and F denote 

t h e  d i s t r i b u t i o n  functions of X and X respect ively.  
n 

The sequence 

x as n + t e n  xn 

of F. 

The sequence 

n -, w ,  wri t t en  X 
n 

(2.3.1) 

The sequence 

m 
i s  sa id  t o  converge i n  l a w  t o  X as  n 4 m ,  w r i t -  

at, a l l  po in ts  of cont inui ty  

(Xn’n=l 

m ,  i f  ~ ; l ( x )  -, ~ ( x )  as n -, 

m 
i s  said t o  converge i n  p robab i l i t y  t o  X as { xn L l  

P -. X as n -, 03, if f o r  any given E > 0, 

P ( I x ,  - X I  > e )  4 o as n -+ . 

rn 
i s  sa id  t o  converge a .s .  t o  X as n -, m, wri t ten  ‘ Xn ’nLyl 

4 X a .s .  a s  n -. W ,  if 
‘n 

(2.3 2) 

The fol.lowing implication s t ruc tu re  e x i s t s  among these  modes of  con- 

‘n n n 
8, 

-+ X a .s .  as n -+ m implies X --, X as n --. m implies X 4 X vergence : 

2 .IC Empirical Dis t r ibu t ion  F’unction 

Le-b {Xl,X2, ..., X ) be a set of random var iab les .  For any B e 3, l e t  
n 

% denote t h e  ind ica tor  function of B, 

1 i f w c B  

O i f w 4 B .  i L (w) = B .l) 

The empir ical  d i s t r ibu t ion  funct ion o f  (X X . . . , X  i s  a mapping 

Fn : R 

1’ 2’ n 

x R -+ [0,1] defined by 1 



(2  .b .2) 

n 
Let An = (a. .) . 

ij i , j d  

A1(An) 5 1, (An) 5..  .I 1 
values of An. 

be a randm Hermitian matrix.  Txt 

(A,) denote the  a .  s. real  ordered random eigen- 

1 n  

n 

Denote by Wn t h e  empirical  d i s t r i b u t i o n  f'unction of {X (A ), 

(A,) , .. . ,hn(An)  ) .  The bas ic  question examined i n  t h i s  paper i s  ( fo r  any 

how does W (x) behave as  n 4 m ?  x E: R l ) :  n 

2.5 Some Lemmas 

In t h i s  sect ion a r e  Listed some lemmas wh-ich w i l l  be used below. 

Given a random variable X and a sequence of random var iab les  {Xn}n=l,  

n n 

or) 

l e t  F and F denote t h e  d i s t r i b u t i o n  f inc t ions  of X and X respect ively.  

Furthermore, l e t  

(2.5.1) 

and 

ak 1.: [ xk dF(x) 
R 

::. x k dFn(x) a 
k,n 

def,ae the  A h  moment of t he  d i s t r ibu t ion  funct ions F ana 

i f  they e x i s t .  

F respect ively,  
n 

Lemma 2.5.1: If, for  k k a r b i t r a r y  but f ixed,  t h e  sequence a -t ak 

f i n i t e ,  then these  sequences converge f o r  every value of k, and i f  the 

sequence {OQ 

poin ts  of cont inui ty  of F. 

- 0  k,n 

LD 
uniquely determines F, then Fn(x) F(x) as n 4 co a t  a l l  

k=l 

A proof of t h i s  lenuna may be found i n  Loeve [9]. 
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m For any i n f i n i t e  sequence of s e t s ,  {An)n=l, A 11 8 2, define 

(2.5.21 
c o o 3  

l i m  sup A = n U A n 
n n -+ co m--1 n=m 

Lemma 2.3.2: xn .+ 0 a .s .  as n -+ m i f  and only i f  f o r  a l l  1 0  

A proof of  t h i s  lemma may be found i n  Chung [ 3 ] .  

Lemma 2.3.3: 
m 

(Borel-Cantell i)  If n&l P(A ) < m, then P ( l i m  sup An) 0. 
n - * w  n 

A proof of t h i s  may be found in  Loeve [ 9 ] .  

Let W be the  empirical  d i s t r ibu t ion  f'unction of (X,,X,, . . . , X n ) .  Let n 

W be a d i s t r ibu t ion  function which i s  uniquely determined by i t s  sequence 

of moments, {%)k=l. 
m 

kt 11s define 

P P 
L e m  2.5.k: If M 

as n - o3) a t  a l l  po in ts  of cont inui ty  of W .  

-, % as n - w f o r  a l l  k = 1,2, ..., then Wn(x) 4 W(x) 
k,n 

P 
Proof: 

n -., m i f  and only i f  every subsequence { X  n } contains a subsequence which 

converges a .s .  t o  X. 

Then 

The following r e s u l t  i s  used t o  e s t a b l i s h  the  lemma: Xn -+ X as 

i 
L e t  ( n . )  1 be any subsequence of t h e  pos i t i ve  in tegers .  

k k 
x dWn (x) 2 

R i R 
x dW(x) 
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for  a l l  k = 1,2, ... . By the  diagonal procedure it i s  possible  t o  se l ec t  

a subsequence { n i l  of (nil  such t h a t  

(2 -5  -6) k k x dWn, (x) .-.) x dW(x) a.s. 
R i R 

fo r  all k 1,2, ... . Then by Lemma 2 

(2 . 'j .7)  Wn,(x) .-.) w(x) a.s. 
i 

P 
The above quoted r e s u l t  then gives W (x) -+ W(x) as n 4 co a t  a l l  po in ts  of n 

cont inui ty  of W. This completes the  proof. 

3 .  COMBITJATORIA.1, ARGUMENTS 

The following combinatorial lemmas are of c e n t r a l  importance i n  t h e  

proofs of t h e  limit theorems t o  follow. They a r e  s l i g h t  extensions of 

r e s u l t s  given by Wigner [17]. 

k > 1, n > 1, t he  c l a s s  of a l l  f i n i t e  sequences - Denote by Ak, n' 

f : {1,2 ,..., k + l} -, (1,2 ,..., n}. 

( i , j ) ,  w i l l  be ca l l ed  a s tep.  

s tep of ( i , j ) .  With each f 8 

..., k] 4 { a l l  s t eps ]  defined as follows: 

1 < L, < k. 

a ted  with f .  

Any ordered p a i r  of pos i t ive  integers ,  

The step ( j , i )  will be  ca l l ed  t h e  reverse 

i s  associated a sequence gf : {1,2, 
%n 

gf(v) = ( f (v) ,  f ( v + l ) ) ,  

The sequence gf w i l l  be called t he  sequence of s teps  associ-  - -  
The c a r d i n a l i t y  of any s e t  A w i l l  be denoted by &A. Let 

Df = [f(i), 2 < i < k-1-1 : f ( i )  4 [ f f l )  ,..., f ( i - 1 ) ) )  , (5.1) - -  

and l e t  df = &Df -t- 1. By de f in i t i on ,  f has b d i f f e ren t  members if and 
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only if d = b. kt # ( i , j ) f  denote 
f 

(3.2) &{g,(v) - ( f ( v ) ,  f (v+l . ) ) ,  15 v 5 k : f ( v )  i, f ( v + l )  = j} . 

For 1 - -  < I, < k, gf(v)  = ( f ( v ) ,  f ( v f 1 ) )  i s  ca l led  a f r ee  s tep i f  and only 

i f  f ( v t l )  6 { f (l), . . . ,f (v) ] and a r e p e t i t i v e  s tep i f  and only i f  f ( v + l )  

€ {f(l), ..., f ( v ) ) .  L e t  

(3 -3) Ff =- (g f (v ) ,  1. 5 v 5 k : gf(v)  i s  f r e e )  , 
- { g f ( v ) ,  1- < v < k : 1.r (v)  i s  r e p e t i t i v e )  . 

Of I -  Rf 

It i s  immediate t h a t  

(3 .5)  gF = AD = d - 1 . 
f f f  

Lemma 3.1: Let f E A 

then & ( i , j ) f  t 4 ( j , i ) f  2 2 .  

I'roof: IEt f e 

c ( f ( v ) ,  2 - -  < w < ktl : f ( v )  6 { f ( l ) ,  ..., f ( v - l ) ] )  then ( f ( i - l ) ,  f ( i ) )  i s  

be such tha t  if ( i , j )  E ( g , ( l . ) , ~ f ( ~ ) , . . . , g f ( k ) } ,  
k,n 

k 
Then d f -  < [-I 2 + 1. 

s a t i s f y  t h e  conditions of t he  l e m a .  If f(i) % n 

a f r ee  s tep .  

gf(i), . . . , g f (  k) must equal ( f ( i - l ) ,  f ( i ) )  or ( f ( i ) >  f ( i -1) )  (no s tep  

among g f ( l ) ,  . . .,gf ( i -2)  equals ( f ( i - l ) ,  f ( i ) )  o r  ( f ( i ) ,  f ( i -1 ) )  since 

The condition of t h e  lemma implies a t  l e a s t  one s tep  among 

f ( i )  4 [ f ( i ) , . , . , f ( i - 1 ) ) ) .  Any such occurrence, say ( f ( k - l ) ,  f ( R ) ) ,  must 
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be r e p e t i t i v e  s ince f ( A )  c { f (l), . . .,f (4-1) 1 .  

i s  associated a r e p e t i t i v e  s t ep  which i s  equal t o  t h e  f r ee  s t ep  o r  i t s  

reverse.  This implies 4F #Rf, s ince all free s teps  a re  d i f f e ren t .  This, f -  

with (l), implies #Ff 5 [,I. k Hence, by (3 .3) ,  df - 1 

d < [-1 + 1. This completes t h e  proof of T R ~  3.1. 

Lemma 3.2: Let  f e A be such t h a t :  

Hence with each f r e e  s t ep  

or  #ITf 4 [Fj, k - 
k 

f -  2 

k,n 

k 
- 2  Then df < [-I . 

Froof: If if i s  constant one i s  through. Assume f i s  not constant.  If 

f ( A )  - f ( R + 1 )  for some A ,  1 <’ R e: k, a. new sequence of s teps  may be formed 

from gf (1) , gf (2), . . . ,gf (k) by omitt ing a l l  those s teps  equal t o  (f (a), 

f ( A + l ) )  ( there  w i l l  be two or more such steps, by condition (i)). The 

- -  

sequence of s teps  thus  formed i s  associated with a sequence h : {1,2, 

. . . , t )  .+ { 1,2,. . .,n}, 2 < i C k-1, (a lower bmnd of 2 since f i s  not  con- 

s t a n t )  which satisfies condition (i) and which i s  such t h a t  dh = df. 

i- 1 

- -  

Lemma 4.1 then gives  d = \ 5 [TI +- 1 < [---I k- 2 + L -: Lz,. r k , This completes - 2  

t h e  proof of Lemma 3.2. 
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f ( 2 )  = 2, f ( v )  = v, f ( V t 1 )  = v k 1, f(vt-2) - v ,..., f (2v)  = 2, f (2wtl)  -1.) 

Lemma shows df 5 v t 1. 

1 < R < 2v. Equation (3.>) holds: 

By T ~ m m a  8 one must have f ( w )  f f ( v + l )  , 
- I  

Consider t he  f irst  s tep  g (1) 

f (2v-1 )  1 ,  then by condition (i) the  l a s t  s t ep  must be the  reverse o f  t he  

f i r s t  since f (1) 4 (f (2), . . .,f(2v) 1 .  

. . . , f  (2w-1.) t he  following argument appl ies .  

l e a s t  integer  such t h a t  f (1)  - f(1). Assume f ( R - 1 )  f f ( 2 ) .  Condition 

(i) implies t h e  r e p e t i t i v e  step gf(R-l) = (f(1-1), f(1)) must be m,tched 

by a t  l e a s t  one fu r the r  occurrence a.mong gf(R), . . .,gf (AI) of a step equal 

t o  (f(a-1),  f (1 ) )  o r  ( f ( l ) ,  f ( A - 1 ) ) ,  these occurrences being r e p e t i t i v e  

steps,  since no f r e e  s t ep  equals ( f ( A - l ) ,  f ( 1 ) )  o r  ( f ( l ) ,  f ( R - 1 ) ) ;  whi-ch 

i s  so because: (1) t h e  f i r s t  s tep  does not since f(1-1) f f ( 2 ) ;  (2) no 

s t ep  among gf(2) ,  . . .,gf (A-2) involves an f(1); and (3) any fu r the r  f r ee  

s t ep  among g f ( l ) ,  ...,gf( A)), say ( f ( i - l ) ,  f ( i ) ) ,  could not have f ( i )  

z f ( l )  o r  f ( i )  

For each f r e e  s tep  there  i s  a,n occurrence i n  the sequence of s teps  of a 

r epe t i t i ve  s tep  equal t o  t h e  f r e e  s t ep  i t s e l f  o r  i t s  reverse, by condi- 

t i o n  (i). 

2.” s teps  i n  the  sequence equaling these or their  reverses.  This i s  apar t  

from the  2 o r  more r epe t i t i ve  s teps  equaling ( f ( i - l ) ,  f(1)) o r  (f(l), 

f ( A - 1 ) ) ,  s ince no f r e e  s t ep  eqiials e i the r .  

l e a s t  2v + 2 steps;  but only 2v a r e  ava i lab le .  Hence one must have 

f (a-1) = f (2). 

( f ( l ) ,  f ( 2 ) ) .  If f(1) 4 ( f ( 3 ) ,  ..., f 

On the other  hand, i f  f(1) F: { f ( j ) ,  

Let R, 3 - -  < R < 2 v - l  be the 

f(1-1) because in e i t h e r  case f ( i )  8 {f(l), ..., f ( i - 1 ) ) .  

Since there  are v d i f f e r e n t  f r e e  s teps  one must have a t  l e a s t  

Altogether one would need a t  

Thus t he  reverse of t he  first step OCCUFS. 



Now define a sequence h : {1,2 ,..., 2v + 1) --* [172  ,... , n ]  as follows: 

( 3  *'O h(1) f ( ? ) ,  h(2) = f (3 ) ,  ..., h ( i )  - f(i+l)J*..y 

h(2v) = f ( 2 v t l )  = f ( l ) ,  h ( 2 ~ + l )  - f ( 3 ) .  

Associated with h i s  the  sequence of s teps  g h ( l )  ( f ( 2 j ,  f(;)) 

g h ( a  (f(3),  f o m , . . . , g h ( ~ w  - (f(W, f(l)), g h ( W  (f(l>, f (m.  
It i s  immediate that h s a t i s f i e s  conditions (i), (ii), a n d  (iii) of the  

lemma. The above argument shows that t h e  reverse of g (1) - ( f ( 2 ) ,  f ( 3 ) )  

occurs among gh(2) = ( f (3 ) ,  f ( 4 ) ) ,  . . . ,gh(2v) 

i n  t h e  same manner one concludes if (i, j )  F: {gf . ( l )  ,ef(?),  . . . ,gf(?v) 1, 

then ( j , i )  6 {gf ( l ) , g f (P ) ,  . . . , g f ( ; i v ) ) .  

s t eps  and 2v s teps  a l toge ther ,  one must have # ( i , j ) f  - 1, # ( , j 7 L ) f  - 1 

f o r  each (i, j )  c {gf ( l ) , g f  (2), . . .,ef (Pv) } .  

h 

( f ( i j , f ( Z ) ) .  Continuing 

Since there  a r e  v d i f f e ren t  f r ee  

This completes the  proof of 

Lem 5.3.  

Lemma 3.4: Let k be odd, say k . %V -!- 1. Zet f F: A 2 y i l , n  be such t h a t :  

(i) i f  ( i , j )  :: { g f ( l ) , g f ( 2 ) ,  . . . , g f (  : )v-+l)) ,  then # ( i , j ) f  - i~ #( j , i ) f  2 2; 

(ii) f ( l )  = f ( P J + Z )  . 
Then df .-, v := [$J 

Proof: 

Tan.ma 3.1 shows df - < w i- 1. 

f ( k )  f f ( R - t l ) ,  1 5 R 5 2w + 1. 

ent  f ree  s teps .  For each f r ee  s t ep  the re  i s  a r e p e t i t i v e  s t ep  equal t o  

k, 

Let f c A2v+l,n s a t i s f y  conditions (i) and (ii) of t h e  lemma. 

Assume df = w + 1. Then by Lemma 3.2, 

There a r e  #Ff = #Df = df - 1 = v d i f f e r -  

t h e  f r e e  s t ep  i t s e l f  or i t s  reverse .  Thi.s occupies 2v of t h e  2v + 1 

steps associated with f .  By condition (i) t h e  remaining s t ep  must equal 

one of the  f r e e  s teps  o r  i t s  reverse.  In other  words, g ( i , j ) f 4 - # ( e j , i ) f = -  2 
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f o r  a l l  ( i , j )  c ( g f ( l ) ,  . . . , g f (  2w+l)) except one, say (k ,&) ,  fo r  which 

#(k,A), + g(A,k)f = 3. 

A l l  p o s s i b i l i t i e s  are  now considered. F i r s t  consider t h e  case 

#(k , l ) f  = 3. (The case "(A,k)f 3 i s  the  same.) With f i s  associated 

a sequence of s t eps  g (1) ? .  . . ,g,(r) , . . . ,gf ( s ) ,  . . . ,gf (t) , .. . ,gf (2v+l),  

where g (r) = gf ( s )  

denote t h e  reverse of g (i) . 
. . . ,gf (pwsl) form a sequence of s teps  associated with a sequence 

'n : {1,2, ..., 2v-1) -+ {1,2,...7n] i n  t he  following manner: 

f 

g,(t) (k,A) and s - r _> 2, t - s I 2 2 .  

From t h e  sequence of s teps  ~ ~ ( 1 ) ~  gf (2 ) ,  

L e t  g$( i )  f .  

f 

(3.8) 

P (1) = g f ( t + l )  (A,f(t+2)) = ( h ( l ) , h ( P ) )  
"h 

g, ( ( 2 v + l ) - t )  = g (Wl) = ( f (2Wl) , f (2 \ )+2) )  
I1 f 

- (h ( ( 2 ~  + 1) - t )  ,h( (2~+1)- (t-1) ) ) 

g ((2v4-1)-(t-l)) = e,(l) -- ( f ( l - ) , f (? ) )  
h 

- ( h ( ( 2 V + l ) - ( t - l ) ) , h (  ( p ~ + l ) - ( t - Z ) ) )  

g ((2v+1)- (t-ril)) = gf ( r - l )  = (f (r-1) ,k) 

=(h(  (2v tl) - (t-r+l) ) , h (  (2v+l) - (t-r) ) ) 
h 

gh((2wtl)- (t-r)) - ~F(s-1) - (k , f (S-1))  

= (h( (2v+l)-  (t-r)),h( (2~1)- (t-r-1))) 

g ( ( 2 w l ) - ( t - r - l ) )  = g"(s-2) ( f ( s - l ) , f ( s - 2 ) )  
h f 

= (h((2v+l)- ( t - r - l ) ) , h (  ( 2 v i l ) -  ( t - r - 2 ) ) )  



gh( (2vti)- ( t -s t?))  g ? ( r t l )  - [ f ( r+z) ,A) 

(h( (2V 11)- (t-s+2) ) , h (  (2vt-1)- ( t - S i  1) ) ) 

g h ( ( ? v l l ) - ( t - s i l ) )  g @ l )  = (R,f(sQ)) 

(h( ( 2 v i l ) -  (t-s-tl)) , h (  ( 2 ~  t1)- ( t - s ) ) )  

The s t eps  associated with h are g (I), . . .,gf (r-1) ,gT(r+l), . . . ,g$(s-l) ,  
f -  

gf(sil), . . .,gf (t-l),gf(til), . . . ,glv(2v+l), in  other  words, t he  same a s  

those associated with f except a l l  s teps  equaling (k,R) have been dropped 

and some of the  s t eps  associated with f have been reversed. It i s  easily 

seen t h a t  if ( i , j )  s {gh(l), . . . ,gh(  :;iv-2)], then $( i , j ) ,  t # ( j , i )h  

and dh - df 

contradict ion,  t h a t  d < v .  

2, 

v t 1. But Lemma 3 . 1  shows dh _< t i .  One must conclude, by 

f -  

The other  p o s s i b i l i t y  i s  #(k,g)f 2, #(A,k)f = 1 (or, what i s  the  

same thing,  #(k,a), = 1, &(R,k)f 

t he  above may be given. The d e t a i l s  are not given here. This completes 

t h e  proof of Lemma 3.4. 

2)  for  which an argument s imilar  t o  

W i p e r  ' s Combinatorial Theorem 

Let B2v,n 2v,n 
be the  set of all f E A such t h a t  : 

(i> if (f , j)  e {gp(l),gf(2), . .,gf(2V) I ,  then 

S ( i , j ) ,  c #( j , i ) f  - ;. 2; 
(ii) f(1) = f ( 2 v t 1 ) ;  

(iii) df - v t 1. 
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Then 

(3 *9> 

Proof: 

3.3, if ( i , j )  c ( g f ( l )  ,..., gf(2w)],  then # ( i , j ) f  - 1, # ( j , i ) f  = 1. 

sequence t : {I??, - .  .,m} -L {in tegers ]  i s  called a type sequence jf and 

only i f  t ( a )  > 0, 1 < R < m, t(1) = I, t ( m )  = 0, and t ( R + 1 )  - t(1) 

Let f E B2w,n. By Lemma 3.2, f ( A )  # f ( R + l ) ,  1 < R < ?v. By Jlemma - -  

A 

- - -  
1 < R < m-1 .  For each f E: B define t h e  type sequence 

2w,n - -  

tf  : {~,?,...,?VI + { in tege r s )  a s  fol laws:  

t ( a )  -- & { g f ( i ) ? 1 < i d : g  (i) i s  f r e e )  - #{gf(i),l<i<A:gf(i) i s  r e p e t i t i v e } .  f f 

For a given type sequence t : {1,2, ..., 2v}  4 { in tege r s ]  one has 

This  i s  so because: (I) there  a r e  n choices f o r  f (1) ;  (2) f o r  2 i PJ, 

i f  t ( i )  - t(i-1) = I, then [ f ( i - l ) ,  f ( i ) )  i s  a f r e e  s t ep  and f ( i )  may be 

any number which has not been used yet;  and ( 3 )  for 2 5 i _< 2v, i f  

t ( i )  - t(i-1) = -1, then ( f ( i - l ) ,  f ( i ) )  i s  a r e p e t i t i v e  s tep  and must be 

the  reverse o f  t h e  s tep  which o r ig ina l ly  led  t o  f(i-1) (Lemrm 3.3) and 

hence f ( i )  i s  completely determined. Let S denote t h e  number of type 

sequences with domain { l,?, . . . ,?v}. 

- I  

W 

Then 

(3 . 2.1.) - ~ ~ n ( n - 1 ) .  . . (n-w) = S n t o(nvfl) . 
2v,n W 

#B 

To find S one argues as foll.ows. The number of type sequences t such 

t h a t  t (i) > 0, I < i < 2w-1, t ( 2 w )  

W 

- 0, i .e . ,  no 0 before t h e  last value, 
I -  
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will be denoted by S;. From such sequences one can obtain a type sequence 

with domain {1,2,. . .,2v-2) by omitt ing t ( l ) , t ( 2 v )  and subtract ing 1 from 

each t(i),  2 < i < 2v-1. Hence - -  

(3.12) 

Given a ty-pe sequence with domain {1,2,. . .,2v] l e t  2k be t h e  smallest 

in teger  such t h a t  t ( 2 k )  =- 0 for  t h e  f irst  time. Then tl : (1,2,. ..,%k} 

4 {in tegers ]  forms a 0 f r e e  type sequence while t 

{ in tegers  1 forms an a r b i t r a r y  type sequence. 

: (%k+l,...,2u] -+ 2 

Hence 

These recursive equations permit t h e  successive ca lcu la t ion  of the  S . 
Formally one can obtain a closed formula f o r  them by wri t ing 

V 

The recursive formula (3.13) then gives 

( 3 .  l!, ) t ( x )  1 3  1 + x t  2 (x) . 

The 1 on the  r igh t  hand side i s  necessary because (5.13) i s  not va l id  for 

v 0 .  It follows that 

Actually, t he  lower sign has t o  be taken. It gives 

... 



( 5  .l6) 

And f i n a l l y ,  

( 3  017) 

This cmpl.etes t h e  proof of t he  theorem 

denote t h e  se t  of a11 f E A2k,n such t h a t :  
Let ‘2k, n 

(i) f(1) f ( 2 k t l ) ;  

(ii) f ( i )  # f ( i t l ) ,  1 - -  < i < 2k; 

( i i i )  if ( i , j )  F: {gf(1),gT(2), . - . ,gf(pv) 1 ,  

then # ( i , j ) f  + # ( j , i ) f  i s  even. 

denote t h e  set  of all f F C2k,n such t h a t  df = j . J3y T,em 7, 

k+l j 
Let ‘;k, n 

i f  f h ‘2k, n’ then df 5 k + 1 .  and 
Thus ‘?k,n j u l  ‘2k,n 

k-tl 
= c #C& . 

2k,n j-l 
QC 

fit- E C2k,n j and j Proof: The r e l a t i o n  - determined by f - f* i f f  f E C2k,n, 

{ f (1) f ( 2 ) ,  . . . , f (2k+l) ) -:: {fit-(1) , f*(2),  . . . ,f*(2k+l.) } i s  an equivalence 

11 
r e l a t i o n .  C;k,n i s  s p l i t  i n t o  ( . )  J equivalence c l a s ses  by -, each contain- 

= (j) (BCPk, j ) .  This completes the proof ing & C j  members. Hence 4C2k,l? 
11 j j 

2k, 2 
of t he  lemma. 

using Lema 3.5,  one has 

(3.19) 



. A n  1 2 ktl 
2k, lPec2k, 2’ ,%k, k t l  

i s  determined for a l l  n by $C 
Thus “?k,n 

unsuccessf i l  attempt t o  determine these numbers i n  a closed form w a s  made. 

In an attempt t o  solve t h e  problem t h e  enumerations found i n  Table l were 

made on a computer. It w i l l  be pointed out i n  the  next chapter i n  what 

context these  numbers may be of i n t e r e s t .  

7 6 2 5 4 5 

1 

2 

3 
4 

5 
1 

2 

3 
4 

5 
1 

2 

3 
4 

3 
1 

2 

3 

4 
5 
6 

20 

60 
120 

200 

8b 
232 

5@ 
84 0 

340 
1,020 

2,040 

5,400 

1,364 

4 , 092 
8,184 
if, , 640 
20, 460 

30 
120 

300 

3 90 
1,360 

3, goo 

3,%0 

13, 360 
58,400 

34,9m 
139,920 
349,800 

699,600 

336 
1,680 

8,344 
42,720 5,&0 

153,600 
768,OO 214 , 080 

2,304,000 1,284,480 !J5,&0 

Table 1. Enumerations. The numbers i n  t h e  body of t h e  t a b l e  a r e  
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4. RANDOM SIGN ENSEMBTZ AND WIGNER' S CONSECTURE 

In 19')>, Wigner 1161 proved the  r e s u l t  discussed below. 

L e t  An - (aij);, j. 1 be a random matrix such t h n t :  

a.s.; 
j i  (i) a i j  - a 

(ti) (a i j ,  i - < j )  i s  independent; 

(iii) p(aij  = a) ~ 3,  1 i 1 j ,  

Let B denote t he  normalized matrix 
n 

( k . l . I - )  
1 

An * 
Bn - - 

2 a A / n  

Denote by X (R ) < 1 (B ) <...< 1 (B ) t h e  ordered random eigenvalues of  l n - 2 1 1 -  - n 11 

Bn and by W (x) the  empir ical  d i s t r i b u t i o n  funct ion of {12~(Bn)>), (B. ) , n 2 n  

. . ,hn(Bn)  1,  ? .e . ,  

(b J . 2 )  

Then one has t h e  following theorem. 

Theorem 11. .1.1 (Wigner [16]) : 

W i s  t h e  absolu te ly  continuous d i s t r ibu t ion  function with semi-circle 

lim E(W (x)) = W(x) f o r  all x R where 
-I - r W m n  1' 

densi ty  



Proof: 

sequence since 

The d i s t r i b u t i o n  f'unction W i s  uniquely determined by i t s  moment 

where J1 denotes the  Bessel function of order 1 of t h e  f i r s t  kind and 

0 , f o r  k odd I k! 
xk dW(x) = 

It i s  immediate tha, t  m n ( x )  i s  a d i s t r ibu t ion  function i n  x. 

can be establ ished t h a t  

Thus, i f  it 

for all k I: 1,2 , .  .., then Lemma 2.5.1 will y i e l d  t h e  desired r e s u l t .  

Consider t h e  se t ,  T, of a l l  ordered (n-l)n/Z-tuples of t he  numbers 

;o and -0 .  For each (i12,. . . , iln, ipi,. . . , i 2n' . . . , i n-1,n ) F: T define 

using assumptions (i), (ii), and (iii), we have 

(4.1.7) 
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NH (x) 
f o r  a l l  po in ts  i n  T .  

of eigenval-ues of B 

denote these  values by W (x) - , i c T .  Then, s ince 

s1 : ( u Di) U N, where ( U D . )  f l  N - ip and P(N) = o, 

One has W (x) - , where N (x) equals t he  number 
n n n 

l e s s  than x. W (x) i s  constant on each D i E T; i’ n n 

N, (4 i 
n n i -  

icl’ icT  I 

(4.1.8) 

= 1 W,(X) dP 
icT Di 

Nn i. = E  
i cT  n2 (n- 1) n E  . 

This shows that EW (x) i s  a d i sc re t e  d i s t r ibu t ion  f’unction with jumps oT 
n 

(n- 1) n/? 
o r  mult iples  thereof at, t h e  eigenvalues of  the 2 

length ;* 
possible  ( i . e . ,  occurrence with pos i t i ve  probabi l i ty )  values of B . 
i E: ‘I’ represents  one of t h e  poss ib le  2 (n-1)n/2 values of B on 0; denote 

Each 
n 

n 

be t h e  set, of  these  values by Bn(i), i c T.  

all eigenvalues of a l l  possible  values of  B- . 
Let e ,e ..., e 

1 2’ (n- 1) 4 2  n2 
Then we have n 

1 X t r a c e  (13 k ( i ) )  
i c T  n 

1 n 
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.= j, and a where jktl 

changing the  order of summation and denoting by % ,n t h e  c l a s s  of a l l  

sequences f : (1,2, ..., k+1] -+ (1,2, ..., n ) ,  one has 

(i) equals t h e  value a j k  assumes on I)i" Tnter- 
jk 

k 
(4.1.10) 

: f ( l )  f(k+l)), or 
k,n 

where B = ( f  E A 
k,n 

k 
I (4 J.11) - 1- E " f ( R ) f ( R t - l )  . 
%-l f s B  4-1 

n2 k,n 

- 

Since a = 0 a.s. t h i s  becomes 
i i 

Two cases are now considered, k odd and lr even. Note that a l l  t he  

random var iab les  a i j  a r e  syrmnetric about 0, so t h a t  a l l  odd moments 

a.s., for some i, where m i s  odd and 
2v i-1 m 

R c - 1  af ( R ) f  (A+l) = af ( i ) f ( i - i l )  'jk 
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t h e  product iI a involves no a f (i) f (ij1) or a f ( i + l f ( i )  * Then, by inde- jk 
pendence and symmetry, 

Thus, 

(4.1.15) dMn(X) 0 = y s R x2v+l 2 v t 1  * 

Now assume k = 2v. One need only consider those f e C f o r  wh i c 11 2v, n 
if ( i , j )  e (gf(l),gf(2),...,gf(2v)}, then f4(i,j)f + f ( j , i ) f  i s  even, f o r  

otherwise t h e  argument of t he  odd case appl ies  a,nd the  t e r m  vanishes. 

Thus, 

1 21, 
x2’ dEW,(x) = E l l a  f ( A )  f (a i -1)  

R (2a)2V nV+’ fcD2V, n R =1 

Thus, 

(4.1.18) 

i s  such that df < v + 1. Thus, - By Lemma 3.1, f t: D, civ,n 



(4 J .1 ‘3 )  - >‘ $D9 j 
#D 2v,n &v7n j -1 

where D - (f 62 D2v,n : df I: j). AS with Zemrna 3.:j ,  one has 
3 -  

2v,n 

(4.1.2.0) 

Let 

(4.1.21) 

(I+ J.22) 

Then 

J x 2V d~w,(x) = fl(v,n) + f (v,n) . 
2 

(4- .1 .23 ) 
R 

n 

-+ o as n -+ m f o r  j 1. 1 ,..., v, one has f2 (vyn)  -+ o as n --. co . v 4-1 

( j )  
Since 

n 
By Wigner’s Combinatorial Theorem 

(’1.1.24) 

Thus, 

(4.1.25) f (v,n) := (a)! + o (nu+’) 
1 22v V!(U+l)! 22v .V+l 

and 

(4.1.26) f,(v,n) -+ (2v) ! 

22v v ! (vt-1) ! 



as n -+ m .  Thus, 

(4.1.2‘0 (2v)! - 

v ! (v 1-1) ! 22v ~ %v xPv d.EW (x) --* 
n 

R 

as n -+ m .  This comple.tes t h e  proof of Theorem J t . l . 1 .  

Note t h e  equation, 

(4.1.28) 

derived during t h e  course of t h e  proof. 

t h e  sequence of moments of t h e  d i s t r i b u t i o n  function E37 n (x). 

t ioned a t  t h e  end of t h e  Chapter 3’ these  nunhers a r e  determined for a l l  

n by a knowledge of only %D1 

A howl-edge of #Dpv,n would gi.ve 

As men- 

\) 1 - 1  
#UP 2v,l’ 2v,2’ * J4D2v,v+l * 

4.. 2 Wigner ’ s 1958 Conjecture 

In  1.958 Wigner [I81 conjectured t h e  following r e s u l t .  Le t  

be a random m t r i x  such t h a t :  
n 

A = (a- . ) .  n IJ i,j=l 

(i) ai j  = a . .  a.s . ;  
J 1. 

(ii) {aij, i 5 j }  i s  independent; 

(il.i) t h e  d i s t r i b u t i o n  f inc t ion  of each a . .  3. J i s  absolu te ly  continuous 

with dens i ty  p 
i j ’  

( i v )  each a i s  symmetric; 
i j  

2 (v) E ai j  = a2 for a l l  1 - < i, j - < n; 

( v i )  E la. . l k  < c f o r  all 1 - < i, j _< n, 1J  k 

where C i s  independent of n. 
k 



Let Bn :: - A and denote by W n (x) t h e  empirical  d i s t r ibu t ion  func- 
n 

20 ,/ii 
t i o n  of (l,(Bn),h2(Bn) J . . . , h n ( B n ) l  where hl(Bn) 5 A,(Bn) L <...z An(Bn) a r e  

t h e  ordered random eigenvalues of €3 . Under the  above conditions one has 
n 

Wigner's Conjecture: 

i s  the  absolu te ly  continuous d i s t r i b u t i o n  function with semi-circle den- 

Iswn(x) -., W(x) as n --(. OD fo r  a l l  x 8 HI, where W(x) 

s i t y  

(4.2.1) 

In t h e  next chapter w e  s h a l l  discuss  work of Grenander [ 7 ]  who 

sketched a proof of convergence i n  p robab i l i t y  of t h e  empirical  d i s t r ibu-  

t i o n  funct ions t o  t h e  semi-circle l a w .  We s h a l l  a l s o  discuss  the  work 

of Arnold [ 2 ]  i n  t h i s  connection. 

5. THE RFSULTS OF GWNANDER AND AEUIOTLD 

5.1 Convergence i n  Probabi l i ty  

Grenander [7] sketches a proof leading t o  t h e  r e s u l t  given i n  this 

sect  ion. 

be a random matrix such that: 
n 

Let An 7 (ai j i, j-1 

(i) ai j  ::= aj i  a . s . ;  

(it) {aij, i 5 j )  i s  independent; 

(iii) a i j  i s  symmetric; 

2 2 
( iv )  E R i j  == 0 ; 

k (v) IE sij( - < Ck, k = 1,2 ,..., where Ck i s  independent of n. 



Let R 
~ - A and denote by W (x) t h e  empirtcal d i s t r i b u t i o n  f’unctioii n n 20 *$. 11 

of { X  (B ) , A  (B ) , . . . , A n ( ” )  1 ,  where h,(Bn) _< )i2(Bn) F...< hn(Bn)  are t h e  

ordered random eigenvalues of B . 
I n  2 n  

n 

Theorem ?.I..l- (Grenander [?(I): W,(x) -+ P W(x) a s  n --4 00 for all x 8 R where I’ 
W i s  the  absolu te ly  continuous d i s t r i b u t i o n  function with semi-circl-e den- 

s i t y  

Proof: L e t  

2 p  I 
- 2 (1-x ) , 1x1 < J- - n 

0 , / x ( > 1 .  

W(.) = 

By I;emma 2.5.4 it w i l l  be s u f f i c i e n t  t o  prove %,, + yk = J xk ( I . w ( ~ >  as 

n 4 m f o r  all.  k -= 1’2,. . . . This w i l l  be achieved i n  two s teps .  F i r s t  

-+ y as n -., - as for a3.1 k = l>?, ... . Then 

- E%,n) -+ 0 as n -+ OD f o r  all k - 1,2,. . . . 
,n  

%,n k it w i l l  be shown t h a t  E 

it w i l l  be showm that E(\ 2 

Tchebichev’ s inequality,  

(5.1.3) 

P - EZYn 3 0 as  n -4 for a l l  k = 1,2,. . . . This and 

P 
%, n 

then gives 

“%,n -* y k  
%,n - y k as n -+ co for a11 k = 1’2, ... . 
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It i s  now shown t h a t  E% -, y as n a. Let A denote t h e  c l a s s  
? n  k k,n 

of all sequences f : {1,2 ,..., ki-1) -)r {1,2 ,..., n}. Then 

n 

i l  

1 (5.1.4) = E h k  dWn(x) - E n x8 h i  (Bn) 

1 k 
:: E - t r a c e  Bn 

n 

k 

f ( R ) f  ( a + ] )  T I S a  
I 

E 
s+l feB R- 1 

(2cT)k n2 k, * 

where B 

a r e  considered, k odd and k even. 

proof of Theorem 1 1 . 1 . 1  one concludes immediately t h a t  for k - 2v + 1 

- {f  e %,* : f(1) -= f(k+l) 1 .  A s  i n  Theorem 4 .l.l, two cases 

For e x a c t l y t h e  reasons given i n  the  

k,n 

P v i l  ' 0 - y  2% i l , n  
( J .  1.5) EM 

i s  such t h a t  t h e r  e x i s t s  an (f (i) , f (i+l) ) If B2v,n Now let k = 2v. 

such that # ( f ( i ) , f ( i + l ) ) f  i # ( f ( i + l ) , f ( i ) ) f  = I, then by independence and 
2v 2v 

f ( i ) f ( i t l )  '21 "f(g)f(fi t-1) 
A f i  

0 .  Thus I T a  - E a  
smetry' E R=l f(R)f(R+l) 

2v 
z E "f(l)f( .e+l) ' 1 - - 

fsC R=l 
(25)*' nV+l  2v,n 

(5.1.6) E'2v , n 

where C 2v,n = ( f  E B2V,n : if ( i , j )  c { g f ( 1 ) , g ~ ( 2 ) , . * * , g f ( 2 v ) 1 ,  then 

G ( i , j ) f  + #(j,5.)f 2 2 ) .  By Lemma 3.1, d f -  < v-t-1 for  a l l  f 6 C 2v,n ' 
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Let 

I f  Ca,rl : df = j}. Then 
where C j 

(3.1.8) 

2v ,n 

EM, Zv,n = fl(v,n) - f2(v,n) . 

By assumption (v) one has 

f o r  some constant D < M, or 2v 

(5.1.10) 

\ . I  

v +1 Since J 4 o as  n -+ f o r  j = 1 ,..., v, one has f,(v,n) -+ o as n 4 w .  
n 

Let; f E . Then, using Lemma 3.3, one has 2:, , n 

(3 .l. 11) 

Heme 

( 5  . I " 12)  

7\) +I 
ryL2v, n 

1 $v n V + l  
f (v,n) = - 



.3 1 

By Wigner’ s Combinatorial Theorem 

( 5  0 1.13) 

Hence 

(5.1.14) 

-+ y as n -+ m fox all k l,?, ... . 
as .-# Thus > n  k 

2k+l k ?kt 1 
jnk+2 a f ( j ) f ( j t l )  - Ei!-l af ( i ) f ( i - t l )  Fn. ’j=k!? “ f ( j ) P ( j + l )  * One has after 

some man ipu la t  i o n  

: ( i ) f ( l )  - f ( k + l ) ;  ( T i )  f (k+2) f(2ktc”);  ‘‘ A2k41,n 
where R 

(iii) if (i.,j) E { g f ( l ) ,  . . .,gf(k),gf!kv2), . . . , g f ( 2 k ~ l ) ] ,  then &(i <.) 

t 4 ( j , i ) f  _> 2.). 
metry conditions.  

2k+17n 

7 ’  f 

Condition (iii) follows from t h e  independence and sym- 

It allows one t o  conclude, by arguments exactly as  

those of t h e  proof of Lemma 3.1, tha t  d < k+l  f o r  a l l  f E P’gk+l,n . 
assumption (v), 

By f -  

where h i s  independent of n. Thus 
k 



$2 

f1.1.17) 

Now 

(3. I. 18) 
ki-l  

- r  J 
"2 k-tl, n j ' -I BB%kil,n 

= ( f  8 B%k+l., n : df = j ) .  Thus j where 3 
2 k + l  n 

(> . I. 1s)) 

(7 1 J 
k+2 

Since 
n 

(5.1.20) 

4 0 as n 4 a, f o r  j ~ 1,2, , . . , k + l >  one has 

as n .-+ m. This completes t h e  proof of Theorem 3.1.1. 

5.2 Convergence Almost Surely 

Arnold [ 2 ]  sketches a proof leading t o  t h e  r e s u l t  given i n  t h i s  

sec t  ion. 

be a random n a t r i x  such t h a t :  Let An = (aijli, j=l 
n 

a.s.; 
j i  

(i) a i j  = a, 

(ii) {aij ,  i 5 j )  i s  independent; 

(iii) the  aij ,  i f j are i d e n t i c a l l y  d i s t r i b u t e d  with d i s t r i b u t i o n  

function F, and t h e  a ii a r e  i d e n t i c a l l y  d is t r5buted  with d is -  

t r i b u t i o n  f b e . t i o n  G; 
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( i V >  E a = xdF 0, i f j; i j  

(v) E a:j - x2 dF = 0 2 , i # j; 

(v i )  ( a )  E aii 2 = J x2 d G  < m , 

E a  4 = J x  '4 d F < a j  

(b) E aii 4 s x 4 d G  < a  , 
E a  6 = s x  6 d F < a .  

i j  

i j  

I k t B  =- A and denote by W (x) t he  empirical  d i s t r ibu t ion  function 
20 .,/n n n 

of { A l ( ~ n ) , ~ 2 ( ~ n ) ,  . . * , A ~ ( - B , ) ~  where h l ( ~ , )  5.. -5 A,@,) are t h e  

ordered random eigenvalues of  B . Arnold [2] then gives  the  n 

Theorem 5.2.1: Under conditions (5)-(v) and (v i ) ( a ) ,  Wn(x) -+ P W(x) as  n -.+ 03 

fo r  a l l  x c R, and under conditions (i)- (v) and (v i )  (b),  Wn(x) -+ W(x) a.s. 

as n - m for  all x e Kl, where W i s  an absolutely continuous d i s t r ibu t ion  

h e t i o n  with semi-circle dens i ty  

(3.2.1) 

6. ON WIGNER'S COI'JJXCTURE (1958) 

6 .1  Theorem 

We shall prove i n  t h i s  sec t ion  the  following theorem. 

Let An 7: (a. .) n . .. be a random matrix such that: 
1J 1,J=1 

(i) aij  = a a .s . ;  j i  

(ii) [aij, i < j )  i s  independent; - 



(iii) E a -- 0, 1. - < i, j 5 n; 
i j  

2 (iv) E a f j  = o , 1s i 4 j - < n; 

1 < i, j I < n, where % i s  not dependent os n. 

Let Bn . 1_1_ An and denote by Wn(x) t h e  empirical  d i s t r i b u t i o n  f i n c t i o n  
20 ./n 

of {Xl(Bn) , h2 (Bn)  7 - jAn(Bn) I ?  where Xl(B,) 5 h 2  (Bn) 5. -i Xn(Bn) a r e  t h e  

ordered random eigenvalues of R n . 
Theorern 6.1.1:  Wn(x) -, W(x) a . s .  as n -+ m for  a l l  x E R1, where W i s  311 

absolu te ly  continuous d i s t r i b u t i o n  function with semi-circle dens i ty  

(6.1.1) 

proof: It i s  t o  be proved t h a t  

(6.1.2) P(1im w n (x) = w(x)) = 1 . 
n-m 

Let 

( 6 . 1 . 4 )  

and 

* k  
== J- x dW(x) 

-m 
'k 

even k.  
k! 

By I e m  2.5.1, it w i l l  be su f f i c i en t  t o  prove 
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This w i l l  be t r u e  i f  

(6.1.6) 

f o r  a l l  k > 1. By the  t r i a n g l e  inequal i ty  

(6.1.7) 

and it will be su f f i c i en t  t o  prove : 

k > 1; (6.1.8) (1) lim E%,n = yk, - n-aD 

(2) P ( l b  (%,n - E% n )  = 0 )  = 1, k > 1. 
7 

- 
r F C 0  

For (2) it wi1.l be su f f i c i en t  t o  prove 

C E(%,n - E%,n)r <a, k - i 1 . 
n=l  

This i s  seen 8 s  follows. The statement 

(6 . I. 10 ) P(lim (%,* - E% ) .:: 0) ::: 1. 
7n n-m 

i s  equivalent t o  

for  every c > 0, by Lemma 2.3.2. Let An = { W  : 1 %  n(cu) - 
9 

It is to be shown that P(lim sup An) = 0. Tchebichev’s inequal i ty  gives 
n - r m  



m 50 

This and 7; E($ - < m implies n=l C P(All) < 00. Then h u m  2.5.5 
n=l  In  

(Borel-Centelli) gives P(lim sup A ) = 0. 

s u f f i c i e n t  t o  prove: 

Altogether, then, it will be 
n - t ~  n 

k c > 1; (6 .1 I 13) (i) l i m  E % , ~  = 'k' 
rn 
a3 

(ti) Y, E($,n - < m, k -- > 1 . n A 

The proof of (i) follows. 

One has, l e t t i n g  A denote the  class of a l l  sequence f :  {1,2>. . ., 
k,n 

k + l )  -+ {1,2, ..., n ] >  

k 
n 

i=l 

1 
(6.1.14) E%,n = E hk dWn(x) L E n 7, Ai (BI1) 

1 k 
n n = E - t r a c e  B 

1 
k 

k 

where B 

e x i s t s  (f(i),f(i+l)) c { g f ( l ) , g f ( 2 ) ,  ..., gf(k)} such that # ( f ( i ) , f ( i t l ) ) f  

+ $(?? ( i+ l ) , f ( i ) )p  = 1. 

= {f c %,n : f (1) = f (k-1-1) 1 .  Let f c B k,n be such that; t he re  
k,n 

Then, by t h e  independence and zero mean assump- 
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one has 

{f F: B k,n : if ( i , j )  8 { g f ( l ) , g f ( 2 ) y * ~ . y g f ( k ) ) ,  then  # ( i , j ) f  
k,n 

where C 

+ #(i, j ) ,  2 21. 

k 2v + 1. 
Two cases a re  now considered, k odd and k even. 

Thus 

Let 

By Lemma 3.1, df 5 v + 1 f o r  a l l  f E C2V+l,n. 

(6.1.16) 
v 4-1 2v tl 

j - : d = j ) .  By assumption (v) ,  
where c;zv +ly n -- c f  %v+l,n f 

2v -tl 

Q=l 
I i n  < a ,  (6.1.17) l E  " f ( Q ) f ( R + l )  - V 

f o r  some constant D . I-Ience 
V 

(6.1.18) 

-+ 0 as 
(? j 

Since +-- -+ o as n -, m f o r  j = ~,2,. . . ,v+l ,  one has EM, AJ -tl, n 

n + 09. Now consider k :. 2 ~ .  

L e t  

By Lemma 3.1, d f -  < v + l  f o r  a l l  f E C &,n 



38 

df j). N D t e  that 
j 

a , n  E f  6; Cpv,n 
where C 

(6.1.20) E M ~ v ,  n - fl(v,n) + f&n) 

By assumption (v) ,  

(6.1.21) 
2V 

1 < h  < a ,  l E  R rl =1 “f(J)f(R+l)  - V 

f o r  some constant ti . Thus 
V 

(6.1.w) 

(20 ) 3.J rlv +l 

\ .I 
v +I. 

Since 
-+ 0 as n -+ rn f o r  j = 1>.*.,1), one has f,(v,n) ---t 0 as n -+ C O .  

n 

By Lemma 3.3,  

(6.1 .;?3) 

v +I f o r  a l l  f E C 2 v , n  . Thus 
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(6.1.24) 

By Wigner’s Combinatorial Theorem, 

(6.1.26) 

as n -+ Q). Altogether 

(5 .1* 2 7) -+ (2v) ! 
EM2v,n 2v :: V h  

2 v !  ( V t l ) !  

as n -+ m. This  completes the  proof of (i.). 

,n - E%,n) 2 . For f t: A, Consider E(% 

The proof of (ii) fol lows.  

l e t  E(f‘)  denote 
Zk-t-1, n 

One has 

where B, [f *?k+l,n’ (i) f(1) f(k+l); (ii) f(kc2)  - f(2k+2); > k + l , n  

(1i.i) Ig&) ’gf (21, * ,Qf (k) 3 n kf ( k 4 ,  * .,gf (=+1) , g p q ,  - * * y 

g2;(2ktl)} f @, where g%(R) denotes the  reverse of gf(A); ( iv)  E(f) = O}. 

Reasons f o r  conditions (i) and ( i j )  are obvious. 

f 
If condition (iii) i s  
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not met by f ,  t h e  term i n  t h e  s m a t i o . 1  corresponding t o  f will be zero, 

by t h e  independence assumption. Condition ( i v )  i s  t r i v i a l .  It will now 

be shown t h a t  i f  f E 13 

f o r  t h e  sake of def in i teness ,  t h a t  g,(s) = g (t) f o r  some s ,  l - -  < s -< k, 

and s m e  t, k + 2 - -  < t  < 2k+l. (The only o ther  case t o  consider i s  when 

g (s)  -= gF( t )  for s o n ~  s, 1 - -  < s < k, and some t ,  k+2 - -  < t < 2k+l, f o r  whi.ch 

the  following argument also app l i e s . )  

as  follows: 

then d < k. Using condition (iii), suppose, 
2ki l,n f -  

f 

f 

hcA2k-+-l, n 
Define a new sequence 

h ( l )  = f ( s ) ,  h(2)  = f(s.{-l), ...,h( k-s+l) -:: f ( k ) ,  h(k-s++=f(l-)J 

h(k-S+3) 

= f ( t + 2 ) , .  ..,h(2k-t+2) 

= f ( 2 ) ,  . . . ,h (k)  =- f ( s - l ) , h (k+ l )  = f ( s ) ,  h(k+2) = f ( t - t l ) ,  h(k+3) 

= f (2ki - l ) ,  h ( 2 k - t A )  =-- f ( k ~ t g ) ,  ..., h ( 2 k + l ) = f ( t - l ) ,  

h(2k-tP) -:: f(t). 

sociated with h i s  

It i s  immediate t h a t  dh = df. The sequence of s teps  as- 

It i s  t rue t h a t :  

(i) i s  immediate. To see (ii) one proceeds as  follows. If (i,j) equals 

g h ( k i l )  ( f ( t ) , f ( t + l ) )  o r  g$(k+l) = (f(t+l) ,f(t)) ,  then & ( i y j ) h  g ( j , i ) h  

- > 2 since gh ( l )  gh(k+l ) .  On t h e  other hand if  ( i , j )  equals any  o ther  
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s t e p  among gh( l ) ,  . . . ,gh(  k),gh(ki2),  ...,gh( P k t l ) ,  and g ( i , j ) h  + #( j , i )h  --- 1, 

then  the independence assumption implies 

(6.1.30) 
k 2k+l  k 2k-I 1 

k 2kt-1 k 2k-tl 

cont ra ry  t o  the assumption tha t  f o r  f 8 B2k+l,n t h i s  term i s  nonzero. 

Hence h must satisfy condition (ii) above. 

d .- d < k. Now consider 

Lemma 3.1+ then appl ies ,  giving 

f h -  

j : d = j } .  By assumption (v),  one has 
where '2k+l, n - -  '' E B2k+l,n f 

fo r  some constant G V . Thus 

Since 

(6.134) c 
n=l n 



f o r  j - 192?. ..,k, one has, by t h e  comparison tes t  f o r  s e r i e s  

(6 1.33) 

which implies 

(6.1.36) 

m 

W 

- EM )2 < c 
n=l  k,n 

which w a s  t o  be proved. This completes the  proof o f  Theorem 6.1.1. 

6.2 Comments 

A l i t t l e  r e f l e c t i o n  w i l l  r evea l  t h a t  t h e  assumption of zero means 

f o r  t he  di.agona1 elements i s  not necessary. 

as n 4 m it w a s  es tab l i shed  t h a t  t h e  QnLy sequences of i n t e r e s t  were 

those f t‘ A 

{ g f ( l )  ,..., gf(k)), then +!k(i,j)f 3- ( j , i . j  

implies d < [-] + 1. If one assumes, however, t h a t  ( i i a )  i f  (i, j )  3 

{gf(l) ,..., gf(k)), where i f j ,  then 4L(i.,j)f + 4 ( j , i ) f  I > 2, then  condi- 

%ions (i) and ( i i a )  together  imply d. < [-I 4- 1. For odd k, say kl:-211+l, 

For, i n  proving Eiv$ --+ yk 
In 

f o r  which (i) f(l) -=  f (k- t l )  and (ii) i f  ( i , j )  c 
k?n 

> 2. Condi.ti.on (ii) alone f -  
k 

f -  2 

k 
f -  2 

“ o = y  as n --+ m exac t ly  as before.  For even k, 
one has EMa.kl,n 2u - 1 - 1  

say k = 2w, the only sequences of i n t e r e s t  a r e  those f such that d I:: v +I ~ 

If d = v - t -  1, then f ( i )  = f ( i + l )  f o r  some i i s  not possible,  since under 
f 

conditions (i) and ( i i a )  arguments s imi la r  t o  those of the  proof of Lemma 

3 .? would give d < ij . 
f -  

conditions (i), ( i i a ) ,  and (iii) df 

then gives 

property of zero expectation of diagonal elements has been eliminated by 

Thus Wigner’s Combinatorial ‘rineorern holds under 

w + 1; appl ica t ion  of t h i s  theorem 

as n -+ m exact ly  as before.  Note t h a t  use of t h e  -+ y 2 w  



subs t i t u t ion  of condition ( i i a )  f o r  condition (ii). Similar arguments 
03 n 

a l s o  hold for  the  proof t h a t  X1 E($ - < m. 
,n 

2 
That t h e  off-diagonal elements a l l  have second moments equal t o  0- 

i s  not necessary. An examination of the  proof shows that it i s  suf f i -  

c i en t  t o  assume that t h e  r a t i o  of t h e  number of elements of t h e  matrix 

having the  same second moment t o  t h e  t o t a l  number of elements of the  matrix 

approach 1 as t h e  dimension becomes a r b i t r a r i l y  l a rge .  

It should be noted t h a t  Wigner's conjecture of 1958 i s  a spec ia l  

case of Theorem 6.1.1. 

theorem indicated by Arnold, f o r  Arnold assumes the  diagonal random varia- 

b l e s  a r e  i d e n t i c a l l y  d i s t r ibu ted  and t h e  off-diagonal random variables  

are i d e n t i c a l l y  d i s t r ibu ted .  Arnold does drop t h e  requirements, given by 

Wigner, of symmetric random var iab les  and t h e  existence of higher order  

moments. 

by Wigner i n  the  sense that it deals  with almost sure convergence, but it 

also drops Wigner's requirement of symmetric random var iab les .  

Wigner's conjecture i s  not a spec ia l  case of t he  

Theorem 6.1.1 i s  not only more general  than the r e s u l t  conjectured 

'7. KEUTED RESULTS 

7.1 The Gaussian Orthogonal Ensemble 

In  quantum mechanics, under c e r t a i n  symmetry conditions,  energy i s  

represented by a real symmetric matrix X. If f o r  a f i r s t  observer energy 

i s  represented by X, then fo r  a second observer with a ro ta ted  coordinate 

system energy i s  represented by OXO', where 0 i s  t h e  orthogonal matrix 

r e l a t i n g  the axes of the observers. 

completely equivalent physical ly .  Thus i f  a s t a t i s t i c a l  hypothesis i s  

made on X then it i s  na tura l  t o  make t h e  sane s t a t i s t i c a l  hypothesis on 

Descriptions based on X and PAC)' a r e  
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O X O ' .  The following makes t h i s  p rec i se  and charac te r izes  t h e  poss ib le  

s ta t is t  i c a l  hypot he se s I 

Let (xijJicj, i, j l,?, . . . ,n  be a n  independent set, of random varia- 
I 

b l e s  on a p r o b a b i l i t y  space (Q,3,P). Let 

('7 .1.1) x =  

n l  

22 . .  
X X n2 

where x - x a.s., and l e t  
i j  j i  

0 
=J 

(7.1.2) Yo ::= (y. .) = OXO' , 

where 0 i s  any orthogonal matrix. 

x ) and y 

u-algebra of  subsets of t h e  n-dimensional Euclidean space Rn. 

consider t h e  case where x = 0 a.s. 

Let x = (xll, ..., x ~ ~ , x ~ ~ ,  ..., xPn, ..., 
0 0 0  0 0 

(Yll, . ,Yln,Y22y. 9Y2n, . j y  nn ) . Let 8 n denote the  Bore1 
0 nn 

We do not  

This theorem seems t o  have been f i r s t  proved i n  t h i s  canted, under 

more r e s t r i c t i v e  conditions than those given here by Por te r  and Rosenzweig 

[I51 * 

Theorem 5: 

(7 1.3) P (a  e B) := ~ ( y  0 e R) 

and a l l  orthogonal 0 i f '  and only  i f  x i s  normal f o ~ ~  all B E F;l(nt1)/2 
w i t h .  mean U, and variance 2a and x i < j ,  i s  normal.. with 0 and var i -  ij' 

ance a , f o r  some cons tan ts  and a2 > 0 ,  

ii 
2 

2 

A proof of t h i s  may be found i n  Olson and Uppuluri [I?]. 



If one assumes that X i s  a r andm matrix such t h a t :  (1) X i s  sym- 

metric;  (ii) the  s e t  of diagonal and superdiagonal elements of X form an 

independent s e t  of random variables;  and (iii) t h e  d i s t r ibu t ion  of X i s  

invar ian t  under orthogonal s imi l a r i t y  transforms, then Theorem 5 allows 

one t o  say the elements of X a r e  normally d i s t r ibu ted  a s  indicated i n  t he  

theorem. The phys ic i s t s  c a l l  t h i s  model t h e  Cfiussian orthogonal ensemble. 

For t h e  p a r t i c u l a r  Gaussian orthogonal ensemble X - n ( 0 , l )  and 
ii 

N n(O,*) t h e  probabi l i ty  densi ty  f inc t ion  of  t h e  n x n symmetric ran- 
'ij 

dam matrix X = (X.  .) i s  given by 
1J 

(7.1.4) const. exp (-4 t r  8)  . 

By using standard methods of mul t ivar ia te  ana lys i s  one can show that the  

probabi l i ty  densi ty  f'unction of t h e  eigenvalues cl ,c2, .  . .,e of X i s  
n 

given by 

n 

We note from t h i s  e x p l i c i t  form of t h e  densi ty  function t h a t  the  eigen- 

values cI ,e2, .  . .,en i n  t h i s  case a r e  exchangeable (for def in i t i on  of  

exchangeability see [6:). Mehta and Gaudin [Ill explo i t  t h i s  proper ty  

by using the  technique of in tegra t ion  over a l t e r n a t e  variables (see de 

Bruijn [ b ] )  t o  obtain the  dens i ty  function of a s ing le  eigenvalue ( fo r  

t h e  case n --- 2m) a s  

(7.1.6) 
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where 

Then it i s  claimed by Mehta and Gaudin [1.l] t h a t  o 

equal t o  0 (x) , where 

(x) i s  asymptoticnlly 2m 

( ' i . l .0)  

, otherwise. i o  
Indicat ions of why t h i s  holds a r e  a l s o  outli.ned i n  an appendix t o  Mehta's 

book [ l o ] .  For a d i f f e ren t  approach t o  t h e  convergence t o  t h e  semicircle 

l a w  for a Gaussian orthogonal ensemble one may r e f e r  t o  Wigner [l(]. 

For a normalized Gaussian orthogonal ensemble Theorem 6.1.1 gives 

t h e  semicircle  l a w  as t h e  almost sure  l i m i t  of t he  empir ical  d i s t r i b u t i o n  

funct ion of the  eigenvalues of t h e  normalized random matr ix  X/,/2n. This,  

however, does not imply t h e  convergence of t h e  corresponding probabi l i ty  

density functions mentioned above. 

'7.2 A Random Toepl i tz  Ensemble 

It i s  of i n t e r e s t  t o  know whether t he re  ex i s t  random ensembles whose 

empir ical  d i s t r ibu t ion  functions of t h e i r  eigenvalues converge t o  l imi t ing  

d t s t r ibu t ions  o ther  than Wigner ' s semicircle d i s t r i b u t i o n .  Such an ensem- 

b1.e was recent ly  discussed by Dubner [5j. He considered the  random Toep l i t z  

ensemble described below, 

Let {Z ,k=O,i l , .  . .,*2m] he a set of  complex valued random var iab les  k 

such that: 



(ii) % = xk -t. i y , where { x ,y , k -"0,1,. . .,a] i s  a n  independent k k k  

set of random var iab les  each of  which has a Gaussian d i s t r ibu t ion  w i t h  

mean 0 and variance o2 (except , Yo = 0). 

Let A*m+l = ( a i j l i ,  2m+1 j : = 1 Y  be a random matrix such t h a t :  

- 
(i) aij = a ji 

2mt .1  
2 aij = Zj-i, 

+ 1 < j - i  < 2m. a =  i j  '(Zm+l)- ( j - i) '  [TI 

0 < j - i  < [-3 - - (ii) For i < j, 
- 2m+1 - - 

For instance,  when m = 2, we have t h e  5 x 5 random matrix 

(7.2.1) 
- 

z1 z2 z2 

zo zl z:, 

zl zo 1 

'2 zl zo 

z2 '2 z, 

- z 
- - 

- 

For t h i s  random Toeplitz ensemble, Dubner [> ]  has indicated t h a t  t h e  

asymptotic d i s t r i b u t i o n  of the  sequence of empirical  d i s t r ibu t ion  func- 

t i o n s  of t he  s e t  of eigenvalues i s  Gaussian. 

7.4 A Wishart Ensemble 

In general  s t a t i s t i c i a n s  a r e  in te res ted  i n  t h e  d i s t r ibu t ion  of t he  

eigenvalues of a sample variance-covariance type matrix, as contrasted 

t o  t h e  phys ic i s t s  i n t e r e s t  i n  the  d i s t r ibu t ion  of t h e  eigenvalues of a 

random matrix of t h e  most general  type.  

l imi t ing  d i s t r ibu t ion  of the  expected value of the  empirical  d i s t r ibu t ion  

fhnction of the  eigenvalues of random matrices of t h e  variance-covariance 

Recently, Stein considered t h e  



type ( C .  S t e i n ' s  r e s u l t  appears i n  Technical Report No.  42, JJecember ;?> 

1969, Department o f  S t a t i s t i c s ,  Stanford Univ-ersity) . 
S t e i n ' s  r e s u l t  may be s t a t ed  as follows. T,et X = (X .  .) be a p x n 

1 J  

random matrix such t h a t  : 

(i) EXij, 1 - -  < i < p, 1 - -  < j < n )  i s  an independent s e t  of random 

variables;  

k 
( iv)  E I X .  . I  < Ck < a, for k-- 1,2,. .. . 

1 J  - 
1 
n 1-  2 -  - p Let B = - X X '  and denote by 1 < <. . .< 1 t he  ordered eigenvalues of 

B. Denote the  empirical  d i s t r ibu t ion  function of h l , h 2 , .  . . , A n  by WpJn(x) 

so t h a t  

E W (x) -+ Fp(x) 
P,n 

n 
i n  such a way t h a t  - + 3 > 1, where F as p - - $  m ,  n --L ('D 

continuous d i s t r ibu t ion  functi.on with densi ty  

i s  the  absolutely B P 

A?.- d(x-a) (b-x), a < x < b 
(7.3.3) 

0 , elsewhere 
(7.3.3) 

0 , elsewhere 

where a := [I. - )I2 and b = [1 + ( 



It i s  i n t e r e s t i n g  t o  note that when p = 1 the re  i s  a r e l a t i o n  between 

If X i s  a random var ia -  t h i s  r e s u l t  and Wigner's semicircle  d i s t r i b u t i o n .  

b l e  w i t h  a semicircle  d i s t r i b u t i o n  then Y 

f i nc t ion  

4 8  has t h e  p robab i l i t y  dens i ty  

(7.394) 
0 , elsewhere 

dY) = 
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