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FOREWORD 

It is sugges ted  t h a t  t h i s  programmed t e x t  be  used as an  a i d  i n  t h e  

s tudy  of r e a c t o r  technology.  It i s  n o t  t h e  i n t e n t  o f  t h e  a u t h o r  and e d i t o r  

t h a t  t h e  t e x t  b e  cons ide red  a f i n i s h e d  product .  While f i e l d  t e s t i n g  o f  

b o t h  t h e  s u b j e c t  matter and c o n t i n u i t y  of thought  h a s  been l i m i t e d ,  t h e  

need f o r  s tudy  material i n  programmed form w a s  a b a s i c  c o n s i d e r a t i o n  i n  

t h e  d e c i s i o n  t o  p u b l i s h  t h e  t e x t .  Revis ions  may b e  made a t  any t i m e  t o  

c o r r e c t  e r r o r s ,  t o  expand t h e  s u b j e c t  matter coverage,  o r  t o  upda te  t h e  

r e a c t o r  technology.  I f  t h e  t e x t  i s  used w i t h  t h e s e  r e s e r v a t i o n s ,  and i n  

con junc t ion  w i t h  o t h e r  s tudy  h e l p s ,  i t  can b e  t h e  b a s i s  f o r  v e r y  rewarding 

i n d i v i d u a l  s tudy  on t h e  p a r t  of t h e  s t u d e n t .  
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REACTOR OPEKATOR STUDY HANDBOOK 

(Programmed I n s t r u c t i o n  Vers ion)  

VOLUTE I _- ETJEMENTARY MATHEMATICS 

A s  a p a r t  of t h e  Reac tor  Opera tor  TrPainlng Program of  Opera t ions  

D t v i s i o n ,  Oak Ridge N a t i c n a l  Labora tory ,  f i v e  areas of i n s t r u c t i o n  have 

been programmed f o r  i n d i v i d u a l  s tudy .  They are: 

Volume I - Elementary Mathematics Review 

Volume II - R a d i a t i o n  S a f e t y  and Control. 

Volume 111 - Reac to r  Phys ic s  

Volume I V  - Heat Theory and F l u i d  Flow 

Volume V - I n s t r u m e n t a t i o n  and Con t ro l s  

These programmed s t u d i e s  are a p a r t  of a c o u r s e  i n  r e a c t o r  o p e r a t i o n  

t h a t  i n c l u d e s  c l a s swcrk ,  l e c t u r e s ,  and on-the-job t r a i n i n g .  A t  t h e  end 

of t h e  cour se ,  t h e  o p e r a t o r  t r a i n e e  is  t e s t e d  f o r  competence i n  a l l  areas 

of r e a c t o r  o p e r a t i o n s  b e f o r e  be ing  c e r t i f i e d  t o  operat:e a p a r t i c u l a r  

r e a c t o r .  

It  is  sugges ted  t h a t  t h e  programs be  s t u d i e d  i n  t h e  sequence g iven  

above; however, s e q u e n t i a l  dependence h a s  been minimized s o  t h a t  t hey  may 

b e  s t u d i e d  e i t h e r  i nd iv idua l - ly  01: as an i n t e g r a t e d  group. 

The a u t h o r  and e d i c o r  wou ld  l i k e  t o  e s p e c i a l l y  acknowledge t h e  

p a t i e n c e  and a s s i s t a n c e  of  t h e  members O C  t h e  Opera t ions  D i v i s i o n  c le r ica l  

s t a f f  who worked on t h i s  r e p o x r ;  namely, Gladys Garpente^r, Linda Comstock, 

Mi l inda  Compton, Joanne Nelson, and Barbara  Burns 
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INSTRUCTIONS 

The material con ta ined  i n  t h i s  manual has  been p repa red  u s i n g  a tech- 

n ique  c a l l e d  "programmed i n s t r u c t i o n " .  Th i s  t echn ique  of i n s t r i i c t i o n  

c o n s i s t s  o f :  

1. P r e s e n t i n g  i d e a s  o r  i n f o r m a t i o n  i n  s m a l l ,  e a s i l y  d i g e s t i b l e  

s t e p s  c a l l e d  'rframes". 

Allowing you t o  s e t  your  own pace. 2. 

3 .  Encouraging r e sponse  i n  an active way so  t h a t  you have a 

s t r o n g e r  impress ion  of t h e  i d e a  p r e s e n t e d .  

4 .  L e t t i n g  you know immediately i f  your answer i s  r i g h t ,  t h u s  

r e i n f o r c i n g  your impress ion .  

5 ,  P r e s e n t i n g  many c l u e s  a t  f i r s t  t o  h e l p  you a r r i v e  a t  t h e  

c o r r e c t  answer, ( A s  you p r o g r e s s ,  t h e  number of c l u e s  i s  

reduced  ) 

A few sample frames are found on t h e  n e x t  page. 

t o  i l l u s t r a t e  t h e  p rope r  u s e  of "programmed i n s t r u c t i o n " .  

w i l l  r e q u i r e  you t o  respond by f i l l i n g  i n  a b l a n k ,  o r  b l a n k s ,  t o  complete 

a s e n t e n c e .  Other frames w i l l  g i v e  you a c h o i c e  of several r e sponses .  A 

few frames are f o r  i n f o r m a t i o n a l  purposes  on ly  and r e q u i r e  no r e sponse .  

The c o r r e c t  response  eo a g iven  frame i s  always found on t h e  r i g h t  s i d e  

of che page a d j a c e n t  t o  t h e  f o l l o w i n g  frame. When r e a d i n g  a frame, a 

s h e e t  (or s t r i p )  of pape r  should  be  used t o  cover  t h e  area below t h e  

d o t t e d  l i n e  which f o l l o w s  t h e  frame.. A f t e r  comple te ly  r e a d i n g  a frame,  

you should  w r i t e  your r e sponse  on a p i e c e  of paper .  Next, move t h e  paper  

down t h e  page u n t i l  you r e a c h  t h e  n e x t  d o t t e d  l i n e  o r  t u r n  t h e  page. 

This w i l l  uncover t h e  n e x t  frame and the c o r r e c t  r e sponse  f o r  t h e  frame 

YOU have j u s t  completed.  

I f  t h e y  do not match, r e a d  t h a t  frame a g a i n  b e f o r e  moving on to t h e  nex t  

one; do not proceed u n t i l  you unders tand  t h e  i n f o r m a t i o n  i n  t h e  frame you 

are read ing .  If t h e  r e sponses  do match, proceed t o  t h e  frame you have 

j u s t  uncovered. 

These w i l l  be  used 

Most frames 

Compare your r e sponse  w i t h  t h e  c o r r e c t  response .  
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A t  t h e  end of each s e c t i o n ,  t h e r e  are s e l f - t e s t  q u e s t i o n s  f o r  review. 

I f  you m i s s  one of t h e  self-test q u e s t i o n s ,  r e p e a t  t h e  p e r t i n e n t  frames. 

It i s  n o t  enough t o  respond c o r r e c t l y  as you proceed through t h e  material; 

you must remember c o r r e c t l y  a t  t h e  end of t h e  program and even l a t e r .  You 

should  a t t empt  t o  complete  each s e c t i o n  once you have s t a r t e d .  

SAMPLE FRAMES 

i. Programmed i n s t r u c t i o n  i s  a method of p r e s e n t i n g  

in fo rma t ion  i n  s h o r t  paragraphs  c a l l e d  "frames". 

These u s u a l l y  c o n t a i n  on ly  one o r  two 

concepts  f o r  t h e  s t u d e n t  to  grasp .  

- - - - - - - - -  

ii. By r e q u i r i n g  you t o  t h i n k  of  t h e  a p p r o p r i a t e  response  frames 

and t o  w r i t e  t h a t  on a p i e c e  of pape r ,  

you t a k e  a n  a c t i v e  p a r t  i n  t h e  program, and thereby  

r e i n f o r c e  your  l e a r n i n g .  

iii. This  method of  i n s t r u c t i o n ,  c a l l e d  res pons e 

, a l lows  you t o  proceed w i t h  t h e  

material  a t  a rate which you de te rmine  f o r  y o u r s e l f .  

- - - - - - - - -  

iv .  Programmed i n s t r u c t i o n  provides  t h e  a p p r o p r i a t e  

response  immediately and thus  should  r e i n f o r c e  

t h e  s t u d e n t ' s  

p r o  g r amme d 
i n s t r u c t  i o n  

l e a r n i n g  
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VOLUME I. ELEMENTMY MATHEMATICS 

I n t r o d u c t i o n  

This  program ha5 been developed to  a l l o w  r e a c t o r  o p e r a t o r  trainees 

t o  r e f r e s h  t h e i r  knowledge of t h e  b a s i c  p r i n c i p l e s  and concepts  of mathe- 

matics. It i s  t h e  a i m  of t h e  program t o  d i s c u s s  b a s i c  p r i n c i p l e s  and then  

o f f e r  enough d r i l l  t o  g i v e  t h e  ope ra to r  some p r o f f c i e n c y  i n  t h e  u s e  of t h e  

p r i n c i p l e s .  

SECTION 1-1 

FJWCTIONS 

1.1. Common F r a c t i o n s  

1. A f r a c t i o n  is  a p a r t  of any number, q u a n t i t y ,  o r  a b j e c t .  

The d i g i t  2 i s  a f r a c t i o n  of t h e  d i g i t  8. 

soda  is a f r a c t i o n  of a c a r t o n  o r  c a s e  of soda ,  A 

q u a r t  of l i q u i d  is  a f r a c t i o n  of a g a l l o n  of l i q u i d .  

A b o t t l e  of 

2. I n  a r i t h m e t i c ,  t h e  use  of a f r a c t i o n  i s  also a means 

of i n d i c a t i n g  t h a t  one number is  t o  be  d i v i d e d  by 

a n o t h e r  

1 Numerator 

- D i v i s i o n  S ign  

3 Denominator 

The f r a c t i o n ,  o n e - t h i r d ,  can a l s o  be  w r i t t e n  1 / 3  and 

1 + 3 .  I n  t h e  l a t t e r  case, t h e  1 is c a l l e d  t h e  d iv idend ;  

and t h e  3 i s  c a l l e d  t h e  d i v i s o r .  

- _ - - - - - - -  

2 
5 3 ,  The upper number of a f r a c t i o n  such as - is  c a l l e d  

t h e  ; t h e  lower number i s  c a l l e d  

_ _ - I _ _ _ - -  
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4 .  I f  t h e  f r a c t i o n  is  w r i t t e n  2 -: 5, t h e  f i r s t  number is  numerator ,  

c a l l e d  t h e  ; t h e  second number is  c a l l e d  

t h e  -- I 

denominator 

5. I n  most of our  work, f r a c t i o n s  w i l l  b e  w r i t t e n  i n  t h e  d iv idend ,  
d i v i s o r  

form 314, where t h e  upper numeral i s  c a l l e d  t h e  

6 .  A fundamental  r u l e  f o r  f r a c t i o n s  i s  t h a t  when bo th  

t h e  numerator  and the. denominator of a f r a c t i o n  are 

rnu l t ip l i ed  o r  d i v i d e d  by the  same number, t h e  v a l u e  

of t h e  E r a c t i o n  i s  n o t  changed. Thus, 

l 6 t 8  2 2 16  - 32 
2 x 6 4  1 2 8  6 4 t 8  8 

- = -  _.--  

1 6 / 6 4 ,  321128, and 218 are e q u i v a l e n t .  

- - - . . . - - - . - -  

7. To show t h a t  518 and 1 5 / 2 4  are e q u i v a l e n t ,  e i t h e r :  

Mul t ip ly  b o t h  5 and 8 by 3 -- 

3 x 5  15 
3 x 8  24 
-TI--  

Div ide  b o t h  15 and 2 4  by 3 -- 

1 5 + 3  5 
3 -  I 

2 4 t 3  a 
- - - - - - - _ -  

numerator ,  



3 

8. Show t h a t  the fo l lowing  are e q u i v a l e n t  f r a c t i o n s :  

2 1  15 5 6 4  16 - and -* - a n d  - 3 
5 35’ 2 1  7 ’  36 9 <  
- and -- 

3 x 7  21 9. Whole numbers such  as 3,  4 ,  1 4 ,  and 7 2  may be  - - - . - . = - a  

5 x 7  3 5 >  
l 5 + 3  5 

t h e  denominator 2s always 1 ( o n e ) ,  Thus, when a 2 1 + 3  7 ’  
6 4  + 4 1 6  
3 6 5 4  9 

w r i t t e n  as f r a c t i o n s ,  When w r i t t e n  as f r a c t i o n s ,  
=--. . 
= -  number such as 7 2  is  w r i t c e n  72/1, w e  mean t h a t  72 

i s  d i v i d e d  by 1; and t h e  answer is  72,  The numbers 

7 ,  6 4 ,  9 ,  w r i t t e n  as f r a c t i o n s  would be , 

7 64  9 LO. I n  o r d e r  t o  add o r  s u b t r a c t  f r a c t i o n s ,  t h e  denomi- -. -. 
1 ’  1’ i 

n a t o r s  must be  t h e  same., 

. . . . - - - - - - - -  

11. To add f r a c t i o n s  w h i c h  have the same denominator, 

add t h e  numera tors  a,nd p l a c e  t h e  sum ove r  t h e  

denominator t h a t  i s  common to a l l  of t h e  f r a c t i o n s .  

1 2 ,  I n  o r d e r  t o  add f r a c t i o n s  w i t h  d i f f e r e n t  denominators ,  11 

such as 1/4 C 1 / 3  -+ 5 / 8 ,  you must f i n d  a common 

denominator i n t o  which each  of t h e  denomfnators can 

be  d i v i d e d  even ly .  
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13. I n  t h e  above case, 24 i s  t h e  smallest number t h a t  

can be used as a common denominator.  Mul t ip ly  bo th  

numerator and denominator of each ,  1 1 4  + 113 + 5 1 8 ,  

by a number which w i l l  make t h e  denominator 2 4 ,  

14 .  For t h e  f r a c t i o n  1 1 4 ,  t h e  number i s  6.  So ,  

6 x 1 ,  6 
6 x 4  2 4 '  

= -  

-I_. 

For t h e  f r a c t i o n  1 / 3 ,  t h e  number i s  

For t h e  f r a c t i o n  518 ,  t h e  number i s  3 ,  g i v i n g :  

15. The problem can now b e  changed from 1 1 4  -I- 113 f 8 ,  
15 
24 
I 518 = ? ; t o  6 / 2 4  + 8 / 2 4  f 1 5 / 2 4  = 

- - - - - - - - -  

1 6 .  Add 116 + 318 + 5/12 . 
The smallest number i n t o  which 6 ,  8, and 1 2  can 

b e  d i v i d e d  evenly  i s  u s u a l l y  determined by 

i n s p e c t i o n .  I f  t h i s  cannot  b e  done, you can 

always use  t h e  product  of  t h e  denominators .  I n  

t h i s  ease, i n s p e c t i o n  shou ld  show t h a t  

i s  t h e  smallest common denominator .  

17. NQW t h e  problem may be  w r i t t e n  4 / 2 4  + 9 / 2 4  4- 

10124 = 

29 
24  
- 

24 
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18. I f ,  i n  t h e  above problem, the common denominator 

72 was picked, t h e  answer would have been 

12/72 4- 2 7 / 7 2  + 3 0 f 7 2  = 69/72,, 

could then have been simplified by dividing 

both numerator and denominator by 3 t o  give t h e  

answer in its simplest: form. 

This fraction. 

23 
2 4. 
- 

19, A fraction may b e  simplified as long as both 

numerator and denominator can be divided by 

t h e  same number as: 

20. Add: I f 4  i- 1/3 f 1 f 6  = 

This answer can be simplified to 

Add: If8 4- 3/5 4- 3/20 = 

This answer (can, cannot] be simplified. 

21, To subtract fractions, make sure thac the denomi- 9/12, 
314,  
3 5 / 4 0 ,  

naitors are the same and then subtract t h e  numerators 

as indicated. For example, s u b t r a c t  l / 4  from 5/12. e an 

Write as: 

5 /12  - 1 f 4  = ? . 
Rewrite with the common denominator 12: 

5/12 - 3/12 = 2/12 

which, when simplified, i s  

- - - - - - - - -  
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22, Subtract as follows: 

5/16 - 115 = 

23. To multiply a fraction by a whole number, 

multiply the numerator by the whole number and 

place the product over the old denominator. Thus, 

5 x 318 = 1518 

3 x 3 /16  = 9 / 1 6  

24 .  To multiply a fraction by a fraction, the product 

of the numerators is the new numerator; the product 

of the denominators is the new denominator. 

116 x 518 = 5 / 4 8  

314 x 118 x 612 = 1 8 / 6 4  . 
- - - - - - - - -  

25. Often in writing problems, the word rrof''  is u s e d ,  

as: 114  of 16. The word "of" in this sense means 

t o  multiply 114 by 16. 

26. 118 x 1 1 2  = 

113 of 1/2 = 

112 of 612 = Or - 

518, 
6 / 4 0  or 3 / 2 0 ,  
9 / 8 0  



27. Mul t ip ly :  1 /16  , 
116 
6 1 4  o r  312. . 

5 x 318 x 1 / 2  = . 
- 2 / 3  x 813 x 3 = 

This  can be s i m p l i f i e d  t o  I 

This  can be s i m p l i f i e d  t o  

28. To d i v i d e  a f r a c t i o n  by a n o t h e r  f r a c t i o n ,  i n v e r t  15 /16 ,  
4819,  
1613, 

7/16 

t h e  d i v i s o r  and m u l t i p l y  i t  t i m e s  t h e  d iv idend  

(the o t h e r  f r a c t i o n ) .  Thus, i f  YOU have t h e  problem 1051240, 

318 + 1 1 2 ,  t h e  d i v i s o r  i s  1/2. R e w r i t e  t h e  problem 

as 3/8 x 2 1 1  and perform t h e  i n d i c a t e d  m u l t i p l i c a -  

t i o n .  The answer i s  618 o r  

29. Now t r y :  

2514 -: 5/16 ; 

rewrite as: 

25/4 x = 20 

and : 

- .  318 
5/16 ’ 

rewrite as: 

314 
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30, Per form t h e  f o l l o w i n g  d i v i s i o n s  : 1615 , 
1615 

31, I n  a l l  cases where t h e  numera tor  of a f r a c t i o n  

i s  l a r g e r  t h a n  the  denominator  , t h e  denominator  

may b e  d i v i d e d  i n t o  t h e  numerator  t o  produce  a 

mixed number (a  whole number and a f r a c t i o n ) .  

_ _ I _ - - - - -  

1818 o r  9 1 4 ,  
716 o r  5 6 / 4 8 ,  
180130 o r  6 

32. For example,  t h e  f r a c t i o n  2714 may b e  w r i t t e n  as a 

mixed number by d i v i d i n g  27 by 4 .  The answer i s  t h e  

whole number 6 ,  and there i s  a remainder  3 which i s  

p l a c e d  O V ~ K  t h e  d i v i s o r  t o  make t h e  f r a c t i o n  314. 

The answer,  t h e n ,  i s  6 314. 

33. R e w r i t e  as mixed numbers: 

3 4 .  A ~ s Q ,  when a number :in a problem i s  g i v e n  as a mixed 2 114; 
1 116;  
6 

number, such  as 2 5 /16 ,  i t -  can b e  changed t o  f r a c t i o n  

form by mul t ip ly i f ig  t h e  whole number by t h e  denomi- 

nator and add ing  t h e  numerator  t o  t h i s  p roduc t .  

Thus,  2 5/16  may b e  changed t o  a f r a c t i o n  by:  

37/16 i s  t h e  f r a c t i o n ,  

- - - - - _ _ _ _  
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35. Change t h e  fo l lowing  mixed numbers t o  f r a c t i o n s :  

I_ 

3 5/8 = 

7 1 f 3  = 

2 2 f 7  = . 

36, Of ten  t h e  s i m p l i f i c a t i o n  of f r a c t i o n s ,  as mentioned 2 9 / 8  ; 
22/3 ; 
16/ 7 ear l ier ,  may be  c a r r i e d  a b i t  f u r t h e r .  S ince  w e  can 

d i v i d e  bo th  t h e  numerator and denominator of a 

f r a c t i o n  by t h e  s a m e  number w i t h o u t  changing i t s  

v a l u e ,  w e  can do t h e  same w i t h  two f r a c t i o n s  t h a t  

are be ing  m u l t i p l i e d  o r  d i v i d e d .  

37. Fo r  example: With t h e  problem 2 / 3  x 15/16,  d i v i d e  

t h e  numerator of t he  f i r s t  by 2 and t h e  denominator 

of t h e  second by 2 t o  g i v e  

1 

8 

Then, d i v i d e  t h e  denominator of t h e  f i r s t  and t h e  

numerator of t h e  second by 3 t o  g i v e  

5 

Mul t ip ly  as u s u a l  t o  g i v e  518 ,  

- - - - - - - - -  

38, The a c t  of doing bo th  t h e  d i v i s i o n  by 2 and t h e  

d i v i s i o n  by 3 is  c a l l e d  " c a n c e l l a t i o n "  o r  " d i v i d i n g  

out". It  i s  a process  used t o  s i m p l i f y  problems 

b e f o r e  they r each  the f i n a l  m u l t i p l i c a t i o n  o r  

d i v i s i o n  s t e p .  
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39. Now, take the problem 318 + 14/16. Write the problem 

with the divisor inverted: 

318 x 16/14 . 

Now "cancel" an 8, 

2 

1 

Before you multiply, note that the 2 can be cancelled 

into the 14 to give 311 x 1/7. 

the answer, 317 .  

Now multiply to give 

40. A note of warning--cancellation may be used only in 

problems that involve multiplied fractions, __- 

41. Reduce the following to simpler terms by Cancellation: 

X - - 
II- 

6/15 x 5/6 = 

318 f 15/16 = X - - - -  
X X - L 

_I_ -I __I 

417 x 3 / 8  -:- 9 / 1 6  = 

P u t  your work in the frame below. Compare your 

answers with the solutions in Frame 43 .  

- - - - I - - - -  

4 2 .  



43 a 
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1 1  

3 1  

1 2  

1 5  

1 2 

1 3  

4 4 .  Do the following examples: 

1 4  9 
15 28  

d. - Y - =  

3 
8 

e, - of 12 = 

15 7 
f .  - of  - = 16 90 

5 5 
g .  - o € - =  

6 9  

7 9 
h, - of - = 2 7  14 

1 
2 

1 
5 15 

3 ' 2  

7 ' 8  

m. 1 - x - - =  

i n  18 + - 

- 3 $ - -  j, - 
k, - L - -  2 1 -  

1. - . A =  4 

2 3  
3 4  (continued) 



1 2  

4 4 .  ( c o n t i n u e d )  

1 3  
2 4  

n. 2- x 1- = 

2 1 1  - - I - - + - -  
3 4 2  

8 6 4  

- - 
q . 5  1 1  
I--_- 

- -  2 . 1  
3 . T  
1 1  
4 3  

- r. -- 
x -  - 

1 1  2- + 3- 
2 3  - - S. 

4 - I - 2  
3 

1 - of 8 
4 - - 
1 t. 

1y of 3 

1 8 3  - + - + -  
5 1 4  7 

I__- - U. 
- -  * lo 
7 .  

1 2 3 1  - + - + - - I - -  

7 1 1  - + -  12 6 3 

6 5 4 3 -  - V. 
- -  

45. Ans.c.rers t o  Frame 4 4  are: 

P *  6 a. 9 / 3 5  i. 36 

b. 114  j. 9 q. 3415 o r  6 415 

c .  1 / 9  k. 413  or 1 113  r. 4 8  

d. 3/10 1. 3217 or 4 417 s .  514 o r  1 114 

e .  912  or 4 112 in. 514 o r  1 114 t .  419 

f .  7 / 9 6  n. 3518 o r  4 318 u. 28 

g. 2 5 / 5 4  o .  1 4  v. 1115 o r  2 115 
h. 116 
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4 6 ,  P r a c t i c e  Problems: 

a. The fo l lowing  amounts of g r a i n  are poured t o g e t h e r :  

1 / 2  bu wheat,  3 $ 4  bu o a t s ,  and 1 5 1 8  bu of r ice.  

There w i l l  b e  b u s h e l s  of combined g r a t n s .  

b.  A f u e l  element has  t h e  fo l lowing  dimensions: 

l e n g t h  of lower end p i e c e  -- 6 7 J 8  i n .  

l e n g t h  of f u e l  reg ion  -- 16 3 / 4  i n ,  

l e n g t h  of upper end p i e c e  -- 4 3/16 i n .  

What i s  t h e  t o t a l  l e n g t h  of t h e  e lement?  

c. I f  t h r e e  3 5/8- in . - long  p-tube r a b b i t s  and 

two 1 7/8-in.-long p-tube r a b b i t s  are p laced  

end t o  end, t h e  o v e r a l l  l e n g t h  of t h e  r a b b i t s  

w i l l  be  

2 7/8 

2 7  13/16 i n .  

d ,  A man wishes  t o  run  water t o  an o u t l e t  i n  a 1 4  518 i n .  

f i e l d  which i s  230 P I 2  f t  from an a v a i l a b l e  water 

l i n e .  If t h e  water p i p e  comes i n  20 l / 4  f t  

l e n g t h s ,  h e  w i l l  need t o  buy f u l l  l e n g t h s  

and a s h o r t  p i e c e  of p i p e  long. 

- - - - - - - - -  

_I 1.2,  Decimal F r a c t i o n s  

47.  The word f r a c t i o n  means a p a r t  of a whole, So ,  a 11, 
7 314 f t  

f r a c t i o n  t h a t  a c t u a l l y  i s  less than  a whole is  a 

prope r  f r a c t i o n .  One-fourth of a p i e  is  a proper 

f r a c t i o n .  

- - - - - - - - -  



4 8 ,  While the numbex l 5 / 2  may be w r i t t e n  ~n a f r ac t i . on  

forrr., it i s  n o t  a real- f r a c t i c n  because  i t s  numerator 

i s  l a r g e r  t han  i t s  denomna tc r .  Ct is  a c t u a l l y  a 

whole number and a f r a r t i e n ,  Thus, i t  i s  c a l l e d  an  

imprcqe r  f r a c t i o n  7 

4 9 .  Decimal. f r a c t i o n s  are pyoper f r a c t i o n s  t h a t  are 

w r i t t e n  i n  a s p e c i a l  way, The word "decimal" means 

re i s tad  to 1 0 ,  and a decimal f r a c c i o n  i s  always 

read a s  7,f i t  has  5 d e ~ * o m i n a ~ ~ i -  t h a t  is some multiple 

of KO, 

- - - - - - - - -  

50. Thus, the  f r a c t i o n s  1 / 1 0 ,  2 , ' S O O ,  3 / S O O O ,  4/1.0,000 

would b e  written 0.1,  0 .02,  0.003, and 0.0004 

because  w e  are a c t u a l l y  dividing I by I O  and 2 by 

100, e te .  More of the p r i n c i p l e s  of d i v i s i o n  w i l l  

be  d i s c u s s e d  l a t e r ,  

.- - - - 1 - -. - - 

51, The p r o p e r  fractions 2/10, 25/100, and 46/1000 

W O U ~ L ~  b e  written 0 . 2 ,  0.25, and -- -.I.._c 

- - - - - 1 - - -  

52, The pe:iad is c a l l e d  thc  decimal p o i n t ,  and t h e  

numbers are p laced  a c e r t a i n  number of d i g i t s  t o  

r-he r i g h t  cf t h e  derirnai p o i n t .  

- 1 - -~ - - - I I 

53. Given the decimal  f r a c t i o n  0.025, t h e  zero  i s  

s a i d  t u  be i n  the  t e ~ i l h s  p lace ,  the  2 i s  i n  t h e  

hundred ths  p l ace ,  and t h e  5 i s  i n  the thousandths  

p lace ,  This  f r a c t i o n  i s  r ead  25 thousandths  because  

rhousandths  i s  Che l a s t  d e c i m a l  p l a c e  given.  

0.046 
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54.  In t h e  fo l lowing  f r a c t i o n s ,  g i v e  t h e  decimal p l a c e  

f o r  each  d i g i t  number: 

0 - 3 7 ;  t h e  3 i s  i n  t h e  p l a c e  

and t h e  7 i s  i n  t h e  p l a c e .  

0.005; t h e  5 i s  i n  t h e  place. 

55. The f r a c t i o n s  0.78,  0.01, 0 ,235,  and 0.6 would b e  t e n t h s ,  
hundred ths ,  
thousandths  r ead  : 

0.78 would be  9 

0.01 would be  , 
0.235 would be  9 

0.6 would b e  

56. As t h e  dec imal  p l a c e s  t o  t h e  r i g h t  of t h e  decimal 78 hundred ths ,  

p o i n t  i n c r e a s e ,  t h e  f o u r t h  p l a c e  (0 ,0004> would be  1 hundredth ,  
2.35 thousand ths ,  

4 t e n  thousandths  and 0.00235 would b e  r ead  235 6 t e n t h s  

hundred thousandths .  

57. You w i l l  n o t e  t h a t  zeros  between t h e  decimal p o i n t  

and t h e  number serve t o  de te rmine  t h e  s i z e  of t h e  

number; 0 ,05  shows t h a t  t h e  number i s  5 hundredths  

and n o t  5 t e n t h s  o r  5 thousandths .  However, a 

ze ro  a f t e r  t h e  number does n o t  change i t s  v a l u e :  

0.050 could  be  r ead  50 thousand ths ,  b u t  50/1000 

can be  s i m p l i f i e d  t o  5/100; s o  t h e  zero a f t e r  t h e  

number h a s  no s i g n i f i c a n c e .  

_ - - - - - - - -  
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58. The dec imal  f r a c t i o n s  0 . 3 2 ,  0 .00045 ,  and 0.0023 

would be  read:  

0 .32  would b e  

0.00045 would be  

9 

9 

0.0023 would b e  

59. While t h e  f r a c t i o n  0.135 i s  commonly r ead  135 

thousandths ,  f o r  b r e v i t y  and convenience i t  i s  

a l s o  r ead  "po in t  one t h r e e  f ive" .  

method, 0 , 0 2 3  would be  r ead  p o i n t  

By t h i s  

' I ;  and a number such  as 4.18 would be  r ead  

11 f o u r  p o i n t  one e ight ! ' .  

60. For p r a c t i c e ,  w r i t e  t h e  fo l lowing  numbers as they 

would b e  r ead  by t h i s  method: 

32 hundredths ,  
45 hundred 

thousandths  , 
23 t en  thousandths  

zero- two- t h r e e  

0 .01 = Y 

0 . 5  = 

2.10 = 

23.45 = 

Y 

9 

Y 

0.0608 = 9 

3.125 = 

61. Using t h e  s a m e  f r a c t i o n s ,  w r i t e  them u s i n g  t h e  t e n s ,  

hundreds,  thousands system: 

0 .01  = Y 

- 0.5  - 
2 .10  = 

23.45 = 

Y 

Y 

9 

0.0608 = - 9 

3.125 = 

p o i n t  ze ro  one; 
p o i n t  f i v e ;  
two p o i n t  one zero ;  
twenty- three  p o i n t  

f o u r  f i v e ;  
p o i n t  ze ro  s i x  

ze ro  e i g h t ;  
t h r e e  p o i n t  one 

two f i v e .  



1 7  

62. D e c i m a l  f r a c t i o n s  may b e  added o r  s u b t r a c t e d  as 

i f  they were whole numbers w i t h  on ly  one provi -  

sion; t h e  decimal p o i n t s  must be  a l i g n e d  c o r r e c t l y ,  

one hundredth ;  
5 t e n t h s  ; 
2 and 10 hundredths ;  
23 and 4.5 hundredths ;  
608 t e n  thousandths ;  
3 and 125 thousandths 

- - _ - - - - - -  

63 .  For example, you wish  t o  add 2 , 5 4  i- 75.3 i- 121.67 -t- 

1 4 ,  P l a c e  t h e  numbers as f o r  normal a d d i t i o n ,  

b u t  w i t h  t h e  decimal p o i n t s  i n  a v e r t i c a l  line: 

2.54 
75,3 

121.67 
14 

64. S ince  i t  has  a l r e a d y  been de termined  t h a t  a zero t o  

t h e  r i g h t  of the decimal p o i n t  does n o t  change t h e  

number, w e  could  also w r i t e  t h e  problem 

2 , 5 4  
75,30  
121.67 

14-00 

This  form i s  p r e f e r r e d  by many p e o p l e  because  i t  i s  

easier t o  keep t h e  numbers i n  each  column s t r a i g h t ,  

- - - - - - - - -  

65. Now, add t h e  numbers i n  each column and place t h e  

dec imal  p o i n t  i t a  the answer i n  t h e  same v e r t i c a l  

l i n e .  The answer is 

_ _ - - - - - - -  

66. Add t h e  fo l lowing :  213.51 
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67. When s u b t r a c t i n g  decimals, j t  is necessa ry  t o  

keep d e c i m a l  p o i n t s  a l i g n e d  as when adding ,  For 

example, if you s u b r r a c t  14 ,3  from 146,73,  write 

146* 73 
14.30 

S u b t r a c t ,  as with ~ 7 h o l e  numbers, t o  give the 

answer 

- I -- - - - - - - 

74.589,  
192.314-i 

68. It is sugges ted  t h a t ,  as i n  t h e  i l l u s t r a t i o n  above, 1 3 2  43 

you use zeros  t o  make t h e  same number o f  d i g i t s  t o  

she right of the  decimal p o i n t  In  all cases, T h i s  

form is especl al.ly advantxigeous i f  you are  s u b t r a c t i n g ,  

f o r  example, a number wirh 3 d i g i t s  to the r i g h t  f r o m  

a number w i t h  on ly  me o r  EWO d i g i t s  6s the  r i g h t ,  

I n  irhe p r o b l e n ,  146.1- - 2 7 . 4 6 2 ,  i t :  i s  u s u a l l y  less 

c o n f m i n g  t o  w r i t e  

146.100 
27 0 462 

and s u b t r a c t  a s  usual t o  g i v e  t h e  answer 

- - - - _ - - - -  

69. P r a c t l . c e  t h e  followi-rig p r o b l e m :  

9 - 65-321 - P7,4 

561.2 - 540.67 = Y 

0 , 2 7 5  - 0 . 0 5  

118,638 
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70, Now, l e t  us  t u r n  t o  t h e  m u l t i p l i c a t i o n  of decimal 47.921; 

numbers. If you can  m u l t i p l y  251100 t i m e s  6 and 0.225. 
s i m p l i f y  i t  to t e n t h s ,  you have 15/10. 

number, i t  i s  r ead  9, 5/10. 

20.53 ;  

A s  a mixed 

71 .  S ince  5/10, w r i t t e n  as a dec imal ,  i s  0.5, w e  could  

w r i t e  1 5 / 1 0  as l a s e  
- - - - - - - - -  

72. I f  w e  had w r i t t e n  t h e  o r i g i n a l  251100 as 0.25, w e  

could  have w r i t t e n  t h e  problem 0.25 x 6. M u l t i p l y i n g  

as i f  bo th  numbers were whole numbers, 

0 ,25 
~6 

1,50 
I_ 

Since t h e r e  are 2 dec imal  p l a c e s  i n  the problem, 

t h e r e  must b e  t h e  same number o f  p l a c e s  i n  t h e  

answer, g i v i n g  1.50. S ince  0-50  can be  r ead  as 

e i t h e r  50 hundredths  o r  5 t e n t h s ,  t h e  z e r o  may b e  

ignored  and t h e  answer is  1 , 5  as before. .  

- - - - - - - - I  

73. The r u l e  f o r  m u l t i p l y i n g  dec imals  i s :  

To m u l t i p l y  a dec imal  by any number, m u l t i p l y  

as w i t h  whole numbers. Count: t h e  p l a c e s  t o  

t h e  r i g h t  of t h e  decfmal i n  bo th  t h e  m u l t i p l i e r  

and t h e  m u l t i p l i c a n d ,  and p l a c e  t h a t  many 

p l a c e s  t o  t h e  r i g h t  of t h e  dec imal  p o i n t  i n  

t h e  p r o d u e t ,  
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74. I n  t h e  problem 0.31 x 5 .3 ,  

0 .31  m u l t i p l i c a n d  
5.3 m u l t i p l i e r  

93 
155 

1 , 6 4 3  product  

There are t h r e e  p l a c e s  t o  t h e  r i g h t  of t h e  decimal;  

two i n  0.31 and one i n  5 .3 .  So ,  t h e  answer is 1.643. 

75. The answer i n  t h e  above frame may be r ead  e i t h e r  

one and 643 thousandths  o r  p o i n t  

7 6 .  P r a c t i c e  s o l v i n g  t h e  fo l lowing  problems: one,  
s i x  f o u r  t h r e e  

18.5 x 4 = 

3.9 x 2.4 = 9 

Y 

0.56  x 0 . 7 4  = , 
0.0069 x 10,000 = ; 

7 . 4 9  x 10  = 9 

3 - 0 . 0 2 1  x 1000 = 

13.2  x 0.006 = 

77 .  Let us  beg in  ou r  d i v i s i o n  of f r a c t i o n s  by r e s t a t i n g  7 4 . 0 ;  
9 . 3 6 ;  
0 .4144;  a r u l e  t h a t  w a s  s t a t e d  r ega rd ing  common f r a c t i o n s .  

Th i s  r u l e  i s :  When b o t h  d iv idend and d i v i s o r  6 9 ;  
7 4 . 9 ;  (numerator  and denominator)  are  m u l t i p l i e d  by t h e  
2 1 ;  

s a m e  number, t h e  answer is  n o t  changed. 0 .0792 .  
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78, Thus 1/5 could  become 2 /10 ,  which could  be  
2 x 4  w r i t t e n  as t h e  dec imal  f r a c t i o n  0.2; and,---- 

25 x 4 
would be  8/10O and could  be  w r i t t e n  

79. The changing of a common f r a c t i o n  t o  a f r a c t i o n  

w i t h  a denominator which i s  a m u l t i p l e  of EO i s  

not. n e c e s s a r y  i n  t h i s  procedure ,  as w i l l  be  shown 

i n  t h e  fo l lowing  frames, 

m u l t i p l y i n g  d iv idend  and d i v i s o r  by t h e  same 

number f o r  ano the r  r e a s o n ,  

W e  r e p e a t e d  t h e  r u l e  f o r  

SO. Th i s  r u l e  a P l s w s  us  t o  m u l t f p l y  a d iv idend  and 

d i v i s o r  by a m u l t i p l e  of 10 SO t h a t  t h e  d i v i s o r  

i s  a whole number, and t h e  p l a c i n g  o f  t h e  dec imal  

p o i n t  i s  s i m p l i f i e d ,  

- - - - - - - - -  

81. Take the  problem 1 6 . 4 2  4 4.1.: 16 .42  x 10 = 164.2.  

The d i v i s o r ,  4.1, x 10 = 41,O ( a  whole number) 

4 .  

1 6 4  
4 1  .J-m 
- 

A f t e r  t h e  new dec imal  p o i n t  is p laced  i n  t h e  

d i v i d e n d  ( 1 6 4 , 2 ) ,  t h e  decimal p o i n t  i n  t h e  q u o t i e n t  

( q u o t i e n t  i s  t h e  c o r r e c t  name f o r  t h e  answer i n  a 

d i v i s i o n  problem) is  i n  l i n e  w i t h  i t ,  

- - - - - - - - -  

8 2 ,  With t h e  problem 1 3 5 , 4  f 0.46,  w e  would m u l t i p l y  

bo th  by (10, 100,  l000)  i n  o r d e r  t o  make t h e  

a whole number. Now t h e  problem 

i s  t o  d i v i d e  13540 by 4 6 .  
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8 3 .  We might  s i m p l i f y  t h i s  i n  t h e  fo l lowing  manner: 

I n d i c a t e  t h e  d i v i s i o n  as i n  t h e  o r i g i n a l - -  

100 , 
d i v i s o r  

.46 ) 1 3 5 . 3  
L-2- 

Move t h e  decimal  p o i n t  i n  bo th  the d iv idend  and 

d i v i s o r  enough p l a c e s  t o  t h e  r i g h t  t o  make t h e  

d i v i s o r  a whole number, 

- - - - - - I - -  

8 4 .  The problem i s  now 

46 .  ) 13.540. 

The decimal  p o i n t  i n  t h e  q u o t i e n t  w i l l  be  i n  S i n e  

w i t h  t h e  decimal  p o i n t  i n  t h e  ( d i v i s o r ,  d iv idend) .  

- - - - - - - - _  

85 .  Thus, i n  d i v i d i n g  6.48  by 0 . 4 ,  w e  m u l t i p l y  b o t h  

6.48 and 0.4 by 10 and do t h e  d i v i s i o n .  

1 6 . 2  
0 . 4 .  =j-KCz 

L9 4- 

2 4  
8 

- 
8 
I 

div idend 

86 .  To check t h a t  1 6 . 2  i s  c o r r e c t ,  m u l t i p l y  16 .2  X 1 6 . 2  

0 . 4 ,  and t h e  p roduc t  should  b e  6 . 4 8 .  It  (is, i s  n o t )  

c o r r e c t .  
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87. Again,  i n  o r d e r  t o  d i v i d e  dec imals ,  m u l t i p l y  

bo th  d iv idend and d i v i s o r  by a number which w i l l  

make t h e  d i v i s o r  ( t h e  number you are  d i v i d i n g  

by) a whole number. 

is 

88. I f  you are d i v i d i n g  63.8 by 4.75, the number 

i s  t h e  d i v i d e r .  

- - - - - I - - -  

89. The f i r s t  s t e p ,  t hen ,  i s  t o  m u l t i p l y  t h e  d i v i s o r ,  4.75 

4 . 7 5 ,  by , which w i l l  make i t  

- - - - - - - - -  

90. Then m u l t i p l y  t h e  d iv idend ,  6 3 . 8 ,  by 100; and i t  

becomes 

- - - - - - - - -  

91. Now d i v i d e  as u s u a l :  

13.4 
475 )6380.' 

475 
1630 
1425 

I__ 

-- 
2050 
1900 

150 
- 

The answer,  1 3 . 4 ,  i s  c a l l e d  t h e  

- - - - - - - - -  

100, 
475 

6 380 

q u o t i e n t  92. Now t r y  175.6 d i v i d e d  by 0 .032 .  P l a c e  t h e  numbers 

i n  t h e  r i g h t  form f o r  d i v i s i o n .  
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9 3 .  I n  the  above problem, t h e  q u o t i e n t  w i 1 . 1  be  

94.  Work t h e  fo l lowing  problems: 

a. 167.25 + 0.5  = 9 

b.  2.3.4 t 1 . 4  = 

c. 7 8 . 3  + 90.67 = , 
d,  24.64  t 0 . 4 8  = - 

- _ - - - - - _ -  

95 .  Now check your answers.  To do t h i s ,  m u l t i p l y  t h e  

d i v i s o r  by t h e  q u o t i e n t .  Thus us ing  t h e  problems 

i n  Frame 9 4 :  

a. 0 . 5  x 334 .5  = --’ 

5487.5 

a. 3 3 4 . 5 ;  
b.  1 6 . 7 ;  
c. 0.863 o r  

d. 51.3.  
0 . 8 6 4 ;  

9 6 .  Note t h a t  answers b ,  c ,  and d do  n o t  check e x a c t l y .  a.  167 .25;  
b. 1 . 4 ,  2 3 . 3 8 ;  You will remember t h a t  i n  t h e  o r i g i n a l  problem t h e r e  

w a s  a remainder  i n  each of t h e s e  cases. When o r  0 , 8 4 4 ,  

s o l v i n g  a c t u a l  problems, t h e  number of d i g i t s  t o  

t h e  r i g h t  of t h e  decimal  p o i n t  i s  u s u a l l y  l e f t  t o  24 .624 .  

c. 0 . 8 6 3 ,  7 8 . 2 5  

7 8 . 3 4 ;  
d. .48 x 51 .3  = 

t h e  d i s c r e t i o n  of t h e  pe r son  s o l v i n g  t h e  problem. 

97 .  For example, if you are  buying f enc ing  f o r  a y a r d ,  you 

w i l l  p robably  n o t  measure a l e n g t h  o r  wid th  any more 

p r e c i s e l y  than  t e n t h s  of a f o o t  o r  one d i g i t  t o  t h e  

r i g h t  of t h e  decimal  p o i n t .  I n  such  a c a s c ,  i t  i s  n o t  

p r a c t i c a l  t o  measure t o  t h e  hundredths  pl-ace or  two 

d i g i t s  to t h e  r i g h t  of t h e  decimal  p o i n t .  
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98. A t  the beginning of  this section, we noted that 

it was relatively easy to change a fraction whose 

denominator was a multiple of L O ,  as 35/100, to a 

decimal fraction. Now let us change an;y fraction 

to a decimal. 
- - - - - I - - -  

99. Proper fractions may be changed to decimal fractions 

by dividing the numerator by the denominator. 

100. You can change the fraction 5/8 to a decimal 

fraction by dividing the numerator, the number 

, by the denominator, the number 
- - - I - - - - -  

101. In effect, you are making the denominator unity 5, 
e; 

(equal t o  one) as: 

5 I 8 0.625 
8 t 8  1 
---'=- 

and any number divided by one is just the number. 

102. To shorten the process, divide as below, and you 

find that 5/8 is the decimal fraction 0.625: 

0.625 
8 )T 

4 8  
c_ 

20 
16 - 

40 
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103. I n  t h e  same way, show t h a t  314 i s  0.75 and t h a t  

1 / 3 2  i s  

- - - - - - - _ _  

1 0 4 .  Change t h e  fo l lowing  f r a c t i o n s  t o  decimal  numbers: 0.03125 

a. 718 = 3 

b. 1 4 / 3 2  = 9 

c.  6 4 / 1 2  = 

d. 16418 = 

, 
- 

1 0 5 .  To change a mixed number t o  a d e c i m a l  number, w r i t e  a .  0.875; 
b.  0.4375;  

t h e  whole number as i t  is .  Then change t h e  f r a c t i o n  
c. 5.33; 

p a r t  t o  a decimal  and add t o  t h e  whole number. d. 20.5. 

106 .  For example, t o  change 1 2  3 / 4  t o  a dec ima l ,  change 

3 / 4  t o  0.75  and add t o  1 2  as: 

12.00 
.75 

12.75 

107 .  Change t h e  fo l lowing  mixed numbers t o  dec imals :  

9 - a. 23 118 = 

Y 
-_1 

b.  14 2 / 3  = - 
c .  123  1 4 / 1 6  = 



1 0 8 .  The method f o r  changing dec imal  f r a c t i o n s  t o  

common f r a c t i o n s  i s  q u i t e  s imple.  J u s t  p l a c e  

a l l  numbers t o  t h e  r i g h t  of t h e  dec imal  p o i n t  

over  t h e  number 1 0 ,  100, 1000, e tc . ,  i n  whose 

p l a c e  the  l as t  d i g i t  is found. For example, 

0.235 can be read 235 t housand ths .  So, w r i t e  

t h e  f r a c t i o n  235/1000 and s i m p l i f y  by c a n c e l l a -  

t i o n  t o  1 3 / 4 0 .  

1 0 9 .  Write t h e  following decimal  f r a c t i o n s  as t h e  

smallest common f r a c t i o n s  p o s s i b l e :  

a. 0 .75  = Y 

b.  0.125 = 9 

110. Pract ice  e x e r c i s e s :  

a. 

b. 

C. 

a. 
e. 

f .  

g* 
h. 

i. 

j. 

18 .5  x 4 = 

3.9  x 2 . 4  = 

0 .56  x 0 .74  = 

0 . 0 2 1  x 0 .204  = 

0 . 6 0 1  x 0.003 = 

0.236 x 12 .13  = 

7.43 x 0,132 = 

126 x 0.0064 = 

1 2 0 0  x 0 .003 = 

6 5 . 1  x 1 . 4  = 

a. 23.125; 
b. 14.667 o r  

1 4 . 6 7 ;  
C .  123.8759 

a.. 3 1 4 ;  
b'. 118; 
c.. 1 / 1 6 *  

k. 534.79 f 100 = 

1, 5 3 4 , 7 9  x 100 = 

m. 534.79 f 1000 = 

n. 642 + 2 . 4  = 

0. 58.6 4 2 .93  = 

p .  0.46 -:- 20 = 

q. 6 ,88  i 320 = 
r. 688 4 3.20 = 

s .  1 2  f 0.03 = 

t. 0.03 :- 1 2  = 
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111. Answers t o  t h e  above p r a c t i c e  e x e r c i s e s :  

a. 74 

b.  9.36 

c. 0.4144 

d ,  0.004284 

e. 0.001803 

f .  2.86268 

g o  0.98076 

h .  0.8064 

i. 3.6 

j .  91.14 

k. 5.3479 

1. 53,479 

In. 0.53479 

n. 267 .5  

0.  20 

pa  0.023 

q. 0.0215 

r a  215 

s. 400 

t .  0.0025 

1 1 2  a P r a c t i c a l  problems : 

a. I f  one g a l l o n  of water weighs 8.25 pounds, 

16,000 g a l l o n s  w i l l  weigh pounds. 

b .  I f  t h e  pr imary water f l o w  a t  t h e  H F I R  i s  

16,000 gpm, how many pounds of water move 

through t h e  r e a c t o r  p e r  hour?  p e r  second? 

- - - - - _ _ - - -  

1,3. Percentage  

113, Pe rcen tage  i s  ano the r  method used t o  expres s  a 

f r a c t i o n .  I n  t h i s  method, t h e  f r a c t i o n  is  always 

expressed as a f r a c t i o n  whose denominator i s  100, 

as a c e r t a i n  number of p a r t s  of 100. 

- - - - - - - - _  

\ 

132,000; 
7,920,000; 
2 , 200 
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114.  For example, t h e  f r a c t i o n  1 / 4  may a l s o  b e  w r i t t e n  

as 0.25 o r  25/100. I n s t e a d  of r ead ing  t h i s  

f r a c t i o n  as 25 hundred ths ,  w e  u s e  t h e  word p e r c e n t  

and r ead  i t  25 p e r c e n t .  The symbol f o r  p e r c e n t  

i s  %; t h e  above number could  b e  w r i t t e n  25%. 

115. E i g h t  p e r c e n t  means 8 p a r t s  of 100. It  can thus  

be  w r i t t e n  as e i t h e r  8%, as a common f r a c t i o n  

8/100, o r  as a dec imal  f r a c t i o n  0.08. 

- - - - - - - - -  

116. I f  a t ank  h o l d s  100 g a l l o n s  o f  water and you p u t  

on ly  20 g a l l o n s  of water i n  i t ,  you are u s i n g  

on ly  20 p a r t s  o u t  of 100 p a r t s  of i t s  t o t a l  

of t h e  c a p a c i t y .  Th i s  is 20/100 o r  20 - 
t a n k ' s  c a p a c i t y .  

- - - - - - - I -  

1 1 7 .  S ince  p e r c e n t  means p a r t s  of one hundred, i t  i s  

easy  t o  change a p e r c e n t  t o  a decimal f r a c t i o n ;  

j u s t  d i v i d e  t h e  p e r c e n t  by 100, Usua l ly ,  t h i s  i s  

done by moving t h e  dec imal  p o i n t  two d i g i t s  t o  

t h e  l e f t ,  

- - - - - - - - -  

118. Thus 63%,  which is  r e a l l y  6 3  p a r t s  o f  100, can  

be  w r i t t e n  63/100, Div ide  6 3  by 100, and you have 

0.63. You have moved t h e  decimal p o i n t  from 63.% 

t o  0.63, which is d i g i t s  t o  t h e  

- - - - - - - - -  

p e r c e n t  
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119. Change t h e  fo l lowing  p e r c e n t s  t o  decimal  f r a c t i o n s :  two, 
l e f t  

a .  2% e. 3.4% 

b. 25% f .  365% 

c. 179% g. 0.46% 

d. 38.5% 

120. I n  o rde r  t o  work problems invo lv ing  p e r c e n t s ,  i t  

is a d v i s a b l e  t o  change t h e  p e r c e n t s  t o  decimal  

f r a c t i o n s  and then  do t h e  a r i t h m e t i c  accord ing  

t o  t h e  r u l e s  f o r  f r a c t i o n s ,  

a. 0.02  
b. 0.25 
c. 1.79 
d.  0.385 
e. 0.034 
f .  3.65 
g. 0.0046 

121. I n  decimal  f r a c t i o n  form, p e r c e n t s  can b e  added, 

s u b t r a c t e d ,  m u l t i p l i e d ,  and d iv ided  acco rd ing  t o  

t h e  r u l e s  f o r  dec imals .  

- - - - I - _ _ _  

122. You w i l l  r e ca l l  t h a t  when dec imals  awe added OP 

s u b t r a c t e d ,  t h e  decimal  p o i n t s  must b e  c o r r e c t l y  

a l igned .  Thus, t o  add 1 4 . 7 % ,  6 4 % ,  5%, and 1.4%, 

change each p e r c e n t  t o  a 

- - . . . - - - - - -  

l 2 3 ?  Now as dec imals ,  you can a l i g n  them as: 

0.147 
0.64 
0.05 
0.014 
0.851 

The sum of t h e s e  is  0.851 and can b e  w r i t t e n  as a 

p e r c e n t  -- -- by moving t h e  decimal  

p o i n t  back two p l a c e s  t o  t h e  r i g h t .  

- _ _ - _ - _ _ _  

decimal  
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124 .  A c t u a l l y ,  p e r c e n t s  may be added o r  s u b t r a c t e d  

wi thou t  changing them t o  dec imals ,  However, 

t o  avoid  confus ion ,  i t  i s  o f t e n  a d v i s a b l e  t o  

change them t o  dec imals  * 

- - - - - - - - -  

125. M u l t i p l i c a t i o n  and d i v i s i o n  of p e r c e n t s  i s  

merely a matter of changing t h e  p e r c e n t s  t o  

dec imals  and doing the  necessa ry  a r i t h m e t i c .  

126. P r a c t i c e  e x e r c i s e s :  

a. 5 x 40% = 

b. 2 x 15% = 

c. 10% + 18.5% + 30% = 

- 

d. 14% - 6% = 

e. 1 7 %  x 3 = 

f .  112 of 96% = 

g. 213 of  96% = 

h.  51% f 3 = 

127 .  You w i l l  recal l  t h a t  i n  t h e  language of mathe- 

m a t i c s ,  "of" means t o  m u l t i p l y .  Thus, i n  t h e  

p r a c t i c e  e x e r c i s e s  above, 213 of 96% w a s  

213  x 0 . 9 6 ,  t o  g i v e  t h e  answer 0.64  o r  64%. 

- - - - - - - - -  

128.  P r a c t i c e  problems: 

a. Here i n  Tennessee,  w e  pay a 3% sales tax. 

On a $10 purchase ,  t h e  sales t a x  i s  3% of 

$10, which w e  c a l c u l a t e  by m u l t i p l y i n g  

0.03 x 10.  t o  g e t  $ tax. 

- - - - - - - - -  

85.1% 

a. 200% 
b .  30% 
c. 58.5% 
a .  8% 
e. 51% 
f .  48% 
g .  64% 
h.. 17% 
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b. Three p e r c e n t  of $10 i s  $0.30 d o l l a r s .  I n  

terms of money, w e  w r i t e  t h e  above answer 

$0.30, b u t  w e  read  i t  30 c e n t s .  This  amount, 

as a p e r c e n t ,  i s  _I of  $1 and on ly  

% of SYOO.  

c. I f  you gee: a 6% disc0un.t  when buying a 

r e c r i g e r a t o r  t h a t  normally sells f o r  $ 4 5 0 ,  

you a c t u a l l y  pay $ less than t h e  normal 

p r i c e .  

0.30 

30% , 
0.3  

d ,  You are asked t o  make L O O  g a l l o n s  of 5% c a u s t i c  27  

s o l u t i o n .  F i v e  p e r c e n t  of 1-00 g a l l o n s  i s  

g a l l o n s ,  so  t h i s  i s  the amount o f  
I- 

c a u s t i c  t h a t  yav. w i l l  need, 

- - - - - - - - -  

e ,  One hundred g a l l o n s  o f  soluclorn mrfnus 5 g a l  

of c a u s t i c  l e a v e s  g a l  of water. 30, 

YOU p u t  95 g a l  of water i n  t h e  mix t ank ,  add 

t h e  5 g a l  of c a u s t i c ,  mix thocoughly,  and you 

have  t h e  100 g a l  of  5% sol la t ion ,  

f .  If the  EO. 3 primary coo lan t  pump hand les  35% 

of the 16,000 gpm c o o l a n t  f law,  i t  pumps 

~ g a l  p e r  min, 

- - - - ^ - I _ _  

g. What p e r c e n t  of t h e  16,000 gpm c o o l a n t  f low 

i s  handled by t h e  No, 2 pump i f  i t  pumps 

5,280 gpm? 

-~ I - - I - - - - 

5 

95 

5 , 600 
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h. If you put 38 gal of water in a tank and add 3 3% 

2 gal of concentrated n i t r i c  acid, you have 

40 gal of a % nitric acid solution. 
- - - I - - - - -  

5 
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SECTION 1-2 

ANALYSIS OF PROBLEMS 

2 . 1 .  Numbers w i t h  Dimensions 

1, L e t  u s  beg in  our  a n a l y s i s  of problems w i t h  a d i seus -  

s i o n  of t h e  dimensions t h a t  are most o f t e n  a p a r t  o f  

t h e  problem. Numbers t h a t  have dimensions are c a l l e d  

d imens iona l  numbers and are t h e  r e s u l t s  of a measure- 

2 .  The numbers 25 m i l e s ,  5 g a l l o n s ,  and 15 seconds 

r e p r e s e n t  measures and are  c a l l e d  

numbers 

3, The number 1 0  f t  r e p r e s e n t s  a measure of something 

t h a t  i s  10 f t  long;  and t h e  dimension, f e e t ,  i s  a 

ve ry  impor tan t  p a r t  of t h e  t o t a l  number, 10  f t .  

- - - I - - - - -  

4., There are  two systems of measurement t h a t  are  i n  

common use  todayo The t r a d i t i o n a l  Bri t ish system i s  

t h e  one most f a m i l i a r  t o  people  i n  t h e  United S t a t e s .  

Some of t h e  most used dimensions are found i n  t h e  

fo l lowing  t a b l e .  

- - - - - - - - -  

dimens iona l  
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Meaning 

1,000,000 x 

1,000 x 

1 x  

0.01 x 

0 .001  x 

0.000001 x 

Table  2 . 1 .  B r i t i s h  Un i t s  of Measure 

Leng t h  

k i l o m e t e r  (km) 

meter (m) 

c e n t i m e t e r  (cm) 

m i l l i m e t e r  (mm) 

micron (LI) 
* 

I Length 

1 2  i n .  = 1 f t  

3 it = 1 yd 

36 i n .  = 1 yd 

5280 ft = 1 mi 

Weight 

16  oz = 1 l b  

2000 lb = 1 ton  

Volume 

2 p i n t s  = 1 q u a r t  

4 q u a r t s  = 1 g a l l o n  

Cubic Measure 

1728  i n ,  = 1 E t 3  

27 ft3 = 1. yd3 

T i m e  

60 sec = 1 min 

24 h r s  = l day 

_I 

6. The o t h e r  system, t h e  metric system, is  i n  common use  

i n  most non-English-speaking c o u n t r i e s  of t h e  w o r l d .  

I t  i s  a l s o  p r e f e r r e d  by most s c i e n t i s t s .  The 

fo l lowing  t a b l e  g i v e s  a f e w  of t h e  most o f t e n  used 

u n i t s  . 
- - - - - - I - -  

Table  2 . 2 .  Metr i c  U n i t s  of Measure 

cI_ 

P r e f i x  

mega 

kilo 

c e n t i  

m i l l i  

micro 

* 

Mass 

mi l l i g ram (mg) 

microgram (ug> 

The symbol ~JI is  t h e  Greek le t te r  Mu. 

- - - - - - - - -  

Volume 

k i l o l i t e r  (kl) 

l i t e r  (1) 

m i l l i l i t e r  (ml) 



7 .  Since most of our work will be with the British 

system, we will concentrate on its use, 

- - - - - - - - -  

8, In adding and subtracting dimensioned aumbers , the 
dimensions must be the same. Thus: 

60 mi - 5 mi = 

1/2 hr i- 318 hr = 

0.63 gal +- 0.025 gal = 

9. When multiplying or dividing dimensioned numbers 

by nondimensioned numbers, the answer retains the 

dimensions. Thus: 

--I 

36 ft t 2 = 

24 hrs f 3 = 

5 .y 5 g a l  = 

6 x 50 lbs = - 

ft 

hr s 

gal 
l b s  

55 mi, 
718 hr, 
0.655 gal 

10. However, when multiplying and dividing numbers, 18 Y 

8, 
25 Y 

both of which have dimensions, care must be exercised 

t o  insure that the answer has the proper dimensions. 300 

- - - - - - - _ -  

II, For  example, when finding the area of a plot of 

ground 20 ft: wide by 60 ft long, we rnulciply 

20 x 60 tis get the number 1200 and also multiply 

ft 8 ft- t o  get. square feet ( f t 2 > .  The answer is 

1200 f t 2 ;  and we read the answer 1200 square feet. 
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12.  If we wanted t h e  volume of a box 3 f t  wide by 10 f t  

long by 2 f t  deep ,  w e  would m u l t i p l y :  

3 f t  x 10 f t  x 2 f t  = 60 f t 3  

- - - - - - - - -  

13. A number i s  squared  when i t  i s  m u l t i p l i e d  by 

i t s e l f .  Thus: 

2 x 2 = 22 = 4 

ft x f t  = f t 2  

1 2  x 1 2  = 1 2 2  = 144 

miles x m i l e s  = 

- - - - - - - - -  

1 4 .  A number m u l t i p l i e d  by i t s e l f  twice, t h a t  i s ,  

3 x 3 x 3 ,  i s  s a i d  t o  be  cubed. Thus: 

3 ~ 3 ~ 3 = 3 ~ o r 2 7  

4 x 4 ~ 4 ~ 4 ~ 0 ~ 6 4  

2 f t  x 3 f t  x 4 f t  = 24 

m i 2  o r  squa re  
m i l e s  

15. If t h e  numbers m u l t i p l i e d  have dimensions which are f t 3  o r  cub ic  
f e e t  

n o t  t h e  same, t h e  dimensions are s t i l l  m u l t i p l i e d .  

For example, t h e  work performed when a 400-lb weight  

is  l i f t e d  2 f t  = 800 f t  l b .  This  is  r e a d  800 f o o t  

pounds. The f o o t  pound is  a u n i t  that  r e p r e s e n t s  

work, a measure of t h e  work done. 
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16.  Solve  t h e  fo l lowing  problems: 

a. 5 f t  x 6 f t  x 20 f t  = 

b. 20 l b  60 f t  = 

c. 3 i n .  5 i n .  = 

d. 20 kw x 10 h r s  = 

1 7 .  When d i v i d i n g  one dimensioned number by ano the r  of a. 600 f t 3  
b. 1200 f t  l b  
e ,  1.5 in.’ 

t h e  s a m e .  d imension,  t h e  answer i s  a nondfmensioned 

number because  t h e  dimensions c a n c e l  i n  t h e  same way d. 200 kwh 

t h a t  numbers are c a n c e l l e d :  

8 

1 

or 

8 

18. Solve t h e  fo l lowing  problems: 

a .  16 l b  + 32 I b  = 

b.  80 f t  f 2 f t  =1 

c. 1000 g a l  f 20 g a l  = 

d. 240 hours  8 hour s  = 

e. 500 f t 3  5 10 f t  = 

f .  200 f t 2  t 8 f t  = 

g.  900 Megawatt days t 30 days = 
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a. 1 / 2  or  0.5 19 .  When d i v i d i n g  a dimensioned number by a number 
b.  40 
c .  50 

having  a n o t h e r  dimension, t h e  answer ' s  dimension 

is  t h e  numera to r ' s  dimension d i v i d e d  by t h e  denomi- d. 30 
e. 50 f t 2  
f .  25 f t  

n a t o r ' s  dimension. Thus, 510 miles + 30 g a l l o n s  

of g a s o l i n e  would be  g. 30 Mw 

510 mi = 1 7  m i / g a l  e 
30 g a l  

This  i s  read  "17 miles p e r  gal lon".  

20.  Work t h e  fo l lowing  problems: 

a. 700 t o n s  + 20 days = 

b.  630 m i l e s  + 15 hours  = 

c. 8 hours  X 3 d o l l a r s / h r  = 

d. 24 payments a t  50 do l l a r s /paymen t  = 

21.  These problems o f t e n  i n v o l v e  c o n v e r t i n g  from one a. 35 tons lday  
b. 42 mi/hr  
c. $24 s i z e  u n i t  t o  a n o t h e r ,  such  as f e e t  t o  y a r d s  o r  

minutes  t o  hours .  To change 3000 g a l l o n s  pe r  d .  $1200 

minute  (gpm o r  gaP/min) to gph, m u l t i p l y  3000 gpm x 

60 min/hr .  The minute  dimension cancels, l e a v i n g  

gph. The answer i s  

- - - - - - - - -  

22.  Tennessee E r n i e  Ford s h o v e l s  16  tons  of coa l  i n  an 180,000 gph 

8-hour day. How many t o n s  does he  s h o v e l  (a) i n  an 

hour?  (b)  i n  a minute?  

a. 16  T 5 8 h r  = 

b. 16  T / 8  h r  -: 60 min/hr  -- f o r  c l a r i t y ,  w r i t e :  



23. How many pounds per minute  is 1/30 i:on/min? a, 2 T/hr 
b. 1/30 T/min 

2 4 .  When working such problems, make s u r e  t h a t  your 66.7 l b /min  

work pr:Jdt.Ices the d e s i r e d  dimensions for t h e  answer.  

_ - _ - - - - - -  

25.  if a pump will pump 100 g a l  of water per minute, how 

many hours: w i  11 i t  c a k e  tl;l empty an 18,000-gal. tank? 

Our problem i s  twofold.  F i r s t  how many minutes of 

wateir do we have at 100 gpm; then,  how many hours  of 

water i n  the  tank? So, d i v i d e  18,000 g a l  by 100 gpm. 

Wrlre i t :  

4.00 gal. 18,000 g a l  + min 

a n i  rnliItiply as: 

180 

Now, change 180 m i r ?  t c  hours”  

180 min I GO rninlhr is written: 
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26. I n  t h e  above problem, i f  i n  t h e  l a t t e r  p a r t  w e  had, 

w i t h o u t  t h i n k i n g ,  m u l t i p l i e d  180 min by 60 min /h r ,  

t h e  answer would have been much l a r g e r  t h a n  w e  should  

have expec ted  (10,800);  and t h e  dimensions would have 

been - min2 There are no such  dimensions,  so  i t  i s  
h r  

obvious t h a t  we should  n o t  have , b u t  

shou ld  have 180 rnin by 60 min/hr .  

27 .  A man uses  15 g a l l o n s  of gas  i n  d r i v i n g  270 m i l e s  i n  m u l t i p l i e d ,  
d iv ided  

s i x  hour s ,  How many gph does he  use?  Arrange t h e  

dimensions s o  t h a t  t h e  answer i s  gph. Write 

galx m i  - .  t h e  m i l e s  w i l l  c a n c e l  and g i v e  
m i  h r  ' 

t h e  answer gph 0 

_ - -  - - - . . . I -  

15 g a l  270 m i  
270 m i  6 h r  ' 
2.5 

28. A man's wages are $2.50 p e r  hour.  Assuming t h a t  he  

works 248 e ight -hour  days pe r  y e a r ,  h i s  y e a r l y  

income ( b e f o r e  t a x e s )  i s  

- - - - - - - - -  

29. A 60-watt lamp is  l e f t  on when a fami ly  l e a v e s  t h e  

house f o r  a week of v a c a t i o n .  When t h e  f ami ly  

r e t u r n s ,  7 days  and 2 hours  la ter ,  they t u r n  t h e  

l i g h t  o f f .  

were 

$4 ,960  

The w a t t  hours  of e l e c t r i c i t y  used 

- - _ - - _ - - -  

30. Since  1000 w a t t s  = 1 k i l o w a t t ,  t h e  lamp burned 

kwh of e l e c t r i c i t y .  

31. A t  $0.02/kwh, t h e  lamp used c e n t s  

wor th  of e l e c t r i c i t y .  

1.0,200 

1.0" 2 
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2 . 2 .  Ra t io  and P r o p o r t i o n  -_--.-.--- 

3 2 ,  The term r a t i o  means t h a t  two numbers are r e l a t e d ,  20.4 

as i n  a f r a c t i o n .  For example, t h e  numbers 1 and 2 

can be  r e l a t ed  a s  t h e  f r a c t i o n s  112 and 2 / 1 .  The 

f i r s t  i s  r ead  1 i s  t o  2 and t h e  second is 2 i s  t o  1. 

- - - - - - - - - 

33. The above r a t i o s  can also b e  w r i t t e n  1 : 2  and 2 : 1 ,  

b u t  t h e  common f r a c t i o n  i s  t h e  form most o f t e n  used.  

- - - - _ - - - -  

34.  The r a t i o  1 6 : 6 4  i s  u s u a l l y  w r i t t e n  as t h e  f r a c t i o n  

__-_I 

- - - - - - - - -  

35 .  Whatever t h e  manner of w r i t i n g  a r a t i o ,  i ts  a r i t h -  

me t i c  v a l u e  i s  always t h e  same. 

- - _ - - - - _ -  

36.  Since  r a t i o s  may be  w r i t t e n  as f r a c t i o n s ,  t h e  r u l e  

t h a t  bo th  terms or' a f r a c t i o n  may b e  m u l t i p l i e d  or  

d iv ided  by t h e  same number wi thou t  a f f e c t i n g  i t s  

v a l u e  i s  t r u e  a l s o  f o r  r a t i o s .  

37.  Thus ,  in t h e  above i l l u s t r a t i o n ,  t h e  r a t i o  1 6 / 6 4  

may be s i m p l i f i e d  by d i v i d i n g  b o t h  numerator  and 

1 6 / 6 4  

denominator by 16 .  The new r a t i o  i s  

- - - - - - _ _ _  
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38. S impl i fy  t h e  fo l lowing  r a t i o s :  1 / 4  

- a. 16 t o  4 = 

b. 1 3  t o  39 = 

c. 7/56 = 

d .  49/56 = 
c- 

e .  21:36 = 
- - - - - - - - -  

39, When a man d r i v e s  512 m i l e s  and uses  32 g a l l o n s  of a .  4 t o  1 
Is. 1 t o  3 
c'. 118 g a s ,  t h e  r a t i o  of miles t r a v e l e d  t o  g a l l o n s  of gas  

used i s  512:32. Normally,  w e  s i m p l i f y  t h i s  r a t i o  dl. 7 / 8  
e. 7:12 

t o  

40. A p r o p o r t i o n  is  a method o f  e x p r e s s i n g  e q u a l i t y  

between two r a t i o s .  Th i s  e q u a l i t y  i s  u s u a l l y  

w r i t t e n  "=" as i n  16/32  = 1 /2 ;  b u t  i t  may b e  

w r i t t e n  as a double  co lon ,  l ' : : ' ' .  The above pro- 

p o r t i o n  is  then  w r i t t e n  16:32 :: 1 : 2  and i s  r ead  

"16 is  t o  32 as 1 i s  t o  2". 

- - - - - - - - -  

41. I n  t h e  form 1 6 ~ 3 2  :: 1 : 2 ,  t h e  numbers a t  each end,  

16  and 2 ,  are c a l l e d  "extremes" of t h e  p r o p o r t i o n .  

The numbers on each  s i d e  of t h e  co lon  are c a l l e d  

t h e  "means" of t h e  p r o p o r t i o n ,  presumably because  

they  are i n  t h e  middle .  

16  mi /ga l  
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42.  Write, i n  t h e  fo l lowing  b l ank  s p a c e s ,  t h e  propor- 

t i o n s  below as they  should  be  read:  

a. 219 = 1 6 / 7 2  3 

b. 10:50 :: 2:l.O Y 

c .  6 : 3 0  : :  7 : 3 5  3 

d. 318 = 2 4 / 6 4  

43.  When w r i t i n g  p r o p o r t i o n s  invo lv ing  dimensions,  i t  is  a .  2 is t o  9 as 
16 i s  t o  7 2 ;  customary t o  use  t h e  same dimension on t h e  s a m e  s i d e  

of t h e  e q u a l i t y  s i g n .  Thus, as 2 i s  t o  10 ;  
b .  10  i s  t o  50 

c. 6 i s  t o  30 as 

10  f t  4 i n .  
30 f t  1 2  i n .  
- -  - 

7 i s  t o  3 5 ;  
d. 3 i s  t o  8 as 

24 i s  t o  6 4 .  

4 4 .  Write t h e  fo l lowing  p r o p o r t i o n s  as two f r a c t i o n s  

s e p a r a t e d  by an  = ( equa l )  s i g n .  

a. 1 f t  is t o  10 f t  as 6 m i  i s  t o  60 m i .  

b.  5 gpm i s  t o  30 gpm as 300 g a l / h r  i s  t o  1800 g a l l h r .  

c ,  20 Mw is t o  100 Mw as 1 i s  t o  5. 

_ _ - - - - - - -  

45.  !dhen two numbers are s e p a r a t e d  by an  e q u a l  s i g n ,  

as : 

22 = 2 x 11 

3 / 4  = 0.75 , 

1 f t  6 m i  
10  f t  60 m i  

-. I__ a. - -  

b. --?-&E= 
30 gpm 
300 g a l / h r  
1800 g a l / h r  
20 Mw = 

100 MW 5 
C. 

w e  use t h e  word "equat iont t  t o  r e p r e s e n t  t h e  

a r i t h m e t i c  form. 
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46.  It i s  easy  t o  see t h a t  a p r o p o r t i o n  w r i t t e n  as 

1 6 / 4 8  = 4 / 1 2  is an . It is  n o t  

q u i t e  so  obvious t h a t  t h e  form 26 :48  :: 4 : 1 2  a l s o  

r e p r e s e n t s  an e q u a l i t y .  

47.  P r o p o r t i o n s  w r i t t e n  i n  e q u a t i o n  form o f t e n  are 

used as methods f o r  s o l v i n g  problems where t h r e e  

of t h e  v a l u e s  are known and you need t o  know t h e  

o t h e r  value. 

- _ - - - - - - -  

4 8 .  You w i l l  r e c a l l  t h a t  t h e  numerators and denomina- 

t o r s  of f r a c t i o n s  can b e  m u l t i p l i e d  by o r  d i v i d e d  by 

t h e  same number w i t h o u t  changing t h e i r  va lue .  We 

used t h i s  method t o  s i m p l i f y  f r a c t i o n s .  

- . . . - - - - - - -  

49 There is a s imi la r  r u l e  f o r  equa t ions .  You can  

m u l t i p l y  bo th  s i d e s  of an equa t ion  o r  d i v i d e  bo th  

s i d e s  of an e q u a t i o n  by t h e  same number w i t h o u t  

d e s t r o y i n g  t h e  e q u a l i t y .  

- - - - I - . . . - -  

50. When t h e  f r a c t i o n s  are i n  an e q u a t i o n ,  as i n  a 

p r o p o r t i o n ,  we  use  t h i s  method t o  s i m p l i f y  t h e  

equa t ion .  That i s ,  w e  "clear" t h e  e q u a t i o n  of 

f r a c t i o n s .  

- - - - - - - I -  

e q u a t i o n  
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51. L e t  us t a k e  t h e  p r o p o r t i o n  

3/16 = 15/80 

A common denominator f o r  t h e s e  two f r a c t i o n s  would 

be  80. Mul t ip ly  t h e  numerators  by 80 as: 

8 0 x 3 - 8 0 x 1 5 .  - -  

16 80 9 

c a n c e l  common terms t o  g i v e  t h e  equa t ion  t h e  form: 

52 .  Clear t h e  fo l lowing  equa t ions  of f r a c t i o n s :  

a ,  318 = 12/32;  

b .  

c .  2 + 317 = N / 1 4  . 
3 + 518 = 116132; 

53,. Note t h a t  t h e  s i m p l i f i c a t i o n  p rocess  invo lves  two 

s t e p s .  F i r s t ,  f i n d  t h e  common denominator;  second,  

m u l t i p l y  bo th  s i d e s ,  c a n c e l ,  and combine terms. 

Take t h e  above equa t ion  318 = 12/32,  The common 

denominator i s  32. 

4 1 

t o  g i v e  4 x 3 = 1 x 12 e 

3f!? x 3 - y2 x 12 
8 32 

- -1-- 

a. 3 ~ 4 = 1 x 1 2  
b.  29 x 4 = 1 x 116 
c .  1 7 ~ 2 = 1 x N  

1 1 
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54.  This can be shortened by a process called "cross- 

multiplication", which is another term for what we 

have been doing. 
- - - - - - - - -  

55. When the proportion is written as a fraction, such 

as 3/12  = 9 / 3 6 ,  you cross-multiply. You multiply 

the numerator on one side by the denominator on the 

opposite side o f  the equal sign. Thus: 

56. At times, as in the above example, this can be 

shortened by doing only one cross-multiplication. 

3 /12  = 9 / 3 6  

Cross multiply the 36 and 3 to give 

3 x 3 6 - 9  - -  
12 1 "  

Now cancel the 12 into 36 to give 

3 x 3 = 9 .  

- - - - - - - - -  

57. Now a problem: 3 is to 12 as what number is to 72? 

Write the problem in fraction form and write the 

letter N ( f o r  the number) where the number you are 

looking for should be. As: 3 /12  = N/72. Now cross 

multiply the 3 and 72 to get the fraction 

3 x 7 2 -  
12 - 

on one side and on the other side of the equal 

sign. 



58. The number you are looking  f o r  is  found by doing 

. The 
3 x 72 

1 2  
t h e  a r i t h m e t i c  i n d i c a t e d  by t h e  

number, t hen ,  i s  

59. I n  s o l v i n g  problems by t h e  r a t i o  and p r o p o r t i o n  

method, i t  i s  f i r s t  necessa ry  t o  r ecogn ize  t h a t  a 

p r o p o r t i o n  e x i s t s  and, second,  whether  t h e  propor- 

t i o n  i s  d i r e c t  o r  i n v e r s e .  

60. A p r o p o r t i o n  is  d i r e c t  when two q u a n t i t i e s  are s o  

r e l a t e d  t h a t  an  i n c r e a s e  ( o r  dec rease )  i n  one causes  

a cor responding  i n c r e a s e  ( o r  dec rease )  i n  t h e  o t h e r .  

- - - - I - - - -  

61. "'The t a l l e r  t h e  o b j e c t ,  t h e  longe r  t h e  shadow'' can 

b e  s t a t e d  thus :  The l e n g t h  of t h e  shadow i s  

d i r e c t l y  p r o p o r t i o n a l  t o  t h e  h e i g h t  of t h e  o b j e c t .  

W r i t t e n  as a p r o p o r t i o n ,  i t  would be  

shadow l e n g t h  1 - h e i g h t  1 
shadow l e n g t h  2 h e i g h t  2 

- 
- - - - - - - - -  

62. For example, i f  a 6 - f t  man has  a shadow 12 f t  long ,  

h i s  4 - f t  son  w i l l  have a shadow f t long  (I 

- _ . - -  - - - - -  

63. I f  i t  r a i n s  a t  a c o n s t a n t  ra te  of 0 .5  i n .  pe r  hour ,  

i n  5 hours  a r a i n  gauge will show t h a t  t h e  t o t a l  

r a i n f a l l  h a s  been i n  

N 

18 

8 
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6 4 .  I f  a pump i s  r a t e d  a t  300 gpm, i n  24 hours  i t  w i l l  2.5 

Pump g a l l o n s  of l i q u i d .  

- - - - - - - - -  

65, The above problems are examples of s i t u a t i o n s  where 432,000 

t h e  r e l a t i o n s h i p  between t h e  q u a n t i t i e s  i s  a 

p r o p o r t i o n .  

- - - - - - - - -  

66. An i n v e r s e  p r o p o r t i o n  i s  one i n  which as one q u a n t i t y  d i r e c t  

i n c r e a s e s ,  t h e  o t h e r  q u a n t i t y  shows a cor responding  

dec rease .  

- - - - - - - - I  

67. I n  a s i t u a t i o n  such that as speed i n c r e a s e s ,  t h e  t i m e  

t o  go a c e r t a i n  d i s t a n c e  d e c r e a s e s ,  t h e  p r o p o r t i o n  

68. I f  a 100-gpm pump fills a 1,000-gal t ank  i n  LO min, i n v e  r si e 

a 250-gpm pump w i l l  f i l l  t h e  same tank i n  T min. The 

form used i n  t h e  i n v e r s e  p r o p o r t i o n  is:  

Pump 1 - T i m e  2 
Pump 2 T i m e  1 
- - - - - - - - -  

69. Using t h i s  form on t h e  above problem, w e  have: 

100 gpm - Tg - 
250 gpm 10 min 

So lv ing  f o r  T z P  then,  t h e  second pump will f i l l  the 

t ank  in min . 
- - - - - - - - - -  
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70. I f  one t r a c t o r  plows 10 acres i n  8 h r s ,  5 of t h e  

s a m e  s i z e  t r a c t o r s  can plow t h e  same area i n  

h r s .  

4 

71.  An army camp h a s  p r o v i s i o n s  f o r  240 inen f o r  28 days.  1 . 6  h r s  

I f  on ly  112 men are s e n t  t o  t h e  camp, t h e  p r o v i s i o n s  

should  l a s t  days.  

_ - _ - _ - _ - _  

7 2  A r e s t a u r a n t  can feed  120  people  i n  30 rni-nutes and 

can f e e d  452 people  i n  2 hours .  The above r e l a t i o n -  

s h i p :  

60 

a. Is an i n v e r s e  p r o p o r t i o n  

b ,  Is a d i r e c t  p r o p o r t i o n  

c. Is n o t  a p r o p o r t i o n  

Circle t h e  l e t t e r  i n d i c a t i n g  t h e  correct .  answer,  

_ - - - - - - _ -  

73. 1.n o r d e r  f o r  t h e  r a t i o  of people-fed-to-time t o  b e  C ,  

a p r o p o r t i o n ,  e i t h e r  t h e  number f e d  i n  30 min should  

be changed t o  people ,  o r  t h e  number f e d  

i n  2 h r s  should  be  changed t o  people .  

7 4 .  Graphs are diagrams i n  which two o r  more r e l a t e d  

b i t s  o f  i n fo rma t ion  are  p resen ted  so  t h a t  t h e  

r e l a t i o n s h i p  between t h e  two k inds  o f  i n fo rma t ion  

may b e  more e a s i l y  unders tood  and t r e n d s  more 

r e a d i l y  diagnosed.  

113,  
480 



51 

75. For  example, l e t  us s a y  you wish t o  show t h e  r e l a t i o n -  

s h i p  between t h e  tempera ture  of t h e  a i r  and t h e  t i m e  

of day. On some s c a l e d  pape r ,  draw two l i n e s  perpen- 

d i c u l a r  t o  each  o t h e r  as shown i n  F ig .  2 .1  below. 

- - - - - - - - -  

Fig.  2.1. L i n e s  f o r  Rectangular  Coordina tes  

- - - - - - - - -  

76. Using t h e  above form f o r  your  diagram, mark h o r i z o n t a l  

l i n e s  t o  r e p r e s e n t  tempera tures  from t h e  c o o l e s t  t h a t  

you expec t  to have ( a t  t h e  bottom) t o  t h e  h o t t e s t  t h a t  

you e x p e c t  ( a t  t h e  top) .  En t h e  summer t h e  n i g h t  t e m -  

p e r a t u r e  would seldom go below 50°F o r  t h e  day tempera- 

t u r e  above l l O " F ,  s o  mark t h e  lowes t  l i n e  50'F and t h e  

h i g h e s t  110°F.  

77. Below t h e  bot tom h o r i z o n t a l  l i n e ,  mark t h e  v e r t i c a l  

l i nes  t o  r e p r e s e n t  each hour  beginning  a t  t h e  l e f t  w i t h  

midnight ;  and mark t h e  24th  l i n e  t o  t h e  r i g h t  midnight  

aga in .  Your deagram shou ld  resemble F ig .  2.2 below. 

- - - - - - - - -  
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100 
Temp. 

"F 

70 

60 - 
1 2  3 4 5 6 7 8 9 1 0 1 1 1 2  1 2  3 4 5 6 7 8 9 1 0 1 1 1 2  

M i  dn i g h t Noon Midnight 

Hours of t h e  Day 

Fig.  2.2. Rec tangular  Coordina tes  f o r  a Temperature vs T i m e  P l o t  

_ _ _ - - - - - _  

7 8 .  L e t  us  assume t h a t  you have a l r e a d y  taken  tempera ture  

r ead ings  f o r  24 hours  and they  are as fo l lows :  

T i m e  

M i  dnigh t 

1:oo 
2:oo 

3 : O O  

4:OO 

5: 00 

6:OO 

7:OO 

- Temp. 

70" 

69 " 
68" 

65" 

61" 

62" 

64" 

69 " 

T i m e  
__I 

8:OO 

9:oo 

1o:oo 

11: 00 

12: 00-N 

1:oo 

2:oo 

3 : O O  

Temp. 

73" 

76" 

80 " 
82" 

83" 

85" 

87' 

88 " 

T i m e  - 
4 : O O  

5 : O O  

6:OO 

7:OO 

8:OO 

9:oo 

10 : 00 

11: 00 

Midnight 

79,  The numbers g iven  (such as 1:00 and 69")  are c a l l e d  

coord ina te s .  The number 1 : O O  r e p r e s e n t s  a v e r t i c a l  

l i n e  on t h e  c h a r t  and 69" r e p r e s e n t s  a h o r i z o n t a l  

l i n e  on t h e  c h a r t .  Where these two l i n e s  c r o s s  is  

a p o i n t  on t h e  diagram. 

Temp. 

89 " 
89 " 
87" 

84" 

80 " 
75" 

74" 
73" 

72 " 
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80. Each p o i n t  on t h e  diagram r e p r e s e n t s  t h e  i n t e r s e c -  

t i o n  of two 

- - - - - - - - -  

81. Make a p o i n t  on your diagram f o r  each  of t h e  two c o o r d i n a t e s  

g iven ,  t i m e  and tempera ture .  Connect 

t h e  p o i n t s  w i t h  a smoothly curved l i n e  because t h e  

tempera ture  does n o t  change s h a r p l y  a t  a p o i n t  ( t h i s  

is  c a l l e d  a l i n e  g raph) .  

- - - - I - - - -  

5 0 J [ [  [ [ 1 [ 1 1  [ I ; ;  [ 1 ;  \ f [ ] [  1 ;  
1 2  3 4 5 6 7 8 9 1 0 1 1 1 2  1 2  3 4 5 6 7 8 9 1 0 1 1 1 2  

M i  dni gh t Noon Midnight 

Hours of t h e  Day 

Fig .  2 , 3 .  A Graph of Temperature v s  T i m e  

- - - - - - - - -  

82. Now w e  can  c a l l  t h e  f i n i s h e d  diagram a graph  because  c o o r d i n a t e s  

i t  d e p i c t s  how two  k i n d s  of in fo rma t ion  are r e l a t e d .  

- - I - - - - - -  

83. A s  i n  our  graph  above, t h e  most common graph h a s  two 

scales. One t y p e  of i n f o r m a t i o n  is p l o t t e d  on a 

ve r t i ca l  scale,  and t h e  related i n fo rma t ion  i s  on a 

h o r i z o n t a l  scale. 

- - - - - - - - -  
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84. A s imi l a r  graph i s  shown below: 

20 

18 

1 6  

14 

1 2  

P e r  1 0  
A c  c i d e 11 t s 

100,000 
Popu la t ion  

6 

4 

2 

Calendar Years 

F i g .  2.4. Automobibe Acci.dent:s pe r  100,000 Popula t ion  

85. P o i n t s  on t h e  graph which relate i .n€ormation on the  

ver t ica l  s c a l e  t o  t h a t  oil t h e  h o r i z o n t a l  sca le  have 

v a l u e s  c a l l e d  coord ina te s .  

86.  The preceding  g r a p h  was p l o t t e d  by making a d o t  i n  

t h e  a p p r o p r i a t e  p lace  f o r  each year’s number of 

a c c i d e n t s  pe r  100,000 popula t ion .  

would r e p r e s e n t  t w o  v a l u e s  o r  numbers c a l l e d  

Each d o t  o r  p o i n t  

. The d o t s  o r  w e r e  

t hen  connected by l i n e s  to produce t h e  graph.  

I I - .I .. _- - I - 
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87,  The c o o r d i n a t e s  f o r  t h e  y e a r  1920 would b e  t h e  number c o o r d i n a t e s ,  
p o i n t s  

of a c c i d e n t s  p e r  100,000 p o p u l a t i o n  and rhe year 1920. 

There were about  13  a c c i d e n t s  p e r  100,000 popu la t ion  

i n  1920, so  a p o i n t  is  p laced  on t h e  graph  on t h e  l i ne  

f o r  1920 and o p p o s i t e  t h e  number 

- - - - - - - - -  

88. In fo rma t ion  i s  ob ta ined  from a graph by p i c k i n g  one 1 3  

c o o r d i n a t e  and r e a d i n g  t h e  in fo rma t ion  from t h e  

scale f o r  t h e  o t h e r  coord ina te .  

- - - - - - - - -  

89, For example, which y e a r  had t h e  h i g h e s t  a c c i d e n t  

r eco rd?  From t h e  graph,  t h e  g r e a t e s t  number of 

a c c i d e n t s  on r e c o r d  w a s  20 p e r  100,000 p o p u l a t i o n ,  

The number 20 and t h e  y e a r  1929 are t h e  c o o r d i n a t e s  

€ o r  t h i s  h i g h e s t  p o i n t ,  Thus, t h e  y e a r  t h a t  recorded  

t h e  h i g h e s t  a c c i d e n t  r e c o r d  w a s  t h e  y e a r  

- _ - - - - I - -  

90. Find t h e  fo l lowing  in fo rma t ion :  

a. The number of a c c i d e n t s  p e r  100,000 popu la t ion  

i n  t h e  y e a r  2935. 

b .  The y e a r  i n  which t h e r e  were a lmost  s i x  a c c i d e n t s  

p e r  100,000 p o p u l a t i o n ,  

c .  Between which y e a r s  was t h e  i n c r e a s e  t h e  g r e a t e s t ?  

d. Between which y e a r s  w a s  t h e  d e c r e a s e  t h e  g r e a t e s t ?  

- - - - - - - - -  

1929 

a .  15 91. Other  t ypes  of graphs  which are used t o  d i s p l a y  
b.  1913 
c. 1916 and c e r t a i n  types  of i n f o r m a t i o n  are b a r  g raphs ,  as 

i l l u s t r a t e d  below, and c i r c l e  g raphs ,  as i l l u s t r a t e d  1917 
d.  1931 and 

19 32 i n  F ig .  2.6, 
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20 , 000 

15,000 

10 , 000 

5,000 

Cases Examined by a Medical  Advisory Board 

F ig .  2 .5 ,  Bar Graph 

- - - - - - - - -  

92. I f ,  i n  t h e  above graph ,  w e  could  have in fo rma t ion  f o r  

t h e  y e a r s  1940 t o  1945 added t o  t h i s  graph, w e  might  

expec t  t h a t  (more, fewer)  cases would b e  examined by 

t h e  medica l  adv i so ry  service. 

- - _ _ - - - - -  

93. I n  t h e  y e a r s  from 1936 t o  1938, t h e  i n c r e a s e  i n  t h e  more 

number of cases examined w a s  from about  7,000 t o  

a b o u t  --an i n c r e a s e  of about  p e r c e n t  

94 .  Then i n  t h e  y e a r s  from 1938 t o  1940, t h e  i n c r e a s e  i n  10,000 , 
4 3  

t h e  number of  cases examined w a s  from about  10,000 

t o  a lmost  . This  w a s  an  i n c r e a s e  of 

p e r c e n t .  

- - - - I - - - -  
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95. The i n c r e a s e  i n  t h e  number of cases examined between 20,000, 
100 1939 and 1940 w a s  a lmost  as g r e a t  as t h e  t o t a l  number 

o f  cases examined i n  t h e  y e a r  

- - - - - - - - I  

96. F igu re  2.6 i s  a c i rc le  o r  p i e  graph. 1935 

- - - - - - - - -  

Fig .  2 .6 .  How a Manufac tu re r ' s  Expenses Are Apport ioned 

- - - - I - - - -  

9 7 .  The c i rc le  graph above i s  good f o r  d i s p l a y  purposes  

b u t  cannot  b e  used f o r  p r e d i c t i n g  t r e n d s ,  

- - _ - _ - - -  

98. A t y p e  of graph which is  always h e l p f u l  is similar 

t o  t h e  l i n e  graph b u t  i s  u s u a l l y  a p r e s e n t a t i o n  of 

q u a n t i t i e s  t h a t  chan.ge t o g e t h e r  acco rd ing  t o  a 

formula  or  an e q u a t i o n ,  as i n  F ig .  2,7. 

- - - ... - - - - 
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99.  

100, 

101 * 

Fig.  2 . 7 .  R e l a t i o n s  between Dis tance  Walked and T i m e  

In F ig .  2 . 7 . ,  t h e  graph r e p r e s e n t s  t he  equat ion:  

d i s t a n c e  walked = m i l e s  pe r  hour  x hours  walked. 

This  graph i s  cal.l-ed a " l i n e a r "  o r  s t r a i g h t - l i n e  

graph because a g iven  change i n  t i m e  produces a 

cor responding  change i n  m i l e s .  

t h e  d i s t a n c e  t r a v e l e d  i n  m i l e s  i s  d i r e c t l y  propor- 

t i o n a l  t o  t h e  walked. 

We might s a y  t h a t  

S ince  t h e  l i n e  does  n o t  change d i r e c t i o n ,  w e  can  t i m e  o r  

s a y  t h a t  t h e  man i s  walking w i t h  a cons tan t  speed.  

We can check t h a t  t h e  r a t e  i s  c o n s t a n t  by n o t i n g  

t h a t  he is 1 2  m i l e s  from t h e  s t a r t  i n  2 hours ;  and 

i n  5 hour s ,  h e  i s  m i l e s  from t h e  s tar t .  

hours  
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30 102.  I f  t h e  l i n e  on t h e  above graph  should  r each  t h e  

top  of t h e  graph i n  4 hours ,  w e  would say  t h a t  t h e  

l i n e  has  a s t e e p e r  s l o p e .  

produced by  a ( h i g h e r ,  lower)  speed.  

This s t e e p e r  s l o p e  i s  

103. Using t h e  graph below,  answer t h e  fo l lowing  

q u e s t i o n s  : 

h i g h e r  

Neutron energy 

Fig.  2.8. An Absorp t ion  Cross S e c t i o n  Peak 
- - - - - - - - -  

104. a .  This  ( i s ,  is n o t )  a l i n e a r  graph.  

b. The a b s o r p t i o n  c r o s s  s e c t i o n  f o r  0 . 2 4  ev neu t rons  

i s  

c .  A 0 of 6,000 b a r n s  occur s  f o r  neu t rons  of two a 
ev  and ev . e n e r g i e s .  These e n e r g i e s  are 

- - - - - - - - -  
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a. i s  n o t  
b.  2,700 ba rns  
c .  0 .14 ,  

0.20 

TIME &FTER SHUT-DOWN, HR 

Fig.  2 .9 .  Rate of 1 3 5 X e  Bui ldup a f t e r  Shutdown 

- - - - - - - - _  

105. Answer t h e  fo l lowing  q u e s t i o n s  about  the  graph in 

F i g .  2 . 9 .  

a. This  graph ( i s  n o t ,  i s )  a l i n e a r  graph. 

b .  If  t h e  f l u x  ( 4 )  is IOL4, t h e  xenon poisoning  

3 hours  a f t e r  shutdown i s  

c. I f  t h e  flux ( 4 )  i s  2 x i n  3 hour s  a f t e r  

shutdown t h e  poisoning  i s  



106. There i s  a n o t h e r  type  of graph w i t h  which w e  should  a. i s  n o t  
b. 0.19 
c. 0 .3  

become f a m i l i a r .  A t  f i r s t  g l a n c e ,  t h i s  graph ,  

F ig .  2.10, looks l i k e  t h e  o t h e r s  w e  have s t u d i e d .  

However, on t h i s  graph ,  n o t e  t h a t  bo th  t h e  v e r t i c a l  

and h o r i z o n t a l  scales increase by decades ( f a c t o r s  

o r  m u l t i p l e s  of 10) r a t h e r  t han  by even u n i t s .  

Fig.  2.10. Absorp t ion  Cross  S e c t i o n  v e r s u s  Neutron Energy 

- - - - - - - - -  

107. Th i s  type  graph i s  most o f t e n  used when t h e  s p r e a d  

of in fo rma t ion  i s  too  g r e a t  t o  be  p laced  on a 

graph w i t h  l i n e a r  l i n e s .  

- - - - - - - - -  
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108. Answer t h e  fo l lowing  q u e s t i o n s  about  t h e  graph i n  

F ig .  2.10: 

a. AS energy i n c r e a s e s  from l o m 3  ev  t o  105 ev 

t h e  a b s o r p t i o n  c r o s s  s e c t i o n  ( i n c r e a s e s ,  

d e c r e a s e s ) .  

One of t h e s e  p a r t i c l e s  w i t h  an  energy of 1 0  e v  

has  a oa of about  - 
b. 

ba rns .  

c. A 1-ev p a r t i c l e  h a s  a much ( b e t t e r ,  poore r )  

chance of be ing  absorbed than  a 100-ev p a r t i c l e .  

d. The a b s o r p t i o n  c r o s s  s e c t i o n  d e c r e a s e s  as t h e  

energy i n c r e a s e s .  Is t h i s  r e l a t i o n s h i p  l i n e a r ?  

(Yes, No) 

Is i t  l i n e a r  between l o e 3  ev  and 10 ev?  

Why d i d  you answer e as you d i d ?  

e. 

f .  

- - - - - - - I -  

j,,,hr t o  f :  

I f  i t  were l i n e a r ,  a change from ev  t o  
lo-' ev  ( r a t i o  of 1/10) and a change from 
1 ev t o  10  ev ( r a t i o  of  1 /10)  would g i v e  
cor responding  changes i n  0 . They do n o t .  
Between 10-3 ev and 10-2 e:, oa  changes 
from 4,000 t o  1 ,000 ( r a t i o  of 4/1); from 
1 ev t o  10  ev, a a  changes from 100 t o  40 
( r a t i o  of  2 .5 /1) .  A c t u a l l y ,  t h e  cu rve  
fo l lows  t h e  form: 

a. d e c r e a s e s  
b ,  50 
c. b e t t e r  
d .  no 
e. no 
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2 . 4 ,  Signed Numbers 

109, Our d i s c u s s i o n  t h u s  fa r  has  been concerned w i t h  

p o s i t i v e  numbers. However, t h e r e  are  many s i t u a -  

t i o n s  which can b e s t  be  ana lyzed  by c o n s i d e r i n g  

n e g a t i v e  numbers, We t e n t a t i v e l y  d e f i n e  n e g a t i v e  

numbers as t h o s e  which r e p r e s e n t  measures of  

q u a n t i t i e s  o p p o s i t e  i n  d i r e c t i o n  t o  p o s i t i v e  

numbers 

- - - - - - - - -  

110, Temperatures below ze ro  a r e  c a l l e d  

t empera tu res  

- - - - - - - - I  

111. I f  w e  d e f i n e  w e s t  as a p o s i t i v e  d i r e c t i o n ,  n e g a t i v e  

would be  cons ide red  a n e g a t i v e  d i r e c t i o n .  

- - 1 1 1 - - - -  

1 1 2 ,  When u s i n g  s i g n e d  numbers i n  ar5thmetic, t h e r e  are east  

a number of s p e c i a l  r u l e s  t o  be  remembered. The 

First r u l e  is t h a t  i f  a number i s  uns igned ,  i t  is  

unders tood  t o  b e  p o s i t i v e . ,  

113, When adding  numbers of l i k e  s i g n ,  add t h e  numbers 

as u s u a l  and g i v e  t h e  answer t h e  common s i g n ,  When 

adding  numbers of u n l i k e  s i g n ,  combine a l l  p o s i t i v e  

and n e g a t i v e  q u a n t i t i e s ,  s u b t r a c t  t h e  smaller from 

t h e  l a r g e r ,  and g i v e  t h e  r e s u l t  t h e  s i g n  o f  t h e  

l a r g e r  e 
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114 .  For example: 

Add: 5 + 3 $- 16  = 24 

Add: 16  - 4 + 7 + 1 - 8 - 3 ? 

as below: 

Add: 16  + 7 + 1 = 24 

Add: -4 - 8 - 3 -15 - 
? 

115. Add t h e  fo l lowing:  

a. 3 + 8 - 6 =  

+9 9 

+9 

b.  - 4 - 7 - 9 + 3 =  

c. 3 + 1 9 + 4 - 4 5 =  

d. A man walks 5 b locks  east ,  then  t u r n s  and 

walks  8 b locks  w e s t .  Bow f a r  i s  he from where 

he  s t a r t e d ?  

116 .  To s u b t r a c t  s igned  numbers, change t h e  s i g n  of t h e  a .  5 
b .  -17 
c. -19 

number t o  b e  s u b t r a c t e d  and add acco rd ing  t o  t h e  

r u l e s  f o r  a d d i t i o n  of s igned  numbers. Fo r  example: d. -3 b locks  

S u b t r a c t  20 from 32; change 20 t o  -20 and add 32 -20. 

The answer i s  12.  

1 1 7 .  S u b t r a c t  t h e  fo l lowing :  

a. +47 b.  +54 C.  -26 d. -80 
-50 - -27 - -12 - 4-19 -- 

e. -5 minus -8 = 

f .  -20 minus 4-14 = 

g. -9 minus -16 = 

h. from 65°F t o  -6°F i s  ~ OF. 

o r  3 
b locks  w e s  t 
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118. When multiplying signed numbers, the product is a, 28 

'0. 66 
60 1 positive if the signs are alike; the product is 

negative if the signs are unlike, A s :  d ,  -30 
e .  3 
f .  -34 

-a x -4 = 32  -a x 4 = -32  g* 7 
h. 7 1  8 x  4 = 3 2  8 x -4 = -32 

119. Multiply : 

-43 times +SO = I__- 

25 times -6 = 

-14 rimes -5 = 

1.20. The temperature change from -5°C to 20°C is -2580, 
-150, 
70 

degrees, Three times as much change would raise 

the temperature from -15'C to O C .  

- - - - - - - 

221. The mechanics of dividing signed numbers is no 25 3 

60 different from ordinary arithmetic division. 

However, the sign of the quotienr is positive if 

the divisor and dividend signs are alike and 

negative if the divisor and dividend signs are 

unlike .) 
- - - - - I - - -  

122. Divide: 
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123. Of t en  i t  i s  a d v i s a b l e  t o  do a number of a r i t h m e t i c  8 ,  

manipu la t ions  i n  t h e  same problem, as: 4 + 5 x 8 - 114 or 0.25, 
-3.6 

4 x 6 I 12. The accep ted  r u l e  i s  t o  do t h e  mul- -12 

t i p l i c a t i o n  and d i v i s i o n  f i r s t  and then  t h e  a d d i t i o n  

and s u b t r a c t i o n .  This  would g i v e  a n  answer of 

4 + 40 - 2 = 

124. However, one who does n o t  know t h e  r u l e  might  do t h e  42 

a d d i t i o n  and s u b t r a c t i o n  f i r s t  t o  g i v e  a q u i t e  

d i f f e r e n t  answer,  as: 

1 
2 

9 ~ 4 ~ - = 1 8 .  

125. I n  o r d e r  t o  i n s u r e  t h a t  t h e  a r i t h m e t i c  i s  done i n  

t h e  in t ended  o r d e r ,  pa ren theses  are o f t e n  used t o  

e n c l o s e  those  i t e m s  that .  need to  b e  grouped t o g e t h e r ,  

such  as: 

2 X (6  + 3 )  x ( 8  - 6) t (15 - 6) = 

126. Work t h e  fo l lowing :  4 

( 3  + 8 )  x (5 - 11) -:- 22 = 

3 + (8 x 5) - (11 t 22) = 

(16 + 4) - (16 - 20) = 
2 

-3 , 
42.5,  
12  
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SECTION 1-3 

ALGEBRA REVIEW 

- 3.1. Algebra i c  Express ions  

1. Algebra i c  e x p r e s s i o n s  are t h o s e  i n  which a le t te r  

o r  o t h e r  symbol is  used to represent a number. 

- - - - - - - - -  

2. The symbol A,  f o r  area, could  be  used i n  a l g e b r a i c  

e x p r e s s i o n s ,  such as A = n r 2  or A = l ength  x width.  

I n  each  of t h e s e  e x p r e s s i o n s ,  t h e  symbols are used 

i n  p l a c e  of , which w i l l  va ry  as 

measurements va ry  e 

- - - - - - - - -  

3 .  When symbols such  as le t ters  of t h e  a l p h a b e t  are numbers 

used t o  r e p r e s e n t  numbers, t h e  m u l t i p l i c a t i o n  symbol 

''x" can be  confus ing .  

"a1' and "b" o r  "x" and "y" are t o  be  m u l t i p l i e d ,  t h e  

m u l t i p l i c a t i o n  can be  shown as: a x b ;  a b;  (a) ( b ) ;  

o r  ab.  Usual ly  t h e  form i s  ab ,  

So ,  when two symbols such  as 

4. When two symbols i n  an a l g e b r a i c  e x p r e s s i o n  are 

p laced  t o g e t h e r ,  such  as BC o r  WT, i t  i s  assumed 

t h a t  one is  to be  by t h e  o t h e r .  
I 

5. The symbols f o r  a d d i t i o n ,  s u b t r a c t i o n ,  and d i v i s i o n  niul t i p l i e d  

remain unchanged because  they cause  no c o n f l i c t .  
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a. 

a. 
- 6. a $- b means b i s  

a - b means b i s  

a x b means a is m u l t i p l i e d  by b. Write o t h e r  

- 

forms which i n d i c a t e  a i s  m u l t i p l i e d  by b :  

7. L e t  us u s e ,  f o r  example,  t h e  l e t t e r  “B” t o  r e p r e s e n t  added to; 
s u b t r a c t e d  from; 
ab ,  a b ,  ( a ) ( b ) ;  

offie b u s h e l  of a p p l e s ,  We do n o t  w r i t e  1B because  B 

i s  o n l y  one, However, 5 bushe l s  of a p p l e s  i s  5 t i m e s  

one b u s h e l  and i s  u s u a l l y  w r i t t e n  5B w i t h  t h e  number 

( c a l l e d  the  ‘ ‘ c o e f f i c i e n t ”  o f  t h e  lecter)  always f i r s t .  

d i v i d e d  by 

8. T h i r c y - f i v e  b u s h e l s  of  a p p l e s  would be  w r i t t e n  

9. When adding  or  s u b t r a c t i n g ,  w e  can add o r  s u b t r a c t  

on ly  symbcrls which are alike. Thus: 

2a -t, 3a = 5a ,  b u t  

2 a + 3 cannot  b e  added; i t  
can  only  b e  i n d i c a t e d  as shown. 

35B 
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10. Thus: 

and 

Za + 4a - 5 = 6a  - 5 

3x + 2y - 5x = 2y - 2x , 

N o t i c e  t h a t  i n  t h e  second problem w e  p l a c e d  t h e  

number t h a t  had t h e  p l u s  s i g n  f i r s t  and t h e  number 

w i t h  t h e  minus s i g n  n e x t .  T h i s  is  customary b u t  

n o r  necessa ry ;  i t  could  have been w r i t t e n :  

-2x + 237 . 
- . . . - - - - - - -  

11. You can  add 6 f t  and 1 2  f t  t o  g e t  18 f t ,  b u t  you 

cannot  add 3 f t  and 16 min.;  you can only  i n d i c a t e  

t h e  a d d i t i o n  as + 

12. Add i t ion  and s u b t r a c t i o n :  

3a + 2b + 5b - 2a = 

x + 3y - 4x - y = 

4r + 3s + 1 2 s  + 6 r  = 

3 ft, 
16  min. 

13. When two letters w i t h  c o e f f i c i e n t s  are  m u l t i p l i e d ,  a + 7b; 

as 2a x 5a ,  t h e  c o e f f i c i e n t s  and l e t te rs  are 

m u l t i p l i e d  s e p a r a t e l y  and then are p laced  i n  t h e  

2y - 3x o r  

lor  + 15s . 
-3x + 2y; 

c o r r e c t  form. Thus: 

2 x 5 = 1 0  

and 

a x a = a2 , 

so  t h e  complete  answer is loa2. 



70 

14. Even when t h e  l e t te rs  are d i f f e r e n t ,  t h e  procedure  

i s  t h e  same. I f  you m u l t i p l y  6y x 32, 6 x 3 = 18 Y 

and y x z i s  yz.  The answer then  is  

- I _ _ _ - - _ _  

15. Mul t ip ly  t h e  fo l lowing  : 

3a x 4a = Y 

6b x 2a = Y 

b x 3a x 6b = Y 

16 .  You w i l l  n o t e  t h a t  w e  are t r e a t i n g  t h e  le t ters  i n  

the above frames e x a c t l y  as w e  t r e a t e d  dimensions 

when w e  were t a l k i n g  about  d imens iona l  numbers. 

The l e t t e r  "A" i s  j u s t  as much a p a r t  o f  t h e  number 

5A as t h e  dimension,  fee t ,  is  p a r t  of t h e  measure- 

ment 6 f t .  

1 7 .  D i v i s i o n  of numbers r e p r e s e n t e d  by l e t t e r s  i s  a l s o  

performed i n  t h e  same manner as d i v i s i o n  of 

dimensioned numbers. Thus, when you d i v i d e  12A by 

4A, t h e  A ' s  c a n c e l  and 4. d i v i d e s  i n t o  1 2  t o  g i v e  

t h e  q u o t i e n t  - 
- - - - - - - - -  

18. To check t h a t  t h e  answer i s  c o r r e c t ,  m u l t i p l y  t h e  

q u o t i e n t ,  3 ,  t i m e s  t h e  d i v i s o r ,  4 A y  t o  g i v e  t h e  

18yz 

12a2 ; 
12ab; 
18ab ; 
6a2b 2. 

3 

div idend 



7 1  

1 9 .  Div ide  t h e  fo l lowing :  

a. 144B P 1 2  = Y 

b .  1 4 4 B  t 1 2 B  = 9 

C. 144B :- 1 2 A  = 9 

d.  144 e 1 2 B  = 

20. P r a c t i c e  problems: 

U s e  c a n c e l l a t i o n  where p o s s i b l e .  

21 .  

Sa  x 6a x 3b - 

5 x 6 a x  3 b -  - 

- 
15a  

a. ' 

b ,  Y 
15ab 

C *  
5xz 

a. 1 2 B ;  
13. 12;  

1213 

1 2  
d. - 
c. -. 

A '  

B '  

You w i l l  r e ca l l  t h a t  t h e  sum of two numbers t h a t  a. 6ab; 

are d i f f e r e n t  can only  be i n d i c a t e d ,  as: t h e  sum 

of 2a and 3b can only be w r i t t e n  as 2a + 3b. 

Th i s  number is c a l l e d  a " g n o m i a l " ;  "b i "  means 2 

and "nomial" means numberg s o  w e  have a two-part  

number. A t h r e e - p a r t  number, such as Sa f 4b + c 

would be a t&noinial ( t r i  is  f o r  t h r e e ) .  

b. 6;  
e .  3y 

I - - - - - I - -  

2 2 .  I f  two such  numbers are added or s u b t r a c t e d ,  they 

are u s u a l l y  enc losed  i n  parenrheses so  t h a t  they 

are i d e n t i f i e d .  Thus (a + b)  + (a - b )  is t h e  sum 

and ( a  f b) - (a - b) i s  t h e  d i f f e r e n c e  of t h e  two 

nomials 

- - - - - - - - -  
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23. I n  adding  o r  s u b t r a c t i n g  such  numbers, t h e r e  are 

two m e t h o d s o f  procedure .  The f i r s t  is  t o  p l a c e  

them i n  ve r t i ca l  columns, as 

a + b  
a - b  

and add o r  s u b t r a c t  as i n d i c a t e d .  Thus, ( a  + b)  + 
( a  - b )  would b e  

a + b  
a - b  

2a + 0 

o r  j u s t  2a.  

2 4 .  And (a  + b )  - ( a  - b) would b e  

a + b  
a - b  
O + 2 b .  

Recall t h a t  when you s u b t r a c t  s i g n e d  numbers, you 

change t h e  s i g n  of t h e  s u b t r a c t e d  number and add. 

- - - - - - I - -  

25 The second method i s  t o  remove t h e  pa ren theses  from 

t h e  o r i g i n a l  form and add acco rd ing  t o  t h e  s i g n .  

The rule t o  f o l l o w  i n  t h i s  case is:  if t h e  pa ren theses  

a rep receded  by a 9, remove the paren theses  w i t h  no 

s i g n  change; i f  t h e  pa ren theses  a rep receded  by a -, 
reverse t h e  s i g n s  of a l l  numbers i n  t h e  pa ren theses  

and add t h e  t e r m s  as u s u a l .  

b i  
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26. I n  t h e  problem ( a  + b) + ( a  - b ) ,  t h e  pa ren theses  

may be  removed w i t h o u t  changes t o  g i v e  a + b + a - b. 

When you add, you have f o r  an answer. 

- - - - - _ _ I -  

27. I n  t h e  problem (a + b)  - ( a  - b ) ,  t h e  s i g n s  of t h e  2a 

let ters i n  t h e  second b inomia l  must be changed t o  

g i v e  t h e  problem t h e  form a + b - a + b. Now, t h e  

answer is  

I _ _ - - _ - _ -  

28. Practice problems : 2b 

a. (2a 4- 3b) - (a + 5b) = 9 

b. ( 6 ~  - 4y) + (X + y )  = 

C ,  ( 4 r  + w) - ( 6 r  - 4w) = 

d. ( a  9 3b + 4c )  + (2a - 3b - c) = 

9 
I 

9 
I- 

29. A pack r a t  h a s  a c o l l e c t i o n  of 5 marb le s ,  2 p e n n i e s ,  a. a - 2b; 
b .  7~ - 3y; 

and 6 p e p s i - c o l a  caps.  While h i s  c o l l e c t i o n  i s  c. -2r + 5w; 
unguarded, a n o t h e r  pack rat  f i n d s  h i s  c o l l e c t i o n  and d. 3a + 3c. 

t a k e s  3 marbles  and 3 Pepsi-Cola caps b u t  l e a v e s  

2 more penn ies .  The f i r s t  pack ra t  now h a s  

marb le s ,  p e n n i e s ,  and P e p s i - C o l a  

caps 

- - - - - - - - -  

30. The m u l t i p l i c a t i o n  of a b inomia l  by a n o t h e r  number 2; 
4 ; 
3 .  i s  u s u a l l y  i n d i c a t e d  by w r i t i n g  t h e  m u l t i p l i e r  

fo l lowed by t h e  b inomia l  i n  p a r e n t h e s e s  as: 

2a(5a - 3b) 

o r  
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31,. Thus the problem, 5x times 3x 3- 4y would b e  

wr i t t ea  as 

- _ - - - - - _ _  

32, The m u l t i p l i e r  i s  m u l t i p l i e d  t i m e s  each  number of 

t h e  b inomia l  i n  t u r n ,  and t h e  s i g n  g iven  i s  d e t e r -  

mined by t h e  r u l e  €o r  mul t ip ly ing  s igned  numbers 

( p l u s  i f  the s i g n s  are a l i k e ;  minus i f  they  are 

d i f f e r e n t )  I 

_ . _ - - - - - - -  

33- Thus, the problem i n  Frame 31 would b e  

5 ~ ( 3 ~  +- 4y) = 15x2 -b 20xy, 

34. Mul t ip ly  : 

a ,  5(2x - 3y) = , 
b o  5 ~ ( 2  - 3y) == Y 

9 -_ c, 5y(2x - 3) = 

d ,  - 5 y ( - 2 ~  3- 3) ---1_ 
, 

e .  - 5 ~ ( - 2 ~  i- 3y) -- , 
f .  5 ~ ’ ( - 2 ~  4- y )  = 

- - - - I - - - -  

35, Now, l e t  1.18 mlr l t ip ly  two b inomia ls  such  as ( a  + b)  

and ( a  - b )  To do  s o ,  i t  i s  convenient  t o  p l a c e  

oiie number above the o t h e r  as i n  t h e  m u l t i p l i c a t i o n  

of a r i  thrne c nuinbers : 

5x(3x 4- 4y) 

a ,  IOx - 15y; 
b. 1 0 ~  - 1 5 ~ ~ ;  
C. lOxy - 1 5 ~ ;  
d. l0xy - 1 5 ~ ;  
e. l o x 2  - 15xy; 
f .  - lox3 + 5x2y. 

a C b  
a - b  
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36. With t h e  problem i n  t h e  form shown i n  Frame 35, 

m u l t i p l y  t h e  upper  b inomia l  by each  o f  t h e  lower 

numbers i n  t u r n ,  s t a r t i n g  w i t h  the number on t h e  

l e f t  as : 

a + b  
a - b  

aL + ab  T h i s  i s  a ( a  -5 b)  

a2 + 0 
- ab - b 2  Th i s  is  -b(a  + b )  

add t o  g ive :  - b‘ o r  j u s t  a2 - b2. 

I - - - - - - - -  

3 7 .  Note t h a t  t h e  above problem could  a l s o  be  w r i t t e n  

i n  t h e  form: 

a ( a  + b )  + ( -b) (a  C b)  

t o  g i v e  

a2 + ab  + (-ab - b 2 >  = 

Remove t h e  pa ren theses  and add t o  g ive :  

a2 + ab  - ab - b” o r  a2 - b2 . 
_ _ - - - - - - -  

38. M u l t i p l y  (2a  4- 3 b ) ( a  - b ) .  Write t h e  c o r r e c t  

form h e r e  . M u l t i p l y ,  

beg inn ing  a t  t h e  l e f t  a ( 2 a  + 3b) = 

Now, t h e  second m u l t i p l i c a t i o n :  

Add t h e s e  acco rd ing  t o  s i g n  t o  g i v e  
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39. 

40. 

41  D 

4 2  

43 D 

Now, mul t ip ly :  

a. ( a  + b ) ( b  + c )  = 

b .  (2a  + 3 b ) ( a  - c )  = 

c. ( a  + b ) ( a  - b )  = 

d. ( a  + b ) ( a  + b)  = 

e. ( s  + t ) ( r  -i- h )  = 

- - - - - - - I -  

a ( 2 a  + 3b) + 
( -b)(2a + 3b) 

o r  

2a + 3b 
a - b  

2aZ + 3ab 
- 2ab - 3b' 

2a' + ab - 3b7 

The same r u l e s  apply  f o r  m u l t i p l y i n g  numbers 

of any s i z e .  Mul t ip ly  

a. ab + b' + ac  + b c  
b .  2a2 + 3ab - 2ac - 3bc 
c. a2 - b2 
d. a2 + 2ab + b2 
e. rs + r t  + hs  + h t  ( a  + b + c ) ( b  + c )  = 

(x + y + z ) ( x  - y)  = 

When a l g e b r a i c  e x p r e s s i o n s  are d i v i d e d ,  t h e  

same r u l e s  are  used as f o r  d i v i d i n g  dimensioned 

numbers. A l s o ,  when a b inomia l  i s  d i v i d e d  by a 

number, each p a r t  o f  t h e  b inomia l  i s  d i v i d e d  i n  

t u r n  I 

ab  + b 2  + 2bc + a c  + c 2 ;  
x2 + xz - y2 - y z  

- - - _ _ _ _ _ _  

For example, w i t h  t h e  problem (45x + 18y) t 3 ,  

d i v i d e  45x by 3 t o  g i v e  15x and 18y by 3 t o  

g i v e  6y. The q u o t i e n t ,  t hen ,  i s  15x + 6y. 

- - - - - - - - -  

I f  t h e  d i v i s o r  and d iv idend  have l i k e  s i g n s ,  

t h e  r u l e  f o r  s i g n s  s a y s  t h a t  t h e  s i g n  of  t h e  

q u o t i e n t  i s  ( p l u s ,  minus) .  I f  t h e  d i v i s o r  

and d iv idend  have u n l i k e  s i g n s ,  t h e  s i g n  of 

t h e  q u o t i e n t  i s  -~ 
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44.  Thus, i f  you d i v i d e  (15x - 25y) by -5x, t h e  answer Plus 9 

minus a .  
X 

i s  3 

45. Divide:  

a. 5x by x = 9 

b. 125y by 25 = 9 

C. (3a  - 18b) by 3 = > 

d. (3a - 18b) by 6a = , 
e. (3a - 18b) by -6b = 

_ - - I - - - - -  

46. Check your  answers t o  t h e  above problems by 

m u l t i p l y i n g  t h e  q u o t i e n t  t i m e s  t h e  d i v i s o r .  

- - a. 5 

P b.  5Y * ~- 
c. (a - 6 b ) (  ) =  

d. (0 .5  - 3b /a ) (  I =  
e. (-0.5a/b + 3) ( > =  

_ _ _ - - - - - -  

minus,  
p Ius 

a. 5; 
b .  5y; 
c .  a - 6bjb  
d. 0 .5  - -* a '  

b 
-0.5a + e. - 

47.  Div i s ion  of a b inomia l ,  t r i n o m i a l ,  o r  l a r g e r  number a. x, 5x 
b. 25, 125y 
c. 3 ,  (3a - l 8b )  by a b inomia l  is  ve ry  s imilar  t o  a r i t h m e t i c  long  

d.  6a,  (3a - 18b) d i v i s i o n .  

by (x  + y)  use  t h e  form: 

For exampl-e, t o  d i v i d e  (2x2 + 5xy -I- 3y2) 
e. -6b, (3a - 18b: 

X ' +  y )  2x2 + 5xy f 3y2 

What number can you m u l t i p l y  x by t o  g e t  2x2? 

2x, of  course .  

Place 2x i n  t h e  q u o t i e n t ,  m u l t i p l y  2x(x + y )  and 

p l a c e  t h e  product  as below: 

(cont inued)  
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47 e ( con t inued)  2x 

S u b t r a c t  x + y \ 2x2 + 5xy + 3y2 
and b r i n g  2x2 4- 2xy 
down t h e  3xy + 3y2 
n e x t  number 

Repeat t h e  p rocess  w i t h  +3y i n  t h e  q u o t i e n t .  

2x + 3y 

2x2 + 2xy 
x + y- 

3xy + 3y2 
3xy + 3y2 

The q u o t i e n t  i s  2x + 3y w i t h  no remainder .  

I - - - - - - - -  

4 8 ,  I f  t h e r e  shou ld  happen t o  b e  a remainder ,  i t  i s  

handled  i n  t h e  same manner as the remainder  i n  

long d i v i s i o n  of o r d i n a r y  numbers. 

49. For example, i f  you d i v i d e  100 by 3, you have: 

33 
3 )loo 

9 
10  

9 
1 Remainder 

- 
- 

P l a c e  t h e  remainder  ove r  t h e  d i v i s o r  as a f r a c t i o n ,  

i n  t h i s  case 113,  and add i t  t o  t h e  q u o t i e n t  t o  

make t h e  t o t a l  answer 33 113. 
_ - _ _ - - - _ _  



7 9  

50. I f  w e  had t h e  a l g e b r a i c  problem, 2x2 + 6xy + 5y2 

d i v i d e d  by x + 2y, i t  would be  worked as follows: 

2x + 237 

2x2 f 4x 
x + 2y)  2x2 + 6xy -I- 5y2 

2x; + 5y2 
2xy + 4y2 

y2 Remainder 

P l a c e  t h e  remainder ,  y2, over  t h e  d i v i s o r  x + 2y 

t o  make t h e  f r a c t i o n  

Add t h i s  f r a c t i o n  t o  t h e  2x + 2y t o  make the 

c o r r e c t  q u o t i e n t  

2x + 2y -I- y2* 
x + 2y 

_ . . . - - - - - - -  

51. Work t h e  f o l l o w i n g :  

( a 2  - b2)  -: (a + b)  = 

(x2 + 2xy + y2) f (x + y)  = 

( 3 6 2  + cd - 4d2) f ( C  - d )  = 

52. Review and p r a c t i c e  problems: a - b ;  

x + Y ;  
3c + 4d. 

a. 5a(2a  + 3b - 4a) = __ J 

b.  - 9 

c .  2ab(3a  - 4b) - 5b(a2  - ab)  = ? 

3(5x + 15)  I - 
5 
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-- 3.2. A lgebra i c  Equat ions  

53. 1 n  our  d i s c u s s i o n  of p r o p o r t i o n s ,  w e  i d e n t i f i e d  a. 15ab - loa2 
b.  3x 4- 9 
c. a 2 b  - 3ab2 

e. 12x + y 

t h e  word "equat ion" w i t h  t h e  form used f o r  s e t t i n g  

two p r o p o r t i o n s  e q u a l  t o  each o t h e r .  L e t  u s  e n l a r g e  d. 6x2 -t 3xy 

t h a t  concept  by s a y i n g  tha t  any two mathemat ica l  

e q u a l i t i e s  may be  s e p a r a t e d  by an  e q u a l  s i g n  and b e  

c a l l e d  an  equa t ion .  

54. Many a l g e b r a i c  e q u a t i o n s  are s t a t e m e n t s  of f a c t  

w r i t t e n  i n  t h e  mathemat ica l  sho r thand  of a l g e b r a .  

For example, t h e  s t a t e m e n t ,  t h e  area of a r e c t a n g l e  

i s  t h e  p roduc t  of i t s  l e n g t h  t i m e s  i t s  wid th ,  i s  

w r i t t e n  A = Lw. 

- - _ I - - - - -  

55. Write t h e  fo l lowing  s t a t e m e n t s  as equa t ions :  

a. The p e r i m e t e r  (p) of a r e c t a n g l e  e q u a l s  twice 

i t s  l e n g t h  (L)  added t o  twice i t s  wid th  (w). 

b .  The d i s t a n c e  (d)  t r a v e l e d  by an o b j e c t  t h a t  

moves a t  a c o n s t a n t  speed  (v)  f o r  a g iven  t i m e  

(t> e q u a l s  t h e  speed  t i m e s  t h e  t i m e .  

c .  The d i s t a n c e  (d) i n  f e e t  t h a t  any o b j e c t  w i l l  

f a l l  i n  a g iven  t i m e  ( t )  i s  e q u a l  to t h e  

s q u a r e  of t h e  t i m e  m u l t i p l i e d  by 16 .  

d. To g e t  t h e  i n p u t  horsepower (HP i n )  t o  a n  

e l ec t r i c  motor ,  m u l t i p l y  the  number of v o l t s  (V) 

by t h e  number of amperes (I) and d i v i d e  by 746.  

e .  The o u t p u t  of an  e l e c t r i c  motor (HP o u t )  i s  

t h e  i n p u t  horsepower m u l t i p l i e d  by t h e  p e r c e n t  

of e f f i c i e n c y  of t h e  motor ( X  E f E ) .  

- - - - - - - - -  



81 

56. Now t h a t  w e  can t a k e  problems and w r i t e  them 

i n  equa t ion  form, l e t  us  review t h e  r u l e s  f o r  

s o l v i n g  equa t ions .  

The e q u a l i t y  (we c a l l  i t  an equa t ion )  remains 

an e q u a l i t y  when: 

a.  The same number is  added t o  bo th  s i d e s .  

b .  The same number is  s u b t r a c t e d  from bo th  s i d e s .  

c. Both s i d e s  are m u l t i p l i e d  by t h e  same number. 

d. Both s i d e s  are d iv ided  by t h e  same number. 

- - - - - - - - c  

57. When s o l v i n g  e q u a t i o n s ,  w e  f i r s t  t r y  t o  g e t  t h e  

equa t ion  i n t o  a form such  t h a t  t h e  unknown ( t h e  

measurement f o r  which w e  s u b s t i t u t e  a l e t t e r )  i s  

on one s i d e  of t h e  e q u a l  s i g n  and known v a l u e s  

(numbers) are on t h e  o t h e r  s i d e .  For t h i s  

man ipu la t ion ,  w e  u se  t h e  above r u l e s .  

- - - - - - - - -  

58. For example, i f :  

s i m p l i f y  t o  

2 x + 4 =  16  ; 

s u b t r a c t  4 from b o t h  s i d e s :  

2~ + 4 - 4 = 16 - 4 

2x = 12 ; 

d i v i d e  b o t h  s i d e s  by 2: 

a.  p = 2L + 2w o r  

b .  d = v t  
p = 2 ( L  + w) 

c. d = 1 6 t 2  
d. HP i n  = - 

746 
e n  HPout = HPin x 

%Ef f 

2x 1 2  
2 2 
- --- 
x = 6 .  
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59. Thus, i f :  
a a  
2 4  

b 
C Y  

W 
d. 5c - 3 2 7 ,  c = A' 

g. - + - =  36, a =  a.  p + 3 = 8 , p =  

b o  2n = 25, n = 

c. 1 /2x  = 14 ,  x = 
h. W = -  b =  

ie V = -  A =  

P 
AW' e. 18 = 5y - 2 ,  y = j .  H = - W = 

f .  3 2N = 2 4 ,  N = __I 

60 PToblems : 

a. I f  w a t t s  = v o l t s  x amperes,  how many amperes 

oE c u r r e n t  w i l l  f low through a 60-watt lamp 

used i n  a 120-vol t  c i r c u i t ?  L e t  W = w a t t s ,  

V = v o l t s ,  and a = amperes i n  your  equa t ion .  

b. If c e n t i g r a d e  tempera ture  i s  e q u a l  t o  5 / 9  t i m e s  

( O F  - 3 2 ) ,  t h e  equa t ion  i s  . L e t  

" C  = degrees  c e n t i g r a d e ;  "F  = degrees  fahren-  

h e i t  

c.  The c e n t i g r a d e  e q u i v a l e n t  of a tempera ture  of 

77'F is O C .  

d o  If t h e  d i s t a n c e  a n  o b j e c t  f a l l s ,  n e g l e c t i n g  a i r  

f r i c t i o n ,  i s  e q u a l  t o  16 t i m e s  t h e  s q u a r e  of 

the t i m e  i n  she  a i r ,  t h e  equa t ion  i s  d = ' 
where d = d i s t a n c e  and t = t i m e .  

e. A n  o b j e c t  t h a t  f a l l s  f o r  10  sec w i l l  f a l l  

f t .  

f .  A car has  a speed of 30 m i l e s / h r .  I n  2 see 

i t  w i l l  move a d i s t a n c e  of f t ,  A 

mile i s  5,280 f t .  

g.  A t ank  i s  6 f t  i n  d iameter  (d i ame te r  = 2 x 

r a d i u s ,  r) and 20 ft long .  I f  t h e  volume i s  

found by t h e  e q u a t i o n  V = n r a L  (7 i  = 3.14) 

how many c u b i c  f e e t  of water w i l l  t h i s  tank  

ho ld?  

a.  5 g. 48 
b. 1 2 . 5  h. CW 
c. 28 W 

i. - 
d.  6 V 
e. 4 P 

j .  - 
f .  36 HA 

E 5a 

" C  5/9(OF - 32) 

25°C 

E6t2 

1600 

88 
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( con t inued)  
'h. 

h. 

i. 

j. 

k. 

I f  a c u b i c  f o o t  of water weighs 6 2 . 4  l b s ,  t h e  565 

weight  of water i n  t h e  above t a n k  would b e  

I f  a g a l l o n  of water weighs 8.25 lbs, t h e  

above t a n k  would hold  g a l l o n s  

of water. 

I f  f u e l  o i l  weighs on ly  7 . 5  I b s  p e r  g a l l o n ,  

t h e  above t ank  would hold (more, fewer,  t h e  

same number o f )  g a l l o n s  o f  f u e l  o i l  ( t h a n / a s )  

35,256 l b s  

4273 g a l  

w a t e r )  

I answered t h e  above q u e s t i o n  by (guess ing ,  

r e a s o n i n g ,  a r i t h m e t i c  c a l c u l a t i o n )  and I 

w a s  ( r i g h t ,  wrong). 

3 . 3 .  Powers and Powers-of-Ten 

6 1 .  The ac t  of m u l t i p l y i n g  a number by i t s e l f  is  

u s u a l l y  c a l l e d  s q u a r i n g  t h e  number, 

be  c a l l e d  r a i s i n g  t h e  number to t h e  second power. 

It may a l s o  

62 .  For example, 42 is  read " 4  squared' '  and means 

4 x 4 .  

t h e  second power''. 

The number 42 may a l s o  be  r e a d  " 4  t o  

63. I f  you m u l t i p l y  3 by i t s e l f  tw ice  t o  g e t  

3 X 3 x 3 ,  you. could  w r i t e  i t  33 and r e a d  i t  

e i t h e r  " 3  cubed" o r  " 3  r a i s e d  t o  the t h i r d  
I 1  

t h e  same number 
of , 

;3S 

This  answer 
depends on t h e  
i n d i v i d u a l .  



84 

64, The s m a l l  3 t o  t h e  upper r i g h t  of t h e  l a r g e  

3 i s  c a l l e d  t h e  exponent .  

power 

65. The exponent de te rmines  t h e  t o  which 

a number i s  r a i s e d .  

66. I f  you w r i t e  two t o  t h e  f o u r t h  power as a number power 

w i t h  a n  exponent ,  i t  i s  w r i t t e n  . I f  

you w r i t e  i t  as a m u l t i p l i c a t i o n  problem, i t  i s  

w r i t t e n  

67. To raise a number t o  a g iven  power, m u l t i p l y  t h e  Z 4  2 
2 X 2 X 2 X 2  

number by i t s e l f  t h e  number of  t i m e s  i n d i c a t e d  by 

t h e  a I f  t h e  number i s  w r i t t e n  B 5 ,  t h e  

m u l t i p l i c a t i o n  i s  R X B X B X B X B ,  o r  B t o  the 

power. --- 
- - - - - - - - -  

68. P r a c t i c e  problems: exponent , 
f i f t h  

a. N x N x N =  Y 

b. 63 = Y 

c .  (1/2>2 = 9 

d. 45  = 9 

e ,  ( 3 / ~ ) ~  = Y 

f .  162 = __ 
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69 a 

70 .  

71. 

72. 

7 3 .  

When a number has  a n e g a t i v e  exponent  as 4 - 3 ,  ,t a. 3 

may b e  w r i t t e n  63, 1 t h e  r e c i p r o c a l  of 4 3 .  (The la. 216 
c ,  1 / 4  o r  0,25 

r e c i p r o c a l  of a number i s  t h e  f r a c t i o n  formed when d. 1024 

you p u t  one o v e r  t h e  number.) 

Thus : 

e. 0.216 
f .  256 

You w i l l  n o t e  t h a t  w e  have n o t  ment ioned numbers a. 11’8: 
b. 1/14; 
c. 1/81. which have  exponen t s  o f  z e r o  o r  one. A number 

w i t h  t h e  exponent ,  1, is j u s t  t h e  number; s o  t h e  

exponent  i s  not w r i t t e n .  

- - - - - - - - -  

Before  w e  d i s c u s s  numbers w i t h  t h e  exponent  z e r o ,  

l e t  us  l e a r n  t h e  laws of exponenrs .  

- - . . . - - - - - -  

The first l a w  may b e  s t a t e d  t h u s :  

When a number of one power is  m u l t i p l i e d  

by t h e  same number of a d i f f e r e n t  power, 

t h e  number s t a y s  t h e  same and t h e  exponents  

are added. 
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7 4 .  I f  22 is  m u l t i p l i e d  by z 3 ,  t h e  answer i s  25. 

check t h a t  t h i s  i s  t r u e ,  m u l t i p l y  2', which i s  

To 

by Z3, which i s  t o  g i v e  3 2 ,  
-I 

which i s  Z 5 .  

75. In t h e  above frame, t h e  number 2 ,  which had t h e  

exponents  2 and 3 ,  w a s  c a l l e d  t h e  "base", The 

use  of t h i s  word a l lows  us  t o  s t a t e  t h e  f i r s t  l a w :  

To m u l t i p l y  powers of t h e  same b a s e ,  add 

t h e i r  exponents .  

7 6 .  If 4 3  i s  m u l t i p l i e d  by 4 - l ,  t h e  exponents  add t o  

make t h e  number . I f  w e  do t h e  f i n a l  

m u l t i p l i c a t i o n ,  t h e  answer i s  

- - - - - - - - -  

77 .  I n  t h e  above problem, t h e  number 4 i s  c a l l e d  t h e  

. The numbers 3 and -1 are c a l l e d  t h e  

78. Problems : 

4 ,  
8 

4 2  s 
16  

b a s e ,  
exponents  
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79. To d i v i d e  numbers o f  t h e  same b a s e  b u t  w i t h  

d i f f e r e n t  exponents ,  s u b t r a c t  t h e  exponent of 

t h e  denominator from t h e  exponent of che 

numerator.  

- - - - - - - - -  

80. F o r  example, i f  you d i v i d e  38 by 35t  you have 

38-5  o r  33. Note t h a t  could  b e  w r i t t e n  
38 
3 

38 x 3-5 = 3 3 .  

81. A number w i t h  t h e  exponent ze ro  is  always equa l  

t o  one. Th i s  i s  e a s y  t o  see i f  you m u l t i p l y  

42 x 4* .  P r 2  x 4” = 42 accord ing  t o  t h e  l a w  of 

m u l t i p l i c a t i o n ;  and s i n c e  any number m u l t i p l i e d  

by 1 i s  t h e  number, 4’ must be  e q u a l  t o  

- ^ - - - I - - -  

82.  Now, l e t  us c o n s i d e r  t h e  number 10 as a b a s e .  

0 .  B 101 = 10 
1 l 

10-1 

10-2 = 0.01 

= - = - E 
101 1 0  

102 = 100 

1 0 3  = io00 

10” = 10,000 

106 = 1,000,000 

= 0.001 

10-4 = 0.0001 

10-6 = o.oc)ooo1 

83. From t h e  above frame w e  cou ld  conclude  t h a t  10 w i t h  

a n e g a t i v e  exponent is  t h e  number 1 p l a c e d  as many 

d i g i t s  t o  t h e  r i g h t  of t h e  dec imal  p o i n t  as t h e  

q u a n t i t y  of t h e  exponent.  Thus, could  b e  

w r i t t e n  as a one p l a c e d  d i g i t s  t o  the 

r i g h t  of a dec imal  p o i n t .  lo--’ i s  . 

a.  1 6 ;  
b ,  N 3 ;  
c. A s ;  
d o  9. 

one 
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84 .  The number 10 w i t h  a p o s i t i v e  exponent  may b e  

w r i t t e n  as t h e  number 1 fol lowed by as many ze ros  

as t h e  q u a n t i t y  of t h e  exponent ;  l o 5  is 1 fol lowed 

by z e r o s ,  o r  

- - - - - - - - -  

85. Thus,  v e r y  l a r g e  o r  v e r y  s m a l l  numbers may b e  

w r i t t e n  i n  s h o r t e r  form as a s m a l l  number m u l t i p l i e d  

by a power of 10.  

86. For example: 32,000 may b e  w r i t t e n  as 32 x l o 3  o r  

3.2 x l o 4 ;  I O 4  = 10,000; and 3.2 x 10,000 = 32,000. 

6,900,000 = 6 . 9  x l o 6  
0.0000069 = 6.9 x 

200 = 2 x 1 0 2  

0.002 = 2 x 10-3 

8 7 .  Normally,  numbers changed t o  t h e  power of 10 n o t a t i o n  

are w r i t t e n  as a number between 1 and 10 times a power 

o f  10. A s  231,000 = 2.31  x l o 5 .  

88, Write t h e  f o l l o w i n g  as powers o f  10: 

a.  23,000,000 = Y 

b .  12 ,500  = Y 

c. 320 = Y 

d ,  0.0056 = 

e. 0.000000089 = 
Y 

5 ,  
0.00001 

5,  
100,000 
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89. The r e a s o n  f o r  w r i t i n g  l a r g e  numbers as powers of h o  2 . 3  x i o 7 ;  

c ,  3 . 2  Y. 102; 
di. 5.6 x 10'~; 

b. 1 .25  x l o 4 ;  
1 0  i s  t o  make computat ion easier.  S i n c e  t h e  b a s e  

is always 10, t h e  r u l e s  f o r  m u l t i p l i c a t i o n  and 
e .  8.9 x PO-8. 

d i v i s i o n ,  by adding  and s u b t r a c t i n g  exponen t s ,  ho ld  

t r u e  f o r  t h e  powers of 10. The numbers which are 

r a i s e d  t o  powers of 10 are m u l t i p l i e d  o r  d i v i d e d  

as usual. 

90. For example,  l e t  us m u l t i p l y  32,000,000 by 140,000. 

R e w r i t e  as powers of 10;  3.2 x IO7 x 1.4 x lo5 .  

3.2 x 1 .4  = 4 , 4 8  

and 

s o  t h e  answer is 4.48 x 

- - - . . - - - - I  

91. I f  t h e  numbers had been l a r g e r ,  such  as 4.6  x 10'' 

and 6 x l o 5 ,  t h e  p roduc t  of 4.6 x 6 would b e  27.6 

and lo7 x l o 5  = 10". So, a c o r r e c t  answer i s  

27.6 x 10". However, i n  o r d e r  t o  ho ld  t o  our  

g e n e r a l  r u l e  of w r i t i n g  numbers between 1 and 10  

t i m e s  a power of 10 ,  w e  want t o  w r i t e  2.76 t i m e s  

some power of 10. 

- - - - -  
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92 .  To do t h i s  c o r r e c t l y ,  obse rve  t h e  r u l e :  

I f  you move a decimal  p o i n t  one d i g i t  t o  t h e  

l e f t ,  change (mul t ip ly )  t h e  power of t e n  by 

l o 1 .  If you move t h e  decimal  p o i n t  a d i g i t  

t o  t h e  r i g h t ,  change (mul t ip ly )  t h e  power of  

teen by lo-' .  Thus,  

0 .64  x ; o r ,  

64  x 

6.4  x l o 5  could  b e  w r i t t e n  

i t  could b e  w r i t t e n  

93 .  To d i v i d e :  106, 
i o 4  

3.2 107 + 1.6 105 

With as small a number as 2 x l o 2 ,  you probably 

would r a t h e r  w r i t e  i t  

- I - - - - - - -  

9 4 .  Work t h e  fo l lowing ,  u s ing  power-of-10 n o t a t i o n :  

a.  3600 x 5500 = 9 

b. 6 x l o 5  x 4.3 x l o 8  = Y 

C .  6 x l o m 5  x 4 .3  x I O 8  = 9 

d. 6 .3  x l o 5  f 4.2 x 108 = Y 

e ,  6 . 3  x l o 5  t 4.2 x = Y 

7 x l o 4  x 6 x lo2 - - 
3 106 

f. 9 
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3.4 .  Roots 

95. Most peop le  have  a n  unde r s t and ing  of t h e  meaning a. 1 . 9 8  x PO7 ; 
b. 2.58 x PO1' ; 
c.  2.58 x i o 4  ; 

e. 1 .5  1 0 1 3  ; 

of  t h e  terms s q u a r e  r o o t  and cube r o o t .  These 

two r o o t s  a re  probably  t h e  most o f t e n  used by t h e  d. 1.5 x ; 

ave rage  person.  However, t hey  are on ly  two of f .  14 ; 
thousands of roots. g. 3 .5  x i o 5  . 

96. The s q u a r e  r o o t  of a number such  as 9 i s  t h e  number 

3 ,  which when m u l t i p l i e d  by i t s e l f  g i v e s  t h e  

o r i g i n a l  number 9,  

t h e  s q u a r e  r o o t  because  i t  is m u l t i p l i e d  by i t s e l f  

on ly  once. 

Three  is a r o o t  of  9 and i s  

_ - - - - - - - -  

97. The number 8 is  t h e  s q u a r e  r o o t  of 6 4  because  

8 x  = 64. 

98. I f  t h e  number 3 is  m u l t i p l i e d  by i t s e l f  tw ice ,  

3 x 3 x 3 ,  t h e  p roduc t  is 27. The cube r o o t  of 

27  is t h e  number which, when m u l t i p l i e d  by i t s e l f  

twice, is  27.  Thus, t h e  cube roo t  of 27 i s  

- - - -  - -  - - -  

9 9 .  The symbol which r e p r e s e n t s  s q u a r e  r o o t  is  7 ; 
h i g h e r  r o o t s  such  as 3 r d ,  4 t h ,  and 5 t h  r o o t s  are 

i n d i c a t e d  by p l a c i n g  t h e  number 3 ,  4 ,  o r  5 as shown: 

*, Jr, ?--. 
- - - - - - - - -  

8 

3 
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100. I n d i c a t e  t h e  fo l lowing  r o o t s  by p l a c i n g  t h e  number 

under t h e  c o r r e c t  symbol: 

a. Square r o o t  of 6 4  ; 

b.  Cube r o o t  of 27 ; 
c. Four th  r o o t  OE 81 ; 

d. Square r o o t  o f  225 ; 

e. Cube r o o t  of 1000 , 
- - - - _- - - - - 

101. Roots may be  a l s o  r e p r e s e n t e d  as f r a c t i o n a l  

exponents .  Thus: a could be  w r i t t e n  

6 4 1 / 2  o r  J 81  
3- 

as 811/3. 

a. 4- 
3- 

b.  J 27 
't 

c .  981 
d.  J x  
e. J 1000 

3- 

102 .  R e w r i t e  t h e  fo l lowing  us ing  the  common r o o t  

s i g n :  

1 1  - -  1 - 
a. N 3  = ; d. A 3  B3 = 

b.  6252 = ; e. 32= = 

1 
Y 

- 1 - 
1 

103. Roots of smaller numbers may be  found e a s i l y  by 

t r i a l  and e r r o r  methods. 
3 
fi may be  qu ick ly  Shawn t o  be  2 and f i  i s  5 .  

For  example, 

a. h ; - 
b. J 625 ; 

c .  m ; 
d.  ?-E ; 

5 7  
e. J 32 . 
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104.  Find  t h e  i n d i c a t e d  r o o t s  of t h e  f o l l o w i n g :  

b. a = 

d. = 

e. h = 

f .  h= 
7 

9 

3 
105. Mote that i n  the l as t  problem = 10. I f  w e  

should write 1000 as l o 3 ,  we cou ld  t a k e  t h e  cube 

r o o t  of l o 3  by d i v i d i n g  the  exponent  by 3 t o  g i v e  

10.  Also,  could  b e  found by d i v i d i n g  the 

exponent  of 1 0  by 2 t o  g i v e  10.  

- - - - - I - - -  

106. I n  l i k e  manner, f i n d  t h e  s q u a r e  r o o t  o f :  

a, 10,000 = 9 

b. 1 ,000 ,000  = 9 

c.  0,0001 = 

Find the cube r o o t  o f :  

d. 0.001 = 9 

e .  1,000,000 = 9 

f .  1,000 = 

107. This  a f f o r d s  an e a s y  method of t a k i n g  t h e  s q u a r e  

r o o t  of q u i t e  l a r g e  numbers. Fo r  example,  t a k e  

the s q u a r e  root of 360,000; 360,000 may be w r i t t e n  

as 36 x l o 4 .  
s q u a r e  root of IO4 is l o 2 ,  s o  we have  6 x I O 2  or 

600. 

The square r o o t  of 36 is 6; the 

a. 8 ; 
h .  9 ; 
c .  3 ; 
d. 7 ; 
e. 10  ; 
f .  4 . 

a. 100 ; 
b ,  1000 ; 
e ,  0.01 ; 
d. 0 .1  ; 
e.  100 ; 
f .  1 0  . 
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1 0 8 .  Please n o t e  t h a t  when e x t r a c t i n g  s q u a r e  r o o t s ,  t h e  

exponent of 10  must be d i v i s i b l e  by 2 ;  and,  when 

e x t r a c t i n g  cube r o o t s ,  t h e  exponent oE 10  must be  

d i v i s i b l e  by 3 .  

- - - - - - - - -  

109,  Thus, i n  t h e  above problem, you should  n o t  w r i t e  

360,000 as 3.6 x l o 5  f o r  purposes  of t a k i n g  e i t h e r  

s q u a r e  r o o t s  o r  cube r o o t s  because  you do n o t  

a l r e a d y  know t h e  squa re  o r  cube r o o t  of 3 . 6 ,  and 

t h e  exponent 5 is  n o t  evenly  d i v i s i b l e  by e i t h e r  

2 o r  3 .  

110, The r u l e  could  be w r i t t e n :  

To t a k e  t h e  s q u a r e  r o o t  of a l a r g e  number, 

rewrite t h e  number as a power of 10 with 

an exponent of 10 t h a t  i s  d i v i s i b l e  by 

t W Q  e 

The r u l e  f o r  e x t r a c t i n g  any o ther  r o o t  would be  

s i m i l a r .  

Bli, Take t h e  cube r o o t  of 27,000,000. I n  o r d e r  to have 

an exponent of 10 d i v i s i b l e  by 3 ,  w e  must w r i t e  t h e  

number 27  x l o 6 .  

a. 'The cube r o o t  of 27 i s  9 

b. The cube r o o t  of l o 6  is 9 

c. The cube root. of 27,000,000 i s  
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112. By the same method, take t he  indicated r o o t  of: 

a. 

b. 

C. 

d.  

e .  

f .  

8. 

h. 

J 40,000 = 9 

4 8,100 = 

V' 0.008 = Y 

J 0.09 = 9 

0.0036 = ; 
3 
J 125,000 = 

a.. 3 ; 
El. 102 ; 
c:. 3 x 102 

or 300 . 

a. 
h .  

il. 

f .  
g .  
h. 

C. 

e.  

200 ; 
90 ; 
40 ; 
20 ; 
0.2 ; 
0 .3  ; 
0.06 ; 
50 . 
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SECTION 1-4  

LOGARITHMS 

4.1 .  I n t r o d u c t i o n  I 

1, Logarithms r e p r e s e n t  a method f o r  s i m p l i f y i n g  t h e  

m u l t i p l i c a t i o n  and d i v i s i o n  of v e r y  l a r g e  numbers, 

thos? c o n t a i n i n g  many d i g i t s  o r  decimal  p l a c e s .  

- - . . - - - - - - -  

2 ,  I n  o r d e r  t o  b e t t e r  unders tand  loga r i thms ,  l e t  u s  look 

a t  "powers-of-ten" once more. One hundred,  in power- 

o f - t e n  n o t a t i o n  is  l o 2 ;  1000 is  103; 0.001 is  10-3. 

In t h e s e  c a s e s ,  10  i s  c a l l e d  t h e  base .  Any number 

can be  written as 10 w i t h  an  exponent .  This  exponent 

i s  c a l l e d  the " logari thm" of t h e  number. 

3 ,  The loga r i thm,  t o  u s e  t h e  b a s e  1 0 ,  of 1000 i s  t h e  

of t e n  when 1000 i s  w r i t t e n  I O 3 .  

t h e  loga r i thm of  1000, t o  t h e  base 1 0 ,  i s  3 .  

There fo re ,  

4 .  Logari thms which are t o  the b a s e  10  are most o f t e n  

used i n  e lementary  mathematics and are c a l l e d  

zornnion loga r i thms .  

c - -I - - - - - - 

exp anen t 
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5. The common logarithm of :  

1 = 0  0.1 = -1 

10 = 1 0.01 = -2 

100 = 2 0.001 = -3 

1000 = 3 0.0001 = -4 

10,000 = 4 0.00001 = -5 

100,000 = 5 0.000001 = -6 

- - - - - - - - -  

6 .  There are two systems of logarithms in use today-- 

common logarithms, which are to the base 10; and 

natural logarithms, which are t o  the base 2; e ,  

numerically, is 2,718. 
- - - - - - . . . - -  

7. Common logarithms are to the base and natural 

logarithms are to the base . Since it is o f t e n  

confusing to d i s c u s s  them both a t  the same time, we 

shall limit our d i scuss ion  t o  common logarithms. 

However, the rules f o r  u s ing  them are the same, no 

matter what the base. 
- - - - - - - - -  

8. The common logarithm of a number is the exponent of 10 , 
e 10--the power to which 10 must be raised in order to 

be that number. For example, the logarithm of 

100 is 2 .  Ten w i t h  the exponent 2 or, in other words, 

10 raised to the second power, is the number 
- - - - - - - - -  

9 .  The number l o 3  is 1000, so the  logarithm of 1000 is 100 

. The number l o 9  is 10, sa the logarithm of 

10 is 
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10. I f  you m u l t i p l y  l o 3  x l o 1 ,  you add exponents .  But 3, 
1 

i f  w e  use  t h e  term loga r i thms  i n s t e a d  of exponents ,  

you add t h e  loga r i thms  3 and 1. The sum of t h e s e  

loga r i thms  i s  4 .  The number that  has  the loga r i thm 

4 i s  ten  w i t h  t h e  exponent , so t h e  number i s  

11, S ince  t h e  loga r i thm of 10 i s  1 and t h e  loga r i thm 

of 100 i s  2 ,  t h e  loga r i thm of a number between 10 

and 100 would be  between 1 and -- 
- - - - - _ _ _ -  

4 ,  
10,000 

12 .  The loga r i thm of 1 i s  0.0000, s i n c e  l o o  i s  one, The 2 

loga r i thm of 10 i s  1.0000, since 10' is  t en .  The 

loga r i thm of 5 i s  between t h e  loga r i thms  of 1 and 

of 10; s o  i t  i s  zero p o i n t  something. 

13. Mathematicians have c a l c u l a t e d  t h e  loga r i thms  of a 

h o s t  of numbers and p l aced  them i n  t a b l e s  such as 

Table  4 so  t h a t  w e  may u s e  t h e s e  t a b l e s  t o  look up 

t h e  loga r i thm f o r  any number. 

14 .  L e t  us make a s h o r t  t a b l e ,  ("Log 1" mzans " logar i thm 

o f  l 1 ! * )  

Log 1 = 0.0000 

Log 5 = 0.6990 

Log 10 -r 1.0000 

Log 100 = 2,0000 

Log 500 = 2.6990 

Log 1000 = 3.0000 

Log 5000 = 

Log SO = 1.6990 

I - - _ - - - - -  
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Tabla 4 ,  Common Logarithms of Numbers 

M 

10 
11 
1 2  
13 

0 1 2 3 4 

0000 0 0 4 3  0086 0128 oj-70 
0414  0453  0492  0 5 3 1  0469 
0 7 9 2  0828  0864  0899 0934  
1139 1173 1206 1239 1 2 7 1  

1 4  
15 

2041  2068 2095 2122 2148 
2304 2330 2355 2380 2405 
2553 2577 260% 2625 2648 
2788 2810 2833 2856 2878 
3010 3032 3054 3075 3096 

1 4 6 1  1492 1523 1553  1584 
1 7 6 1  1790 1818  1847 1875 

25 
26 

34 I 5315 5328 5340 5353 5366 
35 I 5441  5453  5465 5478 5490 

3979 3997 4014 4 0 3 1  4048 
4150 4166 4183  420C 4216 

36 
37 
38 
39 1 5 9 1 1  5922 5933 5944 5955 
40 9 6 0 2 1  6 0 3 1  6842  6053  6064 

5563 5575 5587 5599 5611 
5682 5694 5705 5717 5729 
5798 5809 5 8 2 1  5832 58L3 

6128  6138  6149 63-60 6170 
6232 6 2 4 3  6253  6 2 6 3  6274 
6335 6345 6 3 5 5  6365 6375 

4 4  
4 5  

6435 6444  6454  6464 6434 
6532  6542  6 5 5 1  6562  65371 

46 ’ 6628 6637 6646 6656 6665 
47 ‘ 6729 6730  6739 6749 6758  
4 8  I 6812  6 8 2 1  6830 6839 6848  
43  
50 

6902  6 9 1 1  6920 6928  6937 
6990  6998 7007 7016 7824- 

5 1  
5 2  
5 3  
54 

-.... - 
5 6 7 8 9 

0212  0253 (2294 8334 0374 
0607 0645 0682 0719 0755 
0969 1004 1-038 BO72 1106 
1303 1335 1367 as99 I430  

7076 7’084 7 0 9 3  7101 7110 
7160  7168  7177 7185 7193  
7 2 4 3  7251. 72.59 7 2 6 7  7275 
7324  7332  7340  7 3 4 8  7356 

1614 1644 1673 1703 1732 
1 9 8 3  1931 1953 1987 2014 
2275 2201 2227 2253 2279 
2430 2455 2480 2504 2529 
2672 2695 2718 2742 2765 
2900 2923 2945 2967 2989 - 
3x18 3139 316Cr 2.81. 3201  
3324 3345 3365 3385 3404 
3.522 3541 3560 3579 3598 
3711. 3329 37%7 3766 3784 
3892 3909 3927 3945 3962 
4065 4082 4.099 4116 4133 
-- 

4232 4249 4265 4281  4298 
4393  4409 6425  4448 4456 
4548 4564 4579 4594 4609 
4698 4713 4728 4 7 4 2  4757 
4843  4857 487% 4886 4900 
4983  4997 5011 5024 5038 
5113 $132 514% 5159 5172 
5250 5263  5276 5289 5302 
5378 5391 5403 5416 5428 
5502 5514 5527 5539 5551 _ _  
5623 5635 5647 5658 5670 
5740 5752 5763 5775 5786 
5855 5866 5874 5888 5899 
5966 5 9 7 7  5988 5999 6010 
6075 6085 6096 6107 6117 
6180 6 1 9 1  6201 62112 6222 
6284 6294 6304 6314 6325 
6385 6395 6405 6415 6425 
6484 6493  6503 6513 6522 
6580 6590 6599 6609 6618  
6675 6684 6693  6702 6712 
6 7 6 7  677’6 6785 6794  68G3 
6857 6866 6875 6884 6893  _ _  
6946 3 5 5  6964  6972 6983. 
7 0 3 3  7042  7050 7059 7063 
7118 7126 7135 7 1 4 3  7152 
7202 7210 7218 7226 7235 
7 2 8 4  7292  7300 7 3 0 8  7316 
I_ 7 3 6 6  ..-- 7 3 7 2  7388 7388 7396 
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Table  4. (Continued) 

N 

55 
56 
57 
5 8  
59 
60 
6 1  
62 
6 3  
64 
65 
66 
67 
68 
69 
70 
7 1  
72 
73 
74 
75 
76 
77 
7 8  
79 
80 
8 1  
82 
83 
84 
85 
86 
87 
88 
89 
90 
9 1  
92 
9 3  
94 
95 
96 
97 
9 8  
99 

II_ 

I--.-._ 

- 

-_.- 

~ 

- 

- 

--.- 

0 1 2 3 4 

7404 7412 7419 7427 7435 
7482 7490 7497 7505 7513 
7559 7566 7574 7582 7589 
7634 7642 7649 7657 7664 
7709 7716 7723 7731 7738 
7782 7789 7796 7803-‘--7m 
7853 7860 7868 7875 7882 
7924 7931 7938 7945 7952 
7993 8000 8007 8014 8021 
- 8062 8069 8075 8082 8089 

8129 8136 8142 8149 81.56 
8195 8202 8209 8215 8222 
8261 8267 8274 8280 8287 
8325 8331 8338 8344 8351 
8388 8395 8401 8407 8414 
8451 8457 8463 8470 8476 
8513 8519 8525 8531 8533 
8573 8579 8585 8591 8597 
8633 8639 8645 8651 8657 
8692 8698 8704 874.0 8716 
8751 8756 8762 876x 8774 
8808 8814 8820 8825 8831 
8865 8871 8876 8882 8887 
8921 8927 8932 8938 8943 
8976 8982 8987 8993 8998 
9031 9036 9042 9047 9053 
9085 9090 9096 9101 9106 
9178 9143 9149 9154 9159 
9191 9196 9201 9206 9212 
9243 9248 9253 9258 9263 
9294 9299 9304 9309 9315 
9345 9350 9355 9360 9365 
9395 9400 9405 9410 9415 
9445 9450 9455 9460 9465 
9494 9499 9504 9509 9513 
9542 9547 9552 9557 9562 
9.590 9595 9600 960.5 9609 
9638 9643 9647 9552 9657 
9685 9689 9694 9699 9703 
9731 9736 9741 9745 9750 
9777 9782 9786 9791 9795 
9823 9827 9832 9836 9841 
9868 9872 9877 9881 9886 
9912 9917 9921 9926 9930 
9956 9961 9965 9969 9974 
_11_- ~______II_ 

5 6 7 8 9 

7443  7451 7459 7466 r 4 l 4  
7520 7528 7536 7543 7 L ; I  
7597 76C4 7612 761.9 7627 
7672 7679 7686 7694 1701 

7818 7823 7832 7839 7846 
7889 7896 7903 7910 7917 

8028 8035 8041 8048 8055 

7745 7752 7760 7167 7774 

7959 7966 7973 7980 7987 

8096 8102 8109 8116 8122 
8162 8169 8136- 8182 8189 
-_lllo---. 

8228 8235 8241 8248 8254 
8293 8299 8306 8212 8329 
8357 8363 8370 8376 8382 
8420 8426 8432 8439 ._.---11_- 8445 
8482 8 4 8 8 - m 4  8500 8506 
8542 8549 8555 8561 8567 
8603 8609 861% 8621 8627 
8667 8669 8675 8684 8686 

8837 8842 8848 885b 8859 
8893 8899 8904 8910 8915 
8949 8954 8960 8965 8971 
9004 9009 9015 -__I 9020 9025 
9058 9063 9069 9074 9079 
----__I 

9112 93-17 9122 9128 9133 
9165 9170 9475 9180 9186 
9217 9222 9221 9232 9238 
9269 9274 9219 928tb .. 9289 
9320 9325 9330 3235 9340 
93‘0 9375 9380 9185 9390 
9420 9425 9430 9b35 9440 
9469 9474 9479 9484 9489 

9614 9619 9624 5658 9633 
9661 9666 9673 9695 9650 
9708 9713 971.7 9722 9727 
9354 9159 9763 9768 9773 
9800 9805 9809 9814 9818 

---.--- --._..I_I__ 

9845 9850 9854 9859 9863 
9890 9898 9899 9903 9908 
9934 9939 9943 9948 9952 
9978 9982 9987 9991. 9996 

__1_---___ 

NOTE: Par numbers less than 1 0 ,  look f o r  20 ,  30,  40,  e t c - ,  4r; t ab l e ,  
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15. We l e t  you p u t  i n  t h e  l as t  number because  w e  were 

s u r e  you could  see t h a t  t h e  p a r t  of t h e  l o g a r i t h m  

t o  t h e  r i g h t  of  t h e  dec imal  p o i n t  w a s  t h e  same 

r e g a r d l e s s  of t h e  power of 10 by which 5 w a s  

m u l t i p l i e d  (50, 500, 5000) .  The same would be  

t r u e  f o r  any o t h e r  number m u l t i p l i e d  by any power 

of 10. 

- - - - - - - - -  

16. I f  t h e  l o g a r i t h m  of 20 is  L.3OP0,  t h e  l o g a r i t h m  

-- of 200 is  2. 

- - - - - - - - -  

19. The number 2000 could be  w r i t t e n  1 0 3 v 3 c ’ o ~  The 

l o g a r i t h m  of 2000 i s  __ 
- - - - - - - - -  

17. The number t o  t h e  l e f t  of t h e  dec imal  p o i n t  i n  the 

l o g a r i t h m  changes w i t h  t h e  power of EO. S ince  50 

i s  between PO (or  L O ’ )  and LOO ( o r  l o 2 )  and t h e  

exponent i s  t h e  l o g a r i t h m ,  w e  s a y  50 = PO 

The one (I) t o  t h e  l e f t  of t h e  dec imal  p o i n t  means 

t h a t  the number is  between LO and 100. For the 

number 500, s i n c e  i -c  i s  begween 100 and 1000, the 

number t o  t h e  l e f t  of t h e  dec imal  p o i n t  of t h e  

l o g a r i t h m  would be  and the number t o  t h e  r i g h t  

h .6990 

t h u s ,  she  of t h e  dec imal  p o i n t  would be  -8 

l o g a r i t h m  of 500 is  

- - - - - - - - -  

18. If t h e  l o g a r i t h m  of 30 i s  1.4771, the  l o g a r i t h m  of 

3000 i s  . The l o g a r i t h m  begfns  w i t h  3 becarase 

3000 i s  g r e a t e r  t han  PO00 and less than 10,000. 

3.6990 

3010 

1 
L 9  

0.6990 
2,6990 

1 . 4 7 7 1  



4 . 2 ,  C h a r a c t e r i s t i c  and Mant i ssa  

10 2 

3.3010 

20 0 

21. 

22 * 

2 3 .  

2 4 .  

2 5 .  

From Frames 15 t o  1 7  w e  know t h a t  a loga r i thm has  

t w o  p a r t s .  One p a r t  de te rmines  t h e  p o s i t i o n  of t h e  

decirnal. p o i n t  and is  t h e  whole number p a r t  of t h e  

l o g a r i t h m ,  This  is  c a l l e d  t h e  c h a r a c t e r i s t i c .  

- - - - - _ - _ _  

The c h a r a c t e r i s t i c  of t h e  l o g a r i t h m  of 500 i s  2 

because  500 i s  between l o 2 ,  which i s  100, and l o 3 ,  
which i s  1000. By t h e  s a m e  r u l e ,  t h e  c h a r a c t e r i s t i c  

o f  t h e  l o g a r i t h m  of 50 i s  and of 5000 i s  

- - - - - _ - - _  

The p a r t  of t h e  l o g a r i t h m  t h a t  de te rmines  t h e  p l a c e  1, 
3 of t h e  decimal p o i n t  of t h e  number i s  c a l l e d  t h e  

Write t h e  c h a r a c t e r i s t i c s  of t h e  loga r i thms  of t h e  

fo l lowing  numbers: 1 9 ,  56,  6 ,  1 4 5 ,  6394. 

C h a r a c t e r i s t i c  

- - - - - - - - -  

A s  you may have a l r e a d y  guessed ,  t h e  c h a r a c t e r i s t i c s  1, I, 0 ,  2, 3 

of numbers g r e a t e r  than one are p o s i t i v e  whole 

numbers . 
- - - - - - - - -  

The c h a r a c t e r i s t i c s  of numbers less than  one are 

n e g a t i v e  whole numbers. For example, 0 .01  is  l / l O O  

o r  1/102,  which can  be  w r i t t e n  l o m 2 .  Thus, t h e  

c h a r a c t e r i s t i c  of t h e  loga r i thm of t h e  number 0 .01 

I S  

_ _ - - - I - - -  
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26. You shou ld  r e c a l l  t h a t  0 .01  can  also be w r i t t e n  

1 x loe2. When i n  doubt about  t h e  c h a r a c t e r i s t i c  

of a number, w r i t e  t h e  number as a power of I O  

(a number between L and 10  times a power of I O ) .  

I n  t h i s  form, t h e  c h a r a c t e r i s t i e  of t h e  loga r i thm 

of t h e  number is  t h e  exponent of t h e  b a s e ,  10. 

Thus, t h e  c h a r a c t e r i s t i c  of t h e  l o g a r i t h m  of 

1 x 10’2 is  , as rioted above. 

-2 

-2 27.  Write t h e  c h a r a c t e r i s t i c s  f o r  t h e  l o g a r i t h m s  of t h e  

fo l lowing  numbers: 0.5,  5,  50, 0.05, 0.005, 5000. 

- - - - - - - - -  

28. A number such as 100 o r  1000 1% a n  even power of 10,  -1, 0 ,  1, 
-2, - 3 ,  3 

so  t h e  c h a r a c t e r i s t i c  is a whole number. Thus, 

t h e  l o g a r i t h m  of 1000 is  3.0000, However, between 

1000 and 10,000 is a h o s t  of numbers whose l o g a r i t h m s  

are g r e a t e r  t han  3 ,  b u t  less t han  4 .  
- - - - - - - - -  

29. For t h e  in-between numbers, t h e  l o g a r i t h m  h a s  two 

parts--+,he c h a r a c t e r i s t i c ,  which i s  t h e  whole nunber ,  

and t h e  - m a n t i s s a ,  t h e  f r a c t i o n .  Th i s  l as t  p a r t  o f  

t h e  l o g a r i t h m ,  t h e  m a n t i s s a ,  i s  found for any number 

by look ing  i n  a t a b l e  O €  common loga r i thms  and i s  

t h e  same r e g a r d l e s s  of t h e  p o s i t i o n  of t h e  dec imal  

p o i n t  i n  t h e  number 

- - - e - - - - -  

30. The p a r t  of the l o g a r i t h m  of a number t h a t  de t e rmines  

t he  position o f  the decimal po in t  is the 

- - - , . . - - - - -  
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31. The p a r t  of t h e  loga r i thm of a number t h a t  i s  n o t  

r e l a t e d  t o  t h e  p o s i t i o n  of t h e  decimal p o i n t  i s  

t h e  

- - - - - - - - -  

3 2 ,  When we c a l l  Table 4 a t a b l e  of l o g a r i t h m s ,  w e  

are n o t  e x a c t l y  r i g h t .  I t  i s  a t a b l e  of man t i s sa s  

because ,  as we  l e a r n e d  ear l ie r ,  t h e  man t i s sa  i s  t h e  

same f o r  numbers which have t h e  same series of 

d i g i t s  

33. Thus, i f  32.4  h a s  t h e  loga r i thm 1.5105, 324000 has  

the  loga r i thm 5.5105. The p a r t  o f  t h e  loga r i thm 

that is t h e  same i s  t h e  

- - - - - - - - -  

34.  Thus, w e  can use a t a b l e  f o r  t h e  man t i s sa s  of our 

l oga r i thms  and de termine  t h e  of each 

loga r i thm from the  p o s i t i o n  of  t h e  decimal p o i n t ,  

c h a r a c t e r  is  t i c  

mant i s  sa 

man t i s sa  

3 5 ,  Now l e t  us f i n d  t h e  man t i s sa  of a number such as 264.  c h a r a c t e r i s  t i c  

I n  Table 4 ,  look f o r  t h e  f i r s t  two d i g i t s  of 264-- 

t w o ,  six--in t h e  column l a b e l e d  N. Then, move 

a c r o s s  t h e  page t o  t h e  column under 4 and r ead  t h e  

number 4216,  This  i s  t h e  man t i s sa  of t h e  loga r i thm 

of 2 6 4 ,  The c h a r a c t e r i s t i c  of t h e  loga r i thm of 

264 i s  

- - _ - _ _ - - _  

3 6 .  When w e  add t h e  man t i s sa  4216 as t h e  f r a c t i o n  0.4216 2 

t o  t h e  c h a r a c t e r i s t i c  2 ,  w e  have th.e l oga r i thm of 

264 which is  2.4216.  This  is  u s u a l l y  w r i t t e n  

log  264 = 

- - _ - - _ - _ _  
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4 .3 .  Logarithms and An t i loga r i thms  2 4216 

37. To find t h e  l o g a r i t h m  of any t h r e e - d i g i t  number, look 

up t h e  m a n t i s s a ,  as no ted  above, and add i t  t o  t h e  

proper  c h a r a c t e r i s t i c  as de termined  by t h e  s i z e  of 

t h e  number. 

- - - - - I - - -  

38. Note t h a t  i f  w e  change t h e  dec imal  p o i n t  of t h e  

number 264,  used i n  t h e  example above, t h e  on ly  p a r t  

of t h e  loga r i thm t h a t  changes is t h e  c h a r a c t e r i s t i c .  

Log 264 = 2.4216 

Log 2640 = 3.4216 

Log 2 . 6 4  = 0.4216 

Log 0 .264  = -1.4216 o r  9.4216-10 

- - - - - - - - -  

39. Now f i n d  t h e  fo l lowing :  

a. Log 156 = e. Log 0.056 = 

b. Log 25 = f .  Log 843000 = 

c. Log 327 = g. Log 84.3 = 

d .  Log 7 . 3  = ha Log 0,000843 = 

- - - - - - - I -  

40. We mentioned ear l ie r  t h a t  f r a c t i o n s  have charac-  a. 2.1931 

b ,  1.3979 
@. 2.5145 

e, 2.7482 o r  

terist ies t h a t  are n e g a t i v e  numbers. S ince  t h i s  

a.  0.8633 s i g n  a p p l i e s  on ly  t o  t h e  c h a r a c t e r i s t i c s ,  i t  i s  - 
8.7482-10 

u s u a l l y  p l a c e d  above t h e  c h a r a c t e r i s t i c  to remind 

t h e  o p e r a t o r  t h a t  i t  does n o t  app ly  t o  t h e  m a n t i s s a .  f .  5.9258 
g. 1.9258 
h. z.9258 o r  

A l s o ,  f o r  reasons t h a t  w i l l  be  more obvious l a t e r ,  

a c h a r a c t e r i s t i c  -2 i s  o f t e n  w r i t t e n  8.0000-10 o r  6 a 92%-10 
... 
4.9258 is  w r i t t e n  6.9258-10, 
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41. For more practice, write the following: 

a. Log 144 = d. Log 2340 = 

b. Log 1.44 = e. Log 763 = 

c. Log 0.0144 = f. Log 67.8 = 

- - - - . . - - - - -  

42.  Now let us reverse the process. Take a logarithm 

and find the number (called the "antilogarithm") to 

which it belongs. 

a. 2.1584 
b. 0.1584 - 
c. 2.1584 o r  

d. 3.3692 
e .  2.8825 
f .  1,8312 

8.1584-10 

43. To find the antilogarithm of the logarithm 1.3324, 

look  for the mantissa 3324. It is for the number 

two one five. The characteristic 1 means that the 

number is between 10 and 100; so, the antilogarithm 

of 1.3324 is 21.5. The number whose logarithm is 

1.3324 is 
- - _ _ - - - _ _  

44,, Find the antilogarithms of the following logarithms: 21.5 

a, Antilog 2.4232 = 9 

b. Antilog 1.6794 = 3 

c. Antilog 3.8176 = Y 

d. Antilog 0.9741 = Y 

e .  Antilog 8.4378-10 = 



45 ,  For practice purposes, we have picked numbers which a, 265; 
b .  4 7 . 8 ;  
c. 6 5 7 0 ;  are found in our table.  However, with real problems 

we are seldom s o  fortunate. For example, let us d. 9 . 4 2 ;  
e .  0 . 0 2 7 4 ,  

say we need the logarithm of the number 2357.  Our 

table gives 2350 and 2 3 6 0 ,  so  we must calculate the 

mantissa that is 7 / 1 0  of the difference between the 

one for 2350 and that for 2360. This is called 

"interpolating". 
- - - - - I - - -  

46 .  The mantissa for 2360 is 0.3729. 

The mantissa for  2350 is 0.3711. 

The difference is 0.0018.  

7/10 of 0.0018 is 0 , 0 0 1 2 6 ,  

So,  the mantissa for 2353 is 0 . 3 7 1 1  plus 0.00126 or 

0.37236.  

4 7 .  Now we can write the logarithm of 2357 as 

- - - - - - - - -  

4 8 .  By interpolation, find the logarithms of the following 3.37236 

numbers : 

a. Log 34 ,25  = 9 

b. Log 8.126 = 9 

c .  Log 1728 = 
I I 

4 9 .  The reverse process, interpolating mantissas to find a, 1.5711; 
b ,  0.9099; 
c .  3.2375.  

the antilogarithms, is done in the same manner. 
- - - - I - - - -  
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50 .  For example, we wish to find the number whose 

logarithm is 1.6.357. From the table: 

The mantissa for 433  is 0.6365 

The mantissa for 432 is 0.6355 

The difference is 0.0010 

Our mantissa is 0.6357 

The mantissa for 432 is 0.6355 

The difference is 0.0002 

5 1 .  Thus, our number is 2/10 of the difference between 

432 and 433 .  Without the decimal point, then, we 

would write it 4322 .  The characteristic 1 means 

that our number is greater than and less than 

I_ ; s o ,  the number is actually 

5 2 .  By interpolation of mantissas, find the antilogarithms 1 0 ,  
1 0 0 ,  
43.22 for the following: 

a. Antilog 2.639 = ? 

b .  Antilog 0.9481 = Y 

c. Antilog 9.808-10 = 3 

d. Antilog 3.9835 = 

- - - - - - - - -  

- 4 . 4 .  Multiplication and Division 

5 3 .  The value of logarithms is most appreciated when a 

problem involves multiplying and dividing three or 

four times in succession. For practice, however, we 

would rather use small numbers in single acts of 

multiplication o r  division. 
- - - - . . . - _ - -  

a. 4 3 5 . 5 ;  
b. 8 . 8 7 4 ;  
c .  0 . 6 4 2 7 ;  
d, 9627 .5 .  
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54.  To multiply by logarithms, add the logarithms of the 

numbers t o  be multiplied and find the antilogarithms 

of the sum, 
- - - - - - - - -  

55.  For example, multiply 25.3 by 42.2 as follows: 

Log 25.3 = 1 .4031  

Log 42,2 = 1,6253 

The sum i s  

56. Now find the antilogarithm of 3.0284. 

0.0294 is the mantissa of 107; 

0.0253 is the mantissa of 106; 

is the difference. 

0.0284 is our mantissa; 

0.0253 is the mantissa of 106; 

is the difference 

3.0284 

57, The antilogarithm of 0 , 0 2 8 4  (without worrying yet 0.0041 , 
0 0 0 3 1  about the decimal point) is 106 plus the fraction 

3 1 / 4 1  by our  interpolation, 

decimal is 0 6 7 5 6 ,  which makes our number 106756, 

Now w e  can consider the characteristic 3 which means 

the number i s  between 1000 and 10,000. Thus, our 

This fraction as a 
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58. I f  you are s o  c u r i o u s ,  and w e  hope you are, as t o  

m u l t i p l y  t h e  above numbers i n  t h e  o r d i n a r y  way, you 

w i l l  g e t  t h e  answer 1067.66 and w i l l  f e e l  t h a t  t h e  

answer by loga r i thm m u l t i p l i c a t i o n  i s  n o t  ve ry  

a c c u r a t e .  To a l l a y  such  concern ,  l e t  u s  d i s c u s s  

" s fgn i f  i c a n t  f iguresl l  . 

59. Let us assume t h a t  you wish  t o  p a i n t  a room. You 

rc$asure i t s  l e n g t h  a t  1 4  f t  10 i n . ,  i t s  wid th  a t  

1 2  f s  2 i n . ,  and i t s  h e i g h t  a t  7 f t  ll i n .  One 

g a l l o n  of p a i n t  i s  a d v e r t i s e d  t o  cover  500 s q u a r e  

f e e t .  I n  t h i s  case you are i n t e r e s t e d  on ly  i n  

whether  i t  w i l l  t a k e  one g a l l o n  o r  two g a l l o n s  of 

p a i n t .  

- - - _ _ - - I _  

60. Thus, i n s t e a d  of m u l t i p l y i n g  1 4  f t  10 i n .  by 7 f t  11 i n ,  

t o  g e t  a w a l l  s i z e ,  you probably  m u l t i p l y  15 f t  by 8 f t  

because t h e s e  numbers are c l o s e  enough. For  your 

purposes ,  15 f t  is  as s i g n i f i c a n t  as 14  f t  10 i n ,  and 

8 f t  i s  as as 7 f t  11 i n .  

- 

- - - - _ - - - -  

61, I n  your  problem, then ,  you have two w a l l s  a t  

1 5  fs x 8 f t  f o r  a t o t a l  of f t 2 .  The o t h e r  

two w a l l s ,  a t  1 2  f t  x 8 E t  each ,  have a t o t a l  of 

1-92 ft', making t h e  t o t a l  area of t h e  f o u r  w a l l s  

f t 2 .  This  means that.  you buy on ly  one g a l l o n  
c 

of  p a i n t  

62.  You have n o t  used e x a c t  measurements,  b u t  you have 

used measurements which were 

problem. 

f o r  your  

1067.56 

s i g n i f i c a n t  

240 ,  
432  
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63. I n  t h e  same way, l e t  us look  a t  t h e  problem of s i g n i f i c a n t  

Frame 55. W e  w e r e  m u l t i p l y i n g  25,3 by 42 .2 .  L e t  

u s  assume t h a t  42.2 is  a n  e x a c t  measure b u t  t h e  

25.3 i s  "rounded o f f  t o  t h e  n e a r e s t  t e n t h " .  The 

number may be  25.29 or 25.31, and w e  call i t  25.3. 
_ - - - - _ - - -  

64.  25.29 x 42.2 = 1067.238 

25.31 x 42.2 = 1068.082 

Note t h a t  w i t h  t h i s  assumpt ion  we are unsu re  of t h e  

f o u r t h  d i g i t .  Is i t  7 o r  8? Is o u r  answer 1067 o r  

1068? 

- - - - - - - - -  

65, S ince  bo th  of t h e  o r i g i n a l  answers fall between t h e s e  

two numbers, w e  can a c c e p t  e i t h e r  as c o r r e c t  f o r  

t h e  problem. 

66. I n  t h e  o r i g i n a l ,  problem, t h e  answer by loga r i thms  

w a s  1067.56. The answer by m u l t i p l i c a t i o n  w a s  

1067.66. Any d i g i t s  beyond 1067 were n o t  o n l y  

d o u b t f u l  b u t ,  a c t u a l l y ,  had no real  s i g n i f i c a n c e .  

- - - - - - - - -  

67. A r u l e  t h a t  is  o f t e n  used where t h e  s i g n i f i c a n c e  of 

c e r t a i n  d i g i t s  i n  a n  answer is i n  doubt  i s :  

The number of s i g n i f i c a n t  d i g i t s  i n  an 

answer i s  no g r e a t e r  t h a n  t h e  number of 

s i g n i f i c a n t  d i g i t s  of t h e  smallest number 

used i n  t h e  problem. 

- - - - " . - - . - . -  
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68. Thus, i n  our  o r i g i n a l  problem, 25.3 x 42.2, t h e r e  

were on ly  t h r e e  d i g i t s  i n  t h e  answer i n  which w e  

should  p l a c e  f u l l  confidence-- the one,  ze ro ,  and 

six.. W e  were n o t  s u r e  whether  t h e  nex t  d i g i t  w a s  

7 o r  8 ,  

- - - - - - - - - 

69, Seldom i s  t h i s  r u l e  adhered t o  e x a c t l y .  Most peop le  

who work w i t h  mathematics look  a t  t h e  r easonab leness  

of t h e  answer.  They u s e  t h o s e  d i g i t s  which make t h e  

answer r easonab le ,  as w e  d i d  i n  t h e  p a i n t  problem. 

70 ,  W e  would l i k e  f a r  you t o  adopt  t h i s  p o l i c y  of 

reasonableness"  i n  the  problems t h a t  fo l low.  II 

- - - - - - - - -  

71. Using l o g a r i t h m s ,  m u l t i p l y  63 X 147 X 64.8.  

Log 63 is  

Log 147 i s  

Log 6 4 , 8  i s  

The sum i s  5.7782,  

7 2 ,  'The a n t i l o g a r i t h m  of 0.7782 i s  , n e g l e c t i n g  

t h e  decimal  p o i n t .  The c h a r a c t e r i s t i c  5 means t h e  

number i s  between 100,000 and 1,000,000.  Thus: 

1.7993; 
2,1673; 
1.8116. 



113 

73. Using logarithms, multiply 534 y 184 x 14, The six zero, 
600,000 sum of the logarfthms is . The charac- 

teristic of this logarithm means that the number 

is greater than and less than 

- - - - - - - - -  

74. The closest mantissa in our table t o  the mantissa 6 a 1431, 
1,000,000, 
L0,000,000 of our number (1.431) 5s 1430 whieh is f o r  the digits 

139. We do not expect our number to have signifi- 

cant digits beyond t w o  or three; so,  rather than 

interpolate for this small. difference, we say the 

answer to 534 x 186 K 14 i s  

- - - - - - - - -  

75. Multiply 0.51 x 12 x 0.043, 1,390,000 

- 
Log 0 ,5P  = 1.7076 OT 9n.7076-10 

Log 12  = 1,0792 

Log 0.043 = 2,6335 or 8.6335-10 

The sum is 
- - - - - - - - -  

76. Rewrite the sum of t h e  logarithn, 19.4203-20, as a 19.4203-20 

logarithm wirh a negat ive characteristic 

77. The antilogarithm o f  i . 4203  is about. 
- 
1.4203 

78. The sums of the logarithms of the following numbers 0.263 

are: 

Log 60 + Log 0,35  4- Lag 430 = 

Log 0.8 4 Log 0,034 -+ Log 900 = 
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79. To d i v i d e  by use  of l oga r i thms ,  s u b t r a c t  t h e  

loga r i thm of t h e  d i v i s o r  from t h e  loga r i thm of 

t h e  d iv idend.  

- - - - - - - - -  

80. For example, t o  d i v i d e  476 by 28: 

Log 476 i s  2.6776 

Log 28 i s  1.4472 

The d i f f e r e n c e  is  1.2304 

The a n t i l o g a r i t h m  of 1.2304 is  ; t h u s ,  

467 -i- 28 i s  

81. Div ide  231 by 221. 

Log 231 is 

Log 221 is  

The d i f f e r e n c e  i s  

From t h e  in fo rma t ion  a v a i l a b l e ,  w e  would s a y  t h a t  

t h e  answer i s  a l i t t l e  closer t o  t h a n  

8 2 .  Div ide  1 .43  by 0.621. 

Log 1 . 4 3  i s  0.1553. 

Log 0.0621 is  5"  7931. 

3.9558, 
1.3888 

1 7  , 
17 

2.3636, 
2.3444, 
0.0192, 
1.05, 
1.04  

Since  t h i s  is  a d i f f i c u l t  s u b t r a c t i o n ,  w e  make i t  

easier by r e w r i t i n g  both  loga r i thms  i n  t h e  form 

used when t h e  c h a r a c t e r i s t i c  i s  n e g a t i v e .  

- - _ - _ - - - -  
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83. From t h e  above problem, 

Log 1 . 4 3  i s  10,1553-10 

Log 0 ,0621 is 8.7931-10 

S u b t r a c t  t o  g i v e  1.3622 

The a n t i l o g a r i t h m  of 1,3622 is  

8 4 .  Divide  0.5 by 25. 2 3  

Log 0.5 i s  

Log 25 is 

The d i f f e r e n c e  i s  

The a n t i l o g a r i t h m  is 
- - - - - - - - -  

8 5 .  Now l e t  us try t h i s  problem: 

(257 x 2.35 x l o 3  x 9 , 8 2  x d i v i d e d  by 

(7.6 x lo2 x 3 , 5  x IO- ’ )  = ? 

To work t h i s  problem, the loga r i thms  of t h e  numbers 

in t h e  f i r s t  set  of p a r e n t h e s e s  are 

t o g e t h e r .  S u b t r a c t  from. t h i s  t h e  sum of t h e  loga r i thms  

i n  t h e  - set of pa ren theses .  Then f i n d  t h e  

of t h i s  d i f f e r e n c e .  

- - - - - - - - -  

9.6990-10, 
I 1- 3979, 
2 (I 3011, 
0.02 

86. The sum of t h e  l o g a r i t h m s  of t h e  numbers i n  t h e  added, 
second, 
a n t i l o g  a r  i thm The sum f i rs t  set  of p a r e n t h e s e s  is  

of the logarithms of t h e  numbers i n  the second s e t  

of p a r e n t h e s e s  is  e The difference is 
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87 .  I f  w e  assume t h a t  t h e  answer w i l l  have no more 

than  t h r e e  s i g n i f i c a n t  d i g i t s ,  i t  is  

4 , 5 .  Powers and Roots 

88, You w i l l  recal l  that  when a number i s  r a i s e d  t o  a 

power, such  as 6 r a i s e d  t o  t h e  f i f t h  power ( 6 5 ) ,  

you m u l t i p l y  6 x 6 x 6 x 6 x 6. With one -d ig i t  

numbers, t h i s  i s  n o t  d i f f i c u l t .  However, i f  you 

raise 253 t o  t h e  f i f t h  power, i t  i s  t i m e  consuming, 

a t  l ea s t ,  and t h e  p o s s i b i l i t y  of e r r o r  is  inc reased  

i f  you m u l t i p l y  i n  t h e  u s u a l  manner, 

89 .  Logarithms a l l o w  you t o  ra ise  a number to a power 

e a s i l y .  Simply m u l t i p l y  t h e  loga r i thm of t h e  

number by t h e  power t o  which t h e  number is t o  b e  

r a i s e d .  Th i s  is t h e  same as adding as many 

loga r i thms  as t h e  power i n d i c a t e s .  

90. I f  you wish t o  raise 253 t o  t h e  f i f t h  power, 

Log 253 i s  

Mul t ip ly  t h i s  l oga r i thm by 5 t o  g i v e  

- I - d - - - - -  

3 1  From t h e  above frame,  w e  have l o g  2535 is  11,0155. 

The a n t i l o g a r i t h m  of t h e  man t i s sa  i s  about  halfway 

between and . By i n t e r p o l a t i o n  

t h e  nex t  d i g i t  w i l l  b e  , making ou r  answer,  

t o  f o u r  d i g i t s ,  

- - - - - - - - -  

4 .7727 ,  
2 .4249 ,  
2 e 3478 

223 

2 e 4031 ,  
11.0155 
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92. The characteristic is 11. Thus, the number is 103, 

103,600,000,000. It is much less cumbersome to 104, 
6 ,  

write such a number as a number between 1 and 10, 1036 

times a power of 10, as discussed in Section 3 . 3 ,  

pages 84 to 91. 

93. In power-of-ten notation, the number would be 

written 1.036 x 10”’. 

10, the number , is exactly the same as the 

characteristic of the logarithm 11.0155 because 

Note that the exponent of 

1 x 1011 is 100,000,000,000. 

94. Thus, it is easy to write an antilogarithm with power- I1 

of-ten notation. For example, given the logarithm 

3.4669, the antilogarithm is written 2 . 9 3  (a  number 

between 1 and 10) times 10 with an exponent 3 

because the characteristic of the logarithm is 3 ,  

The antilogarithm of 3.4669, then, is 

in power-of-ten notation. 
- - - - I - - - -  

95. Using logarithms and giving answers to no more than 2.93 x 103 

three significant figures: 
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96. Now l e t  us f i n d  t h e  s q u a r e  r o o t  of a number such 

as 64 by u s e  of l oga r i thms .  

f i n d  t h e  loga r i thm of 64. 

What i s  ~6 ? F i r s t  

Log 64 = 1.8062 

Divide  1.8062 by 2 (because  we are t a k i n g  t h e  

s q u a r e  r o o t ) .  

1.8062 + 2 = 0.9031 . 
The a n t i l o g a r i t h m  of 0.9031 is  , which 

you probably  knew a l r e a d y ;  

3 
97. Now f i n d  t h e  cube r o o t  of 343, . Log 343 = 

2.5353. D iv ide  2.5353 by 3 (because w e  are t a k i n g  

t h e  cube r o o t ) .  2.5353 f 3 = 0.8451. The a n t i -  

l oga r i thm of 0.8451 i s  , which i s  t h e  cube 

r o o t  of  343. 

- _ _ _ - - I _ _  

a. 6.55 x l o 4  ; 
b. 7.89 x ; 

d. 2.56 x lo-’ 
c .  9 .76  x 106 ; 

o r  0.256 ; 
e. 8 1 0 l 2  ; 
f .  8 x ; 
g. 25 . 

8 

98. I n  each of t h e  above cases, w e  d iv ided  t h e  loga r i thm 7 

o f  t h e  number by t h e  root--2 f o r  s q u a r e  r o o t ,  3 f o r  

cube root--for  which w e  were looking .  Then w e  

found t h e  a n t i l o g a r i t h m  of t h e  logar i thm.  

- - - - - - - - -  

99. Now we can make a g e n e r a l  s t a t e m e n t  o f  t h e  r u l e ,  

To f i n d  a g iven  r o o t  of a number by u s e  of 

l oga r i thms ,  d i v i d e  t h e  loga r i thm of t h e  number 

by t h e  r o o t  and then  f i n d  t h e  a n t i l o g a r i t h m .  
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100. For example, t o  f i n d  t h e  s q u a r e  r o o t  of 144,  Log 144 

is  . Divide  t h i s  l oga r i thm by t o  

g i v e  . The a n t i l o g a r i t h m  of is  

101. To f i n d  t h e  cube r o o t  of a number, d i v i d e  t h e  2.1584, - 
2 ,  

of t h e  number by . This  w i l l  1.0792, 
1.0792, 
1 2  

g i v e  t h e  loga r i thm of t h e  

t h e  number, F i n a l l y ,  f i n d  t h e  of 

of 

t h i s  l oga r i thm.  

102. The above problem w a s  easy because you knew what 

t h e  answer w a s .  Now, what i s  t h e  cube r o o t  of 

46,700? Write i n  t h e  n e x t  frame your s tep-by-step a n t i l o g a r i t h m  

s o l u t i o n  t o  the problem. 

loga r i thm,  

cube r o o t ,  
3 ,  

- - - - - - - - -  

103. 

104. The cube r o o t  of 46,700 is  n o t  exactly b u t  is  

ve ry  n e a r l y  

- - - - - - - - -  

Log 46,700 = 
4.6693; 
4.6693 f 3 = 
1.5564; 
an t i  1 o g a r  i t hm 
of 1.5564 = 
very  n e a r l y  36. 
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105 .  There are  many symbols used i n  mathematics  t o  

r e p l a c e  words. We use  + f o r  p l u s ,  f f o r  d i v i d e d  

by,  etc. Another symbol you should  become 

f a m i l i a r  w i t h  i s  = o r  ", which means "approximately 

e q u a l  to". We could  have used i t  i n  t h e  las t  
3 

frame t o  w r i t e  i s  36. - 

106 .  The s q u a r e  r o o t  of 15,900 ( a s  c a l c u l a t e d  w i t h  

loga r i thms)  i s  = 
- - - - - - _ _ -  

1 0 7 .  Find t h e  i n d i c a t e d  r o o t s  of t h e  fo l lowing  numbers 

t o  no more than  t h r e e  s i g n i f i c a n t  f i g u r e s .  The 

answers are i n  Frame 108. 

a. vEE 
b .  

c .  rn 
d. m 
e. h 

108. a. 25 

b .  12 

c. 16 

d. 6.32 

e. 2 

f .  m 
g .  m 
h .  fi 

f .  0 . 1 4 1  o r  0.142 

g. 0.447 

h. 1 . 4 1  o r  1 .42  

i. 4.47 

j .  1 4 . 1  or 14 .2  

36 

= o r  1 

126 
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SECTION 1-5 

USE OF THE SLIDE RULE 

- 

5.1. I n t r o d u c t i o n  

- t 1 I 1 li 1 1 I 8 c 

0 1  2 3 4 5 6 7 El 9 0  

1. B a s i c a l l y ,  t h e  s l i d e  r u l e  is  an  in s t rumen t  wi th  

which loga r i thms  may be  added o r  s u b t r a c t e d  q u i c k l y .  

Thus, t h e  same problems t h a t  w e  worked i n  P a r t  4 of  

t h i s  s t u d y  may be s o l v e d  w i t h o u t  l ook ing  up t h e  

logs and a n t i l o g s  i n  a t a b l e ,  

2, To l a y  some founda t ions  f o r  ou r  t h i n k i n g ,  l e t  us 

l o o k  a t  two o r d i n a r y  pieces of wood w i t h  t e n  

equal ly-spaced  markings on each. 

Fig.  5,1. L i n e a r  Spacing of C a l i b r a t i o n  Marks 

_ _ - - - - - - -  

3 .  We can use  t h e s e  s t i c k s  t o  add small numbers ( 3  f 5) 

as shown below, 

( a )  P l a c e  the l e f t  z e r o  of t h e  top s t i c k  i n  l i n e  

w i t h  one of t h e  numbers to  b e  added, 3 ,  can the 

bottom s t i c k .  

(b)  Find t h e  o t h e r  number, 5,  on t h e  top  stick and 

r ead  the sum of 3 + 5 ,  which is  8, on the boftom 

s t i c k ,  

(Continued) 



1 2 2  

3 (Continued) 

1 1 

Fig .  5 .2 .  Addi t ion  

_ _ - - - - - - -  

4 .  Now l e t  us  make our  s t i c k s  more u s e f u l  by making 

t h e  l a r g e  g radua t ions  e q u a l  LO u n i t s ,  r a t h e r  than  

one u n i t ,  as below. 

F ig .  5.3. S m a l l e r  L inea r  Graduat ions  

Now, each l a r g e  s c a l e  d i v i s i o n  h a s  a v a l u e  of 10, 20, 

30, e t c . ,  and t h e  arrow p o i n t s  t o  a v a l u e  of 

5. We have been r e f e r r i n g  t o  l i n e s  on s t i c k s .  Of t en  i t  64 

i s  more convenient  t o  r e f e r  t o  t h e  l i n e s  as a scale,  

meaning a series of s t e p s .  Each s t i c k  i n  F ig .  5 . 1  

has  a o r  a series of e q u a l  s teps  from 

zero t o  t en .  

- - - - - - - - _  

6. On t h e  s t i c k  i n  F ig .  5.3, w e  have dec ided  t o  i n c r e a s e  s c a l e  

t h e  v a l u e  of t h e  s t e p s  of our by a f a c t o r  of 

t e n ,  making t h e  s t e p s  0 ,  10,  20, 30, etc. The v a l u e  

of  our  scale i s  now from zero  t o  

- - - - - - - - -  



123 

7. Using t h e  same method as t h a t  used i n  Frame 3 ,  l e t  us scale , 
add 27 and 6 4  u s i n g  two s t i c k s  w i t h  scales g radua ted  

as i n  F i g .  5.3. 

100 

- 
F i g ,  5.4 .  Addi t ion  of La rge r  Numbers 

Place t h e  z e r o  of t h e  top  scale o p p o s i t e  27 on t h e  

bottom scale. D r a w  a s t r a i g h t  l i n e  ( h a i r l i n e )  so  

t h a t  i t  i n t e r s e c t s  bo th  scales a t  64 on t h e  t o p  

scale. The answer,  on t h e  bot tom scale,  is  

- - - - - - - - -  

8. Each s l i d e  r u l e  has  a s l i d i n g  member w i t h  a h a i r l i n e  

e t ched  on it. The purpose  of t h i s  h a i r l i n e  i s ,  as 

i n  t h e  above frame,  t o  a l low numbers on t h e  two 

scales t o  b e  matched more c l o s e l y .  

- - - - - - - - -  

9. Our scale (Frame 7) i s  approaching  a l i m i t  f o r  precise 

work because  t h e  l i nes  are g e t t i n g  v e r y  c l o s e  t o g e t h e r .  

However, if h i g h  p r e c i s i o n  is n o t  i m p o r t a n t ,  w e  could  

l e t  each l a r g e  scale d i v i s i o n  be  wor th  100 and each 

small  one wor th  10 t o  ex tend  QUT a b i l i t y  t o  add l a r g e r  

numbers . 

10. Using t h e  scale i n  Fig.  5 .4 ,  a l low each  l a r g e  scale 

d i v i s i o n  t o  b e  worth 100. Now add 270 and 360. The 

answer on t h e  lower s c a l e  i s  , 
- - - I - - - - -  

91 
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11, Also ,  we could  double  the l e n g t h  of  t h e  r u l e  and 630 

ex tend  our  a b i l i t y  t o  add wi thou t  l o s i n g  p r e c i s i o n ,  

- - - - - - 1 1 -  

1 2 ,  W e  s a i d  t h a t  a s l i d e  r u l e  i s  an  in s t rumen t  f o r  adding  

loga r i thms ,  Thus,  w e  cannot. u se  r u l e s  w i t h  l i n e a r  

d i v i s i o n s  b u t  must u s e  r u l e s  t h a t  are marked loga-  

r i t h m i c a l l y ,  as below, 

---I__- 

Fig .  5.5. A Logarrfthmic C a l i b r a t i o n  

13. Th i s  spac ing  i s  produced as shown i n  Fig? 5.6.  Note 

t h a t  t h e  spac ing  i s  f o r  t h e  loga r i thm of t h e  number. 

Thus, w e  can  add loga r i thms  [mul t ip ly  numbers) f n  

t h e  same manner t h a t  w e  added l i n e a r  numbers w i t h  a 

l i n e a r  scale. 

0 

Fig .  5.6.  Comparison of Logar i thmic  and L i n e a r  Ca l ib ra tTons  

- - - - - - - - - 

14,  S i n c e  one i s  t h e  number whose logarichrn i s  ze ro ,  w e  

mark t h e  l e f t  end o f  t h e  s t i c k ,  one, T'ne l o g  of 2 

is O F  301, s o  t h e  mark f u r  2 i s  0,301. p a r t s  of  t h e  

whole scale: 3 i s  0.477 p a r t s  o f  t h e  scale ,  etc, 

These numbers are the n a n t i s s a s  of the loga r i thms  of  

numbers from one through ten ,  

- - - - - - - - -  
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15. The mantissa f o r  l o g  10 i s  , as i t  w a s  f o r  

l o g  1. You shou ld  r e c a l l  t h a t ,  a l t hough  charac-  

t e r i s t ics  change, t h e  mantissas r e p e a t  i n  a " f a c t o r -  

of - ten"  cycle. Each such  c y c l e  is  a *'decade' ' .  This  

s c a l e ,  t h e n ,  is  a one - ( f ac to r -o f  - t en )  

scale. 

- - - - - - - - -  

16. You w i l l  r e c a l l  t h a t  t h e  c h a r a c t e r i s t i c  of a 

l o g a r i t h m  de te rmines  t h e  decimal p o i n t  PI a number 

and the  m a n t i s s a  does n o t .  Thus d s l i d e  r u l e ,  

of t h e  Logarithms, which adds o n l y  t h e  - _.- 
cannot  de t e rmine  t h e  s i z e  of a number; i t  can  d e t e r -  

-'.ine o n l y  t h e  d i g i t s  of t h e  number. 

- - - - I - - - -  

1 7 .  The s c a l e  d i v i s i o n s  on a s l i d e  r u l e  are spaced  t o  

r e p r e s e n t  t h e  of t h e  loga r i thms  o f  

t h e  numbers on t h e  r u l e ,  

18. The m a n t i s s a  of t h e  l o g a r i t h m  of 4 i s  0.602. The 

number 4 on o u r  l o g a r i t h m e t i c  scale  is  

p a r t s  of t h e  t o t a l  d i s t a n c e  from t h e  l e f t  end t o  

t h e  r i g h t  end. 

19. S i n c e  ou r  s c a l e  is  l o g a r i t h m e t i c ,  t h e r e  i s  no ze ro .  

The l e f t :  end i s  one,  o r  t e n ,  o r  100, efc. The r i g h t  

end is  always a f a c t o r  of l a r g e r  t han  t h e  

l e f t  end. 

20. W e  r e f e r  t o  t h e  l e f t  end as t h e  l e f t  i ndex  and t o  

t h e  r i g h t  end as t h e  r i g h t  

- - - - - - - - -  

z e r o ,  
decade 

mantissas 

m a n t i s s a s  

0,602 

t e n  



1 2 6  

21. There are a number of scales on each s l i d e  r u l e  index  

l a b e l e d  A ,  B ,  C ,  D ,  e tc . ,  as shown i n  F ig .  5 . 7 .  

For m u l t i p l i c a t i o n  and d i v i s i o n ,  w e  s h a l l  cons ide r  

on ly  t h e  C and D scales.  

F ig .  5 . 7 .  A S l i d e  Rule w i t h  S ix  S c a l e s  

Perhaps w e  should  mention t h a t ,  i n  t h e  
fo l lowing  i l l u s t r a t i o n s ,  w e  have used t h r e e  
d i f f e r e n t  s l i d e  r u l e s .  W e  f e l t  t h a t  w e  
should  u s e ,  i n  each i l l u s t r a t i o n ,  t h e  s l i d e  
r u l e  b e s t  s u i t e d  t o  i l l u s t r a t e  t h e  text. 
The r e a d e r  w i l l  probably f i n d  t h a t  h i s  s l i d e  
r u l e  i s  ve ry  s imi l a r  t o  one of t h e  t h r e e  
t h a t  w e  have shown, 

- - - _ - - _ - _  

22.  S ince  t h e r e  are no decimal  p o i n t s ,  t h e  l e f t  index  

number may r e p r e s e n t  any m u l t i p l e  of 10 less o r  

g r e a t e r  t han  1. The r i g h t  index  number, t hen ,  i s  

a f a c t o r  o f  10 ( g r e a t e r ,  l e s s )  t han  t h e  l e f t  i ndex .  

23.  I f  t h e  l e f t  i ndex  r e p r e s e n t s  10,  between t h i s  i ndex  

number and 2 w e  would have 11, 1 2 ,  13, 1 4 ,  e t c . ,  

each s e p a r a t e d  by 10 spaces  ( a s  shown on t h e  C and 

D seal-es i n  F i g .  5.8 below) 

g r e a t e r  
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Fig .  5.8. S l i d e  Ru le  C a l i b r a t i o n s  between t h e  L e f t  Index and Two 

- - - - - - - - -  

24.  Note t h a t  a l though  t h e  d i v i s i o n s  between the l a r g e  

numbers one and two are  i n  u n i t s  o f  t en ,  they are 

n o t  l i n e a r  b u t  are spaced 

- - - _ - _ - - -  

25. Note,  i n  F ig .  5.8, t h a t  between one and two, i t  is l o g a r i t h m i c a l l y  

p o s s i b l e  t o  r ead  a t h r e e - d i g i t  number. On t h e  C 

sca le ,  a s m a l l  t h r e e  i s  between t h e  l a r g e r  one and 

two. I f  t h e  l a r g e  one and two are des igna ted  10  

and 2 0 ,  t h e  s m a l l  t h r e e  i s  a t  a p o i n t  w e  could c a l l  

13. T h i s  number 13 on t h e  C scale i s  o p p o s i t e  a 

p o i n t  on t h e  D scale halfway between 10 and 11. The 

t h i r d  d i g i t  i n  t h i s  case would b e  f i v e ;  and t h e  

number on D ,  o p p o s i t e  13 on C ,  would b e  105 o r  1.05 

o r  10.5 o r  1 0 , 5 0 0 ,  etc .  depending on t h e  problem 

w e  may be  working. 

- - - - - - - I -  

26.  Thus, s ince dec imal  p o i n t s  (can,  cannot )  b e  r ead  on 

a s l i d e  r u l e ,  w e  may w r i t e  t h e  d i g i t s  105; b u t  i t  

i s  b e t t e r  i f  w e  s a y  one zero  f i v e  r a t h e r  t han  one 

hundred and f i v e  because  one hundred and f i v e  i s  a n  

exact number and i n d i c a t e s  a decimal p o i n t ;  one 

ze ro  f i v e  does n o t .  W e  w i l l  d i s c u s s  t h e  determina-  

t i o n  of t h e  dec imal  p o i n t  i n  Frames 59,  60,  and 61. 

- - - - - _ - - -  
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27. On t h e  same f i g u r e ,  n o t e  t h a t  t h e  number 146 on t h e  cannot  

on t h e  D scale.  Also: ____- C s c a l e  i s  o p p o s i t e  

a .  1 6 1  on C i s  o p p o s i t e  on D, 

b. 125 on C i s  o p p o s i t e  on D. 

c ,  173 on C i s  o p p o s i t e  on L). 

on D. d. 135 on C i s  o p p o s i t e  

on D. e ,  140 on C i s  o p p o s i t e  

f .  151  on C i s  o p p o s i t e  on D .  

- 
-I__- 

- - - _ _ I - - -  

28. Now l e t  us look  a t  t h e  p o r t i o n  of t h e  scale t h a t  118 
a. 130 ; 
b. 101  ; 
c. 140 ; 
d.  109 ; '  
e. 113 ; 
f .  122 . 

extends  from 2 t o  4 ,  Fig .  5 . 9  below. 

- - - - - - - - -  

_______~ .~ ___.. __I .- . 

Fig .  5.9. C and D Scales between Two and Four 

29 ,  T h e  numbers i n  t h i s  p a r t  o f  t h e  scale  are  c l o s e r  

t o g e t h e r  because from l o g  3 ,  which is  0 . 4 7 7 1 ,  t o  

l o g  4 ,  0.6021, i s  a l i n e a r  d i s t a n c e  p r o p o r t i o n a l  t o  

t h e i r  d i f f e r e n c e :  0 .6021 - 0 .4771  = 0.1250. The 

l inear  d i s t a n c e  from l o g  1, which i s  z e r o ,  t o  l o g  2 ,  

0.3010, i s  0.3010--which i s  more than  double  t h e  

l i n e a r  d i s t a n c e  f r o m  l o g  3 t o  l o g  4 ,  
_ I -  - - - - - -  



30. S ince  t h e s e  numbers are c l o s e r  t o g e t h e r ,  t h e  spac ing  

is  such  t h a t  t h e r e  are only f i v e  s m a l l  d i v i s i o n s  

between t h e  major d i v i s i o n s .  Thus, each s m a l l  d i v i -  

s i o n  i s  two g r e a t e r  t h a n  t h e  preceding one- Note 

t h a t  t h e  number 250 on t h e  C scale is  o p p o s i t e  202 

on t h e  D scale. 

- - - - - - - - -  

31. The f i r s t  two d i g i t s  of a number are marked e x a c t l y ,  

b u t  t h e  t h i r d  d i g i t s  are marked e x a c t l y  on ly  t o  r ' t ~ ~ ' ~ ' '  

as i n  e c u n t i n g  by t ' t ~ o ' s l ' .  

mate the positions of odd d i g i t s  l i k e  1, 3, 5,  ecc. 

There fo re ,  w e  must esti- 

32.  Note t h a t  266 on C i s  about  halfway between 214 and 

216 on t h e  D scale. Not knowing e x a c t l y  what t h e  

number i s ,  w e  i n t e r p o l a t e " .  Th i s  i s  t h e  same as 

1 1  i n t e r p o l a t i o n "  w i t h  logarithms--we make a c a l c u l a t e d  

guess o r  "estimate" t h a t  t h e  number i s  ~ 2 1 5 .  

1 1  

- I - - - - - - -  

3 3 ,  P r a c t i c e  in r ead ing  numbers: (Use Fig .  5 .9 . )  

a. 222  on C i s  o p p o s i t e  on D, 

b ,  260 GII C is  o p p o s i t e  on D, 

c. 280 on C is o p p o s i t e  on D e  

d. 312 on C i s  o p p o s i t e  on D. 

e .  342 on C is o p p o s i t e  on D ,  

a. 179 ; 
b. 210 ; 
c. 226 ; 

e. 276 , 

34 .  When t h e  number w e  want is between two p o i n t s  on a 

s l i d e  r u l e  and w e  t r y  t o  men ta l ly  div-fde t h e  d i s t a n c e  

between t h e  two p o i n t s  such t h a t  w e  can make an d. 252 ; 
estimate as t o  i t s  p o s i t i o n ,  w e  
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3 5 ,  Given t h e  two marks below, t h e  arrow i s  p o i n t i n g  

t o  about  (3 .5 ,  3 .6 ,  3.7).  

i n t e r p o l a t e  

3 4 

This  p rocess  of e s t i m a t i n g  i s  c a l l e d  1___- 

- - - - - - - - _  

36- R e c a l l  t h a t  w e  d i d  much t h e  same t h i n g  a r i t h m e t i c a l l y  3 .6 ,  
i n t e r p o l a t i o n  

when w e  wanted a man t i s sa  or  an a n t f l o g a r i t h m  which 

w a s  between numbers g iven  i n  t h e  t a b l e  of l oga r i thms ,  

- - - _ _ e - - _  

37 0 20 30 40 50 60 
I '1  I 

No, 3 
I ' t '  

No. 2 
' 1 '  ' 

No. 1 

By i n t e r p o l a t i o n ,  estimate t h e  numbers t o  which t h e  

arrows p o i n t .  

No. 1 i s  about  

No. 2 i s  about  

No. 3 i s  about  

- - - _ - - - - _  

38. Between the  numbers 4 and 10 on t h e  s l i d e  r u l e ,  t h e  22 ; 
38 ; 
51 0 

spac ing  is  such  t h a t  i t  i s  d i f f i c u l t  t o  d i v i d e  t h e  

space  between 40 and 41 o r  64  and 65 i n t o  more than  

two  p a r t s  ( s e e  F ig .  5 .10) .  
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F i g .  5.10. Spacing of Numbers between Pour and Right  Index 

- - - - - - - - -  

39. I n  t h i s  p a r r  of t h e  s c a l e ,  w e  must i n t e r p o l a t e  f o r  

t h e  t h i r d  d i g i t  f o r  a l l  numbers except  those  which 

are e x a c t l y  halfway between t h e  longe r  spaces .  

- - - - - - - - -  

4 0 ,  For  p r a c t i c e  i n  r ead ing  t h e  fo l lowing  numbers, use  

F i g .  5 .10 o r  your own s l i d e  r u l e  w i t h  t h e  r i g h t  

index  p l aced  i n  t h e  same p o s i t i o n  as i n  F ig .  5.10. 

on D ,  a. 470 on C i s  o p p o s i t e  

on D .  b .  530 on C is  o p p o s i t e  

c. 625 on C is o p p o s i t e  on D. 

- - - ~  
__I- 

d. 870 on C i s  o p p o s i t e  on D. 

e. 965 on C is  o p p o s i t e  on D. 

f .  720 on C i s  o p p o s i t e  on D. 

41. You may have noted  t h a t  i t  i s  d i f f i c u l t ,  e s p e c i a l l y  a .  346 ; 
b. 390 ; 
c .  460 ; where t h e  spac ing  I s  c l o s e ,  t o  i n t e r p o l a t e  as 

p r e c i s e l y  as you would l i k e .  Usual ly ,  i f  the  t h i r d  d. 640 ; 
e.  710 ; 
.E. 530 . d i g i t  i s  n o t  o f f  more than  one number, your answer 

is cons idered  c o r r e c t .  For example, i f  you read 

417 and t h e  t r u e  answer i s  n o t  more than  418 nor 

less than  416, you are cons ide red  c o r r e c t .  
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5 . 2 .  MulL ip l i ca t ion  

4 2 ,  Now t h a t  w e  have had some p r a c t i c e  a t  reading the 

C am! D scales,  let us do some actual a d d i t i o n  of 

loga r i thms  ( m u l t i p l i c a t i o n ) .  We s h a l l  continue t o  

show f i g u r e s  of s l i d e  ru les  as needed; however, you 

should  have one w i t h  which to work problems a5 w e  

proceed a 

- - - - -  - -  - -  

43. O n  t h e  s l i d e  r u l e  i n  F i g .  5.1.1., t h e  left iritlex of 

on t h e  D the C scale i s  a l i g n e d  with _. 

scale. The h a i r l i n e  h a s  been moved t o  t h e  r i g h t  and 

is a l i g n e d  w i t h  on t h e  C scale.  

-_ ~~ - - - - - - .- 

4 4 .  if w e  add l o g  15 t o  l o g  2 2 ,  their  sum i.s the one f i v e  
t w o  two l oga r i thm of the number on t h e  D scale which i s  a t  

t h e  h a i r l i n e .  This  number i s  

I - - - - - "1 - - 

45.  W e  s a i d  w e  were adding  loga r i thms .  Try t h e  same 

problem with your  logaui-thrn t a b l e s  

Log 15  = 

Log 22 = -.---I __I 

AntLlo~arithm o f  2.5185 i s  

three three 
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46 .  Note t h a t  when working w i t h  t h e  complete loga r i thm,  1.1741, 
1.3424, 
330 t h e  c h a r a c t e r i s t i c  a l lows  us t o  de te rmine  t h e  

. On a s l i d e  r u l e ,  w e  have 

only t h e  mantissa, s o  t h e  p o s f t i o n  of t h e  decimal 

p o i n t  i s  dependent on t h e  numbers i n  t h e  problem. 

- - - - - - I - -  

47.  In Frame 44 ,  t h e  numbers on t h e  slide r u l e  were 

one f i v e  and two two. The a c t u a l  problem might 

have been 

1 . 5  x 2 , 2  

1.5 x 22 

15 x 220 

1500 x 0 .22  

o r  a h o s t  of o t h e r s .  I n  any case, t h e  d i g i t s  of 

t h e  answer were t h r e e  t h r e e .  

- I - - - - - - -  

decimal  p o i n t  

48.  When a problem i s  worked on a s l i d e  r u l e ,  t h e  placement 

of t h e  dec imal  p o i n t  i n  t h e  answer i s  ( p i c k  t h e  c o r r e c t  

answer) : 

a ,  r e a d  on t h e  s l i d e  r u l e ;  

b. de te rmined  independen t ly  acco rd ing  t o  t h e  

numbers used i n  t h e  problem; 

e.  found by r e f e r r i n g  t o  a t a b l e  o f  l oga r i thms .  

- - - - - - - - -  

4 9 .  P r a c t i c e  problems: b .  

Y e. 25,8 3.7 = a.  1 2  x 1 7  = 9 

b.  1 2  x 21 = Y f ,  5.55 x 13.2 = Y 

c. 1.76 x 3.22 = ; 2 - 2 4  r: 10-3 x 3 . 6 8  x 105 = 

d. 1 7 6  32.2 = ; h. 1.25 X 103 x 4.5 x 102 = 

Y 

- - - - - - - - -  
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50. Now, suppose w e  wish t o  m u l t i p l y  7.35 x 5.625. I f  a. 204 ; 
b .  252 ; 
c. 5.67 ; we set the left index number of t he  C scale o p p o s i t e  

735 on t h e  D scale ,  as i n  Fig. 5.12, t h e  o t h e r  a .  5670 ; 

number 5625 on t h e  C s c a l e  does n o t  c o n t a c t  t h e  D 

scale ,  g. 8 .25 x l o 2  

e .  95.5 ; 
f .  75.3 ; 

o r  825 ; 
h. 5 .63 x l o 5  . 

F i g .  5.12. L e f t  Index of C Scale S e t  at 735 on t h e  D Scale 

51. So,  w e  "switch ends" of t h e  s l i d e  and p l a c e  t h e  

r i g h t  index  of t h e  C s c a l e  a t  735, as in Fig .  5.13. 

Now w e  can use  5625 on t h e  C scale and r ead  t h e  

answer on t h e  D scale.  

F ig .  5.13. Right  Index of C Scale on 735 on 1) Scale 
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Fig .  5.16. Div id ing  6 by 2.5 

58. I f  t h e  numbers are such ,  as i n  Fig.  5.17, t h a t  t h e  2 . 4  

l e f t  i ndex  of C is o f f  scale,  r ead  t h e  answer on 

t h e  D scale o p p o s i t e  t h e  r i g h t  i ndex  of t h e  C scale.  

Fig. 5.17. Hairline a t  4 on C Scale and 18 on D S c a l e  

- - - - - - - - -  

59. I n  F ig .  5 .17 ,  w e  have d i v i d e d  one e i g h t  by f o u r  and 

t h e  answer i s  
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60. A s  i n  m u l t i p l i c a t i o n ,  t h e  decimal  p o i n t  cannot  b e  f o u r  f i v e  

determined by t h e  numbers on t h e  s l i d e  ru l e .  

t h e  o p e r a t o r  de te rmines  t h e  l o c a t i o n  of t h e  decimal  

p o i n t  by q u i c k l y  d i v i d i n g  numbers o f  roughly t h e  

same s i z e ,  Using numbers i n  power-of-ten form i s  

a h e l p  i n  t h i s  p r o c e s s ,  

Usual ly  

- - -  - - - - - _  

61< For example, i n  Fig.. 5.17, w e  could b e  d i v i d i n g  

.180,000 by 4 0 ,  The d i g i t s  i n  rhe answer are f o u r  

f i v e .  If w e  w r i t e  180,000 as 18 10'' and 40 as 

4 x lo ! ,  i t  i s  obvious t h a t  t h e  answer i s  
-_I__ 

6 2 .  A less s imple  problem would b e  t o  d i v i d e  14.6 by 

0 , 0 3 3 4 .  The d i g i t s  i n  t he  answer,  r ead  o p p o s i t e  

t h e  r i g h t  i ndex  of C ,  a re  f o u r  t h r e e  seven. Write 

t h e  problem 

14.6 x I O o  
3 , 3 4  x 10-2 

and i t  i s  easy  t o  see t h a t  t h e  answer i s  x 102 

or 
- - -  

6 3 ,  Pract ice  problems: 

a. 

b .  

c .  

d. 

e. 

f .  

go 

h ,  

673  231  = Y 

1.8'73 t 0,0562 = 9 

12550 + 1 7 2  = 3 

2.62 x lo-' 4 3 , 5 9  x I O m 6  = 

262 + 327 = Y 

3.89 -:- 3 , 9 6  x l o 2  -I __ 

7 

Y 

I 
3.89 :- 2.19  = 

4.5 x 103 
o r  4500 

4 . 3 7 ,  
437 
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64. There is  a s a y i n g  t h a t  t h e  more a s l i d e  r u l e  i s  used 

t h e  more a c c u r a t e  i t  becomes. The t r u t h  i s  t h a t  

t h e  more you u s e  a s l i d e  r u l e ,  t h e  more e x p e r t  you 

become i n  i t s  u s e  and i n  t h e  a b i l i t y  t o  i n t e r p o l a t e  

w i t h  g r e a t e r  p r e c i s i o n .  So, i f  YOU wish t o  b e  

r e a l l y  "good" w i t h  a s l i d e  rule--PRACTICE. 

- - - - - I - - -  

65. There are t i m e s  when problems i n v o l v e  s u c c e s s i v e  

acts  of m u l t i p l i c a t i o n  and d i v i s i o n .  With a l i t t l e  

p r a c t i c e ,  i t  is  easy  t o  do such  problems. L e t  us 

t r y  one such  as 

- 273 
295 

500 x - - 

66. For t h i s  problem, w e  wish t o  combine t h e  m u l t i p l i c a -  

t i o n  and d i v i s i o n  s t e p s ,  i t  is  i m m a t e r i a l  whether  

you d i v i d e  o r  m u l t i p l y  on the f i r s t  s t e p .  

m u l t i p l y  500 x 273, and t h e  answer i s  on t h e  D scale 

a t  t h e  h a i r l i n e .  Now move 295 on t h e  C scale ove r  

t o  t h e  h a i r l i n e  and you have d i v i d e d  t h e  p roduc t  of 

500 x 273 by 295. The answer i s  fou r  s i x  t h r e e .  

Placement  of t h e  dec imal  p o i n t  makes i t  

L e t  us  

- - - - - I - - -  

67. P r a c t i c e  problems: 

26 x 1 3  - 
12 

14 x 22 x 843 - 

- a. 9 

b. Y - 
1 6  x 574  

463  

2 .91  ; 
8.76 x 10-3 ; 
33.4 ; 
73 ; 
7 3  ; 
0.802 ; 

1.775 . 9.83 10-3 ; 

= 25 x 92 18 
4 1  x 1101 a. 
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68, We s a i d  t h a t  i t  was immaterial whether you d i v i d e  a. 28.2 ; 
b. 2 8 - 3  ; 

Eirst o r  m u l t i p l y  f i r s t .  This  i s  t r u e ,  b u t  you 

w i l l  f i n d  t h a t  t h e r e  are  t i m e s  when one beginning  d. 1 0  . 
makes t h e  problem easier than  ano the r  beginning ,  

C. 383 ; 

69, L e t  u s  u s e ,  f o r  example, problem b of Frame 67, I f  

you began t h e  problem by d i v i d i n g  1 4  by 16 ,  you 

should have had no d i f f i c u l t i e s .  However, i f  YSU 

muLt ip l ied  1 4  x 22 and t h e n  d iv ided  by 16 ,  YOU now 

f i n d  t h a t  t h e  most l i k e l y  s t e p ,  t o  m u l t i p l y  by 8 4 3 ,  

cannot  be  done d i r e c t l y  because 8 4 3  is  o f f  t h e  

s c a l e  t o  t h e  r i g h t .  

- - - - - - - - -  

70. The l e f t  index  of C i s  on t h e  number 1925. PKOm our  

prev ious  expe r i ence ,  we know t h a t  w e  can swi t ch  ends 

of t h e  s l i d e ;  t h a t  i s ,  p l a c e  t h e  

of t h e  C scale on t h e  number and proceed 

t o  m u l t i p l y  by 843 as u s u a l ,  

7 1 ,  There i s  ano the r  procedure which may be s imple r  i n  r i g h t  i ndex ,  
1925 

c h i s  case, P l a c e  t h e  h a i r l i n e  at. 1925, d i v i d e  1925 

by 5 7 4 ,  and then  843  i s  i n  the c o r r e c t  p o s i t i o n  t o  

mu1 t i p  l y  . The answer w i l l  be  t h e  s a m e  

r e g a r d l e s s  o f  t h e  pa th  taken.  

- - - - - - - - -  
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72. Work each of t h e  problems l e f t  t o  r i g h t ;  t h e n ,  work 28.3 

them r i g h t  t o  l e f t  and check t h e  answers.  

- - 28 x 3 
36 x 5 x 0,0206 

9 ,15  37 x 0.236 - 
2,25 x 1.5  

0.214 x 750 x 0,1857 - 

a. 9 

b. Y - 

- 
0.995 x 26 x 1 ,235  C .  

73 .  It  would b e  i m p r a c t i c a l  i n  t h i s  s t u d y  t o  mention a l l  a.  22.6 ; 

23.7 ; 
b. 23,6 o r  

of t h e  s h o r t c u t s  f o r  m u l t i p l i c a t i o n  and d i v i s i o n .  

However, b e f o r e  w e  leave t h e  s u b j e c t ,  w e  should  c. 0.942 . 
mention t h e  C I  scale,  o f t e n  c a l l e d  t h e  C-Inverted 

o r  r e c i p r o c a l  s c a l e .  

- - - - - - - - -  

7 4 *  J u s t  above t h e  C scale on most s l i d e  r u l e s  i s  t h e  

C I  scale (shown i n  F ig .  5.18). It is  a l s o  c a l l e d  

t h e  C-Inverted scale because  f r  i s  e x a c t l y  l i k e  t h e  

C and D scales excep t  t h a t  i t  is  r e v e r s e d ,  Before  

w e  d i s c u s s  i ts  u s e ,  w e  shou ld  review t h e  meaning of 

t h e  term r e c i p r o c a l  e 

75. When w e  w e r e  d i s c u s s i n g  common f r a c t i o n s ,  w e  mentioned 

t h a t  t h e  r e c i p r o c a l  of a number is  t h e  f r a c t i o n  €ormed 

by w r i t i n g  1 over  t h e  number, That i s ,  t h e  r e c i p r o c a l  

of 2 i s  1 1 2 ;  of  68 is  ; of 1 / 2  I s  
- - - - - - - - -  
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. .  

76. 

77. 

78. 

.. .. . . . .... .... . . .  . . . .  . . . .  ~- . .  

Fig. 5.18. S l i d e  Rule w i t h  Arrow P o i n t i n g  t o  CI S c a l e  

- - - - - - - - -  

1/68,  You w i l l  n o t e  from t h e  l a s t  example t h a t  t h e  r e c i p -  

rocal.  of 112 is  2 .  

r e c i p r c  

N x M. 

The num 

i s  : 

a1 of M ,  

That  i s ,  

er 134 d 

1 

N 

2 
S o ,  d i v i d i n g  a number N by t h e  

Y, is  t h e  same as m u l t i p l y i n g  

1_111_-.- 

f 1/M - N x M/1 = 

_ _ -  _ _ _ _ _ _  

v A e d  by t h e  r e c i p r o c a l  of 2 ,  112,  NM 

134 + 112 = 134 x 211 --I 

M u l t i p l y i n g  a number N by a r e c i p r o c a l  1 / M  i s  t h e  268 

same as d i v i d i n g  N by M. N x 1/M -- N/M. The 

number 1.34 m u l t i p l i e d  by t h e  r e c i p r o c a l  of 2 i s :  

134 x 1 / 2  = 13412 = 
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79. 

80.  

82 .  

8 

Thus w e  can u s e  t h e  i n v e r t e d  C scale t o  m u l t i p l y  67 

and d i v i d e  by r e c i p r o c a l s .  S e t  your  s l i d e  r u l e  t o  

m u l t i p l y  25 by 1 /16 .  

Then m u l t i p l y  25 by 16  on t h e  GI scale. The 

answer on t h e  D scale i s  

S e t  t h e  r i g h t  i ndex  on 2 5 .  

- - - - - - I - -  

I n  t h e  above frame, i n s t e a d  of d i v i d i n g  25 by 1 6  

on t h e  C and D scales, w e  multiplied 25 by t h e  

of 1 6  on t h e  C I  scale and read 

t h e  answer as u s u a l  on t h e  scale. 

- - - - - - - _ -  

Work t h e  problem 45 sc 620 k 72 = ? as follows: 

Right  i ndex  of C on 4 5 ;  

H a i r l i n e  t o  62 on C and t h e  answer,  s a  

f a r ,  i s  o p p o s i t e  62 on t h e  D scale. 

I n  o r d e r  t o  m u l t i p l y  a g a i n ,  w e  would need 

t o  s h i f t  t h e  r i g h t  index  of C t o  t h e  

h a i r l i n e  a t  an  t h e  Il scale,  

_ - - - - - - - I  

I n s t e a d  of m u l t i p l y i n g ,  l e t  us d i v i d e  by t h e  

of 72, Without. moving t h e  h a i r l i n e ,  

move 72 on t h e  C I  scale a v e r  t o  t h e  h a i r l i n e ,  Now 

read  t h e  answer on t h e  D scale  o p p o s i t e  t h e  

index  of t h e  C I  scale .  The d i g i t s  of t h e  answer 

. The answer i s  are - - - 
- - - - - - - - -  

1.56  

rec ,proca l ,  
D 

279 
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83. I n  t h e  fo l lowing  problems, m u l t i p l y  t h e  f i r s t  two r e c i p r c  c a l  
l e f t  , 
two zero one numbers as u s u a l ,  d i v i d e  by t h e  r e c i p r o c a l  of t h e  

t h i r d ,  and m u l t i p l y  as u s u a l  on t h e  f o u r t h .  2,Ol x 106 

a. 148 x 24 x 0.157 x 0.032 = 9 

b. 1 .2  X 36 x 0.58 x 2 = 9 

c. 56 x 0.21  x 940 x 0 .375  = 9 

d. 842 x 60  x 0.125 x 3 x 10-3 = 
- - - - - - - - -  

much as p o s s i b l e .  

- - 250 
90 x 1.37 a. 9 

84. Work t h e  fo l lowing  problems us ing  t h e  C I  scale as a ,  1.783 ; 
b o  50.2 ; 
c. 4140 o r  

4150 ; 
d. 18.94 . 

57 .5  - - 
2.8 6 . 3  

b.  9 

- - 345 
146 X 5.6 C. 

5.3. Scale of Common Logarithms 

8 5 .  One of  t h e  s e v e r a l  scales on most s l i d e  r u l e s  is  a 

scale  of common logar i thms.  This  L scale  on t h e  

r u l e  i n  F ig .  5.19 is  l o c a t e d  j u s t  above t h e  C I  

scale and i s  used w i t h  t h e  C scale f o r  f i n d i n g  

man t i s sa s  i n  t h e  same way t h a t  a t a b l e  of common 

loga r i thms  i s  used.  

a. 2.03 ; 
b.  3.26 ; 
c. 0 . 4 2 2  , 
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Fig .  5.19. The Scale of Common Logarithms 

86. You w i l l  n o t e  t h a t  t h e  h a i r l i n e  i n  F ig .  5.19 i s  a t  

two s i x  t h r e e  on t h e  C scale. The number a t  t h e  

h a i r l i n e  on t h e  L scale  is 0 . 4 2 ,  which is  t h e  

mantissa of l o g  263. So, t o  f i n d  t h e  man t i s sa  of 

t h e  loga r i thm of  a number, p l a c e  t h e  h a i r l i n e  on 

t h e  number on t h e  C scale  and r e a d  t h e  man t i s sa  

on t h e  L scale. 

- - - - - - - - -  

87, Find the common loga r i thm scale on t h e  r u l e  you are 

us ing  and w r i t e  t h e  loga r i thms  of t h e  fo l lowing  

numbers : 

a .  Log 156 = Y 

b.  L~~ 5.35 1 0 3  = Y 

c. Log 1 . 7 5  = Y 

-. d. Log 30.4 = Y 

e. Log 0.036 = Y 
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5 . 4 .  Squares  and Square Roots 

88, The wor th  o f  t h e  s l i d e  r u l e  as a n  in s t rumen t  f o r  

e i t h e r  e x t r a c t i n g  s q u a r e  and cube r o o t s  o r  f o r  

squa r ing  and cubing numbers i s  determined by t h e  

need of t h e  o p e r a t o r  f o r  p r e c i s e  o r  approximate 

answers 

- - - -  - - - - -  

89,  As you have probably  a l r e a d y  determined,  t h e  s l i d e  

r u l e  i s  n o t  a p r e c i s i o n  in s t rumen t ,  e s p e c i a l l y  i f  

t h e  p r e c i s i o n  d e s i r e d  i s  g r e a t e r  t han  two o r  t h r e e  

s i g n i f i c a n t  d i g i t s .  However, i t  i s  a n  e x c e l l e n t  

i n s t rumen t  where few-digi t  s i g n i f i c a n c e  i s  u s e f u l .  

90. While t h e  above s t a t e m e n t  is  c e r t a i n l y  t r u e  w i t h  

r e g a r d  t o  m u l t i p l i c a t i o n  and d i v i s i o n ,  when you 

beg in  squa r ing  two o r  t h r e e  d i g i t  numbers, t h e  

p r e c i s i o n  w i t h  which you can r ead  t h e  answer i s  

no more t h a n  t h r e e  d i g i t s .  

_ _ _ - - - - - -  

91,  For  example, l e t  us s q u a r e  t h e  numbers 16 and 46 

by r e g u l a r  a r i t h m e t i c  m u l t i p l i c a t i o n .  

a. 2.193 ; 
b .  3 .728  ; 
c. 0.243 ; 
d. 1 .483  ; 
e. 8.556-10 ; 
f .  9.718-10 . 

= 
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92.  The s q u a r e  of 16  is  256,  which can be  r ead  r a t h e r  256, 
2116 e a s i l y  on t h e  s l i d e  r u l e .  However, the e x a c t  square 

of 46 i s  2116. On t h e  s l i d e  r u l e ,  you would probably  

need t o  i n t e r p o l a t e  between 2110 and 2120. You would 

not  b e  a b l e  t o  read  t h e  6 a t  a11 and would guess  as 

t o  whether  t h e  t h i r d  d i g i t  w a s  one o r  two. 

93. L e t  u s  look a t  t h e  s l i d e  r u l e  aga in .  This  t i m e  w e  

s h a l l  u se  t h e  A4 and D scales. Note i n  F i g .  5.20 

t h a t  t h e  s l i d e  h a s  been removed t o  l e s s e n  t h e  

p o s s i b l e  confus ion  of t h e  i n t e r v e n i n g  scales. On 

your  s l i d e  r u l e  you may f i n d  t h a t  t h e  B and C scales 

are easier t o  u s e  t o g e t h e r .  The A and B scales are 

i d e n t i c a l ,  as are t h e  C and D scales. 

F i g .  S.20, The Two-Decade A Scale 

_ - - - - I - - -  

94. Note t h a t  t h e  A scale is  e x a c t l y  as long  as t h e  D 

Scale, b u t  i t  i s  made up o f  two s h o r t e r  one-through- 

t e n  scales. S i n c e  t h e  r i g h t  end of t h e  D scale  is 

a f a c t o r  of t e n  g r e a t e r  t h a n  the  l e f t :  end ,  t h e  r i g h t  

end of t h e  A scale must be  two f a c t o r s  o f  t e n  (lo2 

o r  100) g r e a t e r  than  t h e  l e f t  end. 

- - I -  I - - - -  



148 

95. I f  t h e  l e f t  end of A r e p r e s e n t s  numbers from 1 t o  

1 0 ,  t h e  r i g h t  end r e p r e s e n t s  numbers from 10 t o  100. 

I f  we were speaking  of graph  pape r ,  w e  would c a l l  i t  

two-decade paper .  For t h e  same reason ,  w e  can c a l l  

t h e  A scale  a two-decade scale.  

- - - - - _ I _ _  

96. S ince  t h e  D scale i s  one decade long  and t h e  A scale  

i s  two decades long ,  t h e  loga r i thm of t h e  number 

under  t h e  h a i r l i n e  on .the A scale i s  twice as l a r g e  

as t h e  loga r i thm o f  t h e  number under  t h e  h a i r l i n e  on 

t h e  D s c a l e .  

9 7 .  m e n  w e  place t h e  h a i r l i n e  over  a number on t h e  D 

scale and s h i f t  our  a t t e n t i o n  t o  t h e  number under  

t h e  h a i r l i n e  on t h e  A scale, we  e f f e c t i v e l y  mul t i -  

p l y  t h e  loga r i thm of t h e  D scale number by two. 

Thus, t h e  number on t h e  A scale i s  t h e  s q u a r e  of  

t h e  number on t h e  D scale. 

- I - - - - - - -  

98, In Fig .  5 q 2 0 ,  we have p l aced  t h e  h a i r l i n e  a t  2 on 

t h e  D scale.  On t h e  A scale you r ead  

which i s  22.  

99. Refer  now t o  F ig .  5 .21 where we have p l aced  t h e  

h a i r l i n e  on 1 6  on t h e  D scale. A t  t h e  h a i r l i n e  

on t h e  A scale you should  r ead  256 because  t h e  

h a i r l i n e  i s  s l i g h t l y  t o  t h e  r i g h t  of t h e  l i n e  which 

r e p r e s e n t s  t h e  number 255 

4 
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x 

bo1 11 -cilf--= _. . ._ .. . 
e' 

Fig .  5.21. Using t h e  L e f t  Half of A w i t h  D 
- - - - I - - - -  

100. S ince  you have a l r e a d y  determined i n  Frame 92 t h a t  

16' i s  256, you w i l l  know t h a t  255 i s  n o t  q u i t e  

r i g h t .  We are t r y i n g  t o  emphasize t h a t  i n t e r p a l a -  

t i o n  on t h e  s h o r t e r  A scale is  a l i t t l e  more d i f f i -  

c u l t  t han  on t h e  D scale.  However, w e  are s t i l l  

w i t h i n  t h e  accu racy  l i m i t  o f  p l u s  o r  minus one f o r  

the  t h i r d  d i g i t  

101. Now l e t  us  move t o  t h e  o t h e r  end of t h e  D scale and 

p l a c e  t h e  h a i r l i n e  a t  46.  I n  F i g .  5.22 w e  are 

u s i n g  a 10-in.  s l i d e  r u l e  t o  make i n t e r p o l a t i o n  

easier. The s q u a r e  of 4 6 ,  as no ted  on t h e  A scale ,  

is - 
- - - - I - - - -  
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F ig .  5 . 2 2 .  Using t h e  Right  Half of A w i t h  D 

102. Again, the i n t e r p o l a t i o n  ca l l s  €o r  a more c r i t i c a l  2110 or 
2120 

d e c i s i o n ;  b u t ,  s i n c e  w e  know from Frame 92 t h a t  

4b2 i s  2116,  w e  are w e l l  within t h e  "plus-or-minus- 

one i n  t h e  t h i r d  place" accuracy  t h a t  we should  

have e 

- - - - - - - - -  
I 

103. Ac tua l ly ,  i n  t h i s  case and s imi l a r  cases where the  

answer has  f o u r  d i g i t s ,  you can be sure of the 

f o u r t h  d i g i t .  S ince  w e  are squaring 4 6 ,  w e  can  

see t h a t  t h e  las t  d i g i t  is a s i x  by men ta l ly  

m u l t i p l y i n g  the last: digit of t h e  m u l t i p l i e r  and 

m u l t i p l i c a n d :  

So,  i f  C J ~  know t h a t  the a n s w e r  i s  a f o u r - d i g i t  

number and w e  can r ead  t h e  first t h r e e  from the 

s l i d e  rule, G T ~  can e a s i l y  supply  t h e  f o u r t h .  

- - -~ .-, - I - - 
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104. Thus, in Frame 101, w e  r ead  on t h e  s l i d e  r u l e  t h e  

number e i t h e r  2110 o r  2120. We know that t h e  

answer is g r e a t e r  t han  and less than  

. A s  i n  Frame 103,  w e  deduce t h a t  

t h e  f o u r t h  d i g i t  is s i x ,  s o  t h e  c o r r e c t  answer 

t o  t h e  problem 46’ is  

- I - - - - - - -  

105. P r a c t i c e  problems: 

a. 12’ = Y 

b.  1 3 3  = J 

c.  1 . 3 2  = Y 

d. 1302 = ? 

e. 1.g2 = > 

f .  18’ = 7 

g. 1802 = Y 

h.  312  = 7 

i. 33’ = 9 

2110, 
2120, 

d 2116 
j. 3.52 = 9 

k. 35’ = 7 

1. 51’ = 7 

m. 6.2’ = Y 

n. 6.85‘ = Y 

0. ( 7 . 2  x lo2)’ = Y 

p .  0.083’ = __ 9 

q .  0.23’ = I 

r. 0.1142 = 

The answers are i n  t h e  frame which fo l lows .  

106. a. 

b. 

C. 

d. 

e. 

f .  

g. 

h.  

i. 

144 ; 
169 ; 

1.69 ; 

1.69 x i o 4  ; 
3.24 ; 
324 ; 

3.24 x l o k  ; 
960 OK 961 ; 

1089 ; 

3.  
k .  

1. 

m. 

n. 

0. 

P *  

4. 
r. 

1 2 . 2  OK 1 2 . 3  ; 

1225 ; 

2600 ; 

38.5 ; 

47 ; 

68 x PO-b 

5 ,29  x 10’’ ; 

0.013 . 

51.9 x 104 ; 
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107. Now l e t  us  reverse t h e  p rocess .  When e x t r a c t i n g  

squa re  r o o t s ,  t h e r e  are two r u l e s  t o  remember. 

The f i r s t  i s :  I f  your  number h a s  a n  odd number 

o f  d i g i t s  t o  t h e  l e f t  of t h e  decimal  p o i n t ,  u se  

t h e  l e f t  h a l f  of t h e  A scale. i f  t h e  number of 

d i g i t s  i s  even,  u se  t h e  r i g h t  h a l f  of t h e  A scale. 

- 

- 

108. The o t h e r  r u l e  i s :  I f  you are e x t r a c t i n g  t h e  

- squa re  r o o t  of a decimal  f r a c t i o n ,  w r i t e  t h e  

f r a c t i o n  as a power of t e n  where t h e  exponent of 

10 i s  d i v i s i b l e  by 2. For example, 0 .121  would 

be  w r i t t e n  1 2 . 1  x lov2. The number 0.0121 would 

b e  w r i t t e n  e i t h e r  1 . 2 1  x o r  1 2 1  x l om4 .  

109. I n  t h e  f i r s t  case, J' 1 2 . 1  x 10'' , p l a c e  t h e  

h a i r l i n e  ove r  1 2 1  on t h e  r i g h t  hand A scale.  

The answer,  on t h e  D scale ,  i s  3.47 x 10-1 

( -2  f 2 = -1). The s q u a r e  r o o t  of 0 .121 is  

110. I n  t h e  second case, 4 1 2 1  x , p l a c e  t h e  3.47 'r: lo-'  
o r  0.347 

h a i r l i n e  ove r  1 2 1  on t h e  l e f t  hand A scale.  The 

answer,  on t h e  D scale ,  i s  11 x l o w 2  o r ,  w r i t t e n  

as a decimal  f r a c t i o n ,  

- I - - - - - - -  

111. To e x t r a c t  t h e  s q u a r e  r o o t  of  4 0 ,  p l a c e  t h e  h a i r l i n e  0.11 

on 4 on t h e  r i g h t  h a l f  of t h e  A scale ( 4 0  i s  two 

d i g i t s ,  even) .  Read s i x  t h r e e  two on t h e  D scale. 

a= 
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1 1 2 .  To extract  t h e  s q u a r e  r o o t  of 7.3,  p l a c e  t h e  6,32 

h a i r l i n e  a t  seven  t h r e e  on t h e  left h a l f  of the - 
A scale. While 7 .3  i s  two d i g i t s ,  t h e r e  is  on ly  

one d i g i t  t o  t h e  l e f t  of t h e  dec imal  p o i n t  (one 

d i g i t ,  sy use  t h e  l e f t  s i d e ) ,  So, , 
r ead  on t h e  D scale,  is 

- 

113. P r a c t i c e  problems: 2 . 7  

io. riz = ¶ 

c. m = 9 

a. m = 9 

e. = 

f. m = ¶ 

g. m = ¶ 

b. a= Y 

Y 

h.  d%?i = ¶ 

i. 4 - 5  = 9 

j. T"Z= , 
k. a = 9 

1. rn = ? 

m. CiFF = Y 

n. J-TiEiE = Y 

The answers  are i n  t h e  frame below. 

e - -  - - - - - -  

114. a. 1 .14  ; 

b. 3 .6  ; '  

c. 11.4 ; 
d. 0.36 ; 
e.  0.114 ; 

f .  4 ,17  ; 

g. 2.89 ; 

h.  23.45 ; 

i. 7 , 4 1  ; 

j. 2.345 ; 

k. 0.741 ; 
1. 0.2345 ; 

m. 13.95 ; 
n .  590 . 
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115, There a re  several o t h e r  scales t h a t  can be 

s t u d i e d  and many s h o r t c u t  procedures  t h a t  are 

u s e f u l  i n  t h e  working of p a r t i c u l a r  problems. 

W e  leave t h e s e  f o r  the per son  who wishes t o  

go f u r t h e r  w i t h  t h e  s tudy  of  t h e  s l i d e  r u l e .  

Our purpose w a s  t o  g i v e  a n  i n t r o d u c t i o n  t o  t h e  

s l i d e  r u l e ,  and w e  f e e l  t h a t  you now have a b a s e  

f o r  cont inued  s tudy .  GOOD LUCK! 

- - - - - I - - -  
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