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ABSTRACT 

A model is presented which optimizes strategic defense- Surviving 

population is considered the measure of the effectiveness of the defense 

system which can include active and passive elements. 

size and defense budget are specified, the model produces optimum active 

and passive defense mixes and allocates defense spending to regions of 

the United States according to population density. 

If the attack 
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A DEFENSE SYSTEM DESIGN MODEL - -- 
R. A. mer* 

I * INTRODUCTIOII 

This paper presents  a mathematical method f o r  solving a problem of 

optimum s t r a t e g i c  defense a l loca t ion .  The model i s  l imi t ed  s ince  it does 

not  include t h e  i n t e r f a c e  wi th  the  s t r a t e g i c  offense o r  na t iona l  p o l i c i e s  

and objec t ives .  Surviving population has been s ingled  out as t h e  measure 

of e f fec t iveness  of t h e  defense systeli,  which, i n  t h e  l i g h t  of t h e  t o t a l  

s t r a t e g i c  p i c t u r e ,  i s  probably i n s u f f i c i e n t .  

Other measures of defense e f f ec t iveness  which w e  have not included 

a r e  

1. The cos t  -to t h e  enemy t o  overcome the  defense.  

2 .  The t i m e  necessary f o r  t h e  enemy t o  develop t h e  technology t o  

overcome the  defense.  

3. The degree t o  which t h e  system helps  prevent t h e  c o n f l i c t  from 

erupt ing  i n  the  f irst  p lace .  

The f i r s t  of t hese  requi res  t h a t  t h e  of fense  b u i l d  more weapons o r  

I__ If -- he o ther  devices which have t h e  c a p a b i l i t y  of negating t h e  defense.  

chooses t o  do t h i s ,  t he  cos t  he incurs  may be a measure of t h e  defense 

qua l i t y .  
--- 

The second measure of defense e f f ec t iveness  recognizes t h a t  a more 

r e a l i s t i c  p i c t u r e  of c o n f l i c t  i s  a dynamic one with changing t h r e a t s  and 

concepts of  defense.  A measure of  e f fec t iveness  i s  t h e  amowit of t ime 

necessary f o r  t h e  of fense  t o  technologica l ly  ilegate t h e  defense system. 

During t h i s  time, advanced technological  defense coricepts zire developed 

t o  keep ahead of t h e  offense.  

F ina l ly ,  t h e  l a s t  measure of e f f ec t iveness  i s  t h e  a b i l i t y  of t h e  

defense to prevent an all-out nuclear  w a r  either by prevent ing damage 

caused by acc iden ta l  launchings o r  by producing such a s t rong defense 

t h a t  an a t t a c k  seems unwise i n  t h e  eyes of t h e  offense.  
-__--_I_ 

x 
U. S. Army on loan t o  Oak Ridge Nat ional  Laboratory. 
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A s  a measure of e f f ec t iveness  some combination of t hese  okject,ives 

i s  probably b e t t e r  than any one of them. 

I n  t h e  o u t l i n e  of t h e  c i v i l i a n  defense a l l o c a t i o n  model t o  be pre- 

sented,  w e  assume a two-person, cons t an t - sm game. The offense wants t o  

des t roy  t h e  most people by d i s t r i b u t i n g  h i s  weapons over t h e  United States  

i n  t h e  "best"  way while  t h e  defense d e s i r e s  t o  save t h e  most people by 

a l l o c a t i n g  d o l l a r s  t o  l o c a l i t i e s  i n  t h e  United S t a t e s  i n  some "best" way. 

The Lagrange M u l t i p l i e r  formalism i s  app l i ed  t o  f i n d  t h e  so lu t ions  t o  

t h e  game. 

of fense  and defense of N-countries a r e  considered* 

We are concerned wi th  t h e  problem of t h e  design of defense systems 

Although w e  r e s t r i c t  a t t e n -  

We make no at tempt  t o  so lve  t h e  l a r g e r  game where s t r a t e g i c  

a t  f ixed  budgets which save t h e  most people .  

t i o n  t o  surv iv ing  populat ion,  t h e  ana lys i s  which follows can be appl ied 

t o  o the r  kinds of surv iv ing  value.  

A defense system can be ca tegor ized  according t o  t h e  behaviour of 

There a r e  t h r e e  t h e  of fense  and defense before  and during engagement" 

c l a s ses :  

1. The Offense Favored System aga ins t  which t h e  of fense  has  t h e  

l a s t  move. The of fense  chooses t h e  s t r a t e g y  t o  minimize surv ivors  

aga ins t  t h e  optimum defense s t r a t e g y o  

example of an  of fense  favored system i f  t h e  of fense  has good knowledge 

of t h e  defense system. 

A f i xed - she l t e r  system i s  a good 

2. The Defense Favored System i n  which the  defense has t h e  l as t  

move. The defense chooses t h e  s t r a t e g y  t o  mximize surv ivors  aga ins t  t h e  

optimum offense  s t r a t egy .  

i f  t h e  defense has good knowledge of the offense  system" 

An a c t i v e  defense i s  a defense favored system 

3. The system i n  which n e i t h e r  t he  of feose  nor defense i s  favored. 

Both t h e  offense and defense choose t h e  s t r a t e g y  which optimizes surv ivors  

aga ins t  a l l  s t r a t e g i e s  of t h e  opposing s i d e -  This system does not base  

i t s  s t r a t e g y  on t h e  s t r a t e g y  of  t h e  o ther  s ide .  It w i l l  be  shown l a t e r  

t h a t  such a system can be  t r e a t e d  by consider ing it t o  be simultaneously 

defense and of fense  favored. 

--- 
- -- ---- 



The fol-lowing discussion dea ls  w i th  t h e  mathema-tical formulation 

of  t h e  problem, a method of so lu t ion ,  and app l i ca t ion  t o  s p e c i f i c  defense 

systems. We include passive defense,  a c t i v e  defense,  and mixes of both 

systems. The l i m i t a t i o n s  of t h e  method a r e  a l s o  discussed. 

11. MATHEMATICAL FORMU-LATION OF PROBLEM 

To solve t h e  design problem, w e  d iv ide  the  geographical a r ea  of t h e  

defended country i n t o  l o c a l i t i e s  wi th in  which a t t ack ing  weapon and defense 

e f f e c t s  a r e  confined. Because of  t h i s  confinement, t h e  Loca l i t i e s ,  or 

more properly,  c e l l s ,  a r e  considered independent- The number of survivors  

af ter  an  a t t a c k  s i z e  N and defense expenditure C i s  

s = Si(ni,ci! , 
-$ 
I 

where Si i s  t h e  number of surv ivors  i n  t h e  i ' t h  c e l l ,  which has been 

a t tacked  by ni out of a t o t a l  of N weapons and which has received e 
i 

out of t o t a l  defense expenditure C .  The t o t a l  a t t a c k  i s  constrained 

t o  N weapons, 

N - C ~ ~  , 
i 

and t h e  s e t  ini] i s  c a l l e d  t h e  offense s t r a t egy .  

expenditure is constrained t o  C d o l l a r s ,  

Likewise, t h e  defense - -- - 

3 )  
I. 

and t h e  s e t  \e i )  i s  c a l l e d  t h e  defense s t r a t egy .  

cons t r a in t ;  namely, i f  a defense cos t  c i n  t he  i ' t h  c e l l  can be  speci  

among many elements of a defense system (such as a c t i v e  and passive 

defense,  warning, rescue,  e t c . )  then i t  must b e  spent  i n  such a way as 

t o  maximize Si- 

i s  t h e  d i s t r i b u t i o n  of c 

l e v e l  w i l l  be c a l l e d  a t radeoff  a t  the  l.ocal l e v e l ,  while t h e  r e s u l t s  of 

t h e  procedure summed over a l l  c e l l s  w i l l  be c a l l e d  the  t r adeof f  a t  t h e  

n a t i o n a l  l e v e l .  Equations (2 )  and ( 3 )  a r e  labe led  the of fense  and defense 

cons t r a in t s ,  respec t ive ly .  

There i s  an add i t iona l  - 
i 

The a c t u a l  r e s u l t s  of t h i s  _maximization procedure ( t h a t  

among the  component systems) a t  t h i s  c e l l u l a r  i 

When t h e  terms of fense  { n i l  o r  defense { c i ]  
_I_ - -__. 
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s t r a t e g i e s  a r e  used, they  w i l l  be  used within t h e  i m p l i c i t  boundary of 

offense and defense cons t r a in t s  un less  otherwise ind ica ted .  The problem 

presented here  f i t s  t h e  desc r ip t ion  of a two-person, constant-sum game. 

The game t h e o r e t i c  s t o r y  appears i n  the  appendix., 

We formulate t h e  offense favored problem. For  - each defense s t r a t e g y  

[ci], an  offense s t r a t e g y  [8,3 i s  chosen t o  minimize survivors  

The s t r a t e g y  {G.] depends on t h e  p a r t i c u l a r  defense s t r a t e g y  chosen. 

The defense s t r a t e g y  { e . ]  i s  chosen which maximizes t h e  number of surv i -  

vo r s  aga ins t  a l l  offense s t r a t e g i e s  {Gi] which satisfy- inequa l i ty  (4 )  

1 

1 

I I 

I n e q u a l i t i e s  ( 4 )  and (5) a r e  represented  i n  one r e l a t i o n  with t h e  i n t r o -  

duction of new nota t ion  

Equation (6)  i s  a l s o  r e f e r r e d  t o  as t h e  max-min so lu t ion .  

The defense 

offense s t r a t e g y  

mize survivors  

favored problem i s  formulated i n  two s teps .  For each 

{n.},  a defense s t r a t e g y  lc,] is chosen t o  maxi- 
- 

Y 

1 

x- 
s L ~ C i 3 ,  b i l l  2 3 CkiL kill a 

-)c 
The offense s t r a t e g y  {n . )  i s  picked t o  minimize survivors  aga ins t  a l l  

defense s t r a t e g i e s  {c .  ] s a t i s f y i n g  inequa l i ty  (7) 
s c 1  
1 

* 
s [IC;], r q 1  * s crci3,  In i l l  

I n e q u a l i t i e s  (7) and (8) merge i n t o  one r e l a t i o n  

(7)  
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Equation (9)  i s  a l s o  r e f e r r e d  t o  as t h e  min-max so lu t ion .  

favored so lu t ion  i s  b e t t e r  f o r  t h e  defense than t h e  offense favored 

s ince  it may represent  a higher  su rv iva l  l e v e l  

The defense 

The defense system which i s  ne i the r  of fense  nor defense favored has 

been solved during t h e  d iscuss ion  of t h e  f i r s t  two ca t egor i e s  of defense 

systems. 

aga ins t  t h e  b e s t  offense s t r a t egy .  The offense chooses t h e  s t r a t e g y  

i n .  ] which minimizes survivors  aga ins t  t h e  b e s t  defense s t r a t e g y .  

A 
The defense chooses t h e  s t r a t e g y  {e . ]  which maximizes surv ivors  

1 

* 
1 

An of fense  favored system means t h a t  t h e  offense moves aga ins t  a 

known defense s t r a t egy .  A defense favored system requ i r e s  t h a t  t h e  

defense f i g h t  a known offense s t r a t egy .  Since a system which i s  n e i t h e r  

of fense  nor defense favored means t h a t  offense and defense moves a r e  

hidden from each o the r ,  then t h e  following r e l a t i o n  holds  

When many c e l l s  and l a r g e  fo rces  a r e  involved, t he  t a s k  of f ind ing  t h e  

optimixn s t r a t e g i e s  i s  formidab1.e. The in t roduct ion  of Lagrange mult i -  

p l i e r s  t o  so f t en  t h e  cons t r a in t s  s impl i f i e s  t h ings .  

III. SOLUTIONS USING LAGRANGE FORMALISM 

The l o c a l  Lagrangian a t  c e l l  i i s  def ined by t h e  equation 

where h and p a r e  p o s i t i v e  numbers 

t o t a l  Lagrangian f o r  t h e  system of 

i 

independent of t h e  index i. The 

c e l l s  i s  

1 
Evere t t  

of t h e  l o c a l  Lagrangian wi th  r e spec t  t o  ni produces an optimum offense 

has shown t h a t  f o r  any defense s t r a t e g y  le i ] ,  t h e  minimization 



s t r a t e g y  { G .  ] aga ins t  t h e  defense s t ra tLegy [ciJ 
1 

For each offense s t r a t e g y  {ni l ,  t he  maximization of t h e  l o c a l  Lagrangian 

wi th  respec t  t o  c produces an optimum defense s t r a t e g y  {e . ]  aga ins t  the  

offense s t ragegy {nil 

* 
i 1 

2 
Pugh 

L(X, p ,  ci, ni) with respec t  t o  c 

s t r a t e g y  {ci] t o  be  used wi th  an  offense favored system. 

of chi sub jec t  t o  t h e  inequa l i ty  

has pointed out t h a t  maximization of t he  l o c a l  Lagrangian 
A 

may produce t he  optimum defense 
i -  

A 
The choice 

genera l ly  l eads  t o  t h e  r e su l t*  

However, t h e  answer must be  v e r i f i e d  employing a procedure described 

by PughO2 Simi lar  arguments can a l so  be appl ied  t o  the defense favored 
x 

problem. The choice of ni subjec t  t o  t h e  inequa l i ty  

genera l ly  leads  t o  t h e  r e s u l t  

which again must be  v e r i f i e d .  

These r e s u l t s  a r e  summarized i n  t h e  following statement.  For a 

defense (offense) favored system a min-max (max-min) so lu t ion  of a l l  

local Lagrangians genera l ly  produces a mil?_-max (rnax-min) so lu t ion  of 

the s u r v i v a l  problem. We now consider t h e  ex is teace  of max-min o r  

min-max solutions f o r  t he  l o c a l  Lagrangiano 

7y. 

Hugh Evere t t  p r i v a t e  communication. 
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The p rope r t i e s  of t h e  l o c a l  su rv iva l  func t ion  determine whether or 

not the rax-min o r  min-rax so lu t ions  of the l o c a l  Lagrangian e x i s t .  The 

l o c a l  su rv iva l  func t ion ,  S (c ,n> ,  (we drop a l l  i - subsc r ip t s  when consider ing 

a s i n g l e  c e l l )  i s  monotone increas ing  i n  the va r i ab le  c with an upper 

bound of P ( t h e  c e l l  population) and monotone decreasing wi th  va r i ab le  n, 

vanishing as n ge t s  very l a rge .  

t h a t  t he  Lagrangian 

This statement i s  s u f f i c i e n t  t o  prove 

always has a minimumi with respec t  t o  the  v a r i a b l e  n f o r  each value of 

c and a maximum with respec t  t o  t h e  va r i ab le  c f o r  each value of n. 

i.s i l l u s t r a t e d  i n  Fig.  1. 

Tinis 

S 

t 
S 

c 
E 
0 
F 
C 
s 

“ r  

.r 

, Lagrangian increases .  A 
minimum must e x i s t  for each 
value of c 

A 
/ \ 

Lagrangian decreases .  A 
maximum must e x i s t  f o r  each 
value of n \ 

3 --- 
increas ing  c 

Fig; 1 
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If we c a l l  t h e  value of c which produces a maximum of t h e  Lagrangian f o r  

each value of n ,  c ( n ) ;  and c a l l  t h e  value of  n which produces a minimum 

of t h e  Lagrangian f o r  each value of c ,  E(c) ;  t h e n ,  i f  t h e  funct ions ;(c) 

and C(n) a r e  bounded, t he  respec t ive  max-min and min-max w i l l  e x i s t .  To 

prove t h i s  one uses t h e  f a c t  t h a t  S i s  bounded i f  one of t h e  va r i ab le s  

i s  f ixed  ( t h e  f ixed  va r i ab le  corresponding t o  t h e  bounded func t ion  G ( c )  

o r  E(.) and t h e  Lagrangian then  e i t h e r  decreases as a func t ion  of c a s  

t h e  bound of .(e) i s  reached o r  increases  as a func t ion  of n as t h e  bound 

E(.) i s  reached. 

If t h e  func t ions  and c a r e  not bounded, t h e  min-max o r  mix-min 

may or may not  e x i s t  depending on t h e  r a t e  of change of t h e  s lope of t h e  

s u r v i v a l  func t ions  a t  l a r g e  values of c or n. 
t h e  p a r t i c u l a r  su rv iva l  func t ions  t o  a s c e r t a i n  t h i s  condi t ion.  

We must examine - each of 

The usua l  procedure f o r  solving t h e  optimum a l l o c a t i o n  problem i s  

t o  p ick  values  f o r  h and p ,  maximize t h e  m i n i m u m  (minimize t h e  maximum) 

of t h e  l o c a l  Lagrangian w i t h  respec t  t o  c taking I i n t o  account 

o the r  offense and defense c o n s t r a i n t s  and sum t h e  r e s u l t s  t o  f i n d  t h e  

g loba l  c o n s t r a i n t s  N and C.  

and n 
i i 

I V .  THE SURVIVAL FUNCTION 

The c e l l u l a r  model f o r  defense system opt imizat ion i s  v a l i d  i f  t h e  

l o c a l  o r  c e l l  s u r v i v a l  func t ion  i s  independent of t h e  offense and defense 

e f f e c t s  of o the r  c e l l s .  Each element of a g r i d  representa t ion3  of t h e  

U.S. populat ion could be t h e  b a s i c  c e l l .  The geographical a r ea ,  A ,  o f  

each g r i d  element i s  chosen so t h a t  t he  a rea  of l e t h a l  weapons e f f e c t s  

i s  wi th in  t h e  a rea  of t he  c e l l .  This guarantees t h e  c e i l u l a r  independ- 

ence of t h e  l o c a l  su rv iva l  func t ion .  The f a t a l i t i e s  caused by t h e  n ' t h  

weapon a r e  calcu3rzted with t h e  assumption t h a t  t h z  survivors  of the 

( n - 1 ) ' t h  weapon a r e  d i s t r i b u t e d  uniformly over the c e l l .  It can be 

shown, however, t h a t  t h i s  condi t ion  i s  equivalent  t o  saying t h a t  t h e  

weapons a r e  randomly t a r g e t e d  aga ins t  t h e  a rea  of t h e  cel.1.. 
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We assume t h a t  Iii '  i n t e rcep to r s  have been a l loca ted  t o  defend the 

i ' t h  c e l l  and each weapon has a penet ra t ion  probabi-l i ty q i f  0 i n t e r -  

cep tors  a r e  expended. Although we r e s t r i c t  a t t e n t i o n  t o  a l l  warhead pay- 

loads ,  t he  average e f f e c t s  of including decoys can be s tudied  by varying 

9. The a t t a c k  s i z e ,  n necessary t o  exhaust t he  defense i s  defined by 

t h e  equation 
e '  

Passive defense i n  a c e l l  i s  charac te r ized  by a fi.xed b l a s t  s h e l t e r  

system having overpressure pro tec t ion  p Although Ne assume f u l l  occu- 

pancy of s h e l t e r s  t h e  method i s  e a s i l y  extended t o  include o ther  s i t u a -  

t i ons .  The f i r s t  weapon penet ra t ing  t h e  a c t i v e  defenses of t h e  i ' t h  

i 

c e l l  k i l l s  'p. of t h e  population 
1 

A W ( P i J )  

V i  = A I 

where A i s  t h e  l e t h a l  a rea  of a weapon of y i e l d  Y agains t  a 

wi th  overpressure probeetion p I f  t h e r e  a r e  k-penetrat ing 
i 

the  expression f o r  t h e  number of  survivors  i s  

W 

(19) 

populat ion 

weapons, 

where P i s  the  population of the  i ' t h  c e l l .  
i 

In t he  presence of a n  a c t i v e  defense t h e  su rv iva l  €unction can be 

w i t t e n  as  a sum over terms having the  f o m  of S (k) and weighted by 

f ac to r s  represent ing p r o b a b i l i t i e s  of having var ious numbers of pene- 

t r a t i n g  weapons. The survivors  i n  t h e  i ' t h  c e l l  with ri a t t ack ing  weapons 

i 

i 
i s  

n 
i 

k-0 

where 5 (si (1) I qi ( 2 )  I kl (iif i s  the  p robab i l i t y  of k weapofis pene t ra t ing  

(') ar,d q!') a r e  s ing le  warhead penet ra t ion  Qi 1 
out of  nio The q u a n t i t i e s  

p r o b a b i l i t i c s  before  and a f t e r  exhaustion of the  a c t i v e  defenses.  O f  
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course,  a f t e r  exhaustion, t h e  s i n g l e  warhead penet ra t ion  p robab i l i t y  i s  

t h e  s i n g l e  warhead r e l i a b i l i t y .  The defense cos t  c deFends upon the  

number of i n t e rcep to r s  and t h e  overpressure p ro tec t ion  a l l o t t e d  t o  t h e  

c e l l .  

i 

We assume t h a t  overpressure i s  t h e  only k i l l  mechanism which means - 
t h a t  f a l l o u t  and thermal p ro tec t ion  have been provided. The su rv iva l  

func t ion  w i l l  be  descr ibed f o r  t h r e e  cases .  

a .  Passive Defense Only 

b .  Act ive and Passive Defense, Leakage Attacks 

c. Active and Passive Defense, Exhaustion Attacks 

a. Passive Defense Only 

Since no i n t e r c e p t o r s  defend the  a r e a ,  t h e  pene t ra t ion  p robab i l i t y  

i s  j u s t  t h e  s i n g l e  weapon r e a l i a b i l i t y  

and we may w r i t e  t h e  s u r v i v a l  func t ion  

n 
i 

k=O 

where B i s  t h e  p r o b a b i l i t y  of having k a r r i v a l s  out of ni launches 

B (qoIklni) = ti) q: (1 - go) n i -k , and 

(22) 

where (2) i s  t h e  combinator ia l  symbol 

n !  
i (3 = 'zqYXJT 1 * 

If we s u b s t i t u t e  equat ion (24) i n t o  equation (23) and work out t h e  

a lgebra ,  t h e  r e s u l t  is  

n 
(25) 

i 
S i b i + )  = pi - q0cpi1 - 

Equation (25) i s  the  form of t h e  su rv iva l  funct ion t o  be  used w i t h  no 

a c t i v e  defense.  



b .  Passive and Active Defense, Leakage Attacks 

If t h e  weapons launched penet ra te  t he  a c t i v e  defense by leakage 

alone ( i . e . ,  t h e  number of weapons i s  l e s s  t‘nan o r  equal t o  t h e  number 

necessary t o  exhaust t h e  defense) 

( i)  n .  I; n 
I e 

then t h e  same argument app l i e s  as i n  t h e  der iva t ion  of equation (25)  

except t h a t  t h e  pene t ra t ion  p robab i l i t y  ( qi i )  : q) replaces  t h e  quant i ty  
(qi  (2 ) -= 9,) i n  equation (25) 

( i)  ~ 

n i 
n s n  
i e 

s i (c i ,ni)  = P. [1 - q i l  
I. 

c.  Passive and Active Defense, Exhaustion Attacks 

Another complication en te r s  when the  a t t ack ing  weapons exhaust the  

defense. The p robab i l i t y  of r e a l i z i n g  k pene t ra tors  depends not only 

upon the  t o t a l  number of weapons but  a l s o  upon t h e  number necessary f o r  

exhaustion. 

p robab i l i t y  q while ( n  - nii)) penet ra te  with p robab i l i t y  qo. Under 

these  circumstances, t h e  p robab i l i t y  of having k penet ra tors  i s  

If  n .  weapons a r e  launched, then  n(i-’ of them penet ra te  with 
1 e 

i 

k 

- ni) , ( 28) (9  E(sl q01 kl nil = r N q l  kl I ni) B(qol k-kl I ne 

k, =O 

where 

= O  a > b  

Equation (28) i s  subs t i t u t ed  .- i n t o  equation (21) and the  r e s u l t  i s  

(i) 
k=O k, -0 

n > n  
i e 



Equation (30) s impl i f i e s  if the  ind ica ted  sznmmations a r e  done. The 

r e s u l t  f o r  t h e  su rv iva l  funct ion i s  

The func t iona l  dependence of 'p 

t h e  following sec t ions .  

on t h e  defense eos t  ci i s  discussed i n  i 

V. PASSIVE DEFENSE 

We assume t h a t  t h e  blast  s h e l t e r  i s  t h e  b a s i c  u n i t  of  a passive 

defense system. 

( r e f e r r e d  t o  a s  overpressure p ro tec t ion )  a t  which SO'$ of the  occupants 

become f a t a l i t i e s .  All s h e l t e r s  i n  a c e l l  have t h e  same mid-lethal over- 

pressure  r a t i n g .  

so t ha t  a l l  people i n  the  c e l l  can be she l t e red  given s u f f i c i e n t  warning. 

The people i n  a c e l l  not provided wi th  b l a s t  p ro tec t ion  have thermal and 

f a l l o u t  s h e l t e r s  which have an inc iden ta l  overpressure p ro tec t ion  of 

about 10 p s i .  

c o s t .  

It i s  charac te r ized  by a mid-lethal  overpressure 

Each c e l l  o r  loca l i - ty  conta ins  enough b l a s t  s h e l t e r s  

These thermal arid f a l l o u t  s h e l t e r s  a r e  provided a t  zero 

If we assume t h a t  a t t ack ing  weaporis burst on the sur face ,  the 
4 

func t ion  ep has t h e  approxirnate form i 

where p 

the  i ' t h  c e l l ,  Y i s  t h e  y i e l d  of  t h e  weapon i n  megatons, and Ai i s  t h e  

geographical a r e a  of t h e  c e l l  i n  square ki lometers .  

a l o c a l i t y  do no t  reach s h e l t e r ,  t h e  su rv iva l  func t ion  i n  equation (25) 

must be modified to 

i s  t h e  overpressure pro tec t ion  ( p s i )  a f forded  t h e  people i n  
i 

If  a l l  people i n  



1 4  

where f i s  t h e  f r a c t i o n  of t h e  people i n  t h e  i ' t h  c e l l  who a r e  she l t e red ,  

!" and cp.  5,s tlne f r a c t i o n  of those  not  she l t e red  and she l t e red ,  respec- 
i 

3. 

t i v e l y ,  who a r e  f a t a l i t i e s  I 

The cos t  of b l a s t  s h e l t e r s  i s  not  w e l l  e s tab l i shed .  For example, 

t h e  Pro jec t  Harbor Smmary Report5 I.ists t h e  c0s.t of a 1000 space,  100 

p s i  s h e l t e r  (10 sq. f t  per space) a t  $175 per  space, while Robbins and 

Narver 

a t  about $500 per  space. 

p rec i se  d e f i n i t i o n  of overpressure p ro tec t ion .  

know t h e  overpressure a t  which b l a s t  s h e l t e r s  f a i l  while t h e  s h e l t e r  

designer  gives  

There have been several. es t imates  of t h e  v a r i a t i o n  of cos t  with over- 

pressure.  For overpressures  i n  t h e  range from 10  t o  200 o r  300 p s i  t h e  

c o s t  v a r i e s  wi th  t h e  square r o o t  of the  overpressure.  

LD-85 overpressures" f o r  var ious design o r  r a t e d  overpressures a r e  p l o t t e d  

i n  a graph i n  F ig .  2 .  

s h e l t e r  space as  a furiction of  t h e  mid-lethal. overpress1UE. 

r e s u l t s  from c o s t s  used i n  several. system s t u d i e ~ . ~  

cos t  per space i s  

6 
l i s t s  t h e  cos t  of t h e  Tunnel Grid (aga in  t n  10  sq. f t  per  space) 

One reason f o r  t h i s  ambiguity i s  t h e  Lack of a 

A systems ana lys t  must 

-- - I -I - ___ 
overpressure at which the s h e l t e r  I___-___ w i l l  be s a f e .  

The LD-50 and 

Figure 3 shows t h e  cos-t; of a '7.5 sq. f t  b l a s t  

This graph 

I n  d o l l a r s ,  t h e  

This  fornula  i s  v a l i d  t o  a design overppessiire of about 200-300 p s i .  

Beyond t h a t ,  t h e  cost-overpressure r e l a t i o n s h i p  may become l i n e a r d  8 

Equation (33) expresses t h e  s i i rvival  as a func t ion  of the f r a c t i o n  

she l t e red  f .  and t h e  overpressure p ro tec t ion  p The f r a c t i o n  she l t e red  

depends upon t h e  na ture  of  t h e  t h r e a t ,  t h e  warning system and s h e l t e r  

a c c e s s i b i l i t y .  Therefore,  i t  i s  conceivable t h a t  t h e  defense can t r ade -  

o f f  overpressure p ro tec t ion  f o r  increased s h e l t e r  occupancy by d ive r t ing  

p a r t  of the defense funds t o  b e t t e r  t h e  warnjng system and educat ional  

program. Unfortunately,  t h e  offense can a l so  manipulate t h e  occupancy 

f a c t o r  f .  There have been no s tud ie s  of any s igni f icance  addressing the  

s h e l t e r  occupancy problem. T'nercfore, we assume t h a t  f i s  a parameter 

and we begin by tak ing  f = 1 f o r  a l l  i. 

1 i 

i 

i 
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I f  t h e  objec t ive  of t h e  offense i s  t h e  des t ruc t ion  of a c e r t a i n  

number of people, he can overcome any passive defense system by increas ing  

t h e  number of weapons he in tends  t o  direct .  toward t h i s  ob jec t fveo  This 

increase  i n  number of weapons by t h e  offense can be  used as a measure of 

t h e  e f f ec t iveness  of t h e  defense.  More s p e c i f i c a l l y  t h e  defense s t r a t e g y  

i s  chosen a t  some su rv iva l  l e v e l  t o  maximize tine a d d i t i o n a l  number of 

weapons needed by the  offense t o  negate t h e  defense.  This kind of study 

has  been done i n  r e l a t i o n  t o  a c t i v e  defense. 

--- 
I- 

VI. INCLUSION OF ACTIVE DEFENSE 

The design of defense systems which contain a c t i v e  and passive 

elements i s  more complicated than  t h e  design of systems having only one 

element. Before tfle Lagrangian method ou t l ined  i n  sec t ion  Tv can be 

appl ied ,  t h e  local su rv iva l  funct ion must contain t h e  a c t i v e  and passive 

mix which maximizes survivors  f o r  any l o c a l  defense cos t .  This pro- 

cedwe i s  c a l l e d  a t r adeof f .  
- 

The geographical a r ea  covered by a te rmina l  a c t i v e  defense i s  l a r g e r  

than  t h e  a r e a  of l e t h a l i t y  of weapons which might consider pene t ra t ing  

t h i s  defense.  If t h e  b a s i c  c e l l s  a r e  chosen to have a reas  s l i g h t l y  

l a r g e r  than l e t h a l i t y  a reas  then defense e f f e c t s  extend over more than 

one c e l l ,  which a r e  no longer  independent. 

d i f f i c u l t y .  

e t c . )  i s  expressed i n  the  cos t  of  an "average" in t e rcep to r "  

of one "average" in t e rcep to r  i s  t h e  t o t a l  a c t i v e  defense system I_ cos t  

divided by t h e  t o t a l  number - -  of in t e rcep to r s .  

cep tors  t o  t h e  c e l l s  i n  a mannel" cons is ten t  with t h e  t radeoff  and La- 

grange so lu t ions*  Radar and assoc ia ted  equipment a r e  added t o  complete 

t h e  system. 

ment a r e  t a l l i e d  t o  obta in  t h e  r e a l  system cost .  We requi re  t h a t  t h i s  

cos t  be  i d e n t i c a l  to t h e  cos t  of t h e  "average" in t e rcep to r  mul t ip l i ed  

by t h e  number of "average" i n t e x e p t o r s  

However, we may remedy t h i s  

The a c t i v e  defense system c o s t  ( r ada r s ,  da ta  processors ,  

The cos t  

-_I- 

We a l lo t ,  "average" i n t e r -  

The c o s t s  of " rea l"  i n t e rcep to r s ,  r ada r s  and a l l  o ther  equip- 

T o  t r adeof€  in t e rcep to r s  f o r  overprpssiire pro tec t ion  at, t h e  eellu- 

The cos t  l a r  l e v e l ,  we l e t  s desigr.a,te t h e  "average" in t e rcep to r  cos t .  

a l l o t t e d  t o  the i ' t h  c e l l  may then be expressed by the  equation 
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'The passive defense c o s t  depends upon t h e  number of people protected 

(Pi) i n  t h e  c e l l  and t h e  overpressure pro tec t ion  (pi) t o  which they a r e  

protected.  The t radeoff  equation i s  

SI@) 0 = SI@) + P.(c, 1 4- c2$) . 

The f i r s t  term on t h e  r i g h t  hand s i d e  i s  t h e  a c t i v e  defense c o s t  while 

Lhe second term i s  t h e  passive defense c o s t .  

arranged t o  express t h e  overpressure pro tec t ion  i n  terms of t h e  nmber  

of i n t e r c e p t o r s ,  w e  obtain 

I f  equation (36) i s  r e -  

c 2 

( i ) ,  i s  t h e  maximum number of i n t e rcep to r s  bought f o r  Io The quant i ty ,  

the  i ' t h  c e l l  i f  nothing i s  spent f o r  passive defense. 
( i)) The survivors  depend upon a t t a c k  ( n . )  , t o t a l .  cos t  (I , and t h e  

(i> 
1 0 

mix of i n t e rcep to r s  and overpressure pro tec t ion  [wel l  defined by I 

given I ( i ) ]  and equation (37).  

form 

This r e l a t i o n  i s  expressed i n  func t iona l  
0 

The I_ bes t  act ive-passive mix is  obtaiqed by choosing from t h e  s e t  of 

I(i),  for f ixed  values  of ni and I ( i ) ,  t h e  value of I'i) ( c a l l  it 

I ( i )  ) such t h a t  
0 

max 

The value of Ii:? s a t i s f y i n g  equation (39) can be represented by the 

func t iona l  r e l a t ionsh ip  

i 39) 



Lagrange's method appl ied  t o  t h i s  new su rv iva l  func t ion  produces t h e  

"best" defense d i s t r i b u t i o n ,  t h e  Local a c t i v e  and passive defenses,  and 

t h e  "best"  weapon d i s t r i b u t i o n a  The ca t iona l  a c t i v e  defense cos t  i s  

CA = s r; IJJ; 9 

while t h e  t o t a l  defense cos t  i s  

i 

VII. TFE NATIONAL DEFENSE CALCULATION 

If t h e  bas i c  c e l l s  are elements of a g r i d  superimposed over t h e  

United S t a t e s ,  then they  a r e  charac te r ized  only by population i n  each 

element. Let M(P)dP be  t h e  number of  c e l l s  wi th  population between P 

and P f dP. 

ranked according t o  population as a func t ion  of t h e  ranko 

t h e  t o t a l  population f o r  a l l  5 km g r i d  squares up t o  a c e r t a i n  rank 

again,  ranked according to population. The curve i n  Fig. 5 i s  t h e  i n t e -  

g r a l  of t h e  curve i n  F ig .  4. 
t hese  curves. 

The so lu t ions  t o  the defense allocation problem are  expressed as  

The graph i n  F ig .  4 shows t h e  population of 5 km g r i d  squares 

Figure 5 shows 

The funct ion M(P)dP can be obtained from 

funct ions  of P, f i r s t  t he  weapon d i s t r i b u t i o n  

n = n ( ~ )  ( rep lac ing  n. 1 ) , (43)  

second, t h e  defense cos t  d i s t r i b u t i o n  

i i> 
P = 1p ( rep lac ing  I * ), 
0 0 

and, f i n a l l y ,  t h e  ac t ive /pass ive  m i x  

The c o n s t r a i n t s  aye obtained by in t eg ra t ing  equations (43) ,  (44), or 
(45) over a l l  poss ib l e  values  of P weighted by t h e  func t ion  M(P)dP. 
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The a t t a c k  s i z e  is 

rnax P 

t h e  t o t a l  defense cost  i s  

pmax 

C = s J M(P) Io(P)dP 

0 

and t h e  a c t i v e  defense cost  i s  

J.lY3.X 
P 

where Pmax i s  t h e  g r i d  elernent with t h e  most people. 
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APPENDIX A 

The defense system design model presented i n  t h i s  paper i s  a two- 

person, constant-sum game. 

The of fense  s t r a t e g i e s  {nil a r e  d i s t r i b u t i o n s  of weapons over t h e  geo- 

graphica l  area of t h e  United S t a t e s  subjec t  t o  a t o t a l  a t t a c k  s i z e  con- 

s t r a i n t .  

d o l l a r s  t o  t h e s e  same a reas  constrained by t o t a l  budget. 

The p layers  are t h e  offense and t h e  defense.  

Likewise, t h e  defense s t r a t e g i e s  { e . ]  a r e  a l l o c a t i o n s  of defense 
1 

The game matr ix  has a very l a r g e  dimension s o  t h a t  a complete speci- 

f i c a t i o n  of t h e  payoffs  i s  l i t e r a l l y  impossible except perhaps f o r  t h e  

smallest a t t a c k  s i z e s  and defense expendi tures .  A second poin t  well 

remembered i s  t h a t  t h e  game can be played only once and t h e  s t akes  are 

so  high tha t  t h e  desired so lu t ion  i s  not a mixed s t r a t e g y  where we must 

worry about a s tandard devia t ion  i n  a p robab i l i t y ,  'out r a t h e r  a pure 

s t r a t egy .  There are  t h r e e  games that  must be considered. 

1. The a l l - s e e i n g  offense game i n  which t h e  of fense  sees  t h e  

If t h e  offense chooses t o  play t h i s  game chosen defense s t r a t e g y .  

then  t h e  optimum so lu t ion  f o r  both s i d e s  i s  of fense  favored. 

The a l l - s ee ing  defense game i n  which tine defense sees  t h e  

If t h e  defense chooses t o  play t h i s  game 

2. 

offense chosen s t r a t e g y .  

then  t h e  optimum so lu t ion  f o r  both i s  defense favored. 

3. The bl ind-offense and bl ind-defense game i n  which n e i t h e r  s i d e  

sees  t h e  o t h e r ' s  move. 

offense nor defense.  

offense have t h e  TOWS and columns, r e spec t ive ly ,  of t he  payoff matrix 

which represents  su rv iva l  then t h e  so lu t ions  t o  t h e  t h r e e  games descr ibed 

above are 

The optimum so lu t ion  for both  s i d e s  favors  n e i t h e r  

I n  t h e  language of game theory i f  the defense and 

a .  The defense s t r a t e g y  f o r  t h e  o€fense favored so lu t ion .  

b .  The defense s t r a t e g y  f o r  t h e  defense favored so lu t ion .  

c .  The defense s t r a t e g y  f o r  t h e  "unfavored" so lu t ion .  
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