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EXACT EXPRESSIONS FOR THE COVARMCES 
BEI'WEEH PRODUCTS OF RCIM)OM VARIA3SZS 

John W Wilkinson 

In evaluatfng the variances of sums of products of ran- 
dom va r i ab lw  one needs the variances of products and the! 
covariances between. products of random variables. 
report, exact formulae are? developed for these variances and 
eovarianees for products Qf k random variables. 
sions~ rare compared with the usual approximate f o m l a e .  

In tihis 

These expres- 

1 e Introduction 

One of ten encounters sums of products of random variables in whieh 

the evaZm%ioa of the variances of such mm~j is of In te res t ,  In  the expres- 

sions for the variances there are t W 0  types of terms; (i) vartanees of 

products, rand (ii) covariances between pmxlucts. 

Discussion of (i) is handled in detail by Goodresln. i n  [l] and 121. 

U s i n g  pl~oee~l~re~ and notation similar t o  his, we w i l l  devote attention t a  

(ii]. h a sensa, (i) is a special case of ( i i ) .  

In &c.t;i~n 2 is  discussed the ease where the random variables that 

form the products are! indegctn4emt. For this case the exact f"hsmuLae for 

the csvarianees are immediately usable since they fwalve only variances 

and covariances of the or ig ina l  random variables- Howe~er, for the case 

where the random variables forming the products need not; be independtmt 

(discussed in Section 3) the exact covariance expressions are, in our 

opinion, (because of the involvement of higher order momnts) of little! 

practical use, except for gaining some appmxiation of the ehamc-ker of 

the errors involved in using the approximate formulae, 
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2 +  The Case Where the Variables That Form 
The Products; A r e  Independent. 

L e t  (xl19 xZ1) and x12, x ~ ~ )  be two s e t s  of two independent random 

sartables. 

recpired concerning any independences among other combinations. 

with the notation introduced by Goodman, [l], [2], l e t  us make the following 

Tzla'c is, xli i s  independent of x2i9 i = L,2. Nothing i s  

In keeping 

def ini t ions : 

ax = x  - x  j r  jr ji' 

where E denotes expectation and V denotes variance. 

(For simplicity we shall 8ssume t h a t  a l l  expectations differ  from zero.)  



Bee~use of the independeace of x and x2i9 th i s  sfmplifies t o  
Ii 

The usual apprsximle formula f o r  ' this s i tua t ion  is 

The expressions f o r  the variance of the product of two independeri; 

random variables can be obtained directly from (2.4) and (2.5) by dropping 

the  s;e@ond subserip%s, Doing this yields 

For the: ease concerning the product of k random variables we have 

(2 .8)  

from vhicb. E t  fol lows "cat 
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- I - . . . .  

where c 
jl<J2<o 0 o<J 

ranging mer 1,2, . , k 
denotes summation over all values: of j, < j2***< j8 

s 

Tktc usual approximate formulae f o r  (2.9) and (2.10) are, respectively, 

) S X X X X X X [D(xll,x12) (2.12) 
11 21 31 12 22 32 eov(x x x 11 21 319x12x22x32 



T 

By (ZrQpping the second subscripts i n  (2,y) - (2,12) we obtain the 

expressiorafs (exact; and approximate, respectively) for t be  variance of the 

product csf k independeat: random variables. !&@sa are9 in corresponding 

arder, 

3.  The Case Whem the Variables That, Form 
The Products Need Not Be Independent 

Since 



where 

“he usm1 appsoximte formula is 

The exact and approximte expressions for the variance of a product Of 

t w o  random variables can be obtained directly from (3.2) and (3.41, respec- 

tively, by dropping the second subscripes. Hence 
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Although Goodman i n  [29 has introduced 8. notation which pesrnfts a more 

compct presentation we h v e  chssen not to use it because of the complexity 

of' it8 introduction6 Hence, we will pmeeed to obtain the covariance 

expression. i n  terms of" nota t ion  already established, 

From the definition of covariance and (3*7) it fol2ows %hat 
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The approximate formula is a. delight to look at after the above exact 

formula, It is 
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One w i l l  note tha t  i n  (3,lO), a l l  the terms with more than two en t r i e s  

for t h e  arguments of the D ’ 8  involve higher order moments of bath s e t s  of 

var iables  e 

For example 

D(x x x x x ) =  
1’ 2’ 1’ 2’ 3 

- - 

It is  f o r  t h i s  reason that we raade the e a r l i e r  comment 

exact formulae f o r  variance and covariance of products 

the var iables  forming the products are dependent. 

t h a t  the use of the 

i s  impractical when 

To help t o  appreciate the form of (3.8)’ (3.9)’ (3.10) and (3.11) the 

rewriting of these expressions f o r  k = 3 may help. The corresponding 

f o r n u h e  become, respectively, 
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