LOCKHEED MARTIN ENERGY RESEARCH

i

(34456 0513use 5 AL LABORATORY

TUpCTUITU b)’

UNION CARBIDE CORPORATION
NUCLEAR DIVISION
for the
U.5. ATOMIC ENERGY COMMISSION

ORNL- TM- 1977

UNION. .
‘CARBIDE

EXACT EXPRESSIONS FOR THE COVARIANCES
‘BETWEEN PRODUCTS OF RANDOM VARIABLES

John W. Wilkinson

NOTICE This document contains information of a preliminary nature
and was prepared. primarily for internal use at the Oak Ridge National
Laboratery. It is subject to revision or correction and therefore does

not represent a final report.



- LEGAL NOTICE

This report wes prepared as an account of Governmant sponsored work., Meither the United States,

nor the Commission, nor any person acting on behalf of the Commission:

A. Makes any warranty or reprcsentafion, expressed or implied, with respect to the accuracy,
completeness, or usefulness of the information contained in this report, or that the use of

zloszd in this report may not infringe

any informaiion, apparajus, method, or process di
privetely owned rights; or
B. Assumes any liabilities with respect to the use of, or for damages resulting from the use of
any information, apparatus, method, or process disclosed in this report.
As used in the above, *person acting on behalf of the Commission’ includes any employee or
contracter of the Commission, or employee of such contractor, to the extent that such employae
or contrucior of the Commission, or employee of such contractor prepares, disseminates, or
provides access te, cny information purzuent to his employment or contract with the Commission,

or his employment with such contractor.




ORNL-TM-1977

Contract No, W-ThO5-eng-26

MATHEMATICS DIVISION

EXACT EXPRESSTONS FOR THE COVARIANCES
BETWEEN PRODUCTS OF RANDOM VARIABLES

John W. Wilklinson

SEPTEMBER 1967

OAK RIDGE NATIONAL LABORATORY
Oak Ridge, Tennessee
operated by
UNION CARBIDE CORPORATION
for the
U, S. ATOMIC ENERGY COMMISSION

MARTIN ENERGY RESEARCH LIBRARIES

AT

3 4456 0513456 5

f
i







111

CONTENTS

Page

Abstr&ct ..0.0'0.‘..'.00...‘.0'...'00009.0.‘.000l'.ﬂ’ﬁﬂ.t....ll’o‘.‘..‘l
Introduc.tion 0.'l..l.hocnl...ﬁ.‘BOOD.GOCOJ'.'..O..'.'C..l....'..'.....l
The Case Where the Variables That Form the Products are Independent .. 2

The Cage Where the Variables That Form the Products Need Not Be
Independent Q00 808P OV ORELOOORNORREOGORISDIDN L A0 ETDIOO PO EBES SO NS00 00 5

References uOoqoaaotoooboaoooocoucoo.nnncnoo--olvo.cooo-.oo.o..noo.o-olz






1

EXACT EXPRESSIONS FOR THE COVARIANCES
BETWEEN PRODUCTS OF RANDOM VARTARLES

John W. Wilkinson

ABSTRACT

In evaluating the variances of sums of products of ran-
dom variables one needs the variances of products and the
covariances between products of random variables. In this
report, exact formulae are developed for these variances and
covariances for products of k random variables. These expres-
sions are compared with the usual approximate formulae.

1. Introduction

One often encounters sums of products of random variables in which
the evaluation of the variances of such sums is of interest. In the expres-
sions for the variances there are two types of terms; (1) variances of
products, and (ii) covariances between products.

Discussion of (i) is handled in detail by Goodman in [1} and [2].
Using procedures and notation similar to his, we will devote attention to
(ii). 1In a sense, (i) is & special case of (ii).

In Section 2 is discussed the case where the rendom variables that
form the products are independent. For this case the exact formulae for
the covariances are immedistely usable since they involve only variances
and covariances of the original random variables. However, for the case
where the random variables forming the products need not be independent
(discussed in Section 3) the exsct covariance expressions are, in our
opinion, (because of the involvement of higher order moments) of little
practical use, except for gaining some appreciation of the charscter of

the errors involved in using the approximate formulae.
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2, The Case Where the Variables That Form
The Products Are Independent.

Let (x le) and x ) be two sets of two independent random

127 *22
11 is iundependent of X505 1

required concerning any independences among other combinations. In keeping

11’

variables. That is, x = 1,2. Nothing is

with the notation introduced by Goodman, [1], [2], let us make the following

definitions:
E(xji) = in’
G(x,.) = V(x )/x2
Ji B SN b i
(2.1)
Axgp =Xy - Kypo
axji = iji/XJi,
cov(x, ., X,.)
- - 1i 21
D(xy5s %py) = E(0xy;)(0xy,) = —5—=% ;

1i 21

where E denotes expectation and V denotes variance.
(For simplicity we shall assume that all expectations differ from zero.)

Since

(x4 %p = Xq4%py) = Xy %5, [(Bx  + 1)(0x5; + 1) - 1]

(2.2)

=X, 21[6x + 5X2i + 6xli6x21], i= 1,2,

it follows that
cov (X, Xp 5% p%p5) = Bx X5 = Xy Koy My %50 = X X5)

(2.3)

= X11X21X12X22 E(Sxll + Sxal + lel 21)(5x

+ 6x22 + 6xl2 22)
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Because of the independence of X14 and Xpy this simplifies to

cov () %, 15% %0 ) = Xy Ko X oK {0555

+ Dy %) + D(xll’x12) D(%,q5 %03

= X Xp5 cov(xgy, %y, ) + X21X22 cov(xyy,%y5) e

+ cov(xll’X12>cov(x21’x22)‘

The usual approximate formula for this situation is
(2.5)

cov(xy %, %) 5%50) = Xy 3Ky covlng,xy,)
+ X1 %00 cov(xll,xle).

The expressions for the variance of the product of two independent
vandom variables can be obtained directly from (2.4) and (2.5) by dropping

the second subscripts. Doing this yields

V(xx,) = x2l Vix,) + xg V(x,) + V(x WV(x,), and (2.6)
V(x x,) = x'i V(x,) + xg V(x,)e (2.7)

For the case concerning the product of k random variables we have

. k _
(Jﬁl x5 - Jil X, = 8 Xy, J~1(5x + 1) <11, 1 =1,2, (2.8)

from which it follows that



cov( ¥ x %

s g xp) = (G XEp)LE Plex) (2.9)

+ 5 D(xJ 1o

<4, 3,273, %1,2?

32

+ Y D(xJ 1% )D(x )D(x
Jl<32<33

% X )
S S N R T E

T e e e

+ D(Xll’XlQ )D(xal)xeg)' o 'D(xkl)xk2)])

where Z denotes summation over all values of j. < j,***< ]
SSIIPPEY roe 5
91792 8
ranging over 1,25...,k-

Specifically for k = 3, (2.9) reduces to

eov(X )1 X1 a1 9 %) pXpp¥gn) = Ky Koy KagX) Ko X on D 1,%,5) (2.10)

+ D(x21, 22) + D(x3l,x32) + D(xll,x ) D(x X505 22)
+ D(xll,xlz)D(x3l,x32) + D(le,x22)D(x31,x32)

+ D(Xll’xla)D(x D(x

212 %00 31’x32)]'

The usual approximate formulae for (2.9) and (2.10) are, respectively,

COV(ng X497 351 x32 Jl 32][ § D(le,xjg)], and (2.11)
cov (%)) X1 Ky 9 %) Xpokan ) F KXo Xon Xy Ko X [D(xy4,%,5) (2.12)
+ D(xel,x32) + D(x3l,x32)]0
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By dropping the second subseripts in (2.9) - (2.12) we obtain the
expressions (exact and approximate, respectively) for the variance of the
preduct of k independent random variables. These are, in corresponding

order,

v( 2 & %) = (jnl J)[ 2y Olxy) + 1232 Glx 1 )6(x55) (2.13)

+ z G(le)G(XJZ)G(XJB)
313 J3

+uaoo

+ G(xl)G(xg)a,.G(xk)],

Vixyxoxs) = X5 X5 X2 [6(x)) + G(xy) + G(x,) (2.14)
+ G(xl)G(xg) + G(xl)G(x3) + G(xg)G(x3)

+ 6y )6(x,)6(x3)1,
~ r K 2 ; o)
V(8 x) = (& SE o)), ama (2.15)

V(x.xx. ) = X° xg_ X2{G(x )+ 0(xy) + 6(xg)], (2.16)

*1¥0%3

3. The Case Where the Variables That Form
The Products Need Not Be Independent

Since ( )
. ' X X
- 1i72i
X g¥py - Blxyy%p,) = X X, [(Bxg; + D)(exy + 1) - XX

(3.1)

= X Xpgl0xyy + By + 8%y 8%, - D(xy,5%5,)],



then

= E[x - B(x - E(x12x22)] (3.2)

cov(x) 1 %% p¥po ) 11%21 11%01 102 2%00

= Xy X5 X oXpp ElBxyy + Bxyy + Bx),0%,,

- D(xll’x21)1[6x12 + 8x,, + BX 5%, - D(xlz,xza)]
= X X0 Xy %o [0y 15 %05 ) + D(xgq5%,5)

+ D(x

017%10 ) + D(x

) + (%, 117%107%5p)

17 %22
+ Dy g,%p15%1) + D(xp1,%955%p5)

+ D(x ) + D(x

112 %017 %02 11’x21’x12’x22)

- D(x D(x

117 %21 129%pp)1s

where
D(zl,zz,,..,zk) = E[(le)(ﬁzg)...(ﬁzk)l. (3.3)
The usual approximate formula is
cov(xy) %15 Xyp¥pn) = XX Xy Ko [D0x) 15%05) + Dlxyy,%55) (3.4)

+ D(xel’x12) + D(xal,ng)],

The exact and approximate expressions for the variance of a product of
two random variables can be cbtained directly from (3.2) and (3.4), respec-

tively, by dropping the second subscripts. Hence



.
V(x, x,) = xi Xg [6(x;) + Glxy) + 2D(x,%,) + 2D(x),%,,%,) (3.5)
+ 2D(xl,x29x2) + D(xl,xl,xe,xe)
- {D(xy,%,)}%1, and

V(x,x,) = x‘i xg [6(x)) + lx,) + 2D(xy,%,)] . (3.6)

For the case concerning the product of k random variables we have

J“i gl
i=1,2,
% . Z bx,., + X Bx, .8x,
= Atk Ji 31<0p Jidet
+ z %, .Ox, .Ox +ous
By S P S P |
SRS RS
+ Bxy %, Bxk D(xli,xzi,ona,xki)],

Although Goodwan in [2] has introduced & notation which permits a more
compact presentation we have chosen not to use it because of the complexity
of its introduction. Hence, we will proceed to obtain the covariance
expression in terms of notation already established.

From the definition of covariance and (3.7) it follows that

cov( X0 8 %) = E XX E[ng Bx 4 5 Bx ) Bx,

+ = Ox ., Bx Ox | +owot Ox..8% _...8x -
31<32<j3 Jy jgl 331 11721 k1l



k .
- D<xll’x21’°"’xkl)][j§l ijg + X ij > 8xJ >
jl<32 1 2

+ z dx ox &x Foeot O, DX noeeD
31505545 12 a2 g 12 o k2

= D(Xlz,}{22, L) n,xk2)]

3§1 lexj2)[jzl{zzl D(x495%,5)

+ (P(le’xj 0% 2) + D(x

1< 3 1’x321’x322>

1

5o % 2) + D(x

+ (ﬁ(le,xj or¥ 3 jll’xjal’xj3l’xj2i>

3y 32 3 Iz

+oeot D(le,xle,xza,.,,,xkE) + D(xll,x21,°..,xkl,x32)}

+ = { =z D(x 2K, ~3X, 53X, )
ISR ISR 1 171,1773,27 32 (3.8)
+ (p(x x x x X, )
Y’ 1’ 272 27 2
3y 32 ; 1, V71,1779,27 3527 3y
+ D(x )Xy l’xj3l’xil2’x1222> +°'"D(Xill’xigl’xlE’XEB’"'xk2)

+ D(xll’XEl"°"xkl’xil2’x122)} Faooe

+ D(xll’x21"°°’xkl’x12’x22’""’xkz)

- D(x JVE SUYRRRPL ){J EJ D(lel’xjal)
1v2
+ X D(x l,xjal,xj3l)+...+ D(Xll’x2l"°°’xkl)}

31595593 d1
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-D(x L D(x 2,)+ . Dp(x

113X217'°‘9xk1){ . 2,X. .
S A A A

PR sX, o)
2 j22 332

Foooot D(xlE’XQE"°°’xk2)}+ D(xll’xal"°°’Xkl>D(x12’X22’°°°’xk2)]

The approximate formuls is a delight to look at after the above exact

formula., It is
covl B %y, &) x0) % () XX ) 5 Dlxyyoxy,)) (3.9)

The corresponding expresgions for the variances, obtained by dropping the

second subscripts are, respectively,

X, ) (3.10)

v(ail x,) = ( ¥ x?)[jg o(x,) +2 I Dx 5

j:l = . j
3,59, 1

k
+2r{ = b(x,x ) + ) D(x ) +...

& 2 X 2K, X, HX

+ D(xj,xl,xe,,o.,xk)}

1
+2 £ {2 = dx. ,x, ,x,,x, )+ b D(x., ,X. ,X, ,X.

2 1,771.775,773 ;< 177173775,

ii<ig Jl<j2 1 2 1 2 jl<32 33 1 2 1 2

)

3
3

ook D(xil’xia’xl’XE"°“’xk)}

Foooot D(xl’X2’°'°’xk’xl’X2"°°’Xk)

- 2D(x, ,%.,.00,% )0 I D(x, ,x, )+ )X D(x, ,x, ,x, )
1’72 k', . 3= . 37737
31535 1 e Jl<32<33 1 Y2 ¥3
+9°°+ D(xl’X2,.’°,Xk)}

+ {D(xl,xg,.q.,xk)}el, and
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= ( 2y k
x,) \ng X2 O(x,) + 2J ij D(x
1 -2

»x, ). (3.11)
3,74,
One will note that in (3.10), all the terms with more than two entries
for the arguments of the D's involve higher order moments of both sets of

varisbles.

For example

D(xl,xz,xl,xe,x3) = E(le)g(ﬁxa)gﬁ(x3)
2 2
) E(xl - Xl) (x2 - Xe) (x3 - x3)

)
X2 xg X,

It is for this reason that we made the earlier comment that the use of the
exact formulae for variance and covariance of products is impractical when
the variables forming the products are dependent.

To help to appreciate the form of (3.8), (3.9), (3.10) and (3.11) the
rewriting of these expressions for k = 3 may help. The corresponding

formulae become, respectively,

3
eov(xllx21x3l,x12x22x32) = (X11X21X31X12X22X32)[ng{zéiD(le,xza) (3.12)

+ = (D(x »X, ~y) + D(x X X,.5)
3,3, 22%3,2 3175327752

X
%5,

+ D(le,xla,xee,x32) + D(xll,x21,x3l,x32)}

+ = { = D(xi 17%4

27%3 o)
j.<
il<i2 3y 32 1 2

X
o1y

+ D(xi

1 1

l,xial,xlz,x22,X32) + D(xll, 2 3l’xi12’X122)} +
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D
(Xll’xal’XBl’x12’x22’x32)

- D(xll’XEl’x3l){D(x12’x22) + D(xla,x32) + D(xgg,x32)

D(x

+

12,X22,X32)}

B

-+

D(xll’ XEl, x3l )}

<4

D(Xll) xgl}x3l) D(x:lz}xge)x32)])

cov(x X X X X

V(x X2 XS X§[G(xl) + G(xz) + G(x3) + BD(xl,xa)

1%0%37 = 44

3
+ 2D(xl,x3) + 2D(x2,x3) +2.% z D(x

sX, 9%, )
1 jl<32 J J1 32

J

s X )

x,)+ I D(x, ,x. ,x
3150, I3 Jl, 2" dp

+ 4 jgl D(xj,xl,xe, 3

2 & D(x
3359,

4

jl’sz’xl’XZ’x3)

+

D(xlyxl,xgpxgyx3yx3)

§

2D(xl,x2,x3){D(xl,x2) + D(xl,x3) + D(xa,x3)

+

D(xy,%55 %)} + [D(xy,%,,%)1%1,

Vixpxpn) = (XXX, )E[G(xl} +6(x,) + G(x,)

+ 2D(xlyx2) + 2D(xl,x3) + 2D(x2,x3)].

D%y Xppr %3 MD(x 3,0 ) + D(xp95%50 ) + D(xyy,%

3
11x21X31’X12X22X32) F (X, 21¥51%10 22X32)[j,§=1D(le,x£2)}, (3.13)

(3.14)

(3.15)



>
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