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TIE VARZ4TION OF S3OCK OVEHPRESSUm W I T H  DISTANCE Tfl 

AN EXPLOSIVELY DRIVEN SHOCK .- PIBE 

Law r e  n e e D re s ne r 

T h i s  i s  the  t h i r d  in a s e r i e s  of papers dea l ing  wi th  the  propagation 

of shock waves i n  a tube.  

with shock waves produced by detonat;ing small amounts of h i g h  explos ive  

i n  t h e  tube .  Orie of t h e  aims o f  t h i s  previous work was t o  s tudy the 

a t i e n u a t i o n  o f  shock waves by b a f f l e s ,  such as o r i f i c e  p l a t e s ,  placed 

i n  the  tiiben. 

The €i.rs.’L two papers ( r e f s .  1 and 2 )  d e a l t  

The to’cal. erxrgy (and thus  t h e  dura t ion)  of t h e  shock waves produced 

by high explosives  i s  l imi t ed  by t h e  l a r g e s t  yi.eld t h a t  can be s a f e l y  

used. I n  t h e  experiments repor ted  i n  r e f s .  1 and 2, t h e  l a r g e s t  y i e l d  

used .ti? t h e  &- in .  sh.ock tube  a t  OFUVL was about 5 grams of TNT. 

The f k x i b i l i t y  o f  the shock tube  i s  increased if  the  t o t a l  energy 

of t he  shock wave can be va r i ed  over a wide ra.nge, e s p e c i a l l y  i f  i.t can 

be increased  by as rmch as one t o  two orders  oi” magnitude. To do this, 

high explos ive  has  t o  be  abandoned. and o the r  methods of d r i v i n g  t‘ne 
shock tube sought.  

I n  thi.s r e y r t ,  two new methods a r e  st,udied t h e o r e t i c a l l y  and compared 

w i t 3  t h e  old method of using high explosive.  I n  p a r t i c u l a r ,  the v a r i a t i o n  

ef sFoc’IZ overpressure w i t i i  d i s t ance  down t h e  tube  i s  ca l cu la t ed  f o r  t h e  

fOl.lowing three diffe:refi.t, ways of drj.ving a shock tube :  

1. Iletonation o f  a small amount of  h igh  explosive i?? one end of 

the tube.  
2. Rapid bilrniny of smokeless powder i n  a c losed vol.ixne ( d r i v e r  

s ec t ion )  confiiied by a breskable  membrane ( G .  Coulter,  BRL, p r i v a t e  communi- 

ca t ion  t o  C. V. rJhest,er, 03JTL). When t h e  smokeless powder burns, i.t hea t s  
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t h e  a i r  causing i t s  pressure  t o  i n c r e a s e .  

i s  chosen s o  t h a t  when i t  i s  a l l  burned t h e  p re s su re  of t he  a i r  i n  t h e  

d r i v e r  s e c t i o n  i s  t h e  pressure  a t  which the membrane ruptures .  After 

rupture ,  t h e  h o t  gas i n  t h e  d r i v e r  s e c t i o n  rushes down t h e  tube d r i v i n g  

a shock wzve bePore i t .  

The amount of smokeless powder 

3 .  Detonat ion of  an  explos ive  gas mixture confined by a breakable  

membrane .) 

F a r  enough down t h e  tube t h e  t h r e e  v a r i a t i o n s  o f  shock overpressure  

wi th  d i s t a n c e  become i n d i s t i n g u i s h a b l e  i f  t h e  t o t a l  energy i s  t h e  same 

i n  a l l  t h r e e  methods. However, near t he  d r i v e r  end of  t h e  tube,  t he  

t h r e e  a r e  d i f f e r e n t .  The shock overpressures  produced i n  methods 2 and 

3 above vary  in r a t h e r  unusual  ways wi th  d i s t a n c e  down t h e  tube  {see  

F igs .  2 and 3 ) -  

be due t o  t h e  propagat ion of r a r e f a c t i o n  waves through t h e  gas behind 

t h e  shock f r o n t .  

Thfs unusuaL behavior  i s  analyzed i n  d e t a i l  and shown t o  

Sec t ion  2 gives  the r e s u l t s  i n  the  form of p l o t s  of peak overpressure 

vs  - d i s t a n c e  down t h c  tube.  

method of c h a r a c t e r i s t i c s  of method 2 of d r i v i n g  a shock tube .  Sec t ion  4 
conta ins  a s imilar  d i scuss ion  of method 3 .  Since t h e  information der ived  

i n  these  a n a l y t i c  d i scuss ions  i s  incomplete, numerical  ca l cu la t ions  were 

undertaken t o  round out our understanding of the  f low processes  i n  these  

two methods. These numerical  c a l ~ c u l a t i o n s  are d iscussed  i n  d e t a i l  i n  

Sec t ion  5. 

Sect ion  3 conta ins  a d i scuss ion  based on t h e  

The shock overpressure  produced by de tona t ion  of  3 s m a l l  amount of  

h i @  exnlns ive  i n  a tube has  a l r eady  been d iscussed  i n  o t h e r  r epnr t s  

of t h e  a u t h o r ' s .  There t h e  s o l u t i o n  was given t o  t h e  fo l lowing  idea l i zed  

problem: A plane shee t  of explos ive  i s  de tona ted  a t  t i m e  t; = 0 i n  the  

plane X = 0 i n  a n  i n f i n i t e ,  homogeneous atmosphere (pressure  = poll 

d e n s i t y  = p o l j  i n s t an taneous ly  d e p o s i t i n g  the re  an  energy 2E pe r  u n i t  a r ea .  

What i s  t h c  shock overpressure Ap when t h e  shock f r o n t s  have reached t h e  

planes - t X ?  

i s  p l o t t e d  aeainst poX/E. 

method of' von Nelmarln and Richtmyer The high-  and low-overpressure 

asymptotes are 

l, 2 

T'ne answer to t h i s  problem i s  shown i n  F ig .  I, where Ap/po 

The curve was ca lcu la t ed  numerical ly  by t h e  
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r e s p e c t i v e l y  for a p e r f e c t  gas wi th  a r a t i o  7 of s p e c i f i c  h e a t s  equal 

t o  1.4. 
In the wtml  explosion of a small amount; of high explos ive  i n  t h e  

I n  t h e  f irst  p l ace ,  end of a ‘cube, s e v e r a l  a d d i t i o n a l  phenomena u c c w .  

not  a l l  of t he  energy of t h e  exlplosive f i n d s  i t s  way i n t o  air b l a s t .  

Some of it i s  t r a n s f e r r e d  t o  the p ipe  w a l l  as hea t  by t h e  ho t  bubble 

of gas c rea t ed  by t h e  explosion. 

assume t h e  form of a p lane  b l a s t  wave until it  has progressed a short  
d i s t a n c e  down t h e  tube.  Thi rd ly ,  f r i c t i o n  wi th  the  pipe walls causes 

some a t t e n u a t i o n  i n  the shock overpressure .  

phenomena are d e a l t  with i n  references 1 and 2. For d i s t a n c e s  not  

Secondly, t h e  a i r  b l a s t  does not  

The first and t h i r d  

g r e a t e r  than about 50 diameters i n  o rd ina ry  i r o n  pipe, Fig. 1 (wi th  

a yield corrected for hea t  loss  t o  the  wall) g ives  t h e  variation of 

shock overpressure  with d i s t ance  down. t h e  tube correctly.  
We sha l l  assume i n  method (2)  t h a t  t h e  gas i n  t h e  d r i v e r  s e c t i o n  

i s  heated uniformly. If an amount of hea t  q i s  r e l eased  per gram of 
gas i n  t h e  d r i v e r  s ec t ion ,  the  p re s su re  of the gas a t  t h e  i n s t a n t  of 
membrane rupture i s  greater than its o r i g i n a l  p r e s s u r e  po by a n  amount 

p* given by 

% 
1-=9* 12) 

We s h a l l  assume heneufar th  t h a t  p, >> 
If we fix y -:I 1.4 once and for all, the e n t i r e  problem may be spec i -  

f i e d  by the  p h y s i c a l  v a r i a b l e s  p.+, p,, p o t  and E, t h e  l eng th  of t he  d r i v e r  

s ec t ion .  S ince  px- >> po? we may drop po from t h e  l i s t .  Dimensional 
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ana1ysi.s then  i n d i c a t e s  that the  v a r i a t i o n  of shock ove -pressure with 

d i s t ancz  X down the  iube xust have the form 

where f i.s a n  as y e t  undetermined func t ion .  

Wher, X >> L, Ea_. (3) should go ovei- i n t o  Eq. ( l a ) .  Since E - poqL, 

th i s  means t h a t  

f ($) -=yp (x  >> L, y = 1.4) . (4) 

When %he rnernbrme f i r s t  rup tu res ,  the s i t u a t i o n  i s  t h e  same as 

t h a t  i n  a convent ional  gas-dr iven shock tube.  A shock f r o n t  and a 

contac t  sur face  propagate  forward i n  t h o  tube whj.le a r a r e f a c t i o n  

propagates  backwards. The shock overpi-esswe remains cons tan t  a t  

l e a s t  u n t i l  t h i s  r a r e f a c t i o n  r e f l e c t s  of f  t h e  end of .tile tube  and 

catches up wi th  t h e  shock f r o n t .  I n  the next  seckion i t  i s  shown 

t h a t  t he  r a r e f a c t i o n  ca.t,ches up wi th  t h e  shock f r o n t  when X / L  = 3.817; 
f o r  smaller  va lues  of X, ap/p, may be ca l cu la t ed  wi th  t h e  Taub equation, 

according t o  which 

4 

f ($) = 0.4609 (1 5 x < 3.817, y = 1 . 4 )  (5) 

Equations (4) and (51, which g ive  the  behavior of f ( X / L )  f o r  l a r g e  

and small X/L, r e spec t ive ly ,  a r e  p l o t t e d  i n  F ig .  2 as t h i n  l i n e s .  

P l o t t e d  as a t h i c k  l i n e  i s  a curve ca l cu la t ed  numerical ly  by t h e  method 

of von Neumann and K i ~ h t m y e r . ~  

t o  the  va lue  given hy E q .  ( 5 )  f o r  X/L I 3:p9 [ t h e  value of X/L a t  
which E q s .  (4) and (5) in te rsec t ; ]  arfivery c lose  t o  the  va lue  given by 

Eq.  ( h )  f o r  X/L 2 3 .'729e 

It zppears that; f ( X / L )  i s  very c lose  

In method (3>, the  gas i n  -the d r i v e r  s e c t i o n  i s  no t  uniforin1y 

heated.  In s t ead  a detonat,ion i s  i n i t i a t e d  a t  X = 0 and allowed to 

propagate through the exp1osiv.e gas mixture i.n t he  d r i v e r  s ec t ion .  

'When t h e  de tona t ion  f r o n t  reaches the  n-embrane, t h e  l a t t e r  rup.tuies 

and the  burned gas escapes,  drivi .ng a shock wave before  i t .  
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Fig. 2 .  The Function f(X/L) = Ap/p, vs X/L. p, i s  the i n i t i a l  over- 
p re s su re  i n  the d r i v e r  s ec t ion ,  L i s  the XGgth of  the d r i v e r  s ec t ion ,  
Ap i s  the shock cverprdssure, and X i s  the p o s i t i o n  of the shock f r o n t  
measured from the d r ive r  end of the tube. 



q and px. are def ined  an i n  c m e  ( 2 ) ,  i . c . ,  q i s  t h e  hea% released 

by chenicsb  r e a c t i o n  per gram of explosive gas mixture, and p* i s  the 
uniform r i s e  i n  p ~ ~ s s w r i ?  t he  Burned gas would exper4rnce ii5” it were con- 
fined indeflnite1.y i n  i t a  original volmr.  y i s  taken t o  be the  s m e  for 

the  bwned  gas &E for t h o  unburned explosive m i x t u m .  Ey the same 
dimensional argument as beyare i t  follows: t h a t  

vhere g is an as y e t  urdetermPned function. 
goes over i n t o  ~ q .  (la>> i . 0 .  

When x >> L, Eq. ( 6 )  also 

When X/L is small, ~iowev-er, g be~~laves very differers tby from f. ~a 

the  f i r s t  place,  u n t i l  t he  de tona t ion  f r o n t  reaches the  end of the  

explosive gas mixture, hp/px. remains cons tan t .  If the dc.t;onation is a 
detonat ion,  t h i s  constant is  2 when p#. >> R~ R B  shown 
of t h i s  report ,  Thus, 

g ($) = 2 (x < L) . 
When tho detonat ion f r o n t  reaches t h e  end of %he e w l u s i v e  gas 

rnixt-we: it changes abruptly into aD ordinary  sk-ilsck f r o n t .  %he shack 

o v e q r e s s w e  drops discont inuously to 1.56 p, at X :- k, as is also shown 
in section four. 

E q m t i o n s  ( 7 )  and (81, vhlch give t he  behavior of g(X/L) POP 

large and srrabl X, respectively, are p l o t t e d  i n  Fig. 3 as t h i n  l i n e s .  

Shawn as a t h i c k  l i n e  i s  R curve calculated n u t ~ ~ i c a l l y  by t h e  method 

of von New.ant? and Richtw-er. 
unusual Sehwior ,  wb;,ch i s  discussed f u r t h e r  i n  s e c t i o n  f i v e .  

One can see t h a t  e;(X/L) has a most 

Figure 14 shows a w8ve diagram describing t h e  flow i n  method (2) 

after t he  n:embrane ruptures;. The l i n e  9 t  i s  the t i m e  a x i s ;  t he  l i n e  



11 

Fig .  3 .  The Function g(X/L) = Ap/p, ys- X/L. p, i s  the  u n i f o m  r i s e  
i n  p ressure  the burned gas would experience i f  confined i n d e f i n i t e l y  i n  
i t s  o r i g i n a l  volume, i;p i s  t h e  overpressure a t  t h e  shack ( o r  detonat ion)  
f ron t ,  L i s  t h e  length  of t h e  driver sec t ion ,  and X is  the posi t ior l  af' the 
shock (or detonat ion)  f r o n t  measured from the d r i v e r  end of the tube.  
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Fig. 4. Wave Diagram f o r  the Case o f  Unifo-m Heating (Method 2). 



Ox i s  the  space a x i s .  

Po in t  S marks t h e  p o s i t i o n  of t h e  membrane before  i t  rup tu res .  
t h e  shock front and SP t h e  con tac t  sur face  between the  hot  gas t h a t  

was o r i g i n a l l y  behind t h e  membrane and t h e  shocked gas t h a t  was o r i -  

g i n a l l y  i n  f r o n t  of it. A r a r e f a c t i o n  wave i s  shown propagat ing  back- 

wards from s, r e f l e c t i n g  from t h e  end of t h e  t & e ,  c r o s s i n g  the  con tac t  

su r f ace  and even tua l ly  ca t ch ing  up wi th  t h e  shock f r o n t .  

The l i n e  x = 0 rep resen t s  t h e  end of t h e  tube .  

SQ i s  

The shock f r o n t ,  c o n t a c t  sur face ,  and r a r e f a c t i o n  wave sepa ra t e  

four  reg ions  of uniform flow l abe led  0, 1, 2, and 3 i n  t he  wave 

diagram. Each r eg ion  i s  descr ibed  by two thermodynamic s t a t e  v a r i a b l e s  

and a flow v e l o c i t y  u. Actual ly ,  four d i f f e r e n t  thermodynamic v a r i a b l e s  

a r e  i n  common use, namely, t h e  p re s su re  p, the  d e n s i t y  p, the speed of 

sound c ,  and the  s p e c i f i c  volume z. These four  are  coonccted by two 

r e l a t i o n s ,  v i z . ,  

p T  = 1 ,  (9b)  

so t h a t  on ly  two are  independent.  

Region 0 i s  t h e  r eg ion  of as y e t  undis turbed a i r .  I t s  p res su re  i s  

pa,  i t s  d e n s i t y  pa ,  i t s  f low v e l o c i t y  ~0 = 0. Region 3 i s  t h e  r eg ion  

of still s t a t i o n a r y  d r i v e r  a i r .  Therefore  

Region 2 is t h e  reg ion  of expanded d r i v e r  a i r .  I t s  s t a t e  i s  connected 

wi th  the  s t a t e  I n  r eg ion  3 by t h e  a d i a b a t i c  law 
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and by t h e  constancy of one of t he  Riemaxln i n v a r i a n t s  

Region 1 i s  the  reg ion  of shocked acr. I t s  s t a t e  is r e l a t e d  t o  tllc 

s t a t e  0 by the  Rankine-Hugoniot equat ions.  Since,  by hypothesis ,  p* 

>> pap we can use the  l i m i t i n g  form these  equat ions take  for s t rong  

shocks, viz., 

(128) 

(12b) 

where U i s  the  shock ve loq i ty .  

separated by a con tac t  sur face ,  

F i n a l l y ,  s i n c e  regions 1 and 2 a r e  

Using E q s .  ( io-13),  we can sol-ve for t h e  ratio pl/p*as follows: 



Here t h e  numbers i n  b racke t s  denote the  equat ion  used i n  ob ta in ing  t h e  

e q u a l i t y  w r i t t e n  on t h e  same l i n e .  The l a s t  e q u a l i t y  may be w r i t t e n  

When 7 = 1 . 4 ,  Eq.  (15) may be solved by t r i a l  and e r ror  t o  g ive  

21- = o.lc609 ( 7  = 3.4) . 
px- 

Equations (10-13) may now be used t o  f i n d  

(16) 

t h e  remaining unknowns. 
The r e s u l t s  are given i n  t h e  fo l lowing  t a b l e .  

Table 1. S t a t e  Var i ab le s  for y = 1.4 

Region i 0 1 2 3 

Using the  f i g u r e s  i n  Table 1, w e  can c a l c u l a t e  t h e  abscissa 

of t h e  p o i n t  Q at which t h e  r e f l e c t e d  r a r e f a c t i o n  f i r s t  over takes  t h e  
shock wave S&. However, i n s t e a d  of proceeding d i r e c t l y  wi th  t h a t  

calculation w e  f irst  o b t a i n  a lower l i m i t  f o r  X,. As  shown i n  i;he wave 
diagram, the  p o r t i o n  AB of the  l ead ing  c h a r a c t e r i s t i c  of t h e  r e f l e c t e d  

r a r e f a c t i o n  i s  curved and i n  f a c t  i s  concave downwards. 

subsequent ly  prove t h a t  t h i s  i s  s o . )  The p o r t i o n s  BP and PQ on the 
o t h e r  hand a r e  s t r a i g h t  l i n e s  s i n c e  they  have cons t an t  s lopes  dx/d-k 

equal  to I+ + c2 and % -t- el,  r e s p e c t i v e l y .  

through A p a r a l l e l  to BP (Line A B ' P ' )  which i n t e r s e c t s  t he  p a t n  of the  

con tac t  su r f ace  SP i n  P ' .  
t o  PQ which intersects t h e  p a t h  SQ of t h e  shock i n  '2'. 
concave downwards, the a b s c i s s a  &, of Q i s  g r e a t e r  than  t h e  a b s c i s s a  

by w r i t i n g  i n  terms of X; 

(We s h a l l  

Let us now extend a l i n e  

Through P '  we extend a l i n e  P ' Q '  pa ra l l e l  

Since AB i s  

of Q.' We can determine t h e  value of 



and Xi ( t h e  absc i s sa  of P " )  and the v e l o c i t i e s  u , ,  I. ci, and U t h e  

followiilg two requirements,  namely: 

a x i s  of SQ' i s  the EUTTI of  the  p r o j e c t i o n s  ofl t h e  t h e  a x i s  of SA, AP', 
and P'Q'; and ( 2 )  the  p r o j e c t i o n  on t h e  time a x i s  of SP' i s  t h e  sum 

of the  p r o j e c t i o n s  on the time ax i s  of SA and AP'. 

of SA, Ap t ,  P'Q', SP', and SQ' a re ,  r e spec t ive ly ,  ~3 - c 3 ,  u;! -1- cz,  

3 + c l ,  ul, and U. Thus 

(I) the  p r o j e c t i o n  on t h e  time 

The slopes dx/dt 

X i - L =  L +  XA 
-u.3 + c3 + c2 u1 

It follows from t hese  equat ions and t h e  s t a t e  v a r i a b l e s  g iven  i n  
Table 1. t h a t  

%. = 3.730 , 
L 

:= 2.415 . L 

Thus Eq. (16) must hold at l e a s t  u n t , i l  t he  shock front reaches an 
a b s c i s s a  = 3.730L. 

To show t h a t  t h i s  value i s  a c t u a l l y  a I-ower H m i t  t o  &, i . e . ,  t o  
show t h a t  X, > q, i t  i s  enough t o  show t h a t  the a r e  AB i s  concave 

downwards. 

i n v a r i a n t  a long AB we may w r i t e  
This we do as follows. Owing t o  the  constancy of a Riemann 

where u and c a r e  tht flow v e l o c i t y  and speed of sound a t  any p o i n t  N 

a long  AB. 

s e n t  t h e  BPC l eng th  along AB measured p o s i t i v e l y  from A. 

we ge t  

The second e q u a l i t y  i s  simply an i d e n t i t y .  Now let ;  s r ep re -  
Then from (19) 

3 - y  d (u - c )  . -I ( u +  e )  == -- d 
d s  y i - 1  d s  



Now dx/dt = u - c along t h e  l i n e  SN. Thus 

d 
d s  - ( u  - e )  > 0 ,  

since,  f o r  example, u - c i s  more nega t ive  a long  SA t han  SN, e t c .  

Hence, i f  y s; 3, 

- d ( u +  c )  2 0 ,  
d s  

which says t h a t  dx/dt i nc reases  a long  AB with inc reas ing  arc l eng th  s 

from A. This  means, however, t h a t  AB i s  concave downwards. 

Now l e t  us c a l c u l a t e  exac t ly  t h e  va lue  of & .  We begin by e r e c t i n g  

a perpendicular  at 5 t h a t  i n t e r s e c t s  t he  l i n e s  A ' P '  and BP i n  the  

p o i n t s  C '  and C, r e spec t ive ly .  

SC'P'  and SPQ and S ' P ' g '  are  r e s p e c t i v e l y  similar, 

Since t h e  pa i r s  of t r i a n g l e s  SCP and 

zc: - L ~ 3' = sp' SC'  
x, - L SQ SP -- SC . 

I n  o rde r  t o  c a l c u l a t e  the  r a t i o  S C ' / S C  we need t o  f i n d  t h e  equat ion 

of t h e  arc AB. The d i f f e r e n t i a l  equat ion of AB is 

- -  4cn + - - - - - ( u - c )  3 - 7  I dx - U f C  = y + l  y + l  dt 

The second e q u a l i t y  follows by use of Eq. (19). I f  ( x , t )  a r e  

t h e  coord ina tes  of N, 

s i nce  t h e  s lope  d x / d t  of S N  i s  u - e .  

of AB becomes 

Thus the  d i f f e r e n t i a l  equat ion 

dx 4c, - =  
d t  

I f  we in t roduce  the  varl3,bles 



(26) becomes 

4 
y + 1  * 

‘i 

Wher? T = I, i . e . ,  when t = L/c,, x = 0, i . e .  , 6 = -1. 

can be  solved by sepa ra t ion  of v a r i a b l e s  and y i e l d s  
Equation (28) 

We s h a l l  need the  i n t e r s e c t i o n  R of t h i s  curve wi th  the  t r a i l i n g  

c h a r a c t e r i s t i c  SI3 of the  r a r e f a c t i o n ,  i . e . ,  with t h e  l i n e  

o r  

Here w e  have used the  s t a t e  v a r i a b l e s  given i n  Table 1. 

(30’0) i n t o  (29), we f i n d  T = 1.394. 
S u b s t i t u t i n g  

Thus the  coord ina tes  of B are  

-- 0.4823 L , ( 3 1 4  xB 

= 1.394- L * 

t B  c3 

The equat ion of t h e  l i n e  Bc i s  

(x - XB) = ( %  t c 2 ) ( t  - tB) * 

It follows from (32) ,  (3l), and Table I t h a t  when x = I,, 

L t = 1.759 __ - .. sc . 
e3 

The equat ion of  t h e  l i n e  AB’C’  i s  

(33) 



It  fol lows from (34) and Table 1 t h a t  when x = L 

F i n a l l y ,  from ( 3 3 ) ,  (35), (231, and (18a), it  fo l lows  t h a t  

+ = 3.817 . 

!+. DETONATION OF AN EXPLOSIVE GAS MIXTURE 

Until .  the  de tona t ion  f r o n t  reaches t h e  end of t h e  d r i v e r  s ec t ion ,  

the  wave diagram (Fig .  5) i s  t h a t  of a Chapman-Jouguet de tona t ion  

followed by a r a r e f a c t i o n  wave.5 

Jouguet  de tona t ion  i s  sonic  r e l a t i v e  t o  t he  f r o n t ,  t h e  l ead ing  edge of 

the r a r e f a c t i o n  co inc ides  wi th  the de tona t ion  f r o n t ,  Behind t h e  

r a r e f a c t i o n  i s  a r eg ion  of s t a t i o n a r y  burned gas of uniform p res su re  

and dens i ty .  

Because the flow behind a Chapman- 

When the  de tona t ion  f r o n t  reaches t h e  end of t h e  d r ive r  s ec t ion  

( p o i n t  P) ,  condi t ions  change abrupt ly ,  combustion energy no longer  

being suppl ied  t o  the  gas .  The burned gas i n  t h e  reg ion  x 4  L now 

acts as a d r i v e r  gas, while  t he  a i r  i n  t h e  r e g i o n  x > L a c t s  as t h e  

gas being dr iven .  A shock, con tac t  sur face ,  and r a r e f a c t i o n  wave 

emanate from p o i n t  P e x a c t l y  as they  do from p o i n t  S i n  Fig.  )+. They 

a r e  shown schemat ica l ly  i n  Fig. 5. The con tac t  su r f ace  sepa ra t e s  t he  

a i r  t h a t  has passed through t h e  shock f r o n t  from t h e  burned gas t h a t  

has expanded through t h e  r a r e f a c t i o n .  Because of the presence of the 

r a r e f a c t i o n  emanating from the  o r i g i n  0, t h e  t r a j e c t o r i e s  of t h e  

shock €rant and the  con tac t  su r f ace  cannot be ca l cu la t ed  as simply as 

they  were i n  the  l as t  sec t ion .  However, i n  t h e  neighborhood of  the  p o i n t  

P, t h e  methods of t h e  l a s t  s e c t i o n  apply muta t i s  mutandis, and we s h a l l  

be a b l e  a t  l e a s t  t o  c a l c u l a t e  the  i n i t i a l  overpressuxe behind the  

shock f r o n t  at, P. 
Le+, us begin by ca lcu la tLng t h e  condi t ion  of t h e  gas a t  p o s i t i o n  

F ig .  6 shows t h e  1 just behind t h e  Chapman-Jouguet de tona t ion  f r o n t .  
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P 

Pig. 5 .  

X L -  __ -- 

I Wave Diagran for the C a s e  of an Exploding Gas M i x t u r e  (Method. 3) e 

2 

X L -  __ -- 

I Wave Diagran for the C a s e  of an Exploding Gas M i x t u r e  (Method. 3) e 
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fl.ow condi t ions  i n  2 frame of re ference  a t  r e s t  wi th  r e s p e c t  t o  t h e  

de tona t ion  f r o n t .  vo a,nd vI ,  t he  flow v e l o c i t i e s  of the  gas on the 

Lwo s ides  of t he  de tons t ion  f r o n t  i n  t h i s  frame of re ference ,  a r e  

m e a s u r e d  p o s i t i v e l y  i n  the  d i r e c t i o n  of the  arrows. Since ~ 0 ,  the  

v e l o c i t y  of the  unburned gas i n  the 1-aboratory frame of re ference ,  

i s  zero, 

u = v o ,  ( 3 7 4  

where U i s  the  v e l o c i t y  of the de tona t ion  f r o n t ,  and u1 i s  the  flow 
v e l o c i t y  of t he  burned gas i n  the  l abora to ry  frame of re ference ,  and 

both a r e  measured p o s i t i v e l y  t o  the  r i g h t .  

If we now l e t  m be the mass flux dens i ty  ( g  ~ m ~ ~ s e c - ~ )  of gas 

through the  f r o n t ,  we s e e  t h a t  

povo = p l v l  = t i l  . (384  

Now we consider  the  change i n  momentum of the s l u g  of f l u i d  pas s ing  

through the  dekonation f r o n t  i n  one second. It i s  given by 

The change i n  energy of t h e  same s l u g  of f l u i d  i s  given by 

1 2 m< t mel - 1 2 mvg - meO == povo - plvl , (384  

where e i s  the i n t e r n a l  energy of t he  gas i n  reg ion  i p e r  u n i t  mass 

plus tine energy q t h a t  could be r e l eased  p e r  u n i t  iiiass by chemical 

r cac t ion .  Thus qi i s  t he  p o t e n t i a l  energy of chemical r e a c t i o n  pe r  

u n i t  mass ol" gas i n  reg ion  i. By hypothesis  

i 

y_I -- i 



Equation (38e) de f ines  p*. Thus 

- .  
7 - 1  

el = 

If we e l imina te  vo,  v l ,  and m from Eqs .  (38) and use Eqs. (39), 
we can express  i n  terms of pl as follows: 

Po f p2P1 +(1 - P2)  P* L =  
TO 13.1 + WdPo 

According t o  t h e  Chapman-Jouguet hy-pothesi,., the  cond i t ion  

holds  f o r  an a c t u a l  de tona t ion .  

and e l imina te  T~ between (40) and (41), we g e t  
If we c a l c u l a t e  d.c,/dp, from (40) 

P* + (1 + W”> Po 
(424 Ap = p* + *p ap i- (1 + 11”)  Po ? 

I n  the  l i m i t i n g  case i n  which p* 77 po, (42a) s impl i f i ed  to 

p1 := Ap = 2p* (P* >> Po) - 
From (40) it then  fo l lows  t h a t  

If we now s u b s t i t u t e  povo for m i n  (38b) and use (37a,b), we 

f i n d  

p 0 u q  = A P ’  

Using (37b) and (38a), we can write 

(42c) 

(44a) 

(44b 1 % = m ( T ~  - T ~ )  . 



2 4. 

Using (44b) t o  eli-mtnate m i n  (38b) and using (43),  y e  g e t  

1 - u2 
poLf  = AP . 

From (44c)  and (41ca), i t  fol lows t h a t  

!k,l-1La. 
U 2 

From (45%), (4hc) ,  (42c) ,  ('c3), and (ga) ,  i t  follows t h a t  

1 + pa c l =  
IJ 2 

Thus 

as requi red  by a theorem of Jougue t ' s .  F i n a l l y ,  using (&a), (45a), 
and (aa), we g e t  

The s t a t e  v a r i a b l e s  p, T, c ,  and u a t  any p o i n t  i n  the  r a r e -  

f a c t i o n  wave behind the  de tona t ion  f r o n t  can be determined from the  

r e l a t f o n a  

u - 1 - c  = - X 
t y  

e slope ( 

(462) 

Equation (468) gtves  two equivaleii t  expressions fo r  t c/d t 
of  t h e  s t r a i g h t - l i n e  c h a r a c t e r i s t i c s  of t h e  r a r e f a c t i o n  wave emanating 

from 0, Eq.  (46b) expresses  the  constancy of a Riemann i n v a r i a n t  a long  

t h e  cross c h a r a c t e r i s t i c s ,  and E q s .  (46c)  a r e  two equiva len t  t o m s  of 
t h e  a d i a b a t i c  lawo 
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Using Eqs .  (46a), (46b), (45a), and ()+5b), we f i n d  

. 

Using (47b) and ( 4 6 ~ ) ~  we can f i n d  p and 2 .  

X = U t  i s  t he  diEtance t r a v e l e d  by the  de tona t ion  f r o n t  i n  time 

t. From Eqs.  (4'1) it  i s  c l e a r  t h a t  t he  pressure ,  dens i ty ,  and ve lo-  

c i t y  p r o f i l e s  behind t h e  de tona t ion  f r o n t  depend only  on the  r a t i o  

x/X. 

a.re cons t an t  and have t h e  va lue  they  have f o r  x/X = 3-12. 

determines t h e  s t a t e  v a r i a b l e s  i n  reg ion  2 i n  Fig. 5. The pressure ,  

dens i ty ,  sonic  ve loc i ty ,  and flow v e l o c i t y  p r o f i l e s  behind t h e  detona- 

t i o n  f r o n t  a r e  p l o t t e d  i n  Fig.  7 for y = 1.4. 
which a r e  used as t h e  i n i t i a l  condi t ions  i n  the numerical c a l c u l a t i o n s  

mentioned i n  connect ion wi th  F ig .  3. 

When x/X = 1/2, u = 0. For x/X < 1/2, a11 t h e  s t a t e  v a r i a b l e s  

This then 

I t  i s  these  p r o f i l e s  

By a r e p e t i t i o n  of t h e  argument l e a d i n g  to Eq. (15) we can c a l -  

c u l a t e  t h e  p re s su re  j u s t  behind the  shock f r o n t  i n  t h e  immediate v i c i n i t y  

of I?. However, now t h e  d r i v e r  gas has t h e  s t a t e  v a r i a b l e s  P ~ , T ~ ,  ~1 
given by Eys. (42c), (43) ,  (45a), and (45d).  The equat ion  analogous t o  

Eq. (15) i s  now 

which has the  s o l u t i o n  

f o r  y = 1.4. T h i s  means t h a t  when t h e  de tona t ion  f r o n t  reaches t h e  end 

of  t h e  d r i v e r  s e c t i o n  and i s  replaced ab rup t ly  by a shock the shock over- 
p re s su re  jumps d iscont inuous ly  from 2p, t o  1.556 p*. 
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5. DISCUSSION 

I n  sp ike  of the complexity of the  c a l c u l a t i o n s  c a r r i e d  out  i n  

s e c t i o n s  3 and 4, they  y i e l d  only t he  c rudes t  information about t he  

flow processes  occurr ing  i n  t h e  tube.  Much more information can be 

obtained from t h e  numerical  c a l c u l a t i o n s ,  e s p e c i a l l y  i f  we examine t h e  

pressure ,  dens i ty ,  and v e l o c i t y  d i s t r i b u t i o n s  behind the shock f r o n t .  

Shown i n  Fig.  8 a r e  seven s e t s  of pressure ,  dens i ty ,  and v e l o c i t y  

d i s t r i b u t i o n s  corresponding t o  t h e  seven l e t t e r e d  p o i n t s  i n  Fig. 2. 

I n  t hese  f i g u r e s ,  t he  a b s c i s s a  .y = X/7.5L. 
corresponds t o  X = L, an a b s c i s s a  of 0.3333 corresponds t o  X = 2.500~,, 

and an absc i s sa  of 0.50@ corresponds t o  X = 3.8177~. p*/& was taken 

t o  be 1000 i n  t h e s e  c a l c u l a t i o n s .  

i s  p/2ypo = 0.35711-1 (p /pc) ,  t h a t  l abe led  "densi ty"  i s , ? O  (p /po) ,  

and t h a t  l abe led  "ve loc i ty"  i s  20 (u/cc ) . 

Thus an a b s c i s s a  of 0.1333 

The o r d i n a t e  l abe led  "pressure"  

F igure  8a shows the  s i t u a t i o n  s h o r t l y  a f t e r  the  rup tu re  of t h e  

membrane. The shock f r o n t  has an  a b s c i s s a  y of approximately 0.160. 

( I n  the  method of Richtmyer and von N e ~ r n a n n , ~  shocks, which a r e  abrupt  

d i s c o n t i n u i t i e s ,  a r e  rep laced  by rap id  but  continuous changes. ) The 

con tac t  d i s c o n t i n u i t y  i s  loca t ed  a t  about y = 0.155. The r a r e f a c t i o n  

begins a t  about y I- 0.130. The reg ion  of  flow between the  shock and t h e  

beginning of t h e  r a r e f a c t i o n  has a uniform p res su re  and flow ve loc i ty ,  

as i t  should.  The d e n s i t y  d i s t r i b u t i o n  should c o n s i s t  of two uniform 

regions separa ted  by t h e  d i s c o n t i n u i t y  a t  t h e  con tac t  sur face .  

reg ions  a r e  somewhat d i s t o r t e d  i n  Fig.  8a because only a small number 

of mesh p o i n t s  were r tvai lable  a t  t h i s  e a r l y  s t age  of t h e  c a l c u l a t i o n  t o  

r ep resen t  them. They are b e t t e r  developed and more accu ra t e ly  rendered 

i n  Fig.  a b , >  

driver reg ion .  

(These 

Behind the  r a r e f a c t i o n  i s  t h e  remaining p o r t i o n  of  t he  

According t o  t h e  d a t a  i n  Table I, the  press -we j u s t  behind the  

shock should be 0.4607 p+.  
0.35714 x 0.4603 x lorn :- 165, which i s  very  close t o  t h e  va lue  shown 

i s  F i g s .  3a and 8b .  (The f l u c t u a t i o n s  i n  Fig. 8b are spurious and 

Thus, t h e  p re s su re  o r d i n a t e  should be 
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r e s u l t  from t h e  f i n i t e - d i f f e r e n c e  scheme.) 

RJgoniot equat ions,  a shock with p l /po  = 460.9 should have p l / P o  = 5.925, 
which i s  about 1% l e s s  than  the  va lue  shown i.n Table 1. Il'his corresponds 

t o  an  o r d i n a t e  of about 296 f o r  t h e  dens i ty ,  which i s  c l o s e  t o  the 

va lue  shown i n  Fig.  8b. Behind the contac t  d i scon t inu i ty ,  t h e  dens i ty  
o rd ina te  should be 0.5751 x 50 = 28.76 according t o  Table I; and t h i s  

too i s  i n  good agrcenent  wtfih the  va lue  shown i n  Fig.  8b. 

t h e  o r d i n a t e  of flow v e l o c i t y  behind t h e  shock f r o n t  should be 331 [?i,/c, = 

16.56, from E g s .  (1 .2~)  and (9a)], which i s  again c lose  t o  the  va lue  i n  
F igs .  8a and 8b. 

In Fig.  8b, the ra , refact ion has jus t  reached t h e  c losed  end o f  the 

According t o  t h e  Rankine- 

F ina l ly ,  

tube. Although region 3 i n  Fig.  14 has now disappeared,  t h e  o t h e r  regions 

a re  s t i 1 . l  unaf fec ted .  I n  F ig .  8c, t h e  r a r e f a c t i o n  has  been r e f l e c t e d  

of f  'ihe end of the  tube and i s  now advancing i n t o  reg ion  2 .  A t  t h i s  

point ,  X/L i s  about 2.34, so  t h a t  condi t ions  at t h e  shock cannot as 
y e t  have been a f f e c t e d .  I n  Fig. 8d, X/L = 5-19, and t h e  r a r e f a c t i o n  

s t i l l  has not caught up w i t h  t h e  shock f r o n t .  The contac t  sur face  is 

s t i l l  p l a i n l y  d i s c e r n i b l e .  

I n  F i g .  8e,  X/L = 4.08, and we are now on t h e  branch (4)  of t h e  

overpressure curve. The p o r t i o a s  of the  pressure, dens i ty ,  and flow 

v e l o c i t y  p r o f i l e s  jus t  behind the  shock f r o n t  are beginning t o  resemble 

those behind t h e  shocks o r i g i n a t i n g  from a plane explosion when those 

shocks a r e  s t rong  ( 'Taylor 's  s i rni l -ar i ty  s o l u t i o n ;  see Fig.  9).  
resemblance inc reases  through F igs .  8f anti 8g. For exsmple, i n  F ig .  8g, 
st y = 0.69, the  pressure,  dens i ty ,  and flow v e l o c i t y  are 68%, 5576, 
and 84$ of the57 r e s p e c t i v e  va lues  a t  t h e  shock f r o n t .  The corresponding 

percentages from ~ < g .  9 a r e  69$, 52$, and 86%, r e spec t ive ly .  

This 

It appea.rs from these  r e su l t s  t h a t  i n  the  i n t e r v a l  l -s X/L 5 3.8U 

the  pressure ,  dens i ty ,  and v e l o c f t y  p r o f i l e s  j u s t  behind t h e  shock f r o n t  

are a d j u s t i n g  t h e i r  shapes g radua l ly  t o  conform w i t h  t h e  shape requi red  

by the  s imi l a r i . t y  s o l u t i o n  and t h a t  while t h i s  adjustment i s  going on, 

t h e  shock overpressure  i s  unaffected.  

Figure 10 shows t e n  sets of pressure,  dens i ty ,  and v e l o c i t y  d i s t r i -  

bu t ions  corresponding t o  the  ten  _ l e t t e r e d  - po in t s  i n  F ig .  3. The 

ahscj-ssa i n  t h i s  f i g u r e  i s  y = X/$L. 

s c a l e s  a r e  now p / p 0  = 0.71428 (p /po ) ,  50 (p /po) ,  and 20 (u /co) .  

, ,  . >  

p,/po i s  now 500, and the  o rd ina te  
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Pig. 8%. The Prof i les  of Fl-01~ Velocity, Pressw*e, and Density 
Corresponding to the Lettered Points i n  Pig. 2. 



3 I. 
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Fig. 8d. The P r o f i l e s  OS Flov Veloci ty ,  Pressure, and Density 
Corresponding to  the Let t e red  Points i n  Fig. 2. 
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Fig. 8f. The Prof i les  of Plow Velocity, Prcsswc, and Densi%y 
Corresponding to the Lettered Poin ts  iii Fig.  2. 
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Fig. 8g.. Prhe Profiles of Flow Velocity, Pressure, and Density 
Corresponding i;o the Lettered Points in Fig. 2. 



.3 6 

Fig.  9. The P r o f i l e s  o f  Flow Velocity, Presswe, and Density fo r  
the S i m i l a r i t y  Soluti.on of Taylor, von Neimann, and Sedov. 
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Figure 10a shows the s i t u a t i o n  shortly a f t e r  the de tona t ion  f r o n t  

passes  t h e  po in t  X = L. 
pressure, dens i ty ,  and flaw v e l o c i t y  C i s t r i b u t i o n s  (shown i n  Fig. 7) 
a re  as y e t  undis turbed.  I n  f r o n t  of y = 0.23, a r a r e f a c t i o n ,  a contac t  

d i scon t inu i ty ,  and a shock f r o n t  have formed+ 

reached 1 . 9  (F ig .  loa), the  shock p r e s s u r e  has f a l l e n  below t h e  pres- 

su re  of the gas i n  r eg ion  2 of Fig.  5. This gas can now expand forward 

and even s t r eng then  t h e  shock. This  expansion is shown i n  Figs. 10e-j. 

By t h e  time X/L has reached 3.0 (Fig. log) ,  t h e  gas expanding forward 

has begun t o  support t h e  shock f r o n t .  I n  Figs .  1Oh-j this  support  is  
evidenced by t h e  constancy of t h e  shock s t r eng th .  

of  pressure ,  dens i ty  and flow v e l o c i t y  are changing from concave down- 

wards t o  concave upwards and approaching t h e  p r o f i l e s  of t h e  s i m i l a r i t y  

s o l u t i o n .  

5.0L i n  t h i s  problem i s  the analogue of the  reg ion  of cons tan t  over- 

pressure between L and 3.8171, i n  t h e  case of uniform heat ing.  

5.0L t he  overpressure  follows branch (7)  of t h e  overpressure curve 

q u i t e  c l o s e l y $  

Behind a value 0 f . y  of about 0.23, t h e  i n i t i a l  

By t h e  t ime X/L has 

However, t h e  p r o f i l e s  

The reg ion  of cons tan t  shock overpressure between 3.31, and 

Beyond 
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Fig. IOc. The Proffles of Flow Velocity, Pressure, and Density 
Corresponding to the Lettered Points in Fig. 3 .  
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QtBL W G  67-10372 

Fig. log. The P r o f i l e s  o f  Flow Velocity, Pressure, and Density 
Corresponding to the Lettered Points i n  Fig.  3 .  



, 
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Fig.  1Oi. The Prof i les  of Flow Velocity, Pressixe, and Density 
Corresponding to the Lettered Points in Fig. 3 .  
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