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J Tnt,roductlon --....--.- 

A substantial. ajnount of e f f o r t  i s  riecessarily being devo’ced t o  the 

perfez tir ig o f  means fo r  describing partic1.e and photon t r m s p o r t  phenomena 

t o  Yne poini; that, t o r  insts-rice, meaningful s h i e l d  opti.miza.Lioii s-tudies 

are possib1.e is-t; l i s  in general .i;rue, however, tha-t +he r e su l t s  ganera-Led 

‘03 ar,y calculati.onal method, no r w t t c r  how sophisticated, a r e  only as 

val id  as the informition up011 which t’m calculat ion i s  based, ’ne it i n  -the 

f ~ ) m i  of boundary conditions i n  the ,ma.lytical context, o r  correspondingly, 

“input” i n  t h e  :numerical sense 

a-ray transport  purposes, pas t  of the proble:m of providing 

sui.taS,le inpu t  inl?ormation for shield ca3. eul.ations rests wcith an adequate 

description of secondary gmna-ray spectra, i. c., spectra resu l t ing  from 

neutron capture by shield materials.  

e r m ~  i n  representations of neutmn-captu.re gannm-ray spec.t;ra l i e s  i n  the 

assumption t h a t  has t o  date been v i r t u a l l y  inescapable owing to Xack of 

infomation : tnaf, neutron-capture ga~ma-ray- spectra m e  invariant  to 

incident neutron energy, or, more spec i fric al.ly, t h a t  ,t’rre-mal -neutron 

capture spectra a re  valid for epi thz~~al-nei l t , ron capture spectra. 

point  of fac t ,  this asswq~tlon i-s warranted only under ray’ner well- 

defined c i r c w r ~ ~ t a n c e s  : specif ical ly ,  in materials for which. the epi-  

i;hej’iii;?,a.-aieutron-ct~~tture cross  sec.kioii i s  negligible,  o r  i-n czses in which 

neutron capture excLtes the compound nucleus t o  i t s  contiiiuwn energy 

range where, by definit ion,  the nearest  neighbor mean level spacing i s  

so  s m a 1 . l  and conssquent overlap oi” states so pronounced t h a t  inciden-i; 

neutrons of virtu;itlly a l l  feasible energies and angular moments f ind  

a var ie ty  of capture channels open t o  .t;iiem. 

incident eners j  of a neu’zron absorbed l n t o  the coiiipoimd ~or~Li_n~i rm 

does not  dei”j.ne a, unique OT even s igni f icant ly  pro’nable capture s ?&%e 

s p i n  and pax-s;ity w-liichg i n  cotQimcti.oii wi t11  spins and.  p a r i t i e s  of l o ~ ~ e r  

lying s ta tes ,  would define ra.c’lial;ive %ra.ilsi.tion r a t e s  a.nd i i l  turil a 

character is  t i c  gamma-ray spectrum. 

predominant f01- nucl.et wl iose  mass nl:r!lbei*s (A) are  above 70, d t , h  -t;ire 

CxcZPtiQn of those I#Those number of protoils ( e )  and/or amll-)er of neutrcons 

( N )  a re  magic or near-magic. 

Perhaps tine prlrr.cipa.1 somce of 

In 

It then follows Wlat %he 

ConCinum capture j.s expected t o  be 
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Several methods have been advanced for the calculation of neutron- 

capture gama-ray spectra resul t ing from capture in to  the compound nucleus 

c on t inuum. 

t rans i t ion  

a s t a t e  of 

Ei, var ies  

expression 

i s  divided 

The f i r s t ,  proposed by E. S .  Troubetzkoy,' incorporates dipole 

probabi l i t i es  [the relative probabi l i ty  f o r  the exci ta t ion of 

energy E , given a dipole t rans i t ion  from a state of energy 

as (Ei - and the unmodified nuclear evaporation model 

fo r  nuclear l eve l  density. The compound nucleus' level  s p e c t m  

in to  continuum and resolved energy ranges, the l a t t e r  obtaining 

f 

from the  compound nucleus ground state t o  an al 'b i t rar i ly  defined energy 

above i t s  highest  known (resolved) state. 

The second method, proposed by Lundberg and S ta r f e l t , 2  i s  similar 

i n  nature t o  the Troubetzkoy method except t h a t  radiat ive t rans i t ion  prob- 

a b i l i t i e s  a re  derived from an approximation t o  the so-called g ian t  dipole 

resonance by way of the well-known theorem of detai led balance. 

tineorem i n  t h i s  instance r e l a t e s  the photon absorption cross section t o  the 

ground-state radiat ive t rans i t ion  rate .  

effect  t h a t  the energy dependence of the  ground-state t r ans i t i on  prob- 

The 

An assumption i s  then made t o  the 

a b i l i t y  from an excited s t a t e  

i n  the  nuclear l eve l  spectrum 

It should be emphasized 

employed i n  the  foregoing two 

of energy E 

separated by the energy Ei. 

t h a t  radiat ive t rans  i t i o n  probabi l i t i es  

methods are functions of energy only. 

obtains between any two states i 

Thus, 

ne i ther  of  the methods i s  capable of describing capture gamma-ray spectra 

where t rans i t ion  probabi l i t i es  are flmctions not only of energy but  a l s o  

of spin and pa r i ty  as prescribed by the  nuclear select ion rules. This 

'E. S. Troubetzkoy, " S t a t i s t i c a l  Theory of Gamma-Ray Spectra Following 
Nuclear Reactions, " - -  Phys. Rev. 122, 212 (1961) . 
Au of Neutrons from 1 t o  4 MeV," Nucl. - Phys. 67, 321 (1965). 
2B. Lundberg and N. S t a r f e l t ,  "Gamma Rays from the  Capture i n  Ta and 



+ i t 1 1  generally be irue l ' o r  nuclei  wi th  mass nuinbers l e s s  than '70 and/or 

for those w i t h  N mnd/or Z suf f ic ien t ly  proximate t o  the nagif: numbers. 

c o n t ~ ~ ~ a d i s t i n c t i o n  t o  t h e  continuum si 'iuati mean l eve l  spacings are of 

such rnagnj-tmie tha t  neutron capture I s  f o r  the nost part effected i n t o  

states well defined w i t h  respect t o  incident neutron energy. 

i n  sh8pe oT neu.tron-captu.re gama,.,--ray spectra w L t h  neutron energy i s  then 

a consequence of the capture of neuti-nns of various angular momenta, 

generally s wave (zero angular rnoa:entiun) and p wave (one unit of angular 

momen%wfl). 

inve 8 tigati.on of epithermal-ne utron -cap.twe gamma -my spectra i n  2 s -Id 

she l l  nuclei..3 

I n  

The change 

A striking exampI.e of t h i s  i s  given by Gibbons e t  - al.  i n  an  

This paper i s  devoted t o  the development of a iiiethodology for 

-&e c al.cuLsti on o I" ne iitron -c ap t-1 ire gmma - ray spec tra which ac c oimt s 

ep,jlicitly Tor sp in  and pari%y ef fec ts  i n  the determination of r ad ia -  

t i v e  t rans i t ion  probabiJ.ities. 

born the analytical. and subsequent nixmrical fomlil3.ations of the  

methodology are thought; to be of suf f ic ien t  i n t e re s t  t o  m e r i t  rather 

detailed exposition. 

The nature of the problem i s  such t ha t  

T I .  

Discrete Sta te  Formulation 

In  -the Porm,ilstion of 

Cascade .I_ Dynamics 

nuclear gamma-ray cascad-e dynamics it i s  use- 

fill t o  introduce the concep-ts of n i ickar  level population, W( Ei) , and 

gamm partial w-ldt:ill, r (E  

n u c k a r  ].eve1 a ~ d  E denotes the energy of the leve'l from i&i@h a g . m a  

t rans i t ion  originates.  In  all. c ~ s e s ; ,  of  courseg E > Et. The p a r t i a l  

s.lidLh for 3, gama txansi t ion f r m n  a l eve l  E 
n i 

can be thought of z s  a measure of -the frequency w Z t h  which a mizc.leus 

excited t o  its ntki level. de-excites by enf~'t t ing a ganlraa ray of energy 

E - Ei, negl.ecting nuclear r e c o i l  accompanying photon elllission. With 

E < ) ,  where E denotes -the energy of the i t h  - y n' __ i 

n 

n 
t o  a lower lying level  E 

- 
n 

proper nomal iza t ion  the partial widths correspond -to %he 

for ganuia -i;~*ansitS.ons to ELL stakistica.Uy ( spin, par i ty)  

L Bergquist, J b  A. Eiggerstaff ,  J. 1-1. Gibbons, and W. M. 
Resonaiice Capture i n  2s-ld Niicl-ei," Phys. - Rev. 3 

-_ 
3 .." 

pr 03 ab L 13. ti e s 

and energeticn1.l.y 

Good, "Pv'eu.'iron 
323 (1.965). 
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accessible levels .  Clearly, these probabi l i t i es  must sum t o  unity for 

each s tep  i n  the gamma cascade. 

s ingle  neutron capture, render the expected number of excitations of a 

given leve l  per gamma cascade. 

Level populations, when normalized t o  a 

Let us f i r s t  consider a gamma cascade i n  some hypothetical nucleus, 

a l l  of whose levels  are known. Putting aside f o r  the moment the question 

of level spin and pa r i ty  and the associated nuclear select ion rules,  the 

gamma spectrum would be completely defined by specif icat ions of t r ans i t i on  

probabi l i t i es  obtaining between the various known levels,  Ei, 

instance the cascade can be formulated i n  terms of the following re la t ion-  

ships : 

In  th i s  

n-1 

i= 1 

Y 

where L(E , E . ) ,  the l i n e  frequency, denotes the frequency with which the 

gamma l i n e  (En - E.) occurs i n  the  gamma spectrum per cascade, and the 

operator A denotes an expected increment i n  the indicated quant i t ies  

associated with a t r ans i t i on  from the  l e v e l  E 

i n  the order of t h e i r  occurrence, the following consequences: 

t o t a l  radiat ion width of a l e v e l  i s  the sm of the p a r t i a l  radiat ion 

widths t o  accessible lower lying energy levels,  (b) an increment i n  the 

l e v e l  population of the i t h  L l e v e l  corresponding t o  a ga.mma t r ans i t i on  

or iginat ing with the nth l e v e l  i s  given by the product of the probabi l i ty  

that the  i t h  s t a t e  be excited i n  the  t r ans i t i on  and the l e v e l  papulation 

of the i n i t i a l  state, and ( c )  the gamma-ray l i n e  frequency per cascade 

corresponding t o  t'ne energy E 

%he i t h  l e v e l  populatior,. 

n i  

1 

Equations (1) exemplify, 
n* 

(a) the 

- 

- E. i s  enhanced by the same amownt as i s  n 1 

- 
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It shoinlrl perhaps be emphasizerl t h a t  the g m a  width has defini%e 

physical significance i n  t e r m  o f  the  mean lifetime, T ( E ) ,  of  a s-tate 

and, when iiiore than one mode of de-excitation i s  possible, i n  terms of  t'ne 

rel-ative probabi1ik-y o f  de-excitstion by radtat ive t ransi t ion,  B ( E )  . 
In particular,  

Y 

.c(E) 

where ti denotes L.e r a t i o  Pl.anc ;'s cons'i;ant, h, d-vided by 2~~ ani 

where I'(E) denotes tile sijra mer wid-Wis corresponding t o  possible modes of 

de-excitation of Yhe excited s-Late a t  energy E. 

other than Vne re la t ive  mgnitud.es o f  par-Lial widths corresponding t o  g m n a  

t ransi t ions -to vartous energy s t a t e s  are desired, wfdbhs may 'oe noiual.ized 

by reference t o  a t rans i t ion  of known strength. 

neutron-capture gama-ray spectra one is generally concerned With r a t i o s  

of p a r t i a l  t o  total. g m a  widths as i n  Eqs. (l), i n  which case such normal- 

izat ion cancels out. In t h i s  context the absolute magnitude o f  the gmma 

vidth i s  not of i n t e re s t  -u-iil.ess it i s  s o  sniall as t o  e f fec t  f a r  a l l  

prac-Lical purposes t he  end o f  a cascade. 

For calculations i n  which 

In  the calculation of 

It follows d i rec t ly  from tine above der ini t ions t h a t  

(2.a) 

and 

with TJ denoting the number o f  s t a t c s  i n  the energy region bounded by the 

cornpo~~~d nucleus neutron-capture and groutid states. 
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Gamma-ray spectrum calculat ions typical ly  involve nuclei  whose low- 

lying levels  have been ident i f ied  as  t o  energy and s t a t i s t i c s ,  but whose 

intermediate- ( > 2 MeV) and high-energy s t a t e s  remain undefined. 

fo r  nuclei  with mass numbers greater  than, say, 70 (and f o r  which the 

proximity of Z or N t o  the magic numbers i s  negl igible) ,  compound nucleus 

exci ta t ion energies following neutron capture a re  well within the  nuclear 

energy l e v e l  "continuum" where l e v e l  spacing i s  so small and the consequent 

overlap of  s t a t e s  so  great  as t o  make impossible the posi t ive ident i f ica-  

t i on  of a neutron-capture s t a t e  solely on the basis of a knowledge of the 

capture energy. Consequently, the formulation of ga;mma-ray cascade 

dynamics f o r   virtual^ a l l  materials requires a " s t a t i s t i c a l "  model of 

the nucleus. For present purposes, a pa r t i cu la r ly  applicable review of 

the s t a t i s t i c a l  approach t o  nuclear s t ructure  has been given by G o L d ~ t e i n . ~  

Further, 

Continuum o r  Unresolved Level Formulation 

For conrpound nucleus exci ta t ion energies for which e i the r  the mean 

l eve l  spacing i s  so  small t h a t  the l e v e l  can be s a i d  t o  form a continuum 

of s ta tes ,  or where the s t a t e s  a re  reasonably d iscre te  but  unresolved as  

t o  energy, spin, and parity,  it i s  convenient t o  formulate gamma cascade 

dynamics i n  terms of a Level density, p ( E ) .  Here, the  sm over d iscre te  

s t a t e s  i n  Eq. ( L a )  becomes a31 i n t eg ra l  of the product of the p a r t i a l  

width for the exci ta t ion of a group of leve ls  contained i n  a un i t  energy 

in t e rva l  about some energy E and the l eve l  density a t  E. In par t icu lar :  

N 
.i-- 

the l a t t e r  term accounting f o r  N resolved leve ls  below the continuum whose 

lower energy bound i s  denoted by Ec. I n  the Continuum or  unresolved l eve l  

context, l eve l  populations and l i n e  frequencies become ~ respectively, the 

composite populations of a l l  l eve ls  contained i n  some u n i t  energy in t e rva l  

(population density) and the co l lec t ive  frequency with which gamma t rans i -  

t ions involving i n i t i a l  and f i n a l  s t a t e s  separated by energries common t o  

4H. Goldstein, " S t a t i s t i c a l  Model Theory of Neutron Reactions and Sca t te r -  
ing,'I i n  Fast  Neutron Physics, Pa r t  11, Chapter V.J., Interscience Pub- 
l i shers ,  1963. 
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seine unit energy inteiu-a1 ( spec'zil- density) OCCUT. 

presixned normalized 'LO a. singJ..e gamm cascade. 

Both quant i t ies  a re  

The population deiis:i.-ty- obtaining a t  :;cine energy E following a neutron 
c q t -  ,IU 'yo ,, J-1 ~ , i i d ~  I -  .I- has resi,d.'ced in a coi~pound nucleus exci ta t ion energy, En, 

has Wie form 

En 

W(E) = S ( E )  4- [ W(E') T (E ' ,E )  dE'  , 
L, 

E 

r (  E ~ ,  E) 
S(E) f I___--- 

* 

l%e function S(E) accounts for level exci ta t ion  a t  E resu l t ing  from an 

in i t ia l l  g m a  t r ans i t i on  originatirig witln the capture state. The inkgra.3.  

exprecsiori i n  Eq. ( 5) then sccoimlx for exci ta t ions result ing from 

secoiid.a.ry trarlsi t lons initiated from excited. levels between ii: and the 

capture s t a t e  a t  E ~ .  

region below Uie con-kinuun (0 < E < E ) are given by 

Discrete l eve l  populat,ions i n  the "resolved" energy 

C - -  

Ec k '=k-i-l 

wtth N again dei ioi ing t i e  number of levels  % i t h  kiiown cnergjxs and stat is-  

tics. The spec t ra l  densiky fov this case i s  as follows: 
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L(E) = $dE ' j'd"' W(E') T(E' ,E")  h(E,E',E") 

EC Ec 

I- FW(l3') T(E',Ek) h(E,E',Ek) dX' 

k l  Ec 

where h(E,E',E") i s  defined t o  be the product of two Heaviside functions, 

w i t h  

0, x < o  

1, x > o  - H(x) = 

Finally, the normalization specified i n  Eq. (4)  assures that 

i.e., energy has been 'tconsexved'r i n  the formulation of the gamma cascade 

process. 

Nuclear Spin and Par i ty  

It was  pointed out in m e a r l i e r  portion of t h i s  paper tha t  the 

prlmary motivation f o r  developing the subject methodology had t o  do with 

the  inclusion of level spin and pa r i ty  i n  the determination of radiat ive 

t r ans i t i on  probabi l i t i es .  Radiative t rans i t ions  between s t a t e s  of an 

excited nucleus a r e  governed by the nuclear se lec t ion  rules  r e l a t ive  t o  

allowed or (more or less) probable changes i n  nuclear spin and pa r i ty  
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accompanying tl1.e t ransi t ions.  

function of the inultipolarity and type ( e l e c t r i c  o r  magnetic) of the emit- 

ted radiation. 

These selection r i l e s  are  i n  turn a d i r ec t  

While i-t, i s  not tine purpose of .Ais paper t o  delve i n t o  %he physics 

of nucleay radiative t ramit ions i n  any detail., some cursory consideration 

of the essent ia ls  of *Lh? theory WOLLM he appropriate a t  t h i s  point.4 

rays emitted i n  radiat ive . transit ions between nuclear s t a t e s  can be czte- 

garized i n  terms of an index, a ,  which determines the i r  angular momentum 

re la t ive  t o  t'ne emitting nucleus. 

t ion  of the radiation as ei'Ghcr e l ec t r i c  or  magnetic, dekermines i t s  

par i ty .  Assuming conservation of anglilar momentum and. pa r i ty  i n  t'ne 

resid.ual. nucleus-photon system, one can deduce Yne spin and par i ty  o f  the  

post-transit ion s t a t e  frm the  knowledge of  the respect,ive pre- t ransi t ion 

s t a t e  and emitted photon angular momenta and par i t ies .  Or, considering 

the process from a s l igh t ly  d t f fe ren t  standyolnt, given a st3.te of known 

s t a t i s t i c s  (spin and par i ty)  from which a radj-ative t rans i t ion  i s  t o  take 

place,  one my detemaine the photon angular momentum and pa r i ty  which 

w T 1 l  yield a cer ta in  s e t  of residual nuclear level s t a t i s t i c s .  

considerations aside then, -the prrhabi l i ty  f o r  excit ing a par t icu lar  pas-t;- 

t rans i t ion  s t a t e  i s  proporlional- t o  the probabi.lity f o r  the emission of a 

phot on of app Y op r li, at e de s c r i p  t i on. 

Gamma 

Tie index 1, -toyether with the designa- 

Energy 

In the context O S  this  papei only dipole and quadr1ipol.e radiat ive 

trtansitions will be of interes%* Table 1 gives t&ie nuclear select ion 

Table 1. 'Nuclear Selec.tion Rifies for Dipole a n d  
Quadrupole Radiative Transitions 

Transition Type Allowed Spin Change++ Par i ty  Change 

0, +1 Electr ic  dipole ~ 

Magnetic di.pol e_ 0, t-1- 
0, t-l, i-2 

Mage tic quadrupole 0, 21, 22 

- -  Elec t r ic  quadrupole 

Yes 

NO 

No 
Ye S 

-X-0 --f 0 t rans i t ions  are  forbidden. ~ . -  

41i. Goldstein "S%i.,tl.s-t;ica,l Model Theom of Neutron Reactions and Scat ter  - 
ing," i.n Fast  Neutron Physics, ?art T I ,  Chapter V.J., h te r sc i ence  Fub- 
l i s t i e r s , m - -  
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ru les  per t inent  t o  g;amma radiat ion of t h i s  description. 

t ion  of gamma cascade dynamics one must be concerned not only w i t h  the 

t o t a l i t y  of "allowed1' t ransi t ions,  bu t  more par t icu lar ly  with the r e l a t ive  

probabi l i t i es  of spin and p a r i t y  changes within the se t  of possible t r ans i -  

t ions.  

p robabi l i t i es  there are, of course, energy considerations. The r e l a t ive  

probabi l i ty  fo r  exci ta t ion of  a level of energy E 

or iginat ing with a l e v e l  of energy Ei i s  given by ( E  

t rans i t ions  and ( E  Thus, other con- 

s iderat ions aside, quadrupole t rans i t ions  result i n  a "harder" gamma-ray 

spectrum than do dipole t rans i t ions .  

In  the fomula-  

In  addition t o  the s t a t i s t i c a l  aspects of radiat ive t r ans i t i on  

i n  a t r ans i t i on  
f 

- EfI3  f o r  dipole 
i - E > 5  fo r  quadrupole t rans i t ions .  

i f  

With nuclear select ion rules  and the energy dependence of dipole 

and quadrupole t r ans i t i on  probabi l i t i es  i n  hand, it i s  possible t o  define 

mathematically the spin- and parity-dependent gamma cascade process. The 

following def ini t ions w i l l  be found useful:  

p (E) = density of spin J p a r i t y  JI s t a t e s  a t  energy E. 
J, -Jr 

W (E) = population density of spin J p a r i t y  'IC s t a t e s  a t  energy E. 
J, 3-r 

b( ./,)e ( J - J ' ,E )  = probabi l i ty  for nuclear spin increment (J-J'), given 

an electric/magnetic radiat ive t r ans i t i on  of polar i ty ,  1, 

originat ing from an i n t i a l  spin J s t a t e  a t  E. 

se lect ion rules require that:  

The 

J= J ' =O a = 1,2, 
J ' < O '  b (e /m) i?  ( J - J * , E )  I= 0, 

b(e/m)2 ( J - J ' ,E )  = 0, IJ-J'I 2; 



?(t./m) R(J,E) = probabili ty that a radiatLve t rans i t ion  from s p l n  s t a t e  J 
a t  wil.1 be clcctric/magnetic of po lar i ty  A .  

A f i n a l  b i t  of notation: 

t o  n: i f  Ls odd, and no change i f  R i s  even. 

(-n)' will denote a chang? of pa r i ty  r e l a t ive  

It fol l.ows d i rec t ly  Yrom t h e  t'oregoiug def ini t ions L'nnt, 

The sum over R implies t ha t  dipole and quadrupole radiation has been taken 

i n t o  account. 

A resime of the physics of neutron-capture g a m a  radiation as it 

pertains t o  the pbenomnological approach of  t h i s  paper m u s t  necessarily 

include a br ie f  discussion of  the quanti.un mechanics of a xeutron in t e r -  

action w i t h  the nucleus. This is, t o  n point, the simplest of two-body 

problem t o  treat  i n  t ha t  the system potent ia l  vainishcs outside the 

( a r b i t r a r i l y  defined) nuclear boundary, 

that of the kine-tic energies of the neutron and nucleus i n  the center-af- 

m a s s  coordinate systen!. $'he solution of Yne wav2 eqwtion mder  these 

circumstances is a plane m,ve of  the f 'om e 

tance between Vile nucleus and the incident, neutron. yhe 1a . t te r  can be 

expanded in to  spherical han-nonics, o r  so-called p a r t i a l  waves, of  o r d e r  

1, where R is an integer d-eflning the izngiil.ar momentum associated wi-til 

The 1-TmiI.tonian i s  then j u s t  

ikz , where z denotes the d i s -  



the p a r t i a l  waves. Further analysis r e su l t s  i n  a decomposition of the 

neutron-capture cross section i n t o  various R components corresponding t o  

the r e l a t ive  probabi l i t i es  of the capture of neutrons with associated 

angular momenta. In  addition t o  bringing t o  a reaction d i f fe r ing  angular 

momenta, the p a r t i a l  waves determine, i n  conjunction w i t h  the ground-state 

p a r i t y  of the t a rge t  nucleus, the p a r i t y  of the compound nucleus capture 

s t a t e .  In  par t icular ,  odd-R angular momenta r e s u l t  in .  a capture s t a t e  

p a r i t y  change r e l a t ive  t o  the ta rge t  nucleus ground s ta te ,  whereas even- 

in teger  momenta preserve the ta rge t  nucleus ground-state pa r i ty  i n  the 

compound nucleus capture s ta te .  Here, of course, the incident neutron i s  

presumed t o  i n t e r a c t  With the t a rge t  nucleus i n  i t s  ground s t a t e ,  

The foregoing discussion has, under ce r t a in  circumstances, profound 

implications for the shape of neutron-capture g m a - r a y  spectra. The 

nuclear energy l eve l  spectrum i s  composed of the superposition of spec- 

tra of various angular momenta, and par i ty .  

usually t o  lower lying leve ls  accessible through the application of the 

selection rules  of Table 1. 

subsequent de-excitation of a ta rge t  nucleus with ground-state spin and 

pa r i ty  J' I 2 . Consider f i r s t  the capture of an s-wave (e = 0) neu- 

tron. 

momentum, 1/2. According t o  the vector addition rules,  compound capture 

s t a t e s  of the following description are accessible:  

0' s t a t e  i s  formed, a ground-state t r ans i t i on  (0  -+ 0) i s  s t r i c t l y  fo r -  

bidden. If, on the other hand, a 1 s t a t e  i s  formed, a ground-state 

t r ans i t i on  i s  s t i l l  r e l a t ive ly  improbable since such a t r ans i t i on  would 

be e i the r  magnetic dipole or e l e c t r i c  quadrupole i n  nature, A s  discussed 

i n  a subsequent portion of t h i s  paper, these a r e  generally, though by 

no means always, improbable r e l a t ive  t o  e l e c t r i c  dipole t rans i t ions .  

An excited s t a t e  de-excites, 

For example, consider neutron capture by and 

I+ 

The neutron brings t o  the reaction an i n t r i n s i c  spin angular 

J' = Of, 1'. If a 

i- 

Assume next t h a t  the ta rge t  nucleus described above captures a p-wave 
T( ( 4  = 1) neutron. The accessible compound capture s t a t e s  are:  J = 0-, 

1-, 2-. The 0- capture s t a t e  cannot r e s u l t  i n  a ground-state t r ans i t i on  

( 0  -+ 0) .  However, the J' = 1- s t a t e  can de-excite by way  of a ground- 

s t a t e  t r ans i t i on  by e i the r  an e l e c t r i c  dipole or a magnetic quadrupole 

t ransi t ion.  The l a t t e r  i s  expected t o  be several  orders of magnitude less 



1-ikeiy tii2.m the f o m w r .  In sul.mation3 Chen, an s-wave capture would 

r e s u l L  kii a c a p t m e  g m m  s p e c t r u  essent ia l ly  devoid of  a ground-state 

t ransi t ion,  wherms a p-wave captuj-e spectrum might exhibit  a rather 

Strong g:round--state Z.ine. Of course, t h i s  s o r t  of  an argumeii t  i s  relevant 

to any compound nucleiis sta'ie and the cmseqiient enhancemerit or suppres- 

s ton  of -the gmma 1i.m coi-respaxTLng t o  an i n i t i a l  Czpt13;re s t a t e  t rans i -  

t ion -Lo it. 

'ifhe e f fec t  of spin and pai:l.t;y on the re la t ive  probabili-ty of high- 

energy gamma t rans i t ions  can be appreciable i n  a s l i gh t ly  l e s s  obvious 

way. Assume  f o r  the moment that  the rela-Live probabi l i t ies  for spin 

changes consistent with "L'ne selection rvles (hereinaf ter  t o  be referenced 

as sp in  branching probabi l i t ies)  are equal f o r  dipole and q~mdrupo1.e 

t ransi t ions f o r  a l l  spin s-tates. In t h i s  simple context the probabtli%y 

for a g'mm t rans i t ion  from some i n i t i a l  state t o  one of a group of 

accessible final s-Lates i s  prirmri1.y a fmict;i.on of  two qimntities: 

(1) the energy difference betwerii the t w o  s ta tes ,  and (2) .Yne number of 

accessible f i n a l  s ta tes .  In general., the more numerous the  possibi1.e 

t ransi t ions,  the l e s s  the pro'ctibili'cy for  any partici.ri.ar one. 

o f  nuclear spin s-Lates i s  expected t o  be spin &pendent. In. part icular ,  

The density 

where D ( E )  am3 DJ(E) are, respectively, the mean. l eve l  spacings for spin 

zero and spin J sta'res, and f ( E , J )  I s  an as ye$ undefined function of 

spin and energy r e l a t i n g  the tvo. Thus, f o r  the stated conditions on the 

spin branching parameters, 'cine higher the spin of an excibed s ta te ,  the 

lower the probab-i.I.ity for a radiatlve ~I;ra~isl.tioan t o  a given statis-tical3.y 

accessible s t a t e .  

0 



111. Numerical Formulation 

Equations (8) formally define the spin- and parity-dependent gama 

cascade process. 

methodology, however, s t i l l  remains. The approach taken i n  the calcula- 

t ions  exhibited i n  t h i s  paper i s  embodied i n  a d i g i t a l  computer code, 

DUCAL, writ ten i n  the ~ 8 ~ ~ ~ m - 6 3  and FORTRAN-IV languages for use on the 

CE-1604 and lBM-7090 and -360 machines, respectively. It can perhaps 

be bes t  described i n  terms of FORTRAN-like variables  ac tua l ly  used i n  the 

code. Their def ini t ion,  i n  some cases, w i l l  c losely resemble var iables  

defined i n  the ana ly t ica l  fom-o..l.ation just discussed. 

between the ana ly t ica l  and numerical approaches r e s t s  with the f a c t  t ha t  

i n  the l a t t e r  it w l l l b e  necessary t o  index many var iables  with respect 

t o  the gamma cascade t r ans i t i on  number. 

The problem of a t rac tab le  numerical formulation of the 

One main difference 

A s  i n  the ana ly t ica l  formulation, the index R may take on values of 

one and two corresponding t o  dipole and quadrupole t rans i t ions ,  respec- 

tively. The following var iables  w i l l  be useful  i n  the discussion: 

T(E/M) J(1,J) spin branching probabili ty,  the probabi l i ty  t h a t  an 

electric/magnetic radiat ive t r ans i t i on  of po la r i ty  .8 

originat ing with a spin I s t a t e  exci tes  a spin J s t a t e .  

The angular momentum select ion d e s  a re  taken i n t o  ac- 

count i n  the calculat ion of the probabi l i ty  of the 

various spin changes. 

r e l a t ive  probabi l i ty  for an electric/magnetic radiat ive 

t r ans i t i on  of po la r i ty  R t o  a resolved energy level .  

P(E/M)jr 

P(E/M) JU( I) =_ relative probabi l i ty  for an electric/magnetic radiat ive 

t r ans i t i on  of po la r i ty  R t o  an unresolved l eve l  for the 

I t h  - cascade t rans i t ion .  [Note t h a t  the cascade t r ans i -  

t i on  index appears i n  the unresolved l e v e l  t r ans i t i on  

probabi l i t i es  but not i n  t h e i r  resolved counterparts, 

The relat ionship between the two types of probabi l i t i es  

i s  discussed i n  conjunction w i t h  Eq. (13). ] 

PPL( I, J) = probabi l i ty  that the I t h  cascade t r ans i t i on  or iginates  - 
with an even par i ty ,  spin J s t a t e .  
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P1a( 1,J) = probab i l i t y  t h a t  the Ith cascade t r ans i t i on  or iginates  

wi.ti-1 an odd pal-?.?~,y-, Spill J S k k .  

For compound nuclei w i ~ L i i  r lntegral  s p i n s ,  t h e  f i r s t  iildexed s t a t e  corresponds 

.to a spin z2ro s ta te ,  w l - i i k  f o r  odd half integral s p i n  n u c l e i  t h e  index 

"I" denotes a sp in  1/2 s t a t e .  

Note t h a t  no energy dependence i s  associated wit11 PPL(I ,J)  and P'MT(1,J). 

Equatj.ons (9) and Table 2 are presented in the rauier detai led foim for 

i3_lustrative purposes only. 

.the notation somewhah mare compact, 

written as 

Rencefarth, an attemyt w i l l  be made to keep 

Equation (3.2), f o r  instance, may be 
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Table 2. 

Spin S ta te  (J) J D  JQ 

Swa L i m i t s  as a Function of Nuclear Spin 

0 2 

1 
2 
- 1 

1 1 

2 
2 

1 

> 2  J -1 - 
5-1 > -  5 

- 2  

1 

J -2 

J 52 

PPL(1,J) = L {PElr T U ( J ' , J )  [PMI(I-l,J') 6(R-1) + PPL(1-1,J') 6(1-2)  1 
J' 1 

where the J' summation extends over a l l  spins of in te res t .  

J' summation a re  redundant i n  view of the f a c t  t h a t  angular momentum 

select ion rules  have, by definit ion,  been incorporated i n t o  the spin 

branching probabi l i t ies .  

Limits on the 

L e t  E and E define, as previously, the  neutron-capture state 
n C 

exci ta t ion energy and the (a rb i t ra ry)  energy separating the resolved and 

unresolved portions of the compound nucleus l eve l  spectrum, respectively. 

This i n t e rva l  i s  divided i n t o  an a rb i t r a ry  number of energy subintervals 

o r  bins .  

t o  cascade t r ans i t i on  number and r e l a t ive  posi t ion ( top t o  bottom) within 

the ( E  ,Ec) energy interval .  

i n  the  gamma cascade during which the energy leve ls  contained within b in  

I are excited W ( 1 , J )  ' f t i m e s . ' '  Thus, W ( 1 , J )  i s  i n  f a c t  the total increment 

i n  the b in  J bounded l eve l  populations associated with I t h  g m a  t rans i -  

t ions from a l l  higher energy bins  [see Eq. (18)l. It i s  perhaps worth 

Each b in  i s  assigned a population, W ( I , J ) ,  indexed according 

The t rans i t ion  index, I, denotes the s tep  n 

- 



emphasizing here t h a t  Tth t rans i t ion  photons can be emitted from a l l  

bins, where S < I, and from a l l  resol-?red levels.  For tnstance, the 

f i rs t  t rans i t ion  from the  compound capture sta-be w i l l  scatter. W( I,J) 's 

among all energy bins and resolved levels.  Each b in  and leve l  then 

becomes a source for second t-ransition photons 

.- 

- 

For th.2 energy range E < E < E some assimption nust be made about 
n c -. - 

the leve l  spectrum, The actual energy leve l  spectrim of a nucleus i.s a. 

composite of s e t s  of levels  characterized by various combinations of spin 

and par i ty .  Level spacings of each spin par i ty  set  are  asswned t o  be 

dis t r ibuted s t a t i s t i c a l l y  i n  energy about; some spin- and energy-dependent 

mean l eve l  spc5ng.  The l a t t e r  were defined f o r  the calculations 

exhibiteed i n  ' G ~ T s  paper by an expression suggested by Newton' for the 

mean leve l  spacings of spi.n zero s ta tes ,  Do. 

Do t a k e s  in to  account pair ing energies (even-odd nucleon effects)  and 

.the e f fec t  of proximity t o  the ~ m g i c  numbers and the attendant marked 

increase i n  mean l eve l  spacing. 

vary with spin, J, roughly as  ( 2 J  +- 11-l. 
more r e a l i s t i c  expression t o  accouxt f o r  the spin deperidence of l eve l  

spacing as  follows : 

The Newton formula-t;ion f o r  

The mean l eve l  spacing i s  expected t o  

Bloch7 has proposed a somewhat 

u being a slowly varying empirical fiinctian n f  energy. When the parm-eter 

CT i s  available, Eqb  (10) spin dependence i s  used i n  spectrum calculations.  

For each ~ E I I U I E ~  t ransi t ion from e i the r  the capture state o r  the  

energy bins  in the compound nucleus exci ta t ion interval ,  E 

a miclear l eve l  spectrum is constructed based upon a composite mean 

l eve l  spacing which i s  dependent upon eiiergy and t rans i t ion  number and i s  

defined by the re la t ion  

< E < En, c -  - 

7C. Bloch, Phys, _ _ _ I _ _  Rev. 93, 1094 (1954). 
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J ' c l  

where NJ denotes the number of spin s t a t e s  t o  be considered and I and J '  

are, respectively, the t r ans i t i on  nmber and spin. The resul t ,  by way of 

emphasis, i s  a weighted average of the mean l eve l  spacings of accessible 

spin and pa r i ty  s t a t e s  for the I t h  - gamma cascade t rans i t ion .  

As indicated previously, the superscr ipts  r and u on the  symbols 

denoting multipole t r ans i t i on  probabi l i t i es  define the probabi l i t i es  for 

the indicated types of t rans i t ions  t o  s t a t e s  i n  the resolved and unresolved 

energy ranges, respectively. 

predicted theoret ical ly ,  without regard f o r  the a v a i l a b i l i t y  of lower 

lying s t a t e s  of appropriate s t a t i s t i c s  t o  which such t rans i t ions  a re  

"allowed." They a re  not always applicable within the context of the 

composite l e v e l  spectrum formulation embodied i n  Eq. (12) . Specifically,  

compound mean l eve l  spacings rendered by Eq. (13) are  predicated upon the 

assumption that the mean l e v e l  spacings of s t a t e s  of spin J (even I_ and odd 

par i ty)  defined i n  Eq. (12) obtain over the e n t i r e  unresolved energy 

range of t;he compound nucleus. It may well be, however, t h a t  for ce r t a in  

energy bands within the unresolved region, mean l e v e l  spacings of s t a t e s  

of pa r t i cu la r  spin and p a r i t y  may d i f f e r  s ign i f icant ly  from t h e i r  expected 

values. Such an eventuali ty may subs tan t ia l ly  influence the shape of 

capture gamma-ray spectra when the energy band composes, 

10 percent of the unresolved range, and i n  addition the spins and p a r i t i e s  

of the affected s t a t e s  render them accessible through capture s t a t e  

t ransi t ions.  

The ?( E/M) rJ are the probabi l i t i es  t h a t  a re  

say, the lowest 

&ci ta t ion  of unresolved s t a t e s  near the resolved-unresolved energy 

boundary i s  heavily favored over the exci ta t ion of higher energy s t a t e s  

due t o  the energy dependence of the rad ia t ive  t r ans i t i on  probabi l i t ies .  

Thus the t o t a l  contribution of unresolved s t a t e s  t o  a pa r t i cu la r  cascade 

t r ans i t i on  r e s t s  almost exclusively with access ib i l i t y  of s t a t e s  i n  the 

lower portion of the unresolved leve l  spectrum. I n  order t o  account f o r  

the e f f ec t  of s ign i f icant  l oca l  i r r e g u l a r i t i e s  i n  mean l eve l  spacing 

i n  this  region, spin- and parity-dependent mean l e v e l  spacing functions, 
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f 
p , , ( J ) ,  are defined. The superscripts -I- and - refer,  as usual, t o  s t a t e s  

of even :.md odd parity,  respectively. !The functions are intended t o  

repi-esent r a t io s  of mesa k v e l  spacings expected on theoret ical  o r  ex- 

perimental grounds t o  tnose predicted i n  Eq. (12). %e relationship 

between resolved and unresolved e l ec t r i c  dipole t rans i i ion  probabi l i t ies  

has the form 

Similar expressions hold f o r  the other unresolved t rans i t ion  probabi l i t ies .  

With the composite meLm leve l  spacing i n  hand, an actual nuclear 

level spectrmi i s  constructed by a Monte Carlo tec'miqii2 by which con- 

secutive level spscings a re  determined by repeatedly sampling from a 

Porter-Tltoms or chi-square dis t r ibut ion with " fou r  degrees of freedom. 'I8 

This probabili ty densi.ty function has the form 

-2x P(x) d~ = 4~ e d x  , 

x f S,'D(I,E) , 
S being the variable level spacing. 

occurs a t  x = 1/2. 

a mean l eve l  spacing equal to  D ( I , E )  f o r  the constructed spectzmn. 

practice t h e  dis-Lribution (13) i s  repeatedly sampled i m t i l  an energy 

below Ec i s  reached a t  which point; Yne las t  l eve l  i s  discarded and the 

process teminated.  Since the smpl.l.ng equation 

The maximum of the d is t r ibu t ion  (13) 

The m e a n  value of x i s  unity, which i n  turn. yields  

I n  

P(x') dx' = p , 
0 f 

- 
%. E. Porter and R. G. Thorns, Phys. Rev. 104, 1.183 (1.956). 
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where p i s  a random number - < 1, i s  transcendental i n  x, the ac tua l  sampl- 

ing i s  effected by inems of a reject ion technique.' 

Finally, a l eve l  density i s  formed by imposing a probabi l i ty  

density function i n  the fonn of a chi-square d is t r ibu t ion  with t w o  

degrees OS freedome about each s t a t i s t i c a l l y  determined l eve l  energy. 

This d i s t r ibu t ion  function i s  EL simple exponential, i .e.,  

with x defined r e l a t ive  t o  the s t a t i s t i c a l l y  determined l eve l  energy, Eo, 
as 

x = I E  - ~~l / D(I,E) 

me normalization fac tor  1/2 ensures t lmt  

The ne t  r e s u l t  i s  thus a s e t  of probabi l i ty  density functions of the form 

(14) dist r ibuted about s t a t i s t i c a l l y  dis t r ibuted midpoints, 

be four consecutive level probabi l i ty  

density function midpoints generated by randam sampling as per  Eq. (14). 

The result ing "level density" function f o r  the Ith I_ t ransi t ion,  

Let Ek-1.) Ek, Ek+l, and Ek+2 

% 2 E ,> %+1, has the form 

with 

%eman Kahn, Applications of Monte Carlo, Rand Corporation Report AECU- 
3259 (Apri l  19, 1954). 



where N denotes the number of s t a t i s t i c a l l y  generated energy leve ls  i n  

the in t e rva l  Ec < - I  E < Ek+2. 

of levels  above and below the energy in t e rva l  of in te res t .  

The functions F( n) represent the contributions 

Let EJm define the midpoint energy o f  energy bin  J, i.e.,  

G R ( 1 , J )  =l [?&?'(5:) -k PMaU(T) (EJa - p ( 1 , E ' )  dE' 

K=L k l  

where fi(K) = d-1  w i t h  K t h  energy l eve l  of even/odd par i ty .  Further, let - 

I n  terms of Fnese definit ions,  the exp-ession f o r  b in  populations as a 

func t ion  of t rans i t ion  number (I) and bin index (J) becomes: 
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and the transition-dependent level population is given by 

1 {PEer TEk?[L,J(K)l [6(1 - l.) S i 1  -I- 7((K)1 + 6 ( 4  - 2) S [ 1  - n ( K ) ]  

(19 )  + inter-level terms. 

Equation (18) f o r  the composite level population of the Jth energy bin is 

the transition-dependent numerical formulation equivalent of its analytical 

counterpart given in Eq. (8.a). 

- 





I 

f 

-27- 

ORNL TM-1867 

I n  t ema l .  Distr ibut ion 

1-2. L. S. AbboGt 13-32. K. J. m t  
3. R. G. Alsrailler, Jr. 33. G. Dessauer (consul tant)  
4. V. R. Cain 
5. H. C. Claiborne 
6. C. E. Cl i f ford 
7. F. H. Clark 
8. J. H. Gibbons 
9. F. C. Maienschein 

10. R. W. Peel le  
U. E. A. Straker  
12. D. K. Trubey 

34 
35 
36 * 

37-38. 
39 

40-59. 
60. 
61. 

B. C. Diven (consultant)  
M. H. Kalos (consul tant)  
L. V. Spencer (consultant)  
Central  Research Library 
Document Reference Section 
Lab ora tory Records Department 
Laboratory Records OEWL RC 
ORWL Patent  Office 

Ektesnal Distr ibut ion 

62. 

63. 

64. 

65. 

66. 

P. B. Hemmig, Division of Reactor Development and Technology, U. S. 
Atomic Energy Commission, Washington, D. C ,  
I. F. Zar tman,  Division of Reactor Development, U. S. Atomic 
Energy Commission, Washington, D. C. 
H. Goldstein, Columbia University, Mudd Building, New York, 
New York 
C. P. McCallwn, Jr., Division of Space Nuclear Systems, U. S. 
Atordc Energy Commission, Washington, D. C, 
M. B. Wells, Radiation Research Associates, Inc., 1506 West 
Terrel l ,  Fort  Worth, Texas 761o)t 

67-81. Division of  Technical Information Extension (DTIE) 
Division of Research and Development (ORO) 

20545 

20545 

82. 


