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FIRST-ORDER PERTURBATION THEORY AS USED IN THE WTIGROUP 
D I F F U S I O N  CODE EXTERMINATOR-2 

Melvin Tobias, T. B. Fowler, and D. R. Vondy 

I. INTRODUCTION 

The EXTERMINATOR-2 code’ now affords the option of a first-order 

perturbation theory calculation. 

basically that used in the code EQUIPOISE-3A2 with extensions and 
improvements. In particular, the application to diffusion constants is 

different.) This calculation will provide the user with the fractional 

change in k per unit change in each of the macroscopic material input 
constants. In addition, the fractional change in k per unit change in 

nuclide density may be computed for any nuclides specified. 
if Z is any material parameter, whether a macroscopic constant such as 

D, B2, Z, or a control rod constant, in any group or region, or a 

nuclide density, the code can calculate the quantity - ’ - a in first- 
order perturbation theory. 

and equations used in this calculation as well as the results of tests 

made to compare predicted with calculated increments of multiplication 

constant. 

(The method of calculation is 

That is, 

k S Z  
The succeeding sections describe the theory 

11. THEORY OF THE FIRST-ORDER PERZ’lTRBATION APPROXIMATION 

As a result of so-called forward calculation, the EXTEEMINATOR code 

produces a solution to %he eigenvalue problem 

IT, B. Fowler, M. L. Tobias, and D. R. Vondy, EXTERMINATOR-2: A 
Fortran IV Code for Solving Multigroup Neutron Diffusion Equations in 
Two Dimensions, USAM: Report OW-4078, 
(to be published). 

Oak Ridge National Laboratory, June 6, 1962. 

Oak Ridge National Laboratory 

2C. W. Nestor, Jr., EQUIPOISE-9, USAEC Report ORNL-3199 Addendum, 
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kA(b0 = M$o (1) 

The multiplication constant k is the largest eigenvalue of the problem. 

A is a matrix whose elements are leakage, absorption, and group-to- 

group removal constants; M is a matrix whose elements are fission source 

constants. The vector 0 is the solution vector of the problem. 
0 

L e t  us consider the related eigenvalue problem 

(kA - M) (bi = ~~4~ , (2) 

where k is the same value determined in Eq. (1). 
$i must be the 

The adjoint problem is 

(Clearly, one of the 
in Eq. (1) and t h e  corresponding wi must be zero.)  

where the superscript 

f lux corresponding t o  

If we premultiply Eq. 

T (UT - M ) 6; = w.$? , 
J J  

T denotes transposition and 4: is the adjoint 

eigenvalue u.. The transpose of Eq. ( 3 )  is 
J 

J 

( 3 )  

(2) by $;T and postmultiply both sides of Eq. (4) 
by $i, we obtain the pair of equations 

Subtracting, we obtaln 

We see that if i f j, the adjoint fluxes are  orthogonal to the fornard 
fluxes.  

If we make a perturbation i n  A or M or both, what is the change in 

k which results? 
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(k + €k) (A -i- &I) (d)o + 8b)  = (M + @I) ($o + @) . 

By def in i t ion ,  kA# = M$,. 

quant i t ies  so that we have the  f i r s t -o rde r  approximation 
Let us now neglect products of small 

0 

or, rearranged, 

If we prernultiply Eq. (11) by #ET, where 6: i s  the eigenvector of Eq. 

( 3 )  with wo = 0, we have 

But 

$ET(kA - M) = [(UT - MT) $ElA = o .  

We have then the f i r s t -o rde r  perturbation theory approximation to sk/k 

as 

111. APPLICATION OF PERTURBATION THEORY IN EXTERMINATOR-;! 

I n  EXTE?3lINATOR, the forward calculat ion i s  done f irst ,  es tabl ishing 
4 and k. The adjo in t  flux d i s t r ibu t ion  i s  computed by inser t ing  the 

0 
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value of k in to  the equations, transposing A and M and i t e r a t i n g  just 
as i n  the forward calculation (except t ha t  k i s  f ixed)  t o  f ind  d”. 
t h i s  information it i s  possible t o  compute the f rac t iona l  chan.ge i.n k 
per  u n i t  change i n  any parameter Z as follows: 

With 
0 

The quantity 7, might be any reactor  parameter. In  par t icu lar ,  the  code 
outputs - €d‘ f o r  Z equal to  EA, CR, CR(K-*L), DB2, v C f ,  CR, D, and B2 f o r  

each group and region. 
in i t ions .  By C we mean the out-scattering cross section from a group; 
C R ( K 4 )  i s  the  in-scat ter ing crass  section from one group I( i n to  

another, L. 
compensstion f o r  changes i n  C (K4L). 

computed f o r  %?ne C (K4L) do not include compensation by C 

control rod constant. 
only and D i s  not perturbed. 
te rns  i s  - not included. 
considered - only r a t e s  of change of matrix elements with respect t o  
parameters. In  addition t o  t h i s  standard output, the  user may obtain 

the  coef f ic ien t  f o r  a pa r t i cu la r  nuclide density. This is  computed by 
sumnation using the macroscopic reackivity coeff ic ients  which have 
already been described; 

k6Z 
XA2 DB2, uCf, D, and B2 have t h e i r  usual def- 

R 

The coeff ic ient  calculated for C 

R 

does I_ not  include any x 
Conversely, the  coef f ic ien ts  

CR i s  the R R “  
I n  the case o f  DB’, the change is  really i n  Ei2 

In the case of D, the  e f f e c t  of D i n  DB’ 
Note t h a t  i n  Eq. (13) no ac tua l  changes a re  

m e  computation of Eq. (15) i s  enormously simplified i n  prac t ice  
by the f a c t  t h a t  84 and 6FI have ze ro  elements except over a region o r  
group being considered. Thus, i f  Z i s  a macroscopic non-fission cross 
section i.n a pa r t i cu la r  region, tine numerator of Eq. (13) would be 

... 
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where the double sum extends over the  quadrant elements AV covering 

region M. 
the mesh; K i s  the group number. If 2 i s  a macroscopic f i s s ion  cross 
section, the numerator would be 

I i s  the  row number and J i s  the column number of a point  i n  

c 1 

In  other  words, Eq. (13) i s  a summation of the der ivat ive of 
neutron balance items w i t h  respect t o  2 weighted by the ad jo in t  flux 
a t  each point .  
u n i t  D; t h i s  i s  the most awkward calculation. (It i s  t o  be noted t h a t  
t he  perturbation calculat ion methods used i n  EXTERMINATOR are,  f o r  the 
most pa r t ,  similar t o  those used i n  a p r i o r  code EQUIPOISE-3Aj the  
e f f ec t s  of D perturbations are computed d i f fe ren t ly ,  however, as the  
method used f o r  t h i s  purpose i n  the  older  code i s  not sa t i s fac tory . )  

For a D it i s  the  weighted sum of the  leakages per  

The EXTERMINATOR code w i l l  a l s o  calculate  the importance-weighted 
mean neutron l i f e t ime  and the ef fec t ive  delayed neutron f r ac t ion  as 

defined by Gross and Marable.' 
f o r  d e t a i l s  concerning the  der ivat ions of the formulas for these 
quant i t ies .  The formulas used i n  the code are given i n  R e f .  1. 

The reader i s  referred t o  t h e i r  paper 

A simple numerical i l l u s t r a t i o n  of the use of Eq. (13) i s  given 
i n  the Appendix. 

I V .  COMPARISON OF THE RESULTS OF PERTURBATION 
THEORY W I T H  D I m T  COPIIPUTATION 

The following t ab le  compares Ak increments predicted by per tur-  
bation theory f o r  changes i n  D values and f o r  pa r t i cu la r  isotope 
concentration changes with d i r e c t l y  computed Lyr values. 
were obtained by taking the difference i n  k values computed by two 
EXTERMINATOR cases, one with and one without the specif ied changes. 

The l a t t e r  

3E. E. Gross and J. H. Marable, S t a t i c  and Dynamic Multiplication 
Factors and Their Relation t o  the Inhour Equation, Nucl. Sei.- En&. , 
7(4): 2'81-291 (1960). 
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The computations were made for reasonably realistic EKTER4INATOH cases, 

details of which have been omitted for brevity. 

Table 1. Comparison of &/k Values Calculated f o r  
Specified Parameter Changes with "hose 

Predicted. by Perturbation Theory 

1-52 -0.2 
1.32 4 . 2  
1.31 -0.11 
1.31 -0.2 

-10-5 
+io+ 
3 x 10'" 

+lo-" 

A .  Diffusion Constant Changes 

&/k, Perturbation I 'heory &/k, Direct Calculation 

2.0198 x io-' 
3.3893 x 10'~ 
8.2408 x UP 
1.4984 x lo"* 

2,1148 x lo-' 
3.66 x io-" 
8.263 x 
1.594 X 

B. Isotope Concentration Changes 

Ak/k, Perturbation Theory &/k, Direct Calculation 

-0.087387 
+O e 087387 
-c) 436937 
-to 8'73875 
-0.008739 
-1-0.008739 

a The average value of Ak/k AN computed from these two numbers is 
8.7402 x lo', to be compared with 8.7387 x lo3 calculated from pertur- 
bation theory. 

brke average value of &/k AN computed from these two numbers is 
8.7395 x io3, 



WPENDIX 

SIMPLE NUMERICAL ILLUSTRATION OF THE USE OF EQUATION (15) 

Consider a two-group one-dimensional reactor  described by four 
space points; there  i s  a symmetry axis  be-tween points 1 and 2 and at 

1 

A I3 e 

Fig e A. 1. Diagram of One -Dimensional Reactor. 

p o h t  4 the fluxes are zero. 

unity. 
C .  The constants of the materials a r e  as  follows: 

For simplicity,  l e t  the mesh spacing be 

The d i f f e ren t  materials of which the reactor i s  made are A, B, 

c 
1_11 

B - A - 
D1 1.0 2.0 3.0 

xA1 

=A% 

"cf 1 

vcf2 
Xl 

3.0 2.0 0 

0.1 0.2 0.3 
0 0 0 

2.0 0.2 0.3 

0.1 0.2 0.3 

0.1 0. It 0 95 
0 0 0.5 

1.0 1.0 1 .o 
x2 0 0 0 
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W i t h  these ccmstants the difference equations fo r  the reactor become 
(demt ing  fast  f l u e s  by 6 and slow ones by f): 

1 
2 Y 

2(& - &) - - CO.1 + 0.2 4- 2.0 -k 0.21 $2 $. ; Li(0.1 c 0.4) # z ]  =: 0 

I 1 
2(f3 - f,&) - [+ 0.1 + 0.21 f* + 5 [0.1 4- 0 . 4  42 = 0 , 

1 2(f2 - f3) +- - L [-t- 0.2 + 0.31 f3 + 5 [ 0 * 2  + 0 , 3 ]  6, = 0 . 
2 

The matrices of the problem are: 

3,25 -2 0 0 

-2 5.5 0 0 

-0.15 0 2.15 -2 
A =  

0 -0.23 -2 2.25 

0.25 0 0 0 

0 0.45 0 0.27 

0 0 0 0 

0 0 0 0 

M =  

The forward and a d j o i n t  solutions to the problems 
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