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AN ELLIPTIC INTEGRAL COMPUTER PACKAGE 
FOR M A G N E T I C  FIELDS, FORCES, AND M U T U A L  INDUCTANCES 

O F  M I S Y M M E T R I C  SYSTEMS, AND A VERSATILE LINE-TRACING ROUTINE 

hf. W. Garrett' 

ABSTRACT 

~l'his rcpoi t dcscribe.r a set of higli-pi-rcirion routhcs for thr  I13h.l 70IlO rlmr pcrfoi-rn efficicritly 
lhc dculations most oftcii required oii axially syinrrirtric mayietk systems. .l'htwA routinrs compute 
the vcctor psitelrtial, firld components, and the mixcd gradient a#, foi. ciiri-rnt rycrcms and frit- 
certain ide:ili/ed distriburions of niagnctired matter; thry r . o i ~ i p u ~ e  t Four and r i i t r ! t i a l  iirdrictarrcc 
between coaxial units or it  system: ;ind thcy can t i x e  the lines of f-orce, liiics of ronsrmiit I ~ t d l  B, 
!I,, ctc., for such systcms. 7 h c  !racing routine with slight i.hanges shoirld hc able to f i I r d  loci of con- 
stant valire~ for any single-valued frtric.rion of. L W ~ J  v.ariables, wlicrt ;i prograrti exists tn e\dliiatr the 
function. 

Chaxial uiiits of any coriibin;ition may be circular loops, thin solenoids, or thick cylindrical mils; 
also uniformly niagnetized rings, cylindi.ical slieets, o r  ! hick-walled cylinders. The six t y p e s  may be 
inter-inixrd. 'I he progr;rnis conipiitc ficltls and tratc lines accurately wen wilhin the windirigs, and 
cah itlate force mid mutual indiictance bctweeii (oik in cwitact, as well a s  the self-intlu~.tancc of ideal 
solenoids and of thick cylirrtli.ical coils. 

'The programs for currerit systems were developed from a set o f  six equations i r i  elliptic integTals, 
which suffice when correlations are fu l ly  wploited for all the relevant propcrties of loops ; r n d  
solenoids. 'The axial solenoid field is calculated h y  a superior new meihod. 

the solcnoid rattier than the loop as thc drmentai-y unit. Magnittic 
in radial depth hy (;suss nuiiicric.al quadrature of vark~ble  order. 
whose scc.!jons are 1-101 r n p h r  and whose curtent dmsitirs arc a 

function of tlic cyliiidik4 radius, though lht- cxisting codes do n o t  yrt cover such r'ases. 

'The proc rtlurr is sirrrplcr , i r rd  faster thaii ilir c-oniinotily used nlC!h<Jds which r ~ ~ l i i i r c  a mort 

exrensivc iise of Iltiilierical intrg-ratiori. EIIurs are routinely less than one part per million, in extreme 
cases less than one pirt pcer thousand. 

'l'lic seqnenrr of calrul;itioirs is coi-itrnllcd by srvitrh entries o i l  the datacards so that a widely varying 
srrics of relatrd or iiidepcrrdt:nt prohleiris, which may require all tlle listed operations in any  or-der. 
may bc solved with a sirigle set of &!a cards. 

INTRODUCTION 

The programs describcd liere evolved iri stages, 
so 1.hat tho overall coding striict ure shows porliaps 
a certain affinity to that of a New F:rigiarid farm- 
house. Nevertheless, the final pilckage performs 
with high efficiency all calculations that ordinarily 
are required C)II axially symmetric, systenis. 7'he 
s p e d  at id precision of the system and its relai.ivt~ly 

' Coi-milt ant, Swarthmol-e ( hllcgc-, Swart hnm re, 1%. 1 his 
wor-k W;IS supported hy Oak Ric1g.e Natiorial I ~ b o i  ator.y arid in 
part by the U.S. Army Research Office (Durhani). For thr 
rrlathematical section, without details of' the rrrachiiie programs, 
s w  M. W.  Garrett, I ~ P I I .  Sci. Instr. 34, 2567 (19L'3). 

compact coding depend on a rtwxlificatiori of the 
available elliptic integral expr-cssions, which is 
(tie subject o f  Sect. 1. 'I'his section concludes with 
sonic remarks on the use of the equations iia prac- 
tice. 

Section 2 conrains all the derails riecclcd to serve 
;IS a working <guide to the use of the existing rou- 
tines. It also describes t he organization and iiiter- 
deperi'dcnce of the v a r i o u  subroutines atrd dis- 
cusses sigiiificant features of irirlividual routiries. 
It docs r i o t  incdudt. a l ist i~ig o f  ac:ltral source pro- 
gran 1 s. 
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'Thc magnet ic q i . ~ ; r i i t  i t  ies t1i;it ;j rc  coil> p t ; d  ti?. 
thc pro!;r ;irns i.eportecl here ai-e tlie wctor poten- 
tial, the total scalar field magiiiliuile B with its 
axial and t-atiial cx>nrpo~icnts 13~ and B,, the mixed 
gradient dB,,/8z. mid the ibi-cc aiid irititi1:il in- 
duc tan~e  hetween elcli1eilts of' a iiiagiietic 
ini-iitdiilg self-intluci;iiicc a s  a special caw'. 

I t  is often desii.et1 t o  trace coirtuii~.s that ai-e loci 
of the coiisiaiit values of some scalar field fiiiic- 
tion, f'or exxripie, (iic contours of coiistant total 
field ~iia~;irit~idc H 01. thr lincs of' force \vliicli pass 
throiigh poitits of' coilst,irit p A .  'l'lie prolileni of 
firitlilig such loci is essel;tially the  same for al ly  

single.valued function of' t \vo oi-tliogoiial coordi- 
I I ~ I C ' S .  Thc prescii: package contains ;I highly 
developed trac.ii I g i ' o i i t  iiic \vhich, with slight 
chaiigcs of linkage. should tie iis;~b!c fo r  a i i y  such 
fiiiiction wliose vduc.s can tic siipplied by some 
av;tilable program. Since its specific relation to tlie 
rriagnciic field is slight, a discwssion of the tracing 
problem is deferred until Sect. 2.  

Flcnrients of ~ l i c  ciirreiit ~ystcniis with which 
these p~-ogl-atil~ deal i i l r l )  he cii-cular loops, cyliti- 
dr-ical curl-eiit sheets (ideal solerioitls), or thick- 
walled cylindrical coils with ~iriiform curi-ent deii- 
sitp. Uniformly iiiagrielizecl I-inigs. c)-lindt-ical 
sheets, o r  thick cylindi~ical shells m a y  also he in- 
cluded, arid a single tern m a p  cont;iitt all these 
elr in en I types i 11 t eim ixed . 

1 'lie ele me 11 t a r  y I I  II i t  f '1.0 ni w 11 ic h t h c pro pert i es 
of thick coils are derived is not the k)O[J, but ill:. 
cylindrical current sheet. T h e  iniegi-ation in 
radial depth over the elementary solerioids is 
carried out b y  Gaussian numerical quadrature. 
I t  is evident that a thick, axially syrnniewic coil 
whose current density is a function of p only ant1 
whose erids are conical or e\wi curved niay still 
be analyzed iiito ideal solenoid e1ement.s. I n  such 
cases, the desired niagnretic properties m a y  be iii- 
tegrated with little difficult): over- the section by 

niaking appropriate changes in the weight factors 
or  the contours that. ai-e assigncd to the Gaussian 
quadrature routine, brit this option is not included 
i i i  the completed coding. 

1 1 1  spite uf' the long-standing- iisc of elliptic irite-- 
gi-a1 for~niiilas for loups arid solenoids, a search of 
the scattered literature of fields, inutual induct- 
ance, and ttte "geoirrc.1 rp" of particle counters".:' 
fiiilcd PO I-cvcal an efficiently ordered .;r.hcme t o  

calculate eeotloI1iic,j.ily the iiiost cssential magnetic 
pro!)ei.ties of' such elements. Special cases liave 
lieen solved i n  varioiis ways. Iriadcquate coi-rela- 
t i o i i  niultiplies the :iicmber of forniulas that arc 
needed, and som: ;ire inferior and should be 

idml 
beeir formulated in remarkably 

diverse ways. none of which offers '1 Ie;isoi~~abl)- 
simple rrietliod of calculation. l'his quantity, which 
is proportional to the solid aiigle suhterided by  a 
circle at ;I point oRihc axis, is deceptively simple i n  
appe:i~-aiice. I t  must be evaluated a t  each field 
point for both esicls of each e1cmerit;try Gaussian 
solcnoid ot a thick coil. Fortunately, a bcttei- 
mctllod of solutioi> is availalile in Eq. (12), I,elo~i, 
der i \ rd  in 18!!8 by Viriarnu t o  express the 
differential corlficieiit d!lil/dp of the nriiitiial iiiduct- 
aiice o f  a loop and solenoid! -1'he companion for- 
mula (9) for :\I is well k ~ i o w n , ~  but though several 
workers h i v e  ;ipr>lit.d Eq. (1 2 )  as originally in- 
tended t o  refine the calculation of absolute 121 

shxitlariis; IL c toes  noi  seem to ha\,e bccn previously 
noticed that i t  also yields B,(S) .  For. the r-elaiiori 
lietween t h r  two quantiiies see Eq. (6). 

"l'he gromcri ical p~oldern of calculating tlir efficiciicy wikh 
which a I-ound u-indon collect:, p.ii~ticlc\ 01 quanta fi-om a p o i l i t  

socii-ce is the same 'IS t h a t  of calculatIiig llw axial field olari ideal 
solenoid. An cxtensive literature has gi-own up arouiid cach 
application independently of the other (see ref. 3 ) .  
'{M. 14'. ( ; : i i~ct t ,  K c v  S c i .  / u \ / I .  25, 1208 (1954). 
I,]. 1'. ,Ioiics, P ~ ( J c .  ffoy. Sor. ( ~ , ( J I ~ o H J  63, 192 (18%). 

rq'l>lccd. 
Iil pwticular, the axial field H , ( S )  o f '  

. -~ 
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130th of these formulas contai t i  complete elliptk 
integrals of all three kinds. Most users of thcse and 
similar expressions havc elected to use iricotriplcte 
k' atid E integrals to avoid calculation of the IP 
integral. Such metliods irivolve iterations through 
an ;u-duous secliience, or iiiterpolation in bivaria1.e 
tables, which usually have an ;Irigle as one argu- 
ment. A t  least when one uses machines, inclutlitlg 
desk calculators, it is easier to ctriploy the iterative 
mei hods of King5 and Rartky' in  computing thc 
three complete integrals. Eqiiatioti (1 2) then pi-oves 
to k)c far- superior to other available expressions For 
K , ( S ) .  

Outline 

After a comparison with the method o f  zonal 
harmonics arid ;I section on notation arid defini- 
tions, details of the elliptic int.c:gral method are 
developed. Correlations ratlicr than deiivatioiis 
arc presented, since most eq i~ i t i o~ i s  ;ire tlrawrii 
Frvrn the 1itei.aI.t.ire with some new inteipretatioiis 
and changes of form. Table 1 exhil)its, in a two- 
dimeiisinnal array, the systern;itjc relatioris ex- 
prc:ssed by Eqs. (1)-(7). I t  slwws that only six dis- 
tinct equations [(S)---(13)1 arc-: ncedecl to compute 
14 quantitir:s of interest. T h e  entire set of six m a y  
in principle be derived From its first mcrnlxr by 
sii(:cessivt: cliflerentiatioiis. Equations ( 14-- - (2  1 ) 
describe the definitions and iterations that are used 
to compute tlhe complete clliptic integrals K, E ,  
arid 11. Working equat,ioris are then expressed in 
ternis of the stable end 17alues from the iterations. 
After listing some equations for the fieSds of mag- 
netostatic elements, the section ends with a dis- 
cussion of the ~rse  of the niethod in prac:tice. 

Comparison with the Method of 
Zonal Harmonics 

,- ~ I l i t .  prcsent atlenipt to codify the elliptic iiite- 
gra1 proced tires grew out of t . 1 ~  aut,hor's parallel 
work 0 1 1  zonal  harmonic^.^.^ Recently completed 

zonal harmonic conipiitei- progranis9 are in some 
respects mow vcrsatile, in some respects less so, 
than are the clliptic integtxl progranis. I3y carrying 
the 1i:irtrionic scries to the 33d order (even hand 
calculatiotis may include the 17th, if the tables of 
ref. 8 are used), t h e y  extend the t-ang-e o r  practical 
convei'getice into regions so close to the windings 
that most cases of experinxi-ita1 iniport.anc:e are 
covered. Exc:eptioris are thc calculation of field 
compoiient.~ within t,he windings or in the gaps 
betwceri windings, internal forces, and the force ot- 
ni iitual iriductarice between coils close together 
or in actual contact. Precisely these cases are cur- 
t w i t l y  increasirig in import.aric c because of the 
large foires in rnodcrri high-currelit systems 21 tid 
the quenching of  supercondLtctivit y by high fields. 
T h e  use or elliptic i n t e g d s  for such calculations 
removes the lirtiitations on convergence. 

The method of zoiial harmonics, where it can be 
used, has adwritag(:s of its own that are more ful ly  
discussed in the references. .T'he advantages de- 
p i d  on exploiting a distint rive feature of the 
method, namely, that it permits a clean separation 
of the field geometry. from that of the generating 
system. Field coordiriales a r i d  source coorcliriates 
can arid sliould be r-estiicted to separate equations 
used in sep;ir;ite steps of the c:;ilculations. 

Tlie zorial liar-monic method is superior for de- 
sign prohlenis because it tie ihes fields, for.c:rs, 
and tnutunl intluctarices as continuous scalar 
functions of the field coordiriat.es, w i t h  coefficients 
that depend only on the soLircc coordiiiates. 'P'hus 
it is an efficierit tool to design systems that generace 
a iiniforin field or gradicmt, search coils that mea- 
sure field or gradieiit at a point, mutual inductors 
in which 0 1 1  rotation M vaties accurately as 
cos 8 ,  etc. I~'11e use o f  elliptic ititcgi.;rls develops no 
continuum, but only a series of spoc c l ~ : c k s  at 
isolated points. Again, if ruariy fiold points are to 
be computed, especially for a coniplicnted system, 
the zori;d harmonic method m a y  be faster by a 
factor of 10. 

?'he Iiarmonic method i s  also more versatile in 
cc-miputing the rates of change of the magriet.ic 
properJies, with respect io the field or the soiirce 
cooidiiiates. For exaniple, it can be used to cal- 
culate the mutual inductance, hence also forces 
and torques, between systems wliosc axes are 
......... ~~~~ 

!Jx3r. W. Garrett. Conipitp7 I'ro,grom~r ll<irig Zonal €Iarnion%c.v for 
Magriptic Propmtie,~ of Curwrit Systrrrrr. OKNI.-3318 (1962). 
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separated but pwallel, o r  which intersect a t  an 

The haririoiiic coefficients ihat relate the mag- 
iici ic: pi-operties of loops and ideal solenoids to the 
s ) s e m  geometry, unlike t l i e  eqiiiitioris in elliptic 
inregr-As, can be dir-cctly integrated in radial depth 
to compute the corresponding coefficients of pan- 
cake coils and  tliick cylindrical coils. I t  has already 
been seen that this limitation of the elliptic in tegpl  
expressions can be r-cnnoved by resorting to 
(;aussian numerical quadrature. The same device, 
though i~ is n o t  Iieedcd in the case of homog-eneous 
cyliiitli-ical coils. can be used to find die zonal  hai.- 
nioriic coefficients for coils that do  riot have plane 
encis or whose current density depends upon p. 

All the inlierelit advariiagcn of the method arc 
prcwxvcd by the use of coeflicients so calculat,r:d. 

aflgk. 

Linits ai-c rtiks, but p(, is I-epreseiited i n  all equa- 
tioiis by h- x l()~-'; lience, i f  it is desired t o  use tlie 
gauss, gauss-cm,  etc., 0 1 1 1 ) -  decimal factors need be 
introduced. The  equations refer t o  a field ring of 
cyliridrical radius p passing tlirough a field point, 
and a co;isial source ring of radilis u, lying i i i  

planes ~7hose axial sep;ir;rtion is z .  Whcn the solit-cc 
is to the riglit, z is positive; that is, tlie origin lies in 
the plane of the field point. ?'he simplest source 
is a circular ciirrerit filament or loop. 

When an equation for the field, f o i ~ e ,  rriutual 
inductance, etc., of' ii cuxc i i t  1c)op is iiitcgr-ated 
d o ~ g  die axis to find the con-esponding pi.opc~-cy 
of  ari ideal solenoid, onl) the cool-dinarcs o f  the 
eiicl circles of the solenoid appc;ir in the definite 
i ritegr-;rl which thus coiitaii is t w o  t el-ins of' oi9posi t e 
sign. It is convenient t o  igiiore t h c  physical dis- 
tribiited mrreiits of the winding and t o  attribute 
the entire field to the t w o  soiir-(:e n-irigs. 01' iiiorc 

briefly, sources of identical absolute strength 
N'i but with opposite sigiis. I+" is the liniear turn 
density, atid N ' i  is the surf'acc current density. 
The positive sign belongs LO the i-iglit end of' a 
positi\.e current shect. .l'he sou!-cc sireiigtii of' a 
loop is Xi. whcre Ai is the t i l l - i i  c o i i i i i  antP thc sign 
depends o i i ly  oni t l i c .  curr-cn~t i. The so~11-c~ concept 
is more fully treated i r i  the refei-eiices.'-!~ 
A11 equatioiis a1.e writteri for- single positive 

soul-ces o f  uiiit turn-count N 01- N ' ,  with the lacit 
assumption that field components arr  t o  he coin- 
puted b y  algebr-ai(: Summation over all sour-ccs of'a 
s) stem. while forces and murual iiiduct;inces ;ire t o  
be suniined over all possible pair-s consisting o f  a 
pririiar-~ and a secondai-)- sourcx:. F,act-i coniti.ibu- 
tioii to the simi is to be multiplied by the signed 
soii~~cc' strength or  by the product o f  the IWO sig-ncd 
soul-ce strengths. I n  the caw of force o r  mutual 
iniluctaiice the radius a is ai-bitrai-ily irssigtied to a 
primary and to a secoiidar-y source, though i t  is 
obvious from the symmetry  of' the equatioiis or 
from physical reasoning that oiie may interchange 

Table 1. Differential Relations 



I lie complete set of 0's with the corresponding a's 
for any pair, whether the paired elenierits are 
loops, solerioids, or loop aiitl solenoid. 'T'his theo- 
rem is perhaps trivial foi- elliptic integral cal- 
culations, but i t  can often l~ used to accelerate 
the rate of' convergence o f  ;I zoiial 1i;irnioriic series, 
t y  reducing the ratio R of  niaximurn secotidary 
pu1;ir. rntlius to niinim iiin primary imlius. 

The properties of single soletioicl soiiixes (cir- 
cular end planes) may be visualized in ternis of the 
equivalent disks uniformly charged with positive 
or negative magnetic pole clisti-ibutions. 

'I'he constants of a mtial harmonic series can be 
integrated in closeel f o r m  over the radial depth OF 
tlie wirnding. This leads to the symbolic replace- 
ment of a disk winding, or of each end plane of a 
thick cylindrical coil, by  two sources of the same 
strength but. of positive sign at the oirtei- edge of a 
positive end plane, negative at the inner edge. 'I'he 
coi-responding integration i i i  depth of the elliptic 
integral equations has I-IOI Ixen accorriplished, so 
h t  hci-e only loop and sole~ioid sou~'cc:s oc:cur, 
never disk or thick coil sourccs. The resort to 
C;aussian n u m e r i d  quadrature simulates the disk 
by ii set of coricetitric loop sources, and tlie thick 
coil end plane by a set of concentric solenoid source 
rings, whose  s t rength  are proportional to t.he 
Gaussia t i  weight. coetIicients. Calcxlations are com- 
pleted i t s  before by  scalar summation ovci- all the 

The weight fktors m a y  be scaled if tiecessai-y to 
take i n t o  account the variations wit.11 p alone of the 
current, derisit y, while the sources may bc spaced i r i  
prupori iort to the C;aussian abscissas ;ilong a slant 
or curved line Iiouiidirig an arbitrary axially sytn- 
metric c n i l  section. 

S 0 l . l  Kes. 

Differential Relations 

1 t i  the following equations, tlie source type is 
desigiiatecl by I, for. loop, S [or solenoid, or G for 
;I 11 undefirieel geticr-ating source ring. G m a y  ii i-  

dude, besides 1, or  S, the case of a disk or thick 
coil soin r-ce, since tlie equations assume only as id  
syt1imett.y aiid are not restricted to  a formulation 
in ellipt ic integrals. fl is written for ttie magnetic 
held, A [or magnetic vector potential, V Cor.  scalar 
potential, il/l f0r mutual inductance, I;' for force, 
and Q for a generalized scalar function of- the 
soiii-ce coordinates and sc)iii.ce strength. 'The First 

five equations are well known. Equation (6) 
follows from ( 3 )  and ( 5 ) ,  while (7)  is physically 
obvious, sirice the effect of a small increnierit dz 
to a solenoid is t.he same as if a loop source NL, 
were added, where Nl, = N'tSz. 

F ,2(G, ,G2)  = i,i,d!M(G,.G,)/az , (1)  

R, (C) = --dA (C) /iJz , (2) 

Wir 11 the aid of Eqs. (1 ) to ( 7 ) ,  it is easy to visu- 
alize the relatiuns among tlie (1u;rritities of interest 
b y  ordering then1 in t l i e  tc\ir)-dimensiori~il array of 
'1'al)le 1. ltfere the entries in eiicli column m a y  in 
principle be derived from the top down by suc- 
cessive z di~(:rc-:ritiatic,ns, according to Eq. (7) .  
Q~iant ities within each row are identical exccpt 
for the iiiclusion of' simple nuinerical factors tli:it 
are constant for each c:olurnn. ('I'he se.cond arid 
third rows each (:ourit as two sepat.;ite rows, as 
divided b y  the arrows.) 'I'he "derivation" at  tlie 
head or limt of e x t i  colurrin relates it t o  a prc- 
c:rtlirig column hy listing the relevant nunieric:al 
f x t o i . ,  together with the riurtil>er of tlie equation 
that tictines ttie relation precisely. In  the divided 
rows, quantities to the right (if the arrows ai-c 
derived I'rorn those to the left by p clifei-entiat ion 
according t o  Eq. (6). At the left <it' each row are 
shown the number of the cquatiori froii i  which all 
quantities in the i x n v  may he c-alc:ulatcd and the 
correspoiidiiig refercncc numher.  Only the six 
equat.ions 1 (8)-( 13) 1 are needed for the 1.5 q ~ i a n -  
t i  ties tabulated. ") 

'"'Ihe liistoi y o f  these quatioil\ by 1 1 0  means p~arallels tire 
idealiied seqtwic~e of the tatde. Here the complete set i s  
foi.tnally regardrd as drrivable froni Chcstc~r Snow's t'ortiiul;~ 
[Fq. (X) ] ,  whcm t h e  expressiori il1C.S.L) has been I-rplaced by the 
right side o f  Lq. (9). Silow's p:ipet, in so far as i t  touches the 

tit disc-us\iori, is coiicerned otily with Eqs. (8 )  and (9) 
(ser ref. 1 1). Snow credits both equations to  Virinriiu Jones,  
brit  the writer. 11.1s riot  fourid Eq (8 )  in Jones's work. 



The Six Basic Equations. Geometrical Definitions 

(Snow"), 

(Jones4), 

(hlaxwell"), 

(Rlaxwell"), 

(Jones4), 

(9)  

i 10 ) 

I'able 1 and all equations apply to siriglc p s i -  
tivc soiirces of sti.ength i (or of' unit strength in M 
e(ii1atioiis). That is, the limps are single t i ims ;  the 
solenoids have one turn pel- metem-, and the. alge- 
l ~ ~ i i :  sign must be changctl for thc left-hand 
sources. K ,  E ,  and n are complete elliptic integi ais 

to modiilus A ,  of the first, second, and third kinds 
rcspectively. The pi-ainetei. of n is Y-', or, in the 
notalion of some wrilers, c. T h e  lengths rl and r2 
arc respectively the maximum and minimum dis- 
tances from a point on the source ring of radius o 
to a point o i i  the field ring of radius p .  Definitions 
of the auxiliai-?- geonietrical quantitirs and some 
uwful relations ;imoiig thcm arc given in Eqs. 
(14) t o  ( I  7 ) .  
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the discontinnity that B,(S)  sr.ifrcrs in passing 
thi~ougli the current sheet.J5 7'he corriputed valucs 
arc correct o n  both sides. 

Calculotion of the Integrals 

Quailtities in the last t w o  rows of 'I 'atk 1 re- 
quite only the intc:grals K and E .  'l'hese may be 
cotriputed within 2 or 3 pal-ts in IO* f imn the 
F-lastings ; ~ ~ ~ ~ ~ r ~ ) x ~ i ~ i ; i ~ j o l l s , " j  which rcquire o n l y  I Pic: 

evaluation of I n  k' a i d  four five-term series in 
k". If an iterative method is preferred, only Eqs. 
( 18) mid (19) arc iieeclcd, a r i d  on the average four 
iier.atic)ns sui-tiice. For 1i;iiid calculaliotis, tlic sccoind 
method i s  much bet ter, l - ~  w i h  a coinputct. the, 
series cxpl-irision is faster and simpler to prograirl. 

Quantities in  the first and second rows of' the 
table also require IT. For such cases no pract.ic;xl)lc 
expaisiiori in series is available, ;I r i d  the niethod 
described b y  'I'hornas et di7 has tieen adopled 
with very li t t le cliarige. I t  requires on the awr-age 
fc)ur pdsses t.lirough the si1 steps of Eels. (19) arid 
( 2 0 )  , lollo\~r:d by  one o r  two I I L O I T  hwuglri Eqs. 
(20) alonc. 'I'he 1111mber iric:i-eases as 16' = r J r ,  
dccreases, thai is, as t l i c  fiehl arid source rings 
approitch each o ~ h e r  more closely, while eve]-itually 
I I  increasc-:~ t o  very large valucs. 'I'he series ex- 
pansioli is never used i f '  11 is required, since K arid 
E then emerge as by-products. 

1niti:il values o f  the pitraineters are defined b y  
Eqs. (18), i l I l d  the two iterat.ive cycles are de- 
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(22) 

(23) 

(24) 

(25) 

(26) 

' l 'he following I-clation is sometimes useful, in conjunction with (2.5) o r  ( 3  I ) .  I f  j is the local volnrrie 
C ~ I T C I I I  tlcnri t y , 

For systcnis that contain only loop clenicnts, i t  is better to use the H;isrings approxirnatio~is for K and 
E ,  in the f'ollowing slightly altered working ecparions: 

E )  - k'K] . 

Equation ( 2 8 )  is deIi\ed Iv i th  l i r t l r  change of 
for - in  froin ( I  3), for close coi-i-elation with (29) and 
(30). I t  ma!. be easily i:onierted with the a i d  of(21) 
to iisc ri-le cnd values that result from Eqs. ( Y O ) ,  
as do Eqs. (24) and (25). Equation ( 3  1 )  was clei-ivcd 
f-rorii (29). Note that B,/z is iticktcrmiiiate for 
z = 0 i f  Eq. (29) is used. Hence if' ijQ,/3z is needccl: 
(29) s h o u l d  be p-ograinr~iit.cl to computc B,/z  
initiall) , tlicri to find B, 111- iiitrcducing 2. 

Ideaalized Magnetostatic EJements 

I t  is 1101 difTicnlt to take  into account the effect 
of' small axially syiiirmictric volumes of' m;ig;rlctii.ecl 
matter i f '  dei~olai.iz;itioii is neglectcd, that is, if a 

knowii coI1stmt polarization vector is assumed. 
Thc basic element is a sourc(: ring of static mag- 
ricric chai-ge of radius ci line density A ,  whose 
scalar rnagnetic potential islx 

b'( Q )  = ,I.kaK/r, (emu 01' (;aussiazi tinits). ( :<y) 

l ' h e  fields 8, and R, of charge rings and of dipole 
rings caii be found from this eqriation b), differ- 



entiation. T h c  following relat ions are listed for 
coiivenience: 

For- charge rings, 

(3.5) 

(here Bi  is + dV/az, since different intion itriplie5 
rriocion of the source), and 

7'he last two equations arc. again in Gaussian units. 

( p h r  arigle /3 = O) ,  change A to A ' ( =  &/ad+, 
the linear density of dipole motnrnt), atid differen- 
i.iate with respect t o  z. I f  tlie polar angle p is 90", 
differentiate with respect to a. But sitice thc total 
charge (1 is 'Lrrhz arid che dipole ring is neutral, ha 

1-athcr than A must he held constarit. Details of' the 
cliffercnriation are oriiit(ed. For a dipole ring whose 
pol;arimtion vector lies on a cone (B =; cotistatii), 

For dipole rings w i t h  axial polar 

5 ( p  , 4 )  = U ( p ,  O*) cos /3 + H ( p  I 90") sin /3 . ( 3 7 )  

Note that ii cylindrical sheet with uniform iixi,il 

ntagiietizaLiciri is equivalent to a pair of chai-ge 
rings of oppt)site sign at the e n d s  o r  thc sheet. Also, 
a 1hic.k cylindrical shell may be r-eplacecl b y  n pair 
o f  ideal current sheets (solenoids) coinciding with 

'ndrical boutitlaria and cat-ryiiig opposite 
currents. Fitially-, the vector puteritial A ( p )  for 
cl ip& ring is the sanic: as - - H p ( ( ) )  l o r  a charge 

!dl the cases that have been discussed are in- 
cluded in the c:oding. ' l he  results o f  test cases run 
with this program arid wit l i  the zonal haritioiiic 
pac:kage of OKNI..-33 1819 agree t o  swen figures. 

ring (see ' I ' a l k  1). 

Gaussian Quadrature in Practice 

The writer rep:)rt.ed ihe  iise of  C hussiail nutrier- 
ical integration some years ago7 in a similar 
context, to  siniuliite a rhick coil hy ;i set oi'solenoid 
sources. The integration was dorre with ;I desk 
ca1cul:itor to check the results of mnal harmonic 
field series in which the constants for t r ue  cyliiidri- 
c:al coil sources were cotnpuretl from thc: riew 
sour~:c func tions [I,(. Arthur 1~)owIiitig recently 
user1 r h c  s:ir)it: device io  extend his method fc~r  
cornputiiig solenoid fields'" 1.0 c-ylinclric:al coils. 
The  overall rnethod tiilies six to eight times 21s 
long a'i that reported hei-e, I~ciausc an indepetitl- 
erit Ckiussiari iritegration (in iIzitriut1.l) is used also 
i ' o i -  each field cornpoiicnt of the elemt~ni:~ry 
solenoids. 

7'he met hod c1escril)ed here resorts to tlre 
ui approximation lor the final p integra- 
ly (in radial depth). The xnachiiie program 

provides ;t fr-ce choice of  11-IZ oidcr  I I  hetween 
the limits 1 a r i d  ltj.20 'l'he n-poilit Gaucsian 
fortiiula replaccs cnch end plaric o f  ;I cylintlriciil 
coil b y  a set of IZ solenoid sourc'(:s. '1'0 calculate 
F or for n pair of' tliick coils, assign a SCI of  
21n j-suhscripts to the in positive and mi negative 
solcnoid sources that replace one coil, and 211 li- 
subscripts to die o ~ h r ~ .  .L'lieri sitin the lnrn ciirii- 
ponenrs ilgdkFj,c o r  A+l,$fjk, whcrc t he A ' s  are tlie 
Gaiissiarz wigh t  factors. The proper vdrttz OF N' 
for each coil is the total turn (:c)iit-ii~ per meter t i '  
tlhe whole coil. '1'0 rninirnize the proxitniry e i ~ c i r s  
discussed I~c low,  if the coils arc i i i  c o i ~ ~ a c t  or very 
c:losc togelher., m should riot equal n,, a i d  i t  is 
best to  have on(: even and tlie otlici- odd. 

Wit.11 the s m i e  restrictions on m a r i d  I L ,  self- 
inductance can be c:or-ripuierl as the rnutual induc- 
tance bet,ween coincident coils. T II the lirrtic ing 
case o f  an ideal solenoid, set m = 1 for d i e  primary 
and exp;mtl t h e  coincident stxoridar y into a thin 
coil with 211 Clau ri sourws. I t  t n a y  he verified 
that thc conipui.etl value of .;lf approaches the cor- 
rcct value 1, ns the order n iticrcases arid the thick- 
ness of' the sc:coric-laty dec:rciscs. 

I Iic self-iiitluctance of ; i n  itleal solenoid is 
(1,orcnz") 

,- 
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(38)  

o n l y  even Gaussim oi-dets 211-e permitted. the 
nearest (;anssi;tii souIc.es arc inore remote than 
in the pi-evious case, and the conver-gcnce with 
iiicreasitig order is found to be niuch worse. Tlic 
reason fo r  this caii be seen 1)). drawiiig 21 rough 
gt-apli rep~eseiiiitig- t l iu  behavior of' the integraiid 
near a singiihrity and sturlyiiig it in rel;ition to a 
set of' supcr-post.d Chiissiaii abscissas. 

I n  practice, with ri = I O  o r  I!? thc iili(:t:1-Cililities 
do n o t  exceed otic ~ I I  in ;I thoiic;inc'l, even for 
iiclcls in the etid pl:itit. a n d  1.01. b' o r M  belween coils 
in contact, though iri  critical cases i t  is liest t , ~  rely 
o n  one or  li1Oi-e of' the available checking options. 
\'vi-j lcw c';iscs o f  cxperiniental intercst arc in  this 
critical rmigc, while. most are likely to lie within 
the t x ~ i g ~  of' high-oi del zonal  Iiarriiotiic series. I n  
such cases the two mcttiods check routinely to 
Ixttcr thmi onc part per million. 
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2. ELLIPTIC INTEGRAL PROGRAMS FOR THE IBM 7090 

'I'his section assumes a i ~ i r i i r n : i l  acquaini.arice 
i v i t h  70!HJ b'OR'IRAN. T h e  first part, ending with 
subroutjric 'Z'ABLES, contains the iiifortnation 
~ieerled to use the existing programs eflkctively. 
After ;I lwi(':f. rksuniC: o f  tl-ic: geriet-;d plan of t,he 
cocling ilnd of tlie data cards, each type o P  c a r d  is 
treated in a separate section that describes in 
detail t.lie uses o f -  the individual data f~ielcls. 

'l'he second part, heginiiing with the f A P  
seclion, presc~mts a ft.w details of the internal logic 
arid p I-occd ures of certair i s ubrou ti t I cs.  1 t rimy 
interest tliosc who wish t o  understand the working 
niethod it1 greater detail, in order to be mor(-: 
(-orifitlent (or  more critical) of tile results, t o  
modify the progranis t o  their own ends, or to write 
related codes for the s m w  or other machines. 

' I 'hc  cx,rnpleted elliptic hitegixl package p i r a l -  
Iels in organization and SC.OJ)(': the mrial  harmonic 
progmnis o f  OKNi~-SS 18,' wit h t l w  :idditiori of 
il hie-tracing iwitiiie. I t  covet's a wider v x i c t y  o f  
prohleiris than  other g"i.~er"l-pLi~.I>ose programs 
that  he author has seeii, ;ind i t  is several tirnes ; is 
fast. Nevc:rtheless, for marry problems 1 hat Pall 
wi t  t i  i n hlie ra n ge o f satisfactory con verge i i c e  o I' 
t l i e  zonal I-iarnionic niet.liotl, the kif1 (':r is still 
faster, perhaps in about tlie s:unc r;itio. Extensive 
comparisons o f  the results of thc two nieihotls, 
over the wide range o f  magnetic quailtities arid 
(if gec.,inetries for wliich they overlap, inspire 
colt tidenm: in the validity of' bot.h sets. Usually 
there i s  agxenicnt to seven significarit tigures. 

Control and Sequence of Program and Subroutines 

'1.k existiiig 70:JO cocks consist of orie main 
progmari arid seveii sul)rotitines, exc~lusive of tlie 
clock routine T A D  which records the time iind 
date. C)sne sihrout,irx pachagc: is written in the FAP 
language, using niairily floating-point opera- 
tions, while all the rest use single-precision 
IY~KIXAK.  All iiitercharige 01' data l-)etwcc:n 
sections is e Rectecl through a COMMON storage 
sectiou of ti82 cells, whicli is niappcd in '1.abIe '1. 

The complete package can calculate magnetic- 
field conip~nents B,, B,, and total IBI, vector 
poteni.i;al A ,  the flux function p A ,  arid aH,/az for a 
comp1er.e tnagnetic systern, at all points of' a pre- 
scribed fjeld net., and can compute axial force F' 
;)lid niutu:il inductance :M between pairs of ele- 
merits of 1.be system, including as a special case tlie 
sell'iiic1ut:tatice o P  thick coils or ideal solcnoirls. 

I t  includes also an eflicient line-{ racing routine, 
wkicl-iL wiis originally written to niap the lines of 
f o r w  of :I niagrietic systrixi, Imt wtiid-r has been 
gencralizetl to Lracc (:)ut lines that ;ire the loci of' 
corist;int values of any other of tlie n-ragnel ir. quan-  
tities, i n  prt.icular the contours o f  coiistant total 
scalar held lRl .  This subroiitiiie is self-cotitainecl, 
except tli;rLL at each point it dcniancls the local 
value of the selcc:t.ed field function. It  should 
tlierefore be readily adaptal,le for use wi1.h m y  
~irirelatrd progi.;ini that can coinputc a siiigle- 
valuetl scalar fuiiction of t w o  coordinates, IO map 
the behavior o f  the fi.mc.tion. 

A magnetic system is defiriecl a s  any set o f  MXK 
coaxial cletnetits (the 1)IMII:NSJON 40 is currently 
assigned 10 MXK). For F, M, or I, compii~atiotic 
t lie "system" need h a w  no physical validity, but 
is often ;I inere list Iroin which pairs are selected 
b y  oiie or more SP:Qcarc~ls. Curt~ent elernelits niay 
he circular loops, iclcal soletioids, 01- thick cylin- 
drical cctils. Also, the utiifimnly pulatizecl dipole 
ririgs, cylindrical shec-:l.s, and thick cylinders 
t:lesc:ril)ecl i n  Sect. I may be intri-)duced. [.See Kqs. 
(:32)-(37) aticl the section o n  entry IS in subroutine 
KC:AKI)S, helow.] F.lenients of all types n iay  he 
iritei-mixed in al ly  system, except that siil)roi.iririe 
FORCE cloes not prcsetiily deal with loops or wilh 
rnagtietostatic elements. Since the trquations of 
Sect. 1 a r c  valicl itisicle <IS well ;is outside the wititl- 
irlgs, fhc cu rrcric space (whose gmrnctry is etitered 
on IC cards) ant1 the freld space (as specified on  
NE'I' 01- MAP crrrds) niay overlap without ccjricerri 
to the user. 

A prol,leni is dotined as any series of calculatiotis 
niatte with O I K  set of ti c a d s ,  that i s ,  on ii single 
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systeni of specified geometry. I t  rna) consist of 
a riiinilxr of sections, each of which is contidled 
by one or two data cards, once the li cards have 
been entered. A section m a y  (.all for tlie evaluatioii 
o f  maglietic quantities over a field net, For the 
ti-acing of ;I f ield map, or foi- otic 01' inore sets of 
calculatioris uf' force and ttiutual iiic1uct;ince tie- 

tween pairs of- elements. 
khch section of a pi-oi)leril begins at the S'l'AKT 

positioii of the main program (hII') by r-earling the 
clock and calling for ;I new c.nr-cl. Since an E X I T  
owiirs only  when the data card deck is exliausted, 
several uni-elated pi-oblems, eac-lr with multiple 
sections, may lie riiii a t  ;I single loading. Once only, 
on the first p s s ,  MI'  causes siil,i-ouiiric: (;ALSS in 
the F.%P section t o  trailsf-et- the 1 6  sets of Gaitssiaii 
coefhcietits t o  (:OMMOS stoi-age. ( h - c l s  read at 
S i~AK-1' h a i r  1.4 1oc:itions. 01- in conipi i te i - , ja i~~~~ii ,  
"fneltls." Several o f  the integei- fields ;ire used t'or 
switch options that conti-01 tlie sequence of opera- 
tions, inclricling the selection o f  submutines. 
Additional integei- and  decii-iial data fields (the 
net locations) can giesc~-i l~e either a net of' field 
points (on NF,I' cards) or the ii i tcrval ;md starting 
points for a set of lines of constant flux, c o i i s ~ t r i ~  
IRI ,  ctc. (om X f A P  catcts). 'l.he can-tl thar liegins the 
[in-st section of  a n y  problem will be refer-red to 
its a START card.  In ever) case hut oiic (see 
'l'AHI,ES), it firs1 calls siibmutinc K(:AKI)S to 
mid into storagc the system geometr).. -The i'irst 
scction is then csecuted iinidcm- control of the 
switch options. L.atei- sections of the same problcni 
bypass K(:AKl)S and are iriitiatetl b y  N E  I', M;W, 
o r  FORCE: c;ir~D. O n  the t.OR(:E card, which 
calls subroutine F O K C E ,  tile net locations are 
blank . 

l 'hough eirlier a S E T  or FORCE card may bc 
p~nchec l  to call K(:ARi)S (and thus may double as 
a S i'.4RFI. card to I q j n  ;I ~ i ew  problern), the M A P  
c;irtP caiiiiot do s o .  Otherwise, tlie number and 
sequence of sections i r r  a n y  pi-oblem ai'e ai-biti-aiy. 

To compute axial f'or-ce F aiiti minrual induc- 
tance. M lietween selected pairs of solenoicls or 
coils, ;I switch entry on the F O R C E  card calls 
subroutine FOK(:E. This t-eads in one or  mort2 
scqnencr (SEQ cards which control the selection 
of pairs. FORCE c a l l s  J O N  P S  for the conti.il)ution 
t o  F 01- !If fi-om each pair of elementary Gaussiiin 
solenoid sources. For thick coils, self-intluct;tnce 
is calculated as a special case of tniitual intluctancc, 
while for itleiil solenoids i t  is computed b). SELF on 

a direct call f m i n  KCXMDS. 
A N E T  card causes MI' t o  scirn tlie field net, 

calling oil %IEL,D at each point I O  sum ihe  contti- 
but ions t o  vector potentials ;ind ticltl coiii poiieiit s 
froin ;dl coils or loops of the coniplrit. system, arid 
to print tlie results. FIELD. i n  tiiin, calls,JONES or 
1,001' to compu te  the coirtriliulioiis f ' i - ~ l ~ l i  inchvid- 
n i r l  (;aiissiaii solenoid or  loop clemcnts. I f  ;I 

iic-Id map is rec~eiitrd. the hf,!lP c w d  defirrcs tlic 
quantity to  t)c- constant for a n y  oiie linrr and X I S  

;I switch to call ' I -RACE. This subroutine f'ollows 
tlie lines (e.g., pA = constant f 0 1 -  lines of' fot-cc) 
from their p rescr i ld  starting points. callirig 

'l'AH1,ES is called by ;I S' I -AKT card that is 
blaiik except for. thc ficld AIK. Tlir rrquircd iilput 
d;ita ate rexi in by the suljioutirie itself', which is 
used t o  pr in t  tables of' elliptic integt;ils, or of' field 
coinponcnts and vectol- potetttial, for single loop 
o r  ideal soleiioirl sources. I f  so clesii-ed, thz suh- 
routine ma!. tie iieed t o  check thc agrccmelrt he- 
twec'n inrlqxndent values of certain c1u;rniities 
t h a t  may be computed in the FAP section, using 
the Hastirip series, or in J O N E S  l i y  the iterations 

IIE1,D for  the \.slues 0f'p.A. / H I ,  etc., ;it e;rch point. 

of' Eqs. ( 19) alld (20).  

Data Card5 

FTal)le 3 is a workiiig summiar-)- of  the dat~i-ciit~l 
fields. I t  is irireiitle.cl t o  be ;I sclf:-corii;iinctl ref- 
el-ence f'or all infor~natioii not mall^. needed to 
assemble thc data cat-d deck for airy set o f  pt'ob- 
lelils. Though in;>ity ciitties i i t  the table arc> self- 
explanatoi-y, the data-card fields ;we tlisi.usscrt in 
detail below. The  reatlei- will need t o  refer f're- 
quei i t ly  to 7121t)lc:< 2 and 3 wtieli reading the re.  
niaiiidei. o f  this section. 

'I o nieet the vai-ying nceds of six f~itictioili~l 
types of data ciitd, i t  was f 0 i i t i t l  necessary t o  re- 
place tlie "tiortnal" for-mat" b y  two modifictl 
fot-ins. These differ i n  the left-hand half, which 
provides ten intr,gei. fields in one case a s  coriip;ii.oii 
t o  one integer and tour decinial f ields in the other. 

". 



rriuc:h easier 1 0  pixpare data for a set of problems 
if special forrns :ire prepred  Cor tkietri. A full litre 
is iised to end a field, and ;I dashed line to rciplace 
I I I O  tlet-imal poiin1 (not p n c t i d ) .  -d’he t w o  forrnat,s 
:ire idenLic.al after column 36 .  Since the guide lirics 
x e  for r.ef’ti.ence only x i r i  riot to I>e t;ikeri liter- 
ally, the left-hand half of the form may be r.ulecl 
to [ i t  i.he t w o  ti,rrn;xls o n  alterrrate lines, or perhaps 
oii a1terna1.c: pairs of’ lines, without implying that 
I lie c.ards ac:tually occur in a n y  partic:ular seqtien(:e. 

M o s t  iiiteger arid cleciinal fields t‘ulfill normril 
irrtegcr- and decimal data futictions respectively, 
Iiui in soven C;ISC:S it  was hu t id  expedient t o  depart. 
from the xiormal mode. ‘I’hc hange need riot con- 
cern [lie t~~sci-, sirice it is corrected b y  imniediate 
conversion in the coding. Integers are normally 
used for counting and switc:lhiiig, tlecinials for 
trragnitudrx ‘The numerous opttioils provide great 
flexibility, but they iiicrease the nuxnlxr of data 
fields. I’CJ mitigate this  harclship, every eltrll-t has 
hecn macle t,o rt:prcseiit the most Frwlueritly used 
options by tkit ik fields, eve11 t o  tlnc poiti1 where ;i 

completely blank SEQ (:arc1 i s  IIOL Lmcoinmon. 
Blank options exist for akout 9Wh of all fields, 
namely, those which are ei-iclosed in pawn theses 
it1 ‘I’able 3. t l r re  ttit: decoding of the: b1:ink is i r i -  
dicated iri e d i  c:ase, usud ly  b y  cquating the 
syrnbol ( ) to some equivalent positive va lur .  t% 

l h n k  ,just over a t i y  syrnl)ol means that its use 
is sufficiently frequent t o  be corisidcred “~ior~~i ;d ,”  
while ;I dot  o v e r  ;in inr.oger c y i n k o l  indicates that it 
is cast in a normally tlecinial role, and conversely. 

For rna r iy  iiiteger fields t . 1 ~  binary choice 0 or I 
is suf1icic:rtt. 111 a few seldorri-used cases the sign 
and niagnitude are separately decoded, while in 
sevctal c i i s e~  (lie tcns o r  hundrrtls digit of an 
integer field is separated from the units digit, to 
control XI iiideperi(:lerit ogtioii. 

The fdlowing sections clcst:ribe separate units 
of 1,1-1e cocliiig, with the da ta  cai-tis they use, in 
greater detail. “l’he fields of’each cai-tl are discussed 
iri order from left to right. 

The Main Program (MPf. 
START, NET, and MAP Cards 

One data cat-d is t-eatl 211. each pass throi.ig1.i the 
S‘K’XK‘T’ position of ME’, but sicti  a card will iiot 
be called a SI’AIZ‘T‘ c . a r . d  iiriless i t  Ixgins a iiew 
problem. 

h.iK.-’I’liis is the first data field. An entry of 



3 ,  -?, 01- - - -  1 calls ~I'.-\RI[,ES (q .?~.) ,  Ivli i le the rest 
of ;I card with negative M I <  is unused, since the 
suhi-oirtirie theii reads a l l  temiliriiiig data. r\ll 
other- S 7 ' A K T  cat-tPs i i i i i \ t  G I ~ J - Y  in M K  tlie nuintier 
of' K card5 (placed next i i i  ttie deck) tliiit  de.scr-iI)e 
the system geometry. k i K  > 0 n.eads in the geom- 
et] y by calling sulm>utiiic KCAKDS atid n-etui-tis t o  
MI'. I Bci-e, i f  I P  is negativ? (see below). the S T A R T  
cai-d doublcs a s  a FOKCF. card, and the Gelds after 
IP  arc ignored. Otherwise, hlt' proceeds to scan 
the Lek1 net pi-esci-ibed b y  the data fields S Z  
tht-ougli A 1, That is, the STAR'I' card doubles ;:s a 

eithen- ;I field net 01- a field map. Hut if the ;:et 
locations NZ-A 1 are a11 blank, the tielti rnagnitiitles 
are computed ;ind printed at the or-ig-in onlj.. 
This may be apptoptiate whrn one 01- more field 
maps are wanted without tahulating any iiei. Often 
in  siich cases 11) through N S  are not requited, 
and the S T A R T  c;ird then needs crmly one oi- two 
enti-ics. FORCE ; i d  S E - T  c ; d s  placed after the 
K cards have M K  blank.  -I'he distiiicr ion between 
the two is in IP. M A P  cards canriot precede the 
K cards. They havc M K  = -1 when the lines of 
force (01' lines fbi- wiiiclm (51 or some other field 
fuiii.tion is constant) are to start in a coninion 
plane ( z  = Z l ) ,  at ;I siimall angle t o  the Z axis. 
MK = -5 whea &I:. lines are to start oii thc cylinder 
p = A 1. i i i ~ i - ~ '  nearly pi-dlel  to a iransverse plarie. 
The second option is ofteii used. for -  example, 
in the case of' "cusp" g.et,nrietries. 

Maximum or Minimum Field Values. - b l K  
provides also ;I special option for inwstigating 
fields near a point a t  which a selected field func- 
tioni passes thmugli i i i i  absolute niaxiniiirii ot 
ni i 11 i ti1 ti 1 n value. Fo I' exa 111 p le, there is cur re II tl y 
;in ;ictive ititexst in so-called "rnagnetic wells," 
chx;ic  t et-ized by  a n  al)so 1 I ire mi t i  i m i  iiir value of 
thc total scalar field IBl. The f'utictioti of  interest is 
selec-tcd ti!. an eritrl- in coliirnn 1 1 of' thc field I N .  
I'he spccial option is controlled b y  the huridi.eds 
digit (in column 7) of h lK ,  When this is set o n  
a N E T  card to 1 for a in;ixirnuni or t o  2 fot a mini- 
mum, the program ~ while scanning the net. pre- 
serves the extternr value o f  the selected function 
and the coordinates of the point at which it occurs. 

system ;ire so  resc:drd as to normalize the maxi-  
mum o r  minimum valitra of the selected function 
t o  unit?-. A second NE'I'  ciri-d m a y  now be entei-ed, 

NE'I' c. '11 . (1 in all pt'oblenis that begiii 13)- calling for- 

A t  thc C I I ~ ,  ;111 the Ctil'reIit dcl1sities C:U(K) o f  the 

with 21 3 in col1liiiii 7 for niaxiniiinn, o r  4 for niitii- 
tiiuni. This card t io im;i l iy  prescri?)es ;I net of finer 
mesh, ii;rludiilg both n:.g'tti\ c and posilivc values 
of the coordinates. Befor-e scanniiig the ilew net, 
the progrann shifts its origin t o  tlie point whci-c 
the. ni;ixitiium 01' mininiiini W;IS found a r i d  prints 
the, tie\\Tll noi-ixilized V d t I e t i .  ~I~so, thr last colriri i i i  

of print shows the deviation o f  the sclcctc:d f'iinc- 
tioti, in  parts per niillion. from unity. Evideriily 
tho process can be continucd, if desiiwl, with a 
third NE'1' card, tising ii still finei- mesh. 

IN.-The sign of this field is plus wlmcni the 
coil dimensions ;ire expressed in centimeter-s 
and the current densities in amp/cni or amp/cm2, 
minus when the unit of length is the inch. 1'2-k 
optioii docs n o t  affect the magnetic units; A is 
always computed in gauss--cni, au,iaz i r i  gauss/cm, 
etc. 

I f  the iibsoliitc iti;lgniilitlc of the iiiiits digit 
of' I N  exceeds !?? i t  iticr.ea:;es tlie norm;rl t-alio 
(UZ/DA = 2) of t i i t .  eKld-ZOne ~,;ii.atiicters i n  stit>- 
ixiutinc FiE1,n (7.1j.). 

?I'he absolute iiiagnitude of' tlic tem digit 
(coluinn 1 1) is independeritly decoded. and it 
serves t o  sclcct ;I field f'uiictioti: ( ) or 1 f o i -  iiz: 
'L! for U,, 3 foi- A ,  4 fo r  / H I .  .3 for  PA, mid 6 l'ot 
dB,/dz. ~Thc funciioii s:) designated on ;I N E ' I  card 
is used in 1-ouiirie iioriiiali/ation (see K(:,'\KDS) 
m c l  in the ~'xtrt'tiie-~;ililc ;xocednrcs descr-ilscd 
untie:- M K .  O n  ;I h.IA1' c;ii-d it selects the  function 
to tie helcl constant w h i k  tracing a set of lirmcs, 
but in this case the flux futnc~iori pA i s  t-egardt.:~ 
i1s t iort i id,  arid ;I b l a n k  iri colulnti 1 I is t tccdet t  ;IS 3 .  

IP. - - -  .A minus sign in this liel:! identifies a 
FOK(:E c;ird. It' Ik'is tininus and b l K  > 0, KC.ABIT)S 
is c;illrcI, followed by  t.'ORC;E. I f  MI( is blank,  
P-OK(;E is c;illed directly. (.l'he r'etilril to MI' de- 
pends OH the held I R  o f  the SEQ card, q.71.) 

pi-intitig of optional riiortitoi-ing inforniatioii i t 1  

M P  or in 'I'KA(:E. I n  LIP t h i s  is a PD~:kll' that 
gives a co ti1 p t-essed 1.6 s u  mi. of the pi-evioi is1 y 
prinicd field magnitudes. Iim TKACF. i t  is 21 de- 
tailed i-ewrd of sit(  ssive cort-ectiotis t o  the 
coordinates of' iirilividual p o i n t s  and of the !oca1 
rates of change of the selected f i i n c ~ t i o t i  o n  which 
the coi-tcctions ilcpcnii. (Sec also tlie I P  entry 
under "Subroutine .JONES" in the latter part of 
Sect. 2.) 

I D -  I f  ID > 2 ,  i t  iiici.txises the normal i-:itiri 

Again, I:' > 0 0 1 1  N E T  01' blAi'~;i~-('l ( ~ ~ 1 t I s ~ ' j  the 
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1 t i  

scparatiiig the A.4 field from the. ~ i u m u r i l a l  data, 
but it  h a s  two special itses. 

-1 he entry 1 is used only wilh thick cylindi-icai 
coils (K mid I) nonzero) .  I t  causes the coil to be 
rcplaccci I)y the approximately ecliiiv;ilent Lj-le 
filament 01- pii i -  of' tilanieiits'!'3 in a l l  NE: 1' a i i d  MAI' 
calculations. 'i'his option I)rovidcs ;I tnuch fastci- 
w a y  to map tlic ficlds of special systems. parti- 
ciilarly in ttmc design stages. I t  replaces tlle Gaus- 
siaii qiiadi-attire of' F I E I D ,  whic-li for ortlel- r i  

I-equires ;it leiist l 'n  passes througi~ JOh'ES, wi th  
i t s  long iterations, by oile a r  tlvo p s s e s  tllr-ol~gll 
tlie short series expairsioiis of the 1;AP siihr-orrtirie 
LOOP. -rile I.\.lc :i!lortcut for remote coils m a y  be 
combined with the fiill normal p1.occdul-e foi- Elear- 
by coils by punching columri 5 on selected K cards 
o i i l y .  'I'he pr-ccision m a y  be checked in ii i ypical 
case b y  cottipiiiirig it sj-sterii that supci-poses on 
one iir inore thick coils the neg-atiiz o f  theii Lyle 
equi\.alcnts. When a n y  I ,yle replaccrircnt lias 
tiecii elfecteci, thc ctitirs stored desci-iption o f  thc 
magnetic. s).ste:n is rcprintrd with the changes 
t h t  lia\.c been iTl:tde. 

.The enti-) 2 in  column .5 identifies a ni;igtietr>- 
st;itic clipole y-iiig ( p  ring). while 3 is ~ i s e d  for ;I 

inagiietic char-ge or- cl ring. In either- case. R = 1) = 
{ ). 'l'hen-e. is 1 1 0  spccj;il pro~-isioii l'om- cyliiider s, 
I ~ i i t  a thin I )  cylinder with unifoi 111 axial ~ J I : I I - ~ -  
zation is cquivalcnt t o  a pair of' opposed Q rings. 
I f  the cylirirler is centen-cd on thn midplane. it  
itxi>. be enicrcd such a p i i -  on ;I single K card 
with ;Ti) blank. A symmetric pair ot' dipole ry1indei.s 
reduces to  four Q rings and requires two cards 
(ZO Z 0 . ) .  In either case, IS :::I 3 ' 2 .  In other cases 
two cards are required for each p cylinder (IS = 
3 I ) .  An ideali/ed thick p cylinder is entered a s  ;I 

ciirrcnt systeii;, since i t  may be rep!acer! by a pair 
of idc;il solenoid\ (D = 0.) with the same %O and F, 
hut with opposed ciirrcnts. For dipole rings with 
conical polari/atioii, thc polar- arrglc p i i1 deg.rees 
is entered i n  3% I ( q . ~ ) . ) .  

hlagnetostatic elrmenls of a l l  types, together 
with ciuri-ciit elements, nnay be included in ;I single 
system if tlie entries i n  ihc respective (:D dat;i 
fields for t11:Ignetic charge, magnetic Ii iOll le i i i ,  and 
current  IT expressed in compatible units (see 
lwlow). Contrilmtions to B, or R, will then be 
correctly summed in gauss for the complete 
system. -1-k vector potential A for axially polarized 
p rings only (BZI = 0 . )  slid the gradient dR,/ 
i jz for Q i-irigs o n l y  aIc also computed and a1-c 





1R.- If this field is tilank, thew is a re~iirti to 
M I '  when the sequence is coinplcted; at1 entry in 
column ! I  (units digit) indicates that a new S E Q  
card is to  he I-ead. The tens atid hutidrcds digits 
are ttoi.nnally blank. ~l 'hcy can lie iisctl LO control 
print oprioiis that have lieen r-e:aitied fr(~11i  the 
tesii~ig stage of' the progi-am. A rioniel-o i n  the 
tens  digit (.;ills out a linre :,f print in FOKCE which 
w i s  used to  test the error resulting f'romi very sriiall 
values of' the modulus k .  Details :ii-c omitted, since 
the\; can be read from it listing of' thc F O K T K A N  
pi-ogi-ain. Froin the test it w a s  concluded that k 
should not be less than aboiit 0.00 1 .  .l'his is n o t  
normally a sigmiific:irtt restriction. since X. is twice 
the ratio of' the geometric mean of tlrc radii p 
aiid I-i  I i gs t o  the 111 axitiii iiii  
disiimce r ,  berv;eeii ;in) ~ w o  ~x)ints on thcm. 

. Iny  eiiir) fi-oili l t o  ,I in the hundIeds digit 
(column 7 )  is transfcrrcd to 11' i n  ( : O M h l O N ,  
1A;here i t  pt.otli.ices a potenti;il ava la iwhe  of' priirt i n  

(q .v . ) .  It must be usccl w i t l i  
cautioti, 1rsu;illy witli ;I singlc pair of' ideal solc- 
~roii ls  anti with l o ~ s  C;:iussiari ot-ders. This digit has 
been placed for saf'et! iri a conspicuous and othcr- 
wise 11 nuscri col l l l l l l l .  

ND, MN, MXN.-Thc*se three fields, i n  which 
blanks ares read as 1 ,  :i. anti 16. set respectivel~ 
t 1 ie i I ~ 1 . e  111 e I i t , t h c ni i t i  i tiiu 111, a t i  cl the I ii axi ti1 11 r i i 
for the ordei- of' (;aussian qll;rdtaiui.e. (:alcula- 
tioris foi- each p i t i ] .  star t  with oi-der %IN and ai-e 
reimited t1ii.oug.h ot-dri. MXN or utitil the f'rac- 
tiotial changes of' 1: m d  X I  (in ~ i a r t s  per million) 
fro111 one oi-dcr. to the next aie s o  small t l iai  the 
sum of' their i11)soliitc \Ail(-\ is Icss th;m the entry 
in the field PPM. O n l ~ ~  the end valurrs are printed, 
but to monitor the coii\~eIgt'iicc there is a 1-irnnirig 
I-ecoid of' the c!i;ingcs i l l  both 1- arid hl in parts 
pci- millioii. 'I'he limit hlXN is usually reiluiidatit, 
since unless the coils are v e r y  close together the 
orders 4,  5, or even 3 ,  4 will agree withiri thc 
"not-mal" limit PPM = ( ) -= 100. If  eitlter the 
K or .J element of a pait. is an ideal soleiloid, the 
pi-ogi-ani reduces the (;aussian cirtl<.r. t o  I for that 
elcmeiit, while N D ,  \,IN, and M X S  1-eiain their 
dchlletl valllcs. 

NK, KD: MI, and NJ, JD, J1.---These are twin 
sets uwd to designate si~list:~-ipts K and J ,  both 
properly K subsci.ipts. that i tidex the locations of' 
stot-cd pit-at~iete~-s desci.it)iiig the two coils of' a 
pail.. M e ~ r i l x ~ s  of  each set  arc I-espcctively the 
nuinber of coils in the set, the iltcrcrnent to K or 

of' t tic field atid solit 

J ,  aiid its itiiikil value. Klanks arc reac! ;is MXK-I ,  
1, I in the K set ;ind MXM-I , 1 ,  P i l l  the 3 set. The 
J seqncrice is stepped thr.ougli for each successive 
value of K,  except i h t  the coding mf'oi-ces i h e  
restrictions K < hlXK, .J < MXK -t 1, and K < J ,  

i 'he Inaxitiiutii nunilxi- of piits is t lie product of' 
N K  aiid NJ. I t  m a y  bc rec?uccel b y  the enforced 
restrictions, especially wiicii .J is stepped h y  an 
e n t r y  in F.j (y.v.) .  

DJM. ..- A blank herc calls for the matching of 
the Gaussian oi-den, at each stage in the calcu- 
lations, for the K and J sets. Tliat is, i f  the I( coil 
of' a i ry  pail- is replaced tiy ;7 ticliiious Gaiissian 
solenoids and the J coil by m solenoids, 7n = n . I -  
I?jK. I t  miay hap)Jetl that identical end planes of 
t w o  coil5 aplJi.O;Kh exh  other closel), 01- m a y  cven 
coincide, ;is i n  the calculatioii of self-inductance or 
of thc niutu;rl inductai-ice and force between two 
sections of' a coil cut  b y  21 transverse platic. Such 
pt-oblenis cailiiot bc solved wirh matched order:;, 
since the case of' coinc-idcnt (;aussian solenoid5 i s  
indetci-minate. l ' h e  entry in L l J  I( should then be 
(7) and j>rcfe~-al~ly odd, perhaps 3 .  I f  it is even, a l l  
orders must also lit. even, since ever-y odd order- 

11 S O I I ~ C C  a t  n - AO. I n  case 
of a11 o\.ersighr, "Singularity" is pliilted as a wa~-ii-  
irlg. A Inoclei-ate eri-o~- results and coi-ivtti~gence is 
slow except in tlic case of coincidelit ideal solc- 
noitis, for which o n l y  one order- is tested arid the 
t-esiilt has no irieaning. Apart from this necessar-y 
use, variation of 1>,1 M provides another option fo t  
checliing critical cases. 

FJ.-F-J, i f  l h t i k ,  h a s  no effect. I f  i t  is (+), the 
initi;tl subscript for each siiccessive .J set is 
stel>p:d b y  a i  inc ment equal t o  F,]. For esaniple, 
with !UXK = 8,  Ict N K  = 3 .  kill = 2 .  K 1  = ( ), 
N 1 = ?, ID = ( ). ' I 'he KJ 
combitiatioiis a1.e 1 6 .  17. 36. 37, .56, at id  .57. if' 
FJ = I . ,  the pairs are changed to  16, 17, 37, 38, and 
58. 

iently lalieled SIQ i t 1  colutiiiis 2 .---(i) calls fin. thc 
calcul;rtioii of  all the 1 / 2m ( 9 1 2  -- 1) possible pairs 
in a system of r91 coils, but without dup!ication. The 
eiitry F-J = 1 .  would not change the sequence, 
since it merely repeats the restriction K > J .  

Again, ;issui~ie a system of' 2ni coils with a plane 
of' s).mtiicrr)' o r  antis)-nimetry. The nurtibet- oP 
distinct coni1,in;itioiis is reduced from ~ 7 1 ( 2 m  ~ 1) 
to r 9 t 2 .  Ari-mge the coils in memory in the (Pi-der 

I.egardless o f  what rriay be purlched 0 1 1  the cards. 

gciit.:-ates one C k l I l .  

), 1 1  = 6, and F.1 -2 ( 

I t  cat1 be sect1 th;1t a t,lank SEQca1-tl (coIlveI1- 



l,L', 2,2', ... , m , i r i ' ,  wliere the prime denotes a 
mirror image and a n y  two pairs sui:h a s  13', 1 '3  
:ir(> equivalent. 'l'his circler results autornaticdly 
f'wm a set, of in, cards, each with IS- ( ) or 1s- 2. 
Evitlcirtly the true georne~rical sequcxice is irxlc- 
vnnt .  A study of the enforced restrictiotis a i i d  of 
the cotivr:ntioris hi- Miinks  will slitsw that the  nZZ 
distinct coinbi~iatior~s are defirled witIioiit w- 
d u x h r i c y  by a (:arc1 witlr the single entry K D  = 2. 

'ilesc:: two examples illustrate the versatility ol' 
even a sirigk S E Q  c:ard, w tien the  rnany options 
o r i  the rai-d arc supplemented by- the treetloiri o f  
ordering the li ~ 3 r d ~ .  

PPM.- l T M ,  if lilank. i s  reset to 100. it. is ;)ti 

allow;rhle errot' limit ~ I i o s t :  i ~ s c  has ;ili-eatly been 
discusrecl. 

EP. -This is a duniiny field. 
?'he Output Print. - Mutual inc:luctancc is 

printed i n  henries, fiirce in nsl.\itons and in tons 
(~!OOO lh), together with their f l x h m a l  c h m g r s  
frorri e;r<:h order. to the next, the initial order M N ,  
and values of the highest K o r d c t -  IZ a r i d  order 
III I h a t  we'1'e usccl. 

Either N E T  o r '  MAP data cards For MP rnay be 
puii(:lied without regard to whether  the windings 
intrude in1.o the lield reg-ion. 

The coding assigns a field point, with respect to 
each cy1inclric:al coil in turn,  to one of six classes, 
depending o r 1  its location. If' it lies outside the 
wincling and the eiid zones, thc  coil io treated as a 
single uiiit. If' it is inside but riot in an end mi-le, 

the coil is divided by a c.ylindrii:al wall passing 
through the field point. If it lies in an elid zone, 
the coil is divided into 2, 3, or 4 cylindrical shells, 
tlq)eirding on the positioti of t tie field point wit.11 

respect. t o  the cylirdi.ica1 coil boiinclaries, antl e:ich 
shell is replacecl by ;I separate set o f  fictitious 
Giussian solenoids. 

'l3ie crmsiderat ions that require this complica- 
tion are discussed a t  the end ofSec:r. I . The coding 
defines ;in c x i t l  zc.)rie ;IS a cylindi-ical shell o f  axial 
length 2D%, with inner and outer radii respec- 
tively decreased and increased from those o f  I lie 
coil b y  thc increment 2DA, that is bisected by t h e  
end plarre. The incixrneiits may be set 011 1he t:lata 
cards fbr MP, through the relatioris TJA = 0 . 0 1 ~  x 
I ! ) ,  I)% = DA i< / I N / .  Rur. blanks i n  ID arid I N  
are read as 2, arid prncl ied va1ut.s less than 2 are 
igrtc-mxl. It  will rarely be necessary to increase 
rhese liniits. 'I'hough tests revealed small er.rors a t  
points neat- an end plane, which were reduc:ed well 
lielow cine  par^ i t i  a tho~rsanc:l wkic.11 either ID or 
I I N /  was reset to 5, 110 detailed analysis of' these 
liniits was tnade. For cacti coil pair, the sub- 
scripts K m t i  J are printed with the moan z- 
coordinates %O(K) and ZOCJ) o C  the coils. 'I'he 
average nuniber or' iterations t.hrot@ Eqs. (20) is 
also computed and printed (as 1 Ave.) for each 
order, together with the smallest value of the ratio 
c'  ot' Ky. (16) that  was fount1 for any pair o f  fic- 
t i t  ious (hussian solenoid soui-(:es, xnultiplied by 
1 0 6 .  

Subroutine TABLES 

'Wiis short. routine was written to test the itera-- 
tioris in JONES and the series exyaiisioiis ill thc 
F'AF' sectiori t)y tabulating the cAliptic in tep i l s  to 
;ugLiriierit, kf2 and the field co~xipotieiits generated 
h y  single loop or soletloid sources at poirits of a 
net. Couiparisons were rn;itle cvjtll  published 
tables and Ixtween valuc:s of the same furict,ions 
as c<m[JUtcd b y  the two subroutines. 'I 'ABLES is 
called by ;I START card with M K  - -1, -2, or -3. 



'Lo 

I t  reads in one o r  more 'I'AH cards of' the siilne 

format as K cards, b i i t  m(Jst o f  the firlds are used 
more nearly 21s ii-1 21 N E ~ I '  c a d  for Ml'. 

S' l~AKT card after completing the assignment on 
PR.--A bl:llik C a l l S C S  :I I-etiI1-il to MP for- a IICW 

the CuI ' re IPI  1'AH cilrd; IK = ( i  1 calls for 21 I l f fW 

-r,A K ~ N C I .  
FNZ, FNA. ~ I'hese fields show respectively 

the 2 and p counts, and their yr-oduct is the numbel- 
of points in  the net. These entries are furictioiially 
in tegers. 

Z(2). - Z(2) in COhlMOIi is ii loop current or 
the surface cui-rent density of a single ideal sole- 
noid souice. I f  (-), it is tlecoded ; i s  l/(Ln, i:' ( ) 21s 
unity, while (+) \~alucs are taken literally. 

A2. - This  cn;;-y, which need not be punched if 
it is unity, is the loop or soleiloid radius. 

DEZ, % I ,  DLA, Al.--rhese complete the de- 
scription of'the field net, as in a N E T  card. 

M K  = --I o n  the START card calls JONES, 
followed by I.OOP, and prints two lines of' ficld 
values arid elliptic integrals for each point (one 
computed by each subroutine). Both rcutines 
coinpuce the iiitegi.;ds K and K E and the sole- 
noid fields B,, and dB,/ i )z .  One value is printed in 
each case directly below the other. M K  = -2 calls 
LOOP only, and it prints a sirigle line. M K  = --3 
generates ai-gunients for a table of K ,  K ~ E, and 
E b y  decoding the field net in a special way. T h e  
value of z / p  is computed and is interpreted as 
p 2  , where k' is the complementary modulus. 
Here p has usually the single value A1 = 100, 
1000, etc., while z is stepped by small increments. 
.1'he entry- point t o  the Fill' sectioii is KANDE. 

The FAP Section. 

.l'lie title lists foiu- entn-y points to a single FAP 
subl-outiiie, At the fin-st entry i o  any of'tlie :our,  for 
each loatiirig of the Inachinc, coinplcte sets of 
;ilist:iss;rs and weight coefficients foi- Gau 
numerical intcgr-ation of orders N = 1 th~.ough 
h' - 16 are ti-ansferrcrel t o  C C ) R I M O h '  as thc one- 
diniension;d array <;. A range of 'LN subscripts, 
beginning with NC;(N), is assigned to order N .  
The  iiirlex N(; is a separate array. Each abscissa 
has an ~dd-91unibered subscript aritP is followed 
immediately by the corrcsponding cvcw-numbered 
weight firctor. T h e  first pass th~-oiigh the FAP 
section sets an internal switch, and (;A USS oper- 
ates thereafter as a durnrny subr-outiric. 

GAUSS, KANBE, LOOP, SELF 

KI\NI)E ( K  and E) computes tlic c!liptic intc- 
gi-als I(, I( - E, arid E ,  which it stores in the con- 
seci1tij.e cells F(4.5,fi). I t  is c n t e r d  after supplying. 
the qllaniity k" (r.,/r,)' t o  k-(7), The v;llues a1-e 
computed in floating poini from tlic I-lastiiigs 
sel-i e s appro xi mat ic ) r 1 s . ' '' ~1'11 c s t and ;i I-d series is 
used fot K ,  beit Ii - E is computed clirccdy rather 
than F: b y  using ioefticicnts obtained ft-om the 
staiidarcl K and E series 1)) subtraction. 'i'his gi\-es 
more accurate vdi les  of K - - -  E when k2 and K - E 
arc sniall, since the errors of the truncated series 
for K and tor E oscillatc in phase with each die ; - .  
E is calculated ;is K - ( K  - - - ~  K). 

Ia(XIl' coniputcs B,, B,,, .A,  mid 8B,,/& for ;I lieid 
point a t  O,p, and ;I circular I O O i J  at Z.U .  'rhe field 
conipoiieiits arc scored coiisecurivcl;. i n  F( 1 ,2 ,3)? 
with the elliptic. iiitcgr-als K ,  E; - E, ;ind E i l l  

F(.t,.5,6) a s  bef'oi-e, the iii;rsimum r;idii~s r ,  in %(S), 
;~r ld  tjBp/i)z in E'(8). tkfi)i.e entry. z inust be placed 
i l l  Z( I ) ,  p i i i  A l ,  ( I  in A?, and the loop current in 
L('L). 

SE1.F calciilatcs the self'-iriduct;incc of an  ideal 
sole:ioid. I t  is entei-etl with the leilgih of tile sole- 
uoicl in  Z( I ) ,  a i l l  '42, and the squar-c of'tlic linear 
ti i i ' i i  density (CD', niultipliccl by I! 54 when the 
inch is used) in  Z('2). The output value, e x p ~ s s e d  
in henries, is i i i  Z(4). 

LO( ) P a1 i d  K A ?; BJ E a re co 111 ple te I y i 11 de pe 1 1 de I 1 t 
of , ]ONES.  LOOP is much fastcr than JONES for 
computiiig any of' thc eight qua~itities in  the last 
two I-ows o f  Table 1 ,  provided that no quatitity in 
the fii.st two I-ows is neecicd. Suhroutine FIELD 
uses 1,OOi' instead of JONES in N E T  o r  MAP 
operations to  cornpute all co~itributions fi-om loops 
or from I.yle equiva!ent loops. This  substitution is 
controlled by the switch H ( K )  = ( ). 'l-he existing 
code does not compute the limiting case of a 
pa~i i i ike  coil ( B  - 0, D > 0) directly, but only b y  
setting P, I). I t  coiilrl of course be dolie directly 
b y  (h imian  integration of' field niagnitudcs coni- 
pritcd by 1,001'. 

Subroutine JONES 
This subroutine c.al-i-ies out the iterations ( 1  9) 

and (20) ant1 computes froiii the end valIIc:< all the 
magrrtic quantities listed in Tahlc 1, with the 
exception of B2(L,). To coritrol the rltl1lllicr of 
iter-ations, one Inore pass throiigh both ( 1  9) and 
( 2 0 )  is pi-ogr;inimcd when CY and p differ b y  less 
than 1 0 - 7 ,  and O l l C  111ore pass throllgli ('LO) 
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alone when 6 differs F r . o ~ n  unity by 111e same 
amount. 'I'he adequacy o f  this crif erion was est;il>- 
Bishcd a1gebr;iically and confiriiierl by tests. 'The 
itei-ations ;ire coutitecl in M5, froin which the 
a-verage numbcr o f  iterations is computed in sub- 
routines FlE1,D and FOItCF, a i d  printed oul for 
monitoring purposes. 

j O N  F:S is called o t ~ e  hy FIELD for each eleanen- 
tary Garwsicin solenoid in N E T  or M A P  opera! ions, 
ar id  by FORCE: fo r  each elerneiilary K - J p i t .  
Input parameters supplied through COMMC)N 
are: A 1  = p ,  A2 = a,  %(I.) - z,,, L1 = 1, 2 ,  or 4. 
JCaNES uses Fqs. (14) through (261, of whic:h the 
last five express the magnetic properties of  in-- 
divitlual posit.ive sources of unit strength. I ,1 is 
the numbc!r of. ~ J ~ S S ~ S  through JONES at each 
entry; that is, 1 . 1  = I for a loop or single solenoid 
end plane as in ' I 'AAIX5,  1>1 = 2 for a conipletc 
solenoid element as in  FIELD, arid L 1  = 4 in 
F<PRCE, where there art: Kour combinations o f  the 
cmd pklanes for each pair o f  solenoids. J O N E S  coni- 
p u ~ e s  the quantities given by Eqs. (22) to (26 )  for 
c x : h  source or source pair, and stores thern in 
C:C)MMON with 1, subscripts whose I-ange is I,]. 
The SLlbst:ript.S are as fdlows: F(S,S), 1 to 4; hf(S,S), 
5 (0 8; F(S,I.,), 9, 10; B,)(S), 1 1 ,  12; A(S), 13, 14; 
K , ( S ) ,  15, 16; aR,/dz(S) ,  17, 18. 

'8'hese values must be multiplied by a current 
density or by the product I-& two c-urrent. densities, 
by Gaussian weight factors ox by ;I product or two 
such factors, by constants that. appear in the  
equations, and b y  others that depend on the 
chosen units. All these operations are perforrned 
in ME' or in ttie calling sut)rout,ines. 

1 here is no tlirect, print from this routine unless 
I P  has been set to a positive value (call it 1.2). 'I'he 
value +L2 calls for the printing of a ,  p ,  z, r, ,  11 --- Ii, 

K -- E, K ,  B,, A ,  B,, arid dR,,/dz (all for solenoid 
sources), from I> = 1 thrcjugh I., = (I,I or 12,  the 
lesser). Siuc:e a normal progratri may requirx ~eris  
of thousands of  p:rsss"s through .JONES, the iri-  
cautious user o f  this monitoring print option will 
fitid h i n d f  in the same plight a s  h e  Sorcerer's 
Apprentice. For this reason, though IP is eritered 
by one  fie^ of tile MP ciaca carcl, ii is used only for ,  
otlier print opt ions atid is reset to zero irnniediately. 
Only column 7 of the S E Q  card, which is well 
protected from inadvertent use, can call fbrth this 
Hood; for test purposes, however, it is easy t o  set 
IP in any short exploratory program. 

r _  

Subroutine TRACE 

A s  WAS staced a1 die beginning (if the section, 
'I'RA(.X exists in a restricted version t h a t  iriaps 
only lines of force (PA :::- constant) and also in a 
rimre gerieral form to plot loci of ttie constarit 
values of R,, total In\, et(:. 'T'KACE is called ;itid 
supplied with data b y  a MAP card in MI' 011 which 
M K  is punched -4 or -3. kithcr routirie traces the 
lines oi' force il' coluinti 11 is I:)larik, hut if' orw of 
the digits 2-6 is enterrtl here, the general routine 
maps a diB'ererit function, ;as has been previously 
listed. 

At each trial point, 'I'IIACE calls k ' I F X 1 ~  for the 
local value of the field fiiuc:i.ioxt. 'The restricted 
version calls also for B,  arid K, , ,  whose ratio defines 
r h c  slope of (lie lirie and wliosc values readily yield 
the derivatives of P A .  -The general version is esti- 
mated to require from 50 t o  70%' inorc: time, sirice 
it must find the rates of change hy actual trial or 
b y  ext.rapolation aiid intc:q>olation proce:dutes. 

Sirice the c:alculation of rrtagrietic-field quantities 
at closely spaced points, even in a simple system, 
takes f i r  more time than any set of interpolations 
01- extrapolal ions that may permit the use ol' a 
largei. interval, a reasonable degree of refirierrierit 
in the  rial-and-error tracing procedure isjust ii-ied. 
Moreovc:r-, a line is easily lost if i t  curves sharply or 
it' its slope passes throulr;h infinity and revr~ses  
sign. Firially, for rnanual p1oi.t ing it is a great con- 
venience if' om: coordinate is always an integral 
multiple of some siniple unit. 

'IXA<X uses z as the independent ancl y as 11ie 
dependeni variable. Lines are started from points 
x0 ,  y,), where xo is constarit arid yo is steppc-cl, arid 
are continued with an inteival Ax betweeti points. 
t;simIly MIL = -4, which sets x = y, y = p iriitially, 
but if MI< == -4, the vaiiablcs ;arc interchanged. 

ary, for example, when it is desired 
to rnap lines of force iiear a platie of antisyinmetry, 
since p A  = 0 ai ;dl points in the plane, arid the near- 
t y  lines run at nearly 90" 1.0 the axis. 

111 the rcstricteci version, y1 for the  second point 
c11-1 any line of force is first estiniated frotn yo and 
the initial slope B,/B,. To inii:)rove this value, and 
in all calculations for laler points, the derivative 
d(pz4) /dy,  ;is computed f m n i  U, or  B,, is used. 'The 



general version riiiist U S ~  instead a differenrial 
qiiotient of the selcctctl function f ;  a s  co~iiputerl 
directly fi-orri A?. and 41: Here. f o i -  the first trial 
niadc (PIP the second point, y ,  is equated to ?',) and 
Ay 1 0  EPS. For subsequent operations a11 estimate 

vailatdc, and EPS se:'vt's o n l y  as an 
error limit. It is determined by IE  on the MAl' 
card aiid is normally 0.00 1 of rbe initial interval 
betwceri lines. 
In both pi-ogt-aim the first guess is refncd 1 ) )  

successive apl~r,oximations, cotnputing cach IICW 

tive or  differential quotient. Actually, in the 
rcsti-icted version the rate of colivcrgcIice is 
sigiiificaiitly imp~-oved b y  using both rates of 
chiciige. I l i s  gi\ es an indication of curvature. I n  
othct- words, A?. i s  cstimatetl at each step 11-oni ~ w o  
valiies exti  of y and f ; t i i d  a dei-i\xtivc, tvhicli 
nieaiis tliat a pii-abolic 1-atlier than a linear- inverse 
interpolation is made. The iteration count is 
limited to 6; that is, six tries are allowed to reach a 
value of h y  that is less tliari EPS. 

A s  successive firm points are cstablisliecl, die 
first guess for ttie iiext point is made I(: derlend on 
a 2-, 3 - ,  and eventually a I-point Lagrangiaii 
ext:'apolatii,ri. In the general vei-sion only, the 
values of Af/Ay at the latest three points ai-e 
siniilarly used to extrapolate an  estimate of the 
derivative. I n  this case i t  seems to be riecc:js:ir)' LO 

ensure at  least one iii-m valrie of' Af/Ay at  each 
poilit by itnposing a lower- limit of' 2 on the itera- 
tion count. Also, both routines eriforcc an iippe~- 
limit to the magnitude o f  Ax equal to tlic initial 
\aluc o f  Ax. 

A detailed record is kept of the successive cor- 
rections, and these are usuallj- printed for itispec- 
tion by r-nakiiig a ( - + I  entry in IP. When the interval 
Ax is riot excessive, the average iteration couiit is 
only slightly greater than 2 after the first foul- 
points, when tlie grmer-a1 routine is used, and it 
often falls nearly to 1 in the restricted version. I n  
either cast  it may rise to 3 or 4 if ttie ititerval is 
large, or in  any event when the line curves sharply 
or crosses a coil bouridary. Whrii the count passes 
6, if N N  = ( ) o r  1, the firm points are listed, arid 
ti-;rc:ing of the iiext litie starts. I f  N N  = 2 or 3,  onc 
or  t w o  new tries are made on the same line, but 
with the interval A x  halved each time. '1'Re line is 
riot retraced from the starting point if there are 
as many as three firm points. Two IKW points ai-e 

hy  1'rom the error A/ and the last I \ l lOWll  C l C T i v a -  

f i i ~  t in tei-pola ted and i 111 pt'c)vcd, 111 id way in the 
la51  two intervals, and tracing is resumed with a 
nortiial foiir-point extrapolation b y  using the 11cv.7 
points and the lasi two from tlic old set. 

Iksieles the exti-apolations thal h a v e  been de- 
scr-ibed, from the foun- t l i  poiiit onward, thcr-e is 
;dso a thi-ee-poiiit oxti.apol;rtion t o  estimaic the line 
slope dy/i ix. A predicted slopc greater tlian ? i.; 
1-e;id ;is a ~ a r n i n g  t o  iiitercl~iiige z and p with I-G 

spcct to x and y and to c o n t i i i i ~  1)). stepping the 
previoi.isly depeiitleiit cooi-diiiarc. l 'he iiew sci-ies 
Iiiiist ovei-lap [lie old. and its independent co- 
ol-dinates are rcquirctl t o  be iritcgn-al muliiples of 
AT. Its first thrcc points >IJT rstiniatetl h y  three- 
point inverse interpolation, arid t l icy are I-efiiiee! 
as bero'ot-c by successive ~i~~~~toximi~i t ic ,ns .  For- the 
refimcment pi-ocas, the gcneral routine I-equircs 
also an initial estimate of f f / d x  a t  each of' the three 
poiiits. 'l'he notation here pi-eser\.es the origiiial 
rrrcanings of x and y, before t h e  tiiriiovcr. The  
derivatives are estimated fi-om the relation 

i)//rls == - - (  i?f/rlyJ X (ily/&t-). 

T h e  two factors on the right are fou1itl ftwm the 
inversely interpolated estimate of x ,  by using 
respectively a four-point direct fimction inteI- 
polatioti with rernemhered values of' Af/Ay slid a 
four-point direct slope intcrpolatioii with w n i t n -  
ticred values of 1.. l'tie noriiial tracing procedure is 
now rcsiimed, stai-ting with a tlmt-ce-point c x t r a p  
olation f i - o t i i  the three new fit-ni poitits. 

The optioii S D I ,  = t? cai~scs liries to bc traced 
at ;I cormstarit interwl of the selected function, 
rather than with uriifi~rni z 01- p spc' ing.  i i i  this 
case the startirig poiiits, N.4 o r  N Z  in nuniber, are  
first set u p  exactly a s  txfore, atid the furictioii i s  
computed at each point. Thcse figures arc used 
to locate NA-2 or NZ-2 new poirirs that mal-k OK 
equal iiicrenierits between the  cxtreme \ d u e s  of 
the fii i i c ~  io 11. ' 1-11 ese i 11 LC rmed ia t e s t ai- ti t i  g poi 1 its 
ai-e established as usual b y  successive I-efincmcnts, 
and NA or S Z  lines are then traced through tlie 
f i i l l  set. l 'here is cui-rently no provision for tracing 
lines with preset values of the funiction o r  with 
prescribed inci-ements to i r .  

Although methods of  interpolation are well 
ktiown,  the appropriate foi-mula is not alrvays at 
hand. The following equations are uses! for inter- 
polation or  exti.apolation, to find the function 
fH a t  tlic poinit J~~ ~ yo -1- O h ,  where h is the constant 



iriterval, and 8 is ;i proper fraction for interpoolation 
in the positive unit range ye to yI ,  a nept ive  or 
i tx iproper  fr-ac:I i c  rn {Or ext.rapolation outside this 
range. 

For four-point full-interval fimction extrapola- 
t ion (6 = 2), 

,f, = 4f1 - 6Jo - -  4J-l-f..2 I 

Formuhs for 01.1ier orders are obvious, sirice tiicy 
use: only the biiiorriial coefficients. 

For- three-point fiill-interval slope extrapolathn 
(@::= 2 ) ,  

s2 = ' / 2 ( r i f l  - 8fo t- 3f-l) . 
F o r  three-point inverse 

?+I-I .  8. Salxr ,  ,\'utl. nu,-. Std. App?. Muth. Ssr. 30 (1949) 

Thiq psoced ure works well ovc:T a wider range than 
the preceding method if the higher derivatives of 
the curve are r i o t  too large. 'I'he algebraic s i p  
before the radical in tile quadratic formula may 
have to he revcrs td  Froin oiie point to the next, to 
sc:lcct the physically valid root. In the ahsence of  
an obvious test, thc sign is ai%itr;irily set (+). I f  the 
r.c:sul~ ing cs~iruia~ e places y outside the prescxibed 
range, i t  is diminiishetl by twice ilic magnitude of 
the square root. 

For f o u r - p i n t  inici-poh ion a t  fractioiial 
inlcrval 8, lrt  0, - 1 -t 0, 0, = 2 -t- 8, and Rt3 = 1 - 8 .  
Then 



Table 1. 

24 i t i  7 3 0  
24 7li i i 0  
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Format, Code, and 
Card Names 

Columns 7-18 

FOKMAT 194 
(A6, 1013,4F9.4) 

FORCE 0 
(MN) 

0 
(MXN) 

SEQ Card ( ) Return to M P  
(+) Read new SEQcard 

(Or print options) 
(+, coliimn 7) JONES 
(+, coluniii 8) FORCE 

0 = 1  
(+) Increment to 

Gaussian order 

( ) = 3  
(+) Minimum 

Gaussian order 

( )=16 0 
( 4-1 (+) Maximum 

Gaussian order 

MAIN PROGRAM 
... .. . . 

(MK) 

START, NE. r ,  
MAP, or kORCE Card 

-5, --1 MAP card 
-3, -?, - I  TAB card 
( ) FOR<X or new N E T  
(t) FOKCE or N E T  

(number of K cards) 
1 to 4 (colunin 7)“ 

( ) =-t? 
(-) Inch unit 
(+) Centimeter unit 

lINl (in FIELD) 
Ratio DZ/DA 

1 to 6 (column 1 1 ) O  

(-) FORCE card 
(+) Optioual print 

(in MP or TRACE) 

0 - 2  ( 
(+) ( In  FIELD) (+ 

Ratio DA/AI 
in percent 

( 8 )  

(-) 
FNZ 

(+) Number of 
L va1ur.s 

0 
(ZR) 

Reference 
value of L 

(if BZI .f 0.) 

(14)  

(*I 
FNA 

(+) Nunrber of 
p values 

0 
(AB) 

Reference 
value of p 
(if BZ1 ?c. 0.) 

FORMAT 1 2 G  
(A4, 12, 2F6.4,, 6F9.4) 

0 
(W 

( ) Return to MP 
(+) New I‘AH card 

TABLES 

‘I’AB C a d  

KCARTIS 

( ) Mirror pair 
( 1 )  Single coil 
(2) Opposed pair 
(-t) (column 5)‘ 

“Normalize NET to maximum value of field function if column 7 is 1 or  3, minimum value if it is 2 or 4. Shift NET origiri to the point o f  maxi 

*Coluinn 11 (NET) selects field function for normalization: ( ) o r  1 ,B2; 2,!?,; 3 , A ;  4,181; 5 , p A ;  6,dB,,/dz. [MAP selects same function, except ( 
7 is 3 or 4. 

‘ ( 1 )  in column 5 causes a cylindrical coil to he replaced by the “equivalent” Lyle filament?. (2) in colurnii 5 identifies a magnetostatic dipole 
Qring. For a dipole ring, enter polar angle in degrees in BZ1. 
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