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The location of possibly uns tab le  roots t o  the dispersion ecpation 

for the electrostatic waves i n  an i.iifinite plzsma s i t u a t e d  in a constant  

magnetic field. i s  csefuILly expanincd ~ 
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NOTE or1 ELECTROSTATIC INSTABILITIES DJ A PLURSIU 
WITI-I ANISOTROPIC YELOCITY DISTRIBUTIOK* 

Laurence S. EIall 
Lawrence Radiation Laboratory, Live rrilore, Ca l i fo rn ia  

and 

Yaalcov Shima 
Oak Ridge Nat iona l  Laboratory, Oak Ridge, Tennessee 

In this note  we wish t o  extend prcvious work1 to  deli .mit  as much 

as poss ib l e  t h e  l o c a t i o n  of poss ib ly  runstable r o o t s  t o  the  d' sspersi.on 

equat ion f o r  t h e  e l e c t r o s t a t i c  waves i n  mi i n f i n i t e  plasma s i tuated i n  

a constant  magnetic f i e l d .  

The d i spe r s ion  equat ion may he wri-t ten i n  t h e  fnzm 

1 +I u2 Qm.2F. = 0 
p j  $1 J 

j 

where F i s  given i n  R e f .  1 f o r  the bi-Ivkxwellian d i s t r i b u t i o n  finnction. 
j 

The theorems given i n  ?;lie previou-s a r t j  c l e ,  which were based on 

an examination of' I m  (F.), are here extended to show -that margina,l.i.y 
1 

uns tab le  solintiolls ( I m  (0) = 0 + ) of the  d i s p e r s i o n  e r p a t i o n  car1 oc:cllr 

only if both  

where d i s  an in t ege r .  

'II 1 > ;> e Hence, i n  p a r t i c u l a r  the system i s  s table  if - 
T ,  
I 

Followfng the same arguments as i n  Xef. 1, it i s  su.fficj .ent to 

show that  I n 1  (F)  i s  non-negative in t h e  regi.me oi-' i n t e r e s t  locrated j.11 

the f' i rs t  quadrant of the comp1.e~ u-plane, where 
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1 x -t- n2 1 s i n  x) exp [kx - px2 - X (1 - cos x) 

M 

F = n2 F, + n2 F := I I  1 B  
0 

Im (Fg) > 0 . and - 

Thus, s ince  Ik,j ( X )  > Ik+R (A) > 0 for k, R > 0, 

M 

k= 1 

Im (F,) > A e 

Notice t h a t ,  when x > a > 0, g ( x )  - g ( x  - a) i s  p o s i t i v e  f o r  x > xa, 

and negat ive t h e r e a f t e r .  Therefore,  bemuse  I k (A) i s  a p o s i t i v e ,  

decreasing func t ion  of k, t h e r e  i s  an m > I_ 0 such t h a t ,  for a l l  k ,  

L J 
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The - i r f i r_ i t e  s l im  is Just 

I 
I 

One can she$ 

-- - B (z, q) sin (2 z) 
(3.2 

where B ( 2 ,  S )  is posi- t tve if z ,  q >  0. 

In oin- case, z = ~ L D ,  q = e -''+ and ti, is positjve. Therefore 

~ r n  (F,) > D sin ( z x i ~ )  , D >  o ( 2 )  

which is non-negative whenever R < < R + 5 , - - 

conta ined  in x. T'rlvs, if 
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1 

T I  I T 
Im (F) > K (& - 1) 1 L [ I  ,i -n ( h )  exp{- [J - n + 6 (1 - yg /4cl 

.l= 1 II 
% 

I 91 > 6 (1 - 7) . and so I m  (F) > 0 i f  n Rewriting, t h i s  becomes 
.I. 

T I I  

Tl 
so t h a t  we have s t a b i l i t y  if .l + (1 - -)< LU < R + 1 . 

Moreover, 

T 
s o  t h a t  when [ a/ (L - I)] > - I., ineyual.i.ty (3 )  i s  s a t i s f i e d ,  which 

completes t h e  proof of (1). 

Fv 
T I  I - 

In summary, if we r e f e r  t o  F ig .  I, no roo t s  t o  t h e  d ispers ion  

equat ion can be  found f o r  io 1.ying i n  t he  shaded por-tjon 

io-plane. 

i s  poss ib l e  only if both  B - $ < io < 1 - ___ 

It may be mentioned t h a t  t hese  theorems 

of t h e  complex 

In addi t ion ,  t he  condi t ion of marginal i n s - t ab j l i t y  Im (0) = 0 
'1' [ 

and a < - I - 1  I 

T I  I T1 
which have been proved e x p l i -  

c i t l y  above f o r  the case of bi-Maxwellian distribution of p a r t i c l e  v e l o c i t i e s ,  
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Fig. 1. Regions of S t a b i l i t y  (Shaded) and I n s t a b i l i t y  
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EXTERNAL DISTRIBUTION 
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