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ANALYSIS OF STRESS AND STRAIN IN SPHERICAL SHELLS OF 
PYROLYTIC CARBON 

J .  W.  Prados '  J .  L.  Scott  

ABSTRACT 

A technique was  developed for calculating profiles of the  tangential  s t r e s s  and strain 
a s  a result  of thermal ex- components which occur in spher ica l  pyrolytic carbon she l l s  

pansion or radiation-induced dimensional changes. The  method is based  on a mathematical 
ana lys i s  of s t r e s s  and strain in a spherically symmetric, anisotropic medium having hexag- 
onal symmetry in which the  crystallographic axes  coincide with axes  of geometrical sym- 
metry. The  resu l t s  should be  of value in  the  development of pyrolytic carbon-coated reactor 
fuel particles,  particularly for the  selection of optimum design parameters and for the plan- 
ning and interpretation of failure t e s t s .  

A digital  computer program was  prepared for calculating tangential  s t r e s s  and strain 
profiles in particle coatings and plotting them a s  a function of position. The  resu l t s  of ther- 
mal s t r e s s  calculations a re  presented for pyrolytic carbon coatings of three different thick- 
n e s s e s  a t  temperatures below and above the  deposition temperature. 

IN TROD UCTl ON 

Pyrolytic carbon coat ings applied to nuclear fuel par t ic les  for f iss ion product retention must re- 

main intact  throughout a fuel element cyc le  i f  they are to fulfill their  purpose. However, many fac- 

tors in their operating environment produce internal s t r e s s e s  and s t ra ins  within the  coatings which 

may lead to premature failure.  Among these  factors are: 

1. thermal expansion, result ing from differences in coat ing deposit ion temperature and operating 

temperature; 

2. swel l ing of the  core  as fuel atoms are converted to f iss ion products; 

3. release of gaseous f iss ion products from the fuel,  leading to buildup of pressure between the 

fuel particle and the coating; and 

4. dimensional changes in the  coating i tself ,  caused  by fast-neutron or fission-fragment damage to  

the pyrolytic carbon. 

A method for quantitatively predicting s t r e s s e s  and s t ra ins  in the coat ings produced by each  of 

the above factors,  acting s ingly and in combination, should be of value in the  rational development 

'Consultant from the  University of Tennessee .  
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of coated-particle reactor fuels .  Such a method would permit the coated-particle developer t o  s e -  

lect  coat ing dimensions and properties to  minimize the  likelihood of failure during t h e  fuel  lifetime. 

It would further a s s i s t  in t h e  planning and interpretation of coated-particle t e s t s .  

Purpose and Scope 

T h e  object  of t h i s  work w a s  t o  develop a means of calculat ing both s t r e s s  and s t ra in  in pyro- 

lytic carbon coat ings as functions of geometry, physical and mechanical properties, and operating 

conditions.  T h e  present  report provides the  b a s i c  mathematical development and i l lus t ra tes  the  u s e  

of the  method through calculat ions of s t r e s s  and s t ra in  profiles in  coated par t ic les  result ing from 

thermal expansion alone.  Future  reports will  present calculated s t r e s s e s  and s t ra ins  result ing from 

combined thermal and radiation-induced changes in typical coated par t ic les .  I t  is hoped that s u c h  

resul ts  may a s s i s t  in interpreting failure of coated par t ic les  observed experimentally, in es tabl ish-  

ing coated-particle failure cri teria,  and in  defining safe operating l i m i t s  for coated-particle fuel 

elements. 

In the  absence  of published failure cri teria for pyrolytic carbon and the unknown manner in which 

radiation might affect  s u c h  criteria,  no attempt h a s  been made t o  consider  failure quantitatively in 

this  portion of t h i s  study. T h e  resul ts  are presented in a convenient form for relating failure to max- 

imum tens i le  s t r e s s  or maximum tens i le  strain.  The  general methods developed would permit cal- 
culat ions of maximum shear  s t r e s s  or s t ra in  as  well ,  although some additional manipulations and 

computations would be required. 

Uses of the Method 

T h e  equat ions developed permit calculation of tangential  s t r e s s ,  normalized tangential  s t r e s s ,  

and tangent ia l  s t ra in  components as  functions of radial  posit ion in pyrolytic carbon coat ings.  T h e  

resul ts  a r e  sufficiently general  to  permit investigation of a number of different stress-inducing fac- 

tors,  ac t ing  singly and in combination, a s  wel l  as the effects  of changes  in  geometrical and  physi-  

ca l  properties of the  coated par t ic les  on the  coat ing s t r e s s e s  and s t ra ins .  In particular, the  follow- 
ing stress-inducing factors  can b e  incorporated into the  calculat ions:  

1. anisotropic expansion or contraction within the coating, resul t ing from: 

a. differences between ac tua l  coat ing temperature and t h e  temperature a t  which i t  was  deposi ted,  

or  

b. dimensional changes  caused  by fast-neutron damage; 

2. forces  ac t ing  on t h e  inner coat ing surface from: 

a. swell ing of the  fuel particle aga ins t  the  coat ing due t o  differential  thermal expansion or vol- 

ume changes from f iss ion,  or 

b. buildup of fission-gas pressure in t h e  void s p a c e  between the  fuel par t ic le  and the  coating; 

, 
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3. radially dependent expansion or contraction, result ing from: 

a. temperature gradients a c r o s s  the  coating, or 

b. fission-fragment damage to  the inner layer of the coating; and 

4. combinations of any or all of the above effects .  

A computer program for calculation of stress and s t ra in  profiles result ing from factors  of types 

1 and 2 above, act ing singly or in combination, h a s  been developed. As d i scussed  in the  sect ion 

on “Illustrative Resu l t s  and Discussion,”  factors  of type 3 were not incorporated in the  program, 

although modifications to  include them could be added. U s e  of the program permits investigation 

of the  effect of a number of parameters on coat ing s t r e s s  and s t ra in  profiles. Those which can be 
treated conveniently are: 

1. dimensions of the coated particle,  such as fuel-particle radius,  coating thickness ,  and thickness  

and porosity of the gap, if  any, between the coating and the fuel particle; 

2. physical  properties of the coat ing and fuel core,  such as thermal expansion coefficients,  Young’s 

moduli, Po i s son’ s  ratios (in direct ions both normal and parallel  t o  t h e  surface of the spheroidal 

fuel particle); and 

3. operating conditions of the coated particle,  including temperature and radiation history.  

METHOD OF ANALYSIS 

Idealizations 

T h e  most ser ious ideal izat ions employed in the  present ana lys i s  are the assumptions (1) that  

the fuel  particles a re  sphe res  with the  coatings spherically symmetrical she l l s ,  and (2) that the  pyro- 

lytic carbon coat ings exhibit  e l a s t i c  behavior. Irregular coating geometry may well  lead to concen- 

trations of s t r e s s  considerably more severe  than predicted by the  theory. Nonlinear elastic behavior 

and creep (which should be more pronounced a t  higher temperature), on the other hand, will tend to 

provide ac tua l  s t r e s s e s  lower than those predicted. Errors introduced by t h e s e  two idealizations 
would, therefore, b e  in opposi te  directions,  although cancellation for any given c a s e  would be for- 

tuitous.  

A major idealization which h a s  not been made in th i s  work is the assumption of isotropic be- 

havior in the pyrolytic carbon coating. Since the a x e s  of geometrical symmetry of the system will ,  

in general, coincide with the principal hexagonal c rys ta l  a x e s  of the  coating (c, or perpendicular, 

crystal  a x i s  lies along sphere radii, with hexagonal layer planes along concentric spherical  shel ls) ,  

one can  account for differences in physical  properties of anisotropic pyrolytic carbon without hope- 

less ly  complicating the  mathematical treatment. A s  will be shown in t h e  example calculations,  re- 

s u l t s  which account for t h e s e  anisotropic effects may differ markedly from t h o s e  calculated under 

the assumption of isotropic behavior. 
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In practice,  the  reliabil i ty of the calculat ions is further limited by lack of accurate  physical  

and mechanical property da ta  for pyrolytic carbon coat ings and fuel materials.  Propert ies  of the 

coat ings in  particular a r e  markedly dependent on manufacturing techniques, and properties meas- 

ured for one batch of material  may b e  grossly different from t h o s e  for another.’f3 Due t o  lack of 

da ta  on the effect  of orientation on e l a s t i c  properties,  the  calculat ions were performed under the  

assumption of equal  e l a s t i c  moduli and Poisson’s  ra t ios  in t h e  crystallographic c direction and in  

basa l  planes.  I t  is fel t  tha t  t h e  uncertainty introduced by t h i s  idealization is l e s s  than that in t h e  

actual  numbers used;  t h e  general  calculat ion method wil l  permit th i s  assumption to  be relaxed when 

more accurate  da ta  become avai lable .  T h e  important anisotropic  effects in  thermal expansion and 

radiation-induced dimensional changes  a re  retained in t h e  calculat ions.  

Phys ica l  property da ta  used i n  the calculat ions were taken from refs  2 and 3 and were meas- 

ured for General Electr ic  and Raytheon pyrolytic carbons deposi ted from methane a t  relatively low 

rates  near  2100OC. T h e  resul t ing products were highly oriented with a densi ty  near  theoret ical  (2.2 

g/cm3). I t  is recognized that the  properties of pyrolytic carbon deposi ted on smal l  (approximately 
200 p)  part ic les  in a fluidized bed may be substant ia l ly  different from those  of massive pyrolytic 

carbon. Property da ta  for such  coatings,  however, a r e  not yet  avai lable .  

Out1 ine of Development 

The  development of mathematical re la t ions for calculat ing coat ing s t r e s s e s  and s t ra ins  is pre- 

sented in  Appendix A and i s  given here  only in verbal outl ine with references to  key equat ions in 

the appendix where appropriate.  The  effect  of system parameters on resu l t s  is il lustrated in a la ter  

sect ion of this  report through graphical comparisons of the resul ts  of a s e r i e s  of calculat ions.  

T h e  major effects  of interest  in t h e s e  calculat ions a r e  t h e  tangent ia l  or “hoop” s t r e s s e s  and 

s t ra ins  in  t h e  pyrolytic carbon coatings.  T h e s e  effects  may b e  understood from a combined analysis  
of t h e  coat ing and fuel core.  T h e  general methods of thermal s t r e s s  a n a l y ~ i s , ~  modified t o  include - 

the anisotropic effects ,  can  b e  applied to each  region separately and t h e  solut ions joined a t  t h e  

fuel-coating interface.  The  equations required are: 

1. the  equilibrium force balance for a region of spherical  symmetry, Eq.  ( l ) ,  Appendix A; and 

2. re la t ions between s t r e s s ,  s t ra in ,  displacement, and expansion for an anisotropic material with 

hexagonal c rys ta l  symmetry, E q s .  (4) through (12), Appendix A. 

Algebraic manipulation of these  relationships l e a d s  to  a differential equation for the displacement  

of a point in  the  coa t ing  or fuel as a function of radial posit ion,  Eq. (20), Appendix A. The  equa- 

tion may be integrated analytically for t h e  coat ing t o  give solut ions for displacement, s t r e s s ,  and 

’J. Pappis,  R. Donadio, and  L. Hagen, The Mechanical Proper t ies  of Pyrographite, Tech. Memo. T-216, 

311 Pyrolytic Graphi te  Preliminary Engineering Data,” General Elec t r ic  Co.. Detroit,  Mich. (no date). 
4 S. Timoshenko and J- N. Goodier, Theory of Elas t ic i ty ,  pp 416-21, McGraw-Hill, New York, 1951. 

Raytheon Corp., Waltham. Mass. (March 1960). 
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st ra in  as a function of radius, E q s .  (26) through (31), Appendix A. T h e s e  solut ions contain two 

arbitrary constants  of integration which must b e  evaluated from boundary conditions on t h e  coat ing.  

If i t  is assumed that t h e  outer surface of t h e  coat ing is unconstrained so that  t h e  radial  s t r e s s  com- 

ponent vanishes  a t  t h e  boundary, the cons tan ts  may b e  expressed in terms of the displacement of 

the inner coat ing surface alone. 

A similar treatment of t h e  fue l  core  region (here assuming fully isotropic behavior) l e a d s  to solu-  

t ions for displacement, s t r e s s ,  and s t ra in  as functions of radial position. 

To complete t h e  solution, one must find t h e  displacements  of the  inner coat ing surface and outer 
fuel surface.  T h e  method employed depends on which of two possible  conditions ex is t s :  

1. the  fuel and coating remain in  contact ,  in which case both displacement and radial  s t r e s s  com- 

ponents must be equal  on e a c h  s i d e  of the  fuel-coating interface; or 

2. the  fuel and coat ing a r e  not in  contact ,  in which case the radial  s t r e s s  components a t  the outer 

fuel and inner coat ing sur faces  must equal  the negat ive of the  fission-gas pressure in the  s p a c e  

between. 

For condition 1, the  solution for fuel and coat ing displacement  i s  given by Eq. (50), Appendix A; 

for condition 2, the  coa t ing  displacement i s  given by Eq. (38), Appendix A. T h e  final resu l t s  for 

tangential  s t r e s s  and s t ra in  components are given by Eqs .  (53) and (54), Appendix A. 

Simplification of t h e s e  resul ts  is possible  for a number of spec ia l  cases. If the e l a s t i c  moduli 

and Poisson’s  ra t ios  a re  assumed to be equal  in both crystal  directions in t h e  coating, tangential  

s t r e s s  and s t ra in  components may b e  calculated from Eqs.  (53a) and (54a), Appendix A; if, in  addi- 

tion, i t  is assumed that a l l  dimensional-change-inducing factors  (e.  g., temperature, radiation damage) 

do  not  change with radial  posit ion,  simpler equations, E q s .  (53b) and (54b), may b e  employed. Fi- 

nally,  if t h e  coat ing is assumed to b e  fully isotropic,  with regard to dimensional-change factors as  

well as  e l a s t i c  constants ,  Eqs.  (53c) and (54c) or (534 and ( 5 4 4  apply. 

Special  problems ar i s ing  in  t h e  calculation of fission-gas pressure where a gap e x i s t s  between 

the fuel particle and t h e  coa t ing  a r e  d i s c u s s e d  quantitatively in Appendix B. 

ILLUSTRATIVE RESULTS AND DISCUSSION 

Although the  calculation methods developed permit investigation of a variety of stress-inducing 

c a u s e s ,  only thermal s t r e s s  and strain a r e  considered in the  i l lustrative calculat ions to b e  presented 

here.  In future s tudies ,  the  method will  b e  applied to  coated par t ic les  operating under reactor con- 

dit ions where combined environmental c a u s e s  are important. 

A s  previously s ta ted ,  calculat ions were performed under t h e  assumption tha t  the e l a s t i c  con- 

s t a n t s  in t h e  coat ing were isotropic,  while retaining t h e  anisotropy of t h e  thermal expansion and 

radiation-induced dimensional changes.  For  comparison, one  s e t  of calculat ions was  also performed 

under the  assumption of fully isotropic  behavior in the  coating. Though not a bas ic  requirement of 

the method, it was  assumed that t h e  temperature and  radiation factors  were independent of radial  

position. T h i s  assumption is fel t  to  be wel l  just i f ied for t h e  present  calculations:  sample h e a t  
c 
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transfer calculation for a typical coated particle indicated temperature drops across  t h e  coat ing 

should be below 10°C (see Appendix C). 

T h e  s t r e s s  and s t ra in  calculat ions were programmed for  the  CDC 1604-A digital  computer a t  

ORNL and were executed on th i s  machine. Computed resul ts  were plotted automatically on the  Cal-  

comp plotter. T h e  program is avai lable  under the name STRETCH; i t s  general  form and u s e  are de- 

scribed in Appendix D. 

Strain and Normalized Stress 

There appears  t o  be some disagreement in t h e  u s e  of the word “strain” in the presence of vol- 

ume changes,  as in thermal expansion. If one defines a normal s t ra in  component a s  a total  change 

in length per unit  ini t ia l  length, i t  is possible  to have s t ra in  in a system with no corresponding 

s t r e s s  (as ,  for example,  in a uniformly heated, unconstrained rod). In the  present work, the total  

change in length per unit  ini t ia l  length is designated as  “total  fractional elongation”; t h e  term 

“strain” is reserved for that  part of the  fractional elongation a s soc ia t ed  with a s t r e s s .  Relat ions 

between these  two quant i t ies  are  given in Eqs .  (7) through (lo), Appendix A. 

Test calculat ions have indicated that  computed s t ra ins  a r e  somewhat insensi t ive to the value of 

Young’s modulus assumed for the pyrolytic carbon coating. T h i s  insensi t ivi ty  resul ts ,  t o  a large de- 

gree, from t h e  low values of Young’s modulus for pyrolytic carbon compared with the values for fuel 

core materials [UC, and (Th, U)C2] and is fortunate s i n c e  Young’s moduli for pyrolytic carbon are 

not accurately known and vary widely from sample to  sample.  Computed s t r e s s e s ,  on the  other hand, 

a re  almost directly proportional to  the Young’s modulus value assumed. Hence,  in the present il- 

lustrations,  absolute  s t r e s s  values  a re  not plotted, but rather a normalized tangential  s t r e s s ,  equal  

to the ac tua l  tangential  s t r e s s ,  multiplied by one minus Po i s son’ s  ratio for the coating and divided 

by t h e  Young’s modulus. T h i s  normalized s t r e s s  shows the s a m e  radial  variation as the actual 
s t r e s s  and arises naturally in the  equation relating tangent ia l  strain,  tangential  s t r e s s ,  and radial  

s t r e s s  components, Eq. (4), Appendix A. 

A sample computer printout shee t  giving tabulated resul ts  for one case considered is presented 

in Appendix E. In the tabulations,  ac tua l  as well as normalized tangential  stress values  a re  given. 

Properties Used in Calculat ions 

T h e  following physical  properties were used in a l l  calculat ions.  F u e l  properties were taken as 

those  of UC, from ref 5. Pyrolytic carbon properties were obtained from refs  2 and 3, as previously 

d iscussed .  

5R.  W. Endebrock (ed.), Properties of Fue l s  for High-Temperature Reac tor  Concepts,  BMI-1598 movem- 
ber 1962 )*  
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Young's modulus, fuel: 

Young's modulus, coating: 

Poisson's ratio, fuel: 

Poisson's ratio, coating: 

Thermal expansion coefficient, fuel: 

Thermal expansion coefficient,  coating, 
para lle 1: 

Thermal expansion coefficient, coating, 
perpendicular: 

Fue l  core  diameter: 

2 .9  x l o 7  psi  

2 x l o 6  psi  

0.3 0 

0.25 

1.58 x 10-~(Oc) - '  

1.3 x 10-6(oC)-' 

2.2 X 10-5(%-' 

200 p 

Additional quant i t ies  required for the  calculat ions a re  presented with the individual resul ts .  

Thermal Expansion 

In anisotropic pyrolytic carbon coating, thermal s t r e s s e s  may b e  set up a t  temperatures different 

from that  a t  which t h e  coat ing w a s  applied even though the temperature is uniform throughout the  

particle.  Additional s t r e s s e s  may b e  produced if the coated particle is heated above i t s  fabrication 

temperature and t h e  fuel core  tends  t o  expand more than the  coating. T h e s e  effects  are demonstrated 

and compared for three types of coat ing at e a c h  of three temperatures. Coating types  considered 

are: 

1. 100-1.' thickness ,  init ially in contact  with t h e  fuel core,  

2. 95-p thickness ,  with a 5-1.' ini t ia l  gap between core and coating, and 

3. 50-1.' thickness ,  with a 50-t~ ini t ia l  gap between core and coat ing.  

Temperatures employed were 18OOOC below deposition temperature, 4OOOC above deposition temp- 

erature, and 800°C above deposition temperature, 

To show the  effect of anisotropy on t h e  resul ts ,  calculat ions were performed for an isotropic 

coat ing of type 1 above at each  of the  three temperatures. A volumetric mean thermal expansion 

coefficient was  used  for t h e  pyrolytic graphite, equa l  t o  two-thirds the  coefficient in  t h e  parallel  

crystal  direction p lus  one-third the  coefficient in t h e  perpendicular direction. 

Tangential  Strain. - Calculated tangential  s t ra in  profiles a re  shown in  F igs .  1 through 4 for 

the  above cases. In each plot,  the  0.0 on the  horizontal  a x i s  coincides  with t h e  inner surface of 

the coat ing and t h e  1.0 coincides  with t h e  outer surface.  Curve parameters (DELTA T) are  dif-  

ferences between t h e  ac tua l  coated-particle temperature and  t h e  temperature at which t h e  coat ing 

was  deposited. I t  was  assumed that no strain exis ted at the  deposition temperature. Features  of 

the plots  which should be noted are:  

1. For  unconstrained coat ings (no contact  with t h e  fuel particle), thermal s t ra in  is compressive 

(negative) on the  inner surface and tens i le  (posit ive) on t h e  outer surface at temperatures above 

the deposition temperature. Below t h e  deposition temperature, this effect  i s  reversed. 

c 
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2. For c a s e s  where contac t  is maintained between fue l  particle and coating, thermal strain is ten- 

sile throughout and may be slightly greater at the  inner surface.  
3. With the  expansion coefficients employed in the present example, the  fuel particle shrinks away 

from the  coating below fabrication temperature; hence,  resu l t s  for the  100-p coating with no 

init ial  gap  a re  almost identical  with those  for the 95-p coating with an init ial  gap, s ince  in either 

c a s e  there is n o  constraint  on the inner surface on cooling. 

4. The thin (50-p) coating shows lower thermal strain than the thicker (95-p) coating both on heat-  

ing  and cooling even though both are unconstrained. 

5. Strains calculated on the assumption of isotropic expansion in the  coating a re  significantly 

smaller than those  where anisotropic expansion is taken into account;  the only strain-producing 

factor in the  isotropic c a s e  is the differential expansion of core and coating. Where the coating 

and core d o  not maintain contact,  a s  on cooling, no strain ex i s t s .  

As a final comment, i t  might be noted that in the isotropic c a s e  the s t ra ins  a re  a maximum a t  the 

inner surface of the coating. Th i s  may be seen  from the isotropic reduction of the  relation for ca l -  

culation of strain,  Eq. (53d), Appendix A. N o  such  generalization is poss ib le  in the anisotropic 

case ;  maximum strain can occur a t  e i ther  the inner or outer boundary, and a t  times the curves ex- 

hibit a minimum within the  coating. 

In general one may consider the tangential  s t r a ins  in the  coa t ing  as the  sum of two effects: (1) 
strain result ing from anisotropic expansion of the coating, which arises whether or not the inner 

surface is constrained; and (2) s t ra ins  arising from differential expansion of the fuel particle aga ins t  

the coating, which e x i s t s  only i f  contact between fuel and coating is maintained. Strains of type 1 

are represented by the  second and third terms in Eq. (54b), Appendix A, and are absent  in isotropic 

materials. Strains of type 2 a re  represented by the first term in Eq. (54b) and ex is t  only when a 

radial s t r e s s  is applied on the inner sur face  of the coating for isotropic or anisotropic materials. 

Tangential Stress. - Profiles of the normalized tangential  component of thermal stress are  

shown in F igs .  5 through 8 for the  same cases il lustrated in F igs .  1 through 4. It  can be seen  tha t  

the s t r e s s  curves exhibit the same general s h a p e  as those  of strain.  As  c a n  b e  seen  from Eq. (4), 
Appendix A, the tangential  strain and normalized tangential  s t r e s s  components differ only by a term 

involving the radial s t r e s s  component. The  tangential strain and normalized tangential  s t r e s s  must 

be numerically equal at t h e  outer coating boundary, s ince  radial s t r e s s  is assumed to  vanish on th i s  

surface.  They will  also be equal  on the inner coating boundary, provided that the  coating does  not 

maintain contact with the  fuel particle and tha t  no  fission-gas pressure e x i s t s  in the gap between. 

In the  case where contac t  is maintained, the tangential  strain is always greater at  the  inner bound- 

ary than the normalized tangential  s t r e s s ,  s ince  the radial  s t r e s s  is negative (compressive) a t  this  

point and the  term in which i t  appears is subtracted from the  tangential  s t r e s s  term in Eq. (4), Ap- 

pendix A. 
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CONCLUSIONS 

. 

A means h a s  been devised  for quantitative calculat ion of tangent ia l  s t r e s s  and strain profiles 

in  spherical  pyrolytic carbon coat ings on reactor fuel par t ic les .  The  method can account  for the 

anisotropic nature of the coa t ing  material a s  well a s  for radial  variations in expansion effects  in  

the coat ing and fuel particle.  

The  assumptions employed in  the  present  mathematical model a r e  believed to b e  reasonable, 

but have  not been subjected t o  a cr i t ical  experimental test .  Because  of this ,  as well as  the  present  

uncertainty and variability in pyrolytic carbon properties,  absolute  numbers calculated by this  

method should b e  used  with caution until  (1) more complete characterization and property da ta  be- 
come avai lable  for pyrolytic carbon, and (2) predicted coated-particle failure conditions based on 

independent failure cri teria for pyrolytic carbon can  be verified by experiment. Even now, however, 

relative comparisons of behavior should be qui te  meaningful and should be of considerable  a s s i s t -  

a n c e  in  t h e  select ion of optimum coated-particle design parameters and t e s t  conditions.  

I l lustrative calculat ions of thermal s t r e s s  and s t ra in  in particle coat ings of various des igns  

demonstrated the  marked ef fec ts  of coat ing anisotropy and dimensions on the s t r e s s e s  set up by 

given thermal conditions.  
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Appendix A 

ANALYSIS OF STRESSES IN P A R T I C L E  COATINGS 

Anisotropic Behavior in Coating 

Stress  and s t ra in  in  a spherical  particle coa t ing  caused  by thermal expansion,  swel l ing of the 

fuel core ,  or radiation damage in  the coat ing a r e  analyzed under the  following assumptions: 

1. the  coat ing is spherically symmetrical about the core,  

2. the  outer surface of t h e  coa t ing  is not constrained, 

3. fuel and coat ing deform elast ical ly ,  

4. t h e  fuel core  is isotropic,  and 

5. e l a s t i c  properties a r e  cons tan t  within coat ing and fuel. 

Examination of t h e  pyrolytic carbon coat ings6 indicates  that  in many coat ings the  hexagonal 

layer planes l i e  in concentric spherical  s h e l l s  while the  c (perpendicular) crystallographic a x i s  

lies in t h e  radial  direction. Hence  the  a x e s  of crystal  symmetry coincide with t h e  geometrical 

symmetry of t h e  coated particle.  

T h e  equation of equilibrium for a spherically symmetrical system is :  

dur 2 
dr r 
- +-(u, - os) = 0 ,  

where 

u8 = normal s t r e s s  in the tangent ia l  direction, 

or = normal s t r e s s  in t h e  radial direction, 

r = radial  d i s tance  from center  of sphere.  

With reference to  t h e  spherical  coordinates,  r ,  0, $, it will  be noted that,  as a consequence of the  

symmetry, t h e  0 and + directions a re  indistinguishable,  and no variations occur in t h e s e  directions.  

Further, n o  shear  s t r e s s e s  act on the “constant  r” or (‘constant 0” surfaces .  

T o  relate  t h e  s t r e s s e s  and s t ra ins  in a hexagonal crystal ,  f ive e l a s t i c  constants  a r e  required. 

If there is a tendency for expansion or contraction to occur due  to temperature changes or  radiation 

damage, a t  l e a s t  two additional parameters must be introduced. The  e l a s t i c  cons tan ts  may b e  ex- 

pressed as compliances’ or, by analogy with isotropic materials,  by Young’s moduli and Poisson’s  

6 C. K. H. DuBose and R. J- Gray, Metallographic Examination of Pyrolytic-Carbon Coated a n d  Uncoated 
Uranium Carbide Part ic les ,  ORNL-TM-521, pp 38-39 (June 25, 1963). 

’8 .  Timoshenko a n d  J. N. Goodier, Theory of Elast ic i ty ,  p 359, McGraw-Hill, New York, 1951. 

‘J. F. Nye, Phys ica l  Properties of Crystals,  pp 1 3 1 4 9 ,  Clarendon P r e s s ,  Oxford, 1957. 

’J. F. Nye, Phys ica l  Propert ies  of Crystals,  pp 106-9, Clarendon P res s ,  Oxford, 1957. 
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ratios.  In terms of the compliance constants  

e ( 3 z ( S 1 1  + ' 1 2 ) 0 8 +  S13ur r 

e = 2 s  u i s  r t3 0 33"r 9 

where 

eo  = normal s t ra in  in t h e  tangential  direction, result ing from s t r e s s ,  

er = normal s t ra in  in the  radial  direction, result ing from s t r e s s ,  and 

s . .  = compliance constant ,  relating strain component i to s t r e s s  component j .  Subscripts 1 and  'I 
2 represent normal components ac t ing  along parallel  crystal  directions,  and subscr ipt  3 re- 

presents  normal component a long perpendicular direction. See ref 9 for further de ta i l s .  

The  parallel  crystal  direction coincides  with the  tangential  direction in the  coated particle,  while 

the perpendicular crystal  direction coincides  with the  radial direction in the coated particle.  In 

terms of Young's moduli and Poisson ' s  ratios: 

where 

E ,  = Young's modulus, relating s t r e s s  in t h e  parallel  crystal  direction to  strain in  t h e  same di-  

rection, 

E,  = Young's modulus, re la t ing s t r e s s  in the  perpendicular crystal  direction to s t ra in  in  the  

s a m e  direction, 

u 1  = Poisson ' s  ratio, relating contraction in  the  parallel  layer  p lanes  to elongation a t  right 

angles  but also in the  parallel  layer  planes,  

v 2  = P o i s s o n ' s  ratio, relating contraction in t h e  parallel  laye: p lanes  to elongation in  the  per- 

pendicular direction, and 

v3 = Poisson ' s  ratio, re la t ing contraction in t h e  perpendicular c rys ta l  direction to  elongation 

in  t h e  parallel  layer  planes.  

It may also b e  noted from hexagonal symmetry that  

If thermal expansion or  radiation-induced volume changes occur,  the  total  fractional elongation will  

be given by the sum of the s t ress- induced s t ra in ,  e, and expansion terms in t h e  form: 



with 

where 

= total  fractional elongation in the tangential  direction, 

tr  = total  fractional elongation in  t h e  radial direction, 

g l  = fractional l inear  expansion in  the  parallel  crystal  direction, 

g 2  = fractional l inear expansion in t h e  perpendicular crystal  direction, 

a = thermal expansion coefficient in t h e  parallel  crystal  direction, 

a = thermal expansion coefficient in the perpendicular crystal  direction, 
2 

T =  temperature a t  a point in  a coated particle,  

T c  = temperature a t  which coat ing was  applied to particle,  

7 ,  = fractional l inear expansion in t h e  parallel  crystal  direction, produced by radiation, and 

q 2  = fractional l inear expansion in the perpendicular c rys ta l  direction, produced by radiation. 

The fractional elongation may b e  related to t h e  radial displacement ,  u, of a point in the coated par- 

ticle by '' 
U 

t o = - ,  
r 

du 

dr 
6 = -  

Combination of Eqs. (4) through (12) and substi tution into Eq. (1) will yield a differential  equa- 
tion i n  a s ingle  dependent variable, u, which must b e  solved subject  to appropriate boundary con- 

dition. Specifically,  one  must f irst  s o l v e  Eqs .  (4) and (5) simultaneously for t h e  s t r e s s e s .  T h e  

resul ts ,  expressed in terms of total  fractional elongations from E q s .  (7) through (lo), a r e  

O B =  a l e g  + a 2 r  6 + G,  , 

ur = 2a2cg + a s € ,  + G 2  . 

'OS. Timoshenko and J. N. Goodier, Theory of Elas t ic i ty ,  p 417, McGraw-Hill, New York, 1951. 
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The a’s and G’s a r e  related to previously defined parameters by: 

E l  
1 - v 1 - 2 v v  2 3  ’ 

a ,  = 

a 2  = E l V 2  

1 - v1 - 2v  v ’ 2 3  

E,(1 - V I >  

1 - v 1  - 2v2v3 ’ 
a3  = (17) 

. 

Under assumption 5 (e las t ic  properties a r e  constant  within coa t ing  and fuel), t h e  a’s will b e  con- 

s tant ,  while t h e  G’s may b e  functions of radial  posit ion.  When Eqs.  (13) and (14) a r e  subst i tuted 

into Eq.  (1) and t h e  displacement  introduced through Eqs.  (11) and (12), t h e  result  is: 

d2u  du a ,  - a2 2r  r2  dG 

a 1 2  a 3  dr dr2 dr 
r2-+2r--2-  u = - ( G  - G ) - - L  

a 3  3 

Boundary conditions for Eq.  (20) a r e  not avai lable  directly in terms of the  displacement, u, but a r e  

in  terms of t h e  radial s t r e s s  component, or. At the  outer  sur face  of t h e  coating, or must vanish.  At 

the inner surface,  or will b e  t h e  negat ive of t h e  g a s  pressure in t h e  s p a c e  between fuel and coat ing 

i f  t h e  coat ing does not  remain in  contact  with t h e  fuel core.  If t h e  coa t ing  remains in contact  with 

the core, ur a t  t h e  inner coat ing boundary must b e  equal to ur in  t h e  fuel a t  i t s  outer surface to main- 

tain t h e  equilibrium of radial  forces. In mathematical terms, t h o s e  boundary conditions may b e  ex-  

pressed as  follows: 

or(b-) = 0 . 

If the  coat ing and fuel separa te ,  

ur(a+) = -P , 

and i f  t h e  coat ing and fuel remain in contact,  

o,(a+> = o p - 4  7 

where 

a = inner radius of coating, 

b = outer radius of coating, 

a,(a+) : limit of o,(r) a s  r approaches a from r > a, 

. 



2 3  

u&a-) = limit of oJr) a s  r approaches a from r < a,  and 
P = fission-gas pressure in  void s p a c e  between fuel and coating. 

Equation (20) may b e  recognized as  Cauchy's (or Euler 's)  l inear  equation," and solution can  b e  

obtained in t h e  form u = r". If t h i s  is subst i tuted into Eq. (20) and t h e  left-hand s i d e  s e t  equal to 

zero, o n e  obtains  a quadratic equation i n n ,  - 
- 0 ,  a l  - a2 n2  + n ~ 2  ~ - 

a 3  

from which two possible  va lues  for n are:  

-1 + J 1 +  8[(al - a 2 ) / a 3 ]  

2 
n1  = 

The  complementary solution, u c ,  to Eq.  (20) is then 

n n 
uc = C , r  + c2r 2 ,  

where C1 and C2 a r e  cons tan ts  of integration to b e  determined from the  boundary conditions.  T h e  

solution which s a t i s f i e s  t h e  right-hand s i d e  of Eq. (20) is found by t h e  method of variation of param- 

eters" as  

-n 
u(r) = :'lr A,,"' dr - m Z l r  A 2 r  dr + Cl;' + C2m2 , 

with 
2G1 - (1 + n l ) G 2  

A =  
1 a3(n1- n2)  

a3(n1 - "J 
2G1 - (1 + n2)G2 

A =  
2 

One can apply Eqs. (11) and  (12) to find t h e  fractional elongations: 

"H. W. Reddick and F. H. Miller, Advanced Mathematics for Engineers,  2d ed., pp 66-68, Wiley, New 
York, 1947, 

"H. W. Reddick and F. H. Miller, Advanced Mathematics for Engineers,  2d  ed., pp 61-65, Wiley, New 
York, 1947. 
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and the radial  s t r e s s  component is found from Eq. (14) as  

u = ( 2 a z + a 3 n 1  ) :'-' (Cl f r A l r - n l  dr) + (2a2 + a3n2)  m 2 - '  (Cz $ r A z r - n 2  .>. (31) 
a 

[In arriving a t  Eq. (31), no te  that a 3 ( A l  - A 2 )  = -G2.1  I t  is convenient to find t h e  C1 and C2 in 

terms of t h e  normalized displacement  of t h e  inner coa t ing  boundary, U 1 , ,  defined a s :  

Applying th i s  relation t o  Eq. (26) and t h e  condition ur(b-) = 0 to Eq. (31) permits solut ion for C1 

and Cz as 

with 

Ja 

A, = pfb A 2 r  -n d r .  

It now remains to c a l c u l a t e  t h e  normalized displacement a t  t h e  inner coa t ing  surface,  U I B .  T h i s  

calculation will depend upon t h e  boundaty condition assumed a t  t h e  sur face  r = a. If t h e  coat ing 
separa tes  from t h e  fuel,  a$+) = -P;  if separat ion does  not occur,  ,$a+) = or(a-), and U,, = U,,, 
the  normalized displacement  a t  t h e  outer surface of t h e  fuel.  Consider f i rs t  t h e  case of separation. 
F r o m  Eq. (31) 

n -1 n - 1  
C1 + (2az  + a3nz )a  (2a2 + a3n l )a  c 2 = -P 

Substitution for C ,  and C2 from Eqs. (33) and (34) l e a d s  to 

(37) 
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with 

. 

It i s  seen  that U l 0  is the  normalized displacement of t h e  inner coating surface if the internal gas  

pressure i s  zero.  Evaluation of A, and A 2  requires knowledge of t h e  radial variation of temperature 

and radiation damage to  permit expression of G ,  and G 2  as  functions of radius.  If G1 and G 2  a r e  

con s t  an t  , 

and t h e s e  may be subst i tuted in  Eq. (39) 

If separation does not occur  between coat ing a n d  fuel, one  must determine the  radial  s t r e s s  i n  

t h e  fuel core  in order to apply boundary condition (23). Within t h e  fuel i t  is assumed tha t  isotropic  
conditions prevail; h e n c e  there  is only one  modulus of e las t ic i ty ,  E A ,  one Poisson ' s  ratio, v A ,  and 

one  l inear expansion factor,  g A .  Equation (20) becomes 

Solution may b e  accomplished as  for Eq. (20), although in  this  case t h e  left-hand s i d e  may b e  

made exac t  by dividing through by r2  and the equation solved by integrating twice. By either 

method, the  solution is 

u(r) = ( - ) $ f g A r 2  l - v A /  d r + C , r ,  (43) 

where C, i s  a constant  of integration, to b e  determined from boundary conditions.  

A second integration constant  can b e  shown to vanish ins ide  the  fuel core  s i n c e  t h e  displace- 

ment must remain finite a t  t h e  center  of t h e  sphere (r  = 0). The  s ingle  remaining constant ,  C,, c a n  

be expressed i n  terms of t h e  normalized displacement at t h e  outer  fue l  boundary, U,,, as: 
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with 

. 

where af is outer  radius of fuel core. 

From Eqs. (11) and (12) 

For an  isotropic material Eq. (14) reduces to 

(46) 

(4 7) 

From Eqs. (46), (47), and (48) 

If contact  is maintained between the  fue l  core  and t h e  coat ing,  U,, = U, 
ary condition (22) may be used  with Eqs.  (31), (33), (34), and (49) t o  find U, 
in  the  following form: 

and a f  = a; hence bound- 

T h e  resul t  is given 

with 

and U, 

pendent of  radial position, g A  will b e  cons tan t  and 

given by Eq. (39). Note tha t  i f  t h e  temperature and radiation effects in  the  fuel are inde- 

In analyzing the  possibi l i ty  of coa t ing  breakage, o n e  is primarily concerned with t h e  tangen- 

tial s t r e s s  component (or "hoop" s t r e s s )  in t h e  coating, ag, and the  s t ra in  produced by the  s t r e s s ,  
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c 

eo. 
should be of importance s ince  i t  is poss ib le  to have  an unconstrained heated sample which is in 

a s t a t e  of zero s t r e s s  but nonzero elongation. 

Note that when considering breakage, the strain,  e, and not the total fractional elongation, E,  

The equations of interest  are: 

o8 = ( a ,  + a2n,)r  + ( a l  + a2n2) ' n2 - '  (.. -1 A2r-n2 dr) 

e o  = r n l - *  (Cl +l' A I F n l  d r )  + m z - l  k2 -ir A,rVn2 dr) - g l  , (54) 

with C, and C, given in t e r m s  of U,, by Eqs.  (33) and (34) and U , ,  found from Eqs.  (38), (39), 

(50), and (51). For uniform temperature and radiation effects,  

a \  d r =  - A1 11 -(y) '1 , 
1 - n, 

- - 
and A ,  and A,, appearing in C ,  and C,, are given by Eqs. (40) and (41). 

Isotropic Stress-Strain Relations with Anisotropic Expansion 

(55) 

The  preceding resu l t s  can  be  considerably simplified i f  t he  coa t ing  is assumed to exhibit iso- 

tropic elastic behavior while retaining t h e  anisotropic dimensional changes  from thermal expansion 

and radiation. The coa t ing  elastic behavior can be  described by a s ing le  Young's modulus, E ,  = 

E ,  = E , ,  and a s ingle  Poisson ' s  ratio, uB = u1 = v, = v3. The  subscript  B is retained for the she l l  

t o  distinguish i t s  properties from those  of the core. Then 

a ,  = E ,  
(1 i- VB>( l  - 2VB)'  

a, = EBvB 
(1 + VB)(1 - 2VB)  ' 

(18a) 

(19a) 
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From Eqs. (17a) and (24), i t  is s e e n  tha t  n1 = 1,  n 2  = -2, and hence 

2 1 - 2v, 

3 1 - v  ’ 
A = - - ( g  - 9 )  

B 

The  reduction for th i s  spec ia l  c a s e  is straightforward, and resu l t s  are given as follows: 

If separation of the  coa t ing  from the  fue l  occurs ,  

and i f  fuel and coat ing remain in contact, 

with 
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Calculations with the above equations require knowledge of the variation of temperature and 

radiation damage with position, tha t  is, g,(r),  g , ( r ) ,  and g , ( r ) .  If t hese  quantit ies a re  assumed 

uniform throughout fuel and coating, further simplifications result .  T h e s e  are presented below with 

certain terms grouped to faci l i ta te  calculations.  

with 

T h e  terms y and U , ,  are obtained a s  before from Eqs. (51a) and (38a) cr (50) with 

These  equations are used in t h e  calculation in the body of the report to develop radial profiles of 

e g a n d  a normalized stress, o e ( l  - v B ) / E B ,  v s  r. 

Completely Isotropic Behavior 

T h e  relations developed above can  be  simplified even more i f  coating expansion behavior as 

well a s  t he  elastic properties are isotropic. In such a c a s e ,  g l  = g, = g g ,  A ,  = A ,  = 0; and the 

result ing equations are: 

- 

3 3  c) 

(54 c) 
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with 

and y and U , ,  are  as given in Eqs. (51a) and (38a) or (50). 
If radially independent expansion ef fec ts  a re  assumed, t h e  re la t ions  for s t r e s s  and strain re- 

duce even further to 

with F and F ,  given by Eqs. (56) and (58). It  is worth noting that for U ,  , > gg, and no radial g 
variations, og and c g  will both attain their  maximum values a t  the  inner coa t ing  surface,  r = a, s i n c e  

F ,  and F ,  are  always posit ive and attain maximum values  for r = a. T h i s  conclusion does  not hold, 

however, for the anisotropic cases considered. 
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Appendix B 

PRESSURE AND DISPLACEMENT CALCULATIONS 

T h e  determination of fission-gas pressure in cases where a gap e x i s t s  between core and coat- 

ing requires a trial-and-error calculation. T h i s  resul ts  from the s t rong dependence of the  pressure 

on gap volume which, in turn, depends to  some extent on t h e  pressure i tself .  

T h e  van der Waals equation of state is well  sui ted for calculation of g a s  pressure s i n c e  ex- 

pected gap conditions (high temperature and high pressure) are in i t s  range of bes t  applicability. 

where 

P = gas  pressure in gap, 

R = gas  constant ,  

g T = absolute temperature in gas,  

V G  = total  volume occupied by f iss ion gas,  

n G  = moles of f iss ion gas,  and 

2, 8 = van der Waals cons tan ts  (average va lues  for f iss ion-gas mixture expected). 

T h e  moles of f iss ion g a s  can  be obtained in terms of t h e  fuel properties and the percent burnup 

of the  fissile and fert i le atoms a s  

where 

Vf  = volume of fuel, 

p f  = density of fuel material ,  

Bu = percentage burnup of fissile and fert i le atoms originally present,  

y ,  = total  yield of gaseous f i ss ion  products (gas  atoms produced per fission),  
f = fraction of f iss ion gas  re leased from fuel  (atoms re leased  per atom formed), 

X u ,  X,,  = mass fractions of uranium and thorium, respectively,  in fuel, and 

Mu,  M,, = atomic weights of uranium and thorium, respectively.  

The volume init ially occupied by the  g a s  is calculated under t h e  assumption that fuel and pyro- 

lytic carbon coat ing are  nonporous and that a gap fi l led with porous material may ex is t  between 

fuel and coating. Thus,  init ially 

with 

a = a  + y ,  f 
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where 

a f  = ini t ia l  radius  of fuel core,  

a = ini t ia l  inner radius  of pyrolytic carbon coating, 

y = init ial  gap width between coa t ing  and fuel, and 

qi = fractional open porosity of gap. 

At operating conditions,  volume changes  in fuel and coa t ing  may al ter  both the s i z e  and porosity 

of the  gap and thence the  g a s  volume. A new g a s  volume can  be computed under t h e  assumption 

that any sol id  material in the gap is incompressible and that  all gap  volume changes  a re  accommo- 

dated by a change in porosity. Should gap shrinkage eliminate the g a s  volume entirely,  the  prob- 

l e m  is treated as i f  no f iss ion g a s  or gap were present and coat ing and fuel  remained in contact.  

An effective thickness  for t h e  sol id  material in t h e  gap c a n  be computed by considering the 

gap as containing a f ic t i t ious zero-porosity sol id  layer and free g a s  s p a c e  in series. 

f 3 %  ’>”’ - a f ’  
= \T7 + a f  

where 

t = effective thickness  of sol id  material in gap, 

V s  = effective volume of sol id  material in  gap. 

T h e  effective so l id  volume is 

Equations (67) and (68)  may be combined to yield 

Under operating conditions,  the  fue l  c o r e  wil l  undergo a fractional outward displacement,  U , ,  (in- 

cluding the effective gap so l id  thickness) ,  given by 

P t 

the fractional displacement of t h e  inner coat ing surface,  U ,  B ,  assuming isotropic elastic behavior 

in t h e  coating, is given by Eq. (38a),  Appendix A. 

T h e  new g a s  volume is then  
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It is t h e  dependence of V I A  and U , ,  on pressure [Eqs. (38a) and (70)) and t h e  dependence, in 

turn, of pressure on g a s  volume [Eq. (63)I which forces  a trial-and-error calculat ion for pressure.  

The  recommended procedure is a direct  i teration as  follows: 

1. calculate  nG and t directly from Eq. (64) based on assumed gap and fuel  properties, burnup, 
and release;  

2. t ake  trial  va lues  of U ,  , = g A  and U , ,  = U ,  ,,; 
3. ca lcu la te  t r ia l  V ,  from Eq. (71); 
4. calculate  pressure from Eq. (63); 
5. calculate  new U , ,  from Eq. (70) and U , ,  from Eq. (38b); and 

6. if U , ,  does  not agree with trial value within acceptable  tolerance,  repeat s t e p s  3, 4, and 5, 
using new values  of U , ,  and U,,, until  sat isfactory agreement on U I B  is obtained. 

In general ,  U , ,  and U ,  
one or two trials.  

a r e  not too s e n s i t i v e  to pressure,  and  U, changes  less than 1% after 
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Appendix C 

TEMPERATURE-DROP CALCULATION FOR COATED PARTICLE UNDER 
OPERA TI NG CONDl TI ONS 

An estimate of the  temperature drop from the center  of the  fuel  core  to  t h e  outer coat ing sur- 

face of a spherical  coated par t ic le  may be obtained from a simple heat-transfer calculation, based 

on the  assumptions of uniform heat  generation in t h e  core, no  heat  generation in gap or coating, 

and constant  thermal conduct ivi t ies  in the  core,  gap, and coat ing regions. 

T h e  equations required may b e  obtained with s l ight  modification from those  given by Ethering- 

ton. l 3  The  temperature drop across  the fuel  is given by 

W 
T - T  --, 

-8i7afkf 

across  the gap between fuel  and coat ing by 

and across  t h e  coat ing itself by 

T a - T  b - c  - ("- ,ab "> I 
(74) 

where 

T o  = temperature at center  of fuel core,  

T ,  = temperature a t  outer fue l  surface,  
Ta  = temperature a t  inner coat ing surface,  

T ,  = temperature a t  outer coat ing surface,  

W = power generation rate  in fuel core ,  energy per unit time, 

k, = thermal conductivity of fuel core, 
k = effective thermal conductivity of gap material, and 

ks = thermal conductivity of pyrolytic carbon coat ing across  layer planes (in the  c direction). 
g 

Equations (72) through (74) may b e  added together to  provide the total  center-to-surface tempera- 

ture drop for the  coated particle.  

Calculat ions were made with the above equations for t h e  case of a 200-p-diam fuel core  con- 

s i s t ing  of a thorium-uranium carbide with a 7: l  thorium-uranium atom ratio and a carbon-to-heavy- 

metal atom rat io  of 1.85:l. A fuel densi ty  of 11.7 g/cm3, uranium enrichment of 93 wt % U235, and 

13 
H. Etherington (ed.), Nuclear Engineering Handbook, pp 1-57. McGraw-Hill, New York, 1958. 



35 

. 

fission c r o s s  sec t ion  of 548 barns  for U 2 3 5  were assumed. Burnups of thorium and U 2 3 8  were ne- 
glected. For  t h e s e  condi t ions t h e  relation between power generation, W, and reactor flux, 4 , was 

found a s  

* 

W = 2.37 x 4* w , (75) 

* 
where 4 = thermal neutron flux at particle,  neutrons cm-' sec-'. Additional da ta  used  for the  

calculation were: 

kf = 0.266 w cm-' sec-' 

k = 1.94 x w c m - '  sec-' (assumed pure xenon), 

ks = 0.012 w cm-' sec-' 

(ref 14), 

g 
(ref 15), 

a = 105 p, 

b = 200 p, 

y = 5 p .  

Using t h e s e  numbers in Eqs.  (72) t..rough (74), one obtains  

(76) 
* T o  - T ,  = 5.39 x deg C. 

For most power reactor appl icat ions , therefore,  t h e  temperature drop would probably b e  below 20°C 

and should still b e  well below 100°C even for high-flux t e s t  reactors.  

conservative for the  fuel assumed,  s i n c e  i t  is doubtful t h a t  t h e  gap conductivity would ever b e  as 

low as that of a 5-c( thickness  of xenon. However, u s e  of a different fuel  material for the  core  

would increase  them considerably - up to a factor of 8 for enriched UC,. 

These  numbers a r e  qui te  

T h e  temperature drop a c r o s s  t h e  coat ing i tself  is found from Eq. (74) as 

(77) 
* 

Ta - T ,  = 7.1 x d e g  C. 

The difference between overall  and coa t ing  temperature drops lies primarily i n  the temperature 

drop a c r o s s  t h e  assumed gap; that  a c r o s s  t h e  fuel core  is almost negligible.  

I4R.  W. Endebrock (ed.), Properties of F u e f s  for High-Temperature Reac tor  Concepts, BMI-1598, 41 

15s'Pyrolytic Graphite Preliminary Engineering Data," General Elec t r ic  Co., Detroit, Mich. (no date). 

(November 1962). 
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Appendix D 

COMPUTER PROGRAM “STRETCH” FOR CALCULATING AND PLOTTING 
STRESS AND STRAIN PROFILES 

The calculation program employed in the present work was  written in FORTRAN language for 
execution on the  CDC 1604-A computer, and plotting of resu l t s  on the  Calcomp plotter. Program 

statements are compatible with the IBM 709-7090 processors;  compatibility with the IBM 1620-2 

processor can  be obtained by omitting the  plotting segment of the program, breaking up the output 

format statement t o  reduce the  number of continuation cards ,  and changing the “read input tape” 

and “write output tape” s ta tements  to “read” and “punch” s ta tements ,  respectively. 

Calculations are performed under the assumptions d i scussed  at the beginning of Appendix A. 

In addition, it is assumed tha t  temperature and radiation damage are independent of radial position 

in the  coating and tha t  the Young’s modulus and Poisson’s ratio in the  coa t ing  are independent of 

orientation. The significance of t hese  assumptions is d i scussed  in the  body of the  report. 

The  program is designed to  ca lcu la te  radial profiles of tangential  strain,  tangential  s t r e s s ,  and 

normalized tangential  s t r e s s  for a given coated particle,  a t  given conditions of temperature and 

radiation history. Separate curves  of strain and normalized s t r e s s ,  a s  functions of radial position, 

can be  drawn automatically. If des i red ,  severa l  strain or normalized stress curves can  be  plotted 

on the same graph to show the  effect  of various conditions on the  profiles in a given particle. 

The  input information required for the  calculations is punched on standard data ca rds  as shown 

in Table  D-1. 

Cards 6 and 7 must be  repeated for each  curve to b e  plotted on the  same graph. Cards 2 through 

5 must be repeated for each  separa te  pair of s t r e s s  and strain graphs. Card 1 is supplied only once. 

As an  example, the order in which da ta  cards  would be supplied for a calculation in which four sep- 
arate pairs of s t r e s s  and strain plots were  to be  produced with three curves  on each plot would be: 

1, 2, 3, 4, 5, 6, 7, 6, 7, 6, 7, 2, 3, 4, 5, 6, 7, 6, 7, 6, 7, 2, 3, 4, 5, 6, 7,  6, 7, 6, 7, 2, 3, 4, 5, 
6, 7, 6, 7, 6, 7 - (41 cards  in all). 

This  was the input card order required for the i l lustrative ca lcu la t ions  employed in the present re- 

port. 

T h e  total number of conditions which can  b e  considered i n  a s ing le  run (number of pairs of s t r e s s  

and strain plots times number of curves  per plot) is presently limited t o  20. However, this  limita- 

tion can  be removed by increasing the allowable range of subscr ip ts  in the  “dimension” statement 

a t  the  beginning of the  program. 

A l i s t ing  of the FORTRAN program follows. Control s ta tements  required by the monitor system 

for the  particular machine employed are  omitted. 
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T a b l e  D-1. Input Information for Program STRETCH 

Card Column 
No. No. Item Format 

1 Date 1-8 

No. of separate  pairs of s t r e s s -  16 
strain plots 

2 No. of curves per plot 

P lo t  Index 

a 
16 

3 

4 

5 

6 

Curve label  24 

(a / b )  

a (cm) 

Y 

Tolerance on U,, (for trial- 
a nd-error ca  IC ulation) 

+ 
aA ec,-, 
a1 (OC)-' 

A b (cm3/g-mo1e) 

a2 ( O c ) - '  

A 
a [cm6-atm/(g-mo~e)21 

E A  (psi)  

A 
U 

E,(PSi) 

€7 
U 

'1, 

*11 

*12 

AT (Oc) 

T (OK) 

Bu (%) 

7 n G  (g-moles) 

1-16 

17-32 

33-48 

49-64 

65-80 

1-16 

17-32 

33-48 

49--64 

65-80 

1-16 

17-32 

33-48 

49-64 

1-16 

17-32 

33-48 

49-56 

57-64 

65-72 

1-16 

I (integer) 

I 

I 

I. 1 = plot resul ts  
0 = do not plot 

I, -1 = d o  not label  
0 = label  with AT 

values  
1 = label  with % 

burnup values 

F (decimal) 

F 

F 

F 

F 

E (exponential) 
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PROGRAM STRETCH 
C 

D I M E N S I O N  Pl.TARRAY( 2 5 O O ) , Z ( 2 1 )  ,ET(20,21),SIGTN(20,21),SIGT(20,21), 
1 L D E L T (  20) ,BURN( 20) 

READ I N P U T  TAPE 10,200,NDATE,NTT 
200 FORMAT( 3.18) 

N T = l  
201 READ I N P U T  TAPE 10,2,NC,LP,LABC 

2 FORMAT( 318) 
READ I NPUT TAPE 10,3 ,AR ,RAD1 IJS,GAP,TOl., PHI  
READ I N P U T  TAPE 10 ,3 ,ALFA,ALFI ,ALF2 ,VA,VB 

3 FORMAT (. 5 F 1 6.8 ) 
READ I N P U T  TAPE 1 0 , 4 , E A , P O I A , E B , P O I B  

4 F O R M A T ( 4 F 1 6 . 8 )  
N= 1 

1 READ I N P U T  TAPE l0,202,ETAA,ETAl,ETA2,DELT,TABS,BURN(N) 
2 0 2  FORMAT( 3 F 1 6 . 8 , 3 F 8 . 1 )  

READ I NPUT TAPE 1 0 , 2 0 3 ,  GASMOL. 
3.03 FORMAT( E 16.8)  

LDELT(.N)=DELT 
C 
C CALCULATE PROF I LES 
C 
C 
C CALCULATE U l  
C 

RB=( 1 .-?.*PO 
AB3=AB**3. 
BAL=-IOGF( AB 
S=2.*AB3*RB 
T = l  . + S  

GFl GF3. G F 3  

B)  / (  1 .+PO I B)  

G l = A L F l * D E L T + E T A l  
G 2=A I- F 2*D E 1. T+E T A 2 
U l O = [ (  2 . * G l + G 2 ) / 3  .)+( BAL*(  G l - G 2 ) / (  1 . - A B 3 ) )  



39 

THICK=(  ( 1 . - P H I ) * (  R A D l U S / ( R A D l U S - G A P ) ) * * 3 . + P H I  )**0.33333333-1. 
GA=ALFA*DEl.T+ETAA+TH I CK 
u 1 AT=GA 
U1 BT=IJlO 

1 4  VG=4.1888*(  ( R A D I U S * (  1 .+UlBT) ) * *3 . - (  (RADIUS-GAP)* (  1 . + l l l A T ) ) * * 3 . )  
I F( WG) 1 1 , 1 1 , 1 0  

1 0 I F(GASMOL.) 1 2 , 1 2 , 1 3  
1 2  U l A = I J l A T  

U1  B=U1 RT 
P=.O 
GO TO 20 

1 3  CONTINUE 
C 

P = 1 4 . 6 9 6 * ( 8 2 . 0 5 7 * T A R S / (  (VG/GASMOL)-VB)-VA/ (  (VG/GASMOL)**2.  I )  
UlAC=GA-P*(l.-2.*POIA)/EA 
U1 BC=IJlO+( P*( 1 .+PO I R ) * T )  / (  2 .*EB*( 1 . -AB3)  ) 
ERR=ABSF( 111 B c - u ~ R T )  
I F( ERR-TOL.) 1 5 , 1 5 , 1 6  

1 6  U l A T = U l A C  
U l B T = U l R C  
GO TO 1 4  

1 5  U I A = U l A C  
U 1  B=lJl RC 
GO TO 20 
GAMMA=2.*EB*(l.-2.*POIA)*( 1 . - A B 3 ) / ( E A * T * (  1 .+POIB) )  1 1  
UIB=(GA+GAMMA*UIO)/( 1 .+GAMMA) 

P=EA*(GA-UIA)/( ~ . - ? . * P ~ I A )  
U l A = U l B  

20 GF 1 =U1 B-( 2 .*G 1 +G2) /3. 
GF3=( G l - G 2 ) / 3 .  
G F 2=G F3+G F 3  

C 
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C CALCIJLATE F 1  F 2  F3 F4 AS FUNCTIONS OF Z 
C 

Q=1 . / A B - l .  
R F - 0 . 0  
DO 3 0  1=1,11 

Z(  I )=RF 
AR=l . / (  1 .+Q*RF) 
AR3=AR**3. 
RAL=-LOGF( AR) 
RADF 1 =( AR3+S) / T  
RADF2=( 1 . -2 . *POIR)* (RAL-BAL*(  1 . - A R 3 ) / T ) / (  1 . - P O I B )  
RADF3=( 1 . - P O I R ) * ( A R 3 + 2 . * A R 3 ) / ( (  1 . + P O I B ) * T )  
RADF4=RAL-BAL*( 1 . -AR3*RB) / T  
E T (  N, I )=(GFl*RADFl-GF2*RADF2-GF3) 
S lGTN(N, I )=GFl*RADF3-GF2*RADFbGF3 
S I G T C N , I ) = E R * S I G T N ( N , I ) / ( ~  .-POIB) 

30 RF=RF+O. l  
C 
C WR I TE OUTPUT 
C 

WR I T E  OUTPUT TAPE 9,5, NT,  N, NDATE 
5 F O R M A T ( l H 1 , 5 X , 2 9 H I N P U T  INFORMATION CASE NUMBER,13,1H-,12,ll0,////) 

WRITEOUTPUTTAPE ~ , 6 , E A , E B , P O l A , P O l B , A B , A L F A , A L F l , A L F 2 , D E l . T , T A B S ,  
lETAA,ETA1,ETA2,BIJRN(N),RADlUS,GAP,PHI,GASMOL,VA,VR 

6 FORMAT(6X,4HEA = , E 1 2 . 4 , 4 H  P S 1 , 7 X , 4 H E B  = , E 1 2 . 4 , 4 H  P S I , 7 X , 6 H P O I A  =, 
1 F 5 . 3 , 7 X , 6 H P O l B  = , F 5 . 3 , 7 X , 1 4 H A  TO B R A T I O  = , F 7 . 5 / / / 6 X , g H A L P H A  A =, 
2E12.4,2H/C,4X,YHAL.PHA 1 = , E l ? . 4 , 2 H / C , 4 X , g H A L P H A  2 = , E 1 2 . & , 2 H / C , h X ,  
3 9 H D E L T A  T = , F 6 . 0 , 1 H C , 4 X , 3 H T  = , F 5 . O , 1 H K / / / 6 X , 7 H E T A  A = , E 1 2 . 4 , 3 X ,  
4 7 H E T A  1 = , E 1 2 . 4 , 3 X , 7 H E T A  2 = , E 1 2 . 4 , 3 X ,  8HRURNUP = , F 4 . 1 , 9 H  PER CENT 
5 / / / 6 X , 2 2 H C O A T I N G  INNER R A D I U S  = , E 1 2 . 4 , 3 H  C M , 3 X , 1 3 H I N I T I A L  GAP =, 

6 E 1 2 . 4 , 3 H  CM,3X,14HGAP POROSITY = , F 5 . 3 , / / / 6 X , 2 1 H M O L S  OF F I S S I O N  GAS 
7 = , E 1 ? . 4 , 1 0 X , l 8 H V A N  DER WAALS A = , E 1 2 . 4 , 1 5 H  ATM CMG/MOL?. ,3HB =, 
8 E 1 2 . 4 , 8 H  C M 3 / M O L / / / / / )  

W R I T E  OUTPUT TAPE 9 , 7 , l J l A , U l B , P  
7 F O R M A T ( 6 X , l l H O U T P I J T  D A T A / / / 6 X , l g H F U E L  DISPLACEMENT = , E ? 2 . 4 , 6 X ,  
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1 2 8 H I N N E R  COATING DISPLACEMENT =,E12.4,6X, lOHPRESSURE = , E 1 2 . 4 , 1 X ,  
Z3HPS I ///I 

WRITEOUTPUTTAPE 9 , 8  
8 F O R M A T ( l O X , 2 3 H Z  = FRACTIONAL D ISTANCE,8X,gHE THETA =,16X,  

115HSIGMA THETA N = , IOX,13HSIGMA THETA = / l O X , l b H A C R O S S  COATING,17X,  
2 1 7 H T A N G E N T I A L  S T R A I N , 8 X , 1 7 H T A N G E N T I A L  STRESS,8X,17HTANGENTIAL STRE 
3 S S / 4 1  X ,  1 OHFRACT I ONAL., 1 5 X ,  1 OHNORMAL I ZED, 1 5 X  ,3HPS I / / )  

WRI TEOUTPUTTAPE 9 , 9 ,  (I( I ) ,ET( N, I ) ,S IGTN(  N, I ) , S I G T (  N, I 1, 1=1,11 ) 

9 FORMAT(FZl. l ,F32.6,FZ5.6,F22.0) 
C 
C REPEAT FOR NEW CASE 
C 

N=N+l 
I F (  N-NC) 1 ,1 ,5O 

50 I F (  L P ) 5 2 , 5 Z , 5 1  
5 1 C A L L  PLOTS(  PLTARRAY, Z5O0,8) 

C 
C DRAW AND L A B E L  AXES 
C 

M-0 
XM=O . 

80 X=O. 
XLABEL=O . O  
DO 60 J=l  ,6 
CALI. NUMBER( X -0 .16 ,O .8 ,0 .14 ,XLABEl .  ,O.  , 4 H F 3 . 1 )  
CALI. PLOT(  X, 1 . ,3)  
CALI. PLOT(  X ,  1 . l  , 2 )  
x=x+1 .o 

60 XLABEL=XI.AREL+O. Z 
CALL. PLOT(  XM+5. , 1  . ,3) 
CALI. PLOT(  XM, 1 . , 2 )  
CALL. SYMROl. (XM+O.48,0.5,0. l4 ,34HFRACTlONAL D ISTANCE ACROSS COATING 

1 ,o. ,341 
CALL. PLOT(  XM+5. , 1  o ,  3)  
CALL  PLOT(  XM+5. , 9 . 5 , 2 )  

. 
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CALI. PLOT1 XM,9.5,1 ) 
CALL. PLOT(  XM, 1 . ,l) 
Y LABEL.=-0. 0 15 
Y = l . 5  
DO 6 1  K=1,9 
CALL  NUMRER(XM-.66,Y-.O7, .14 ,YLABEL,O.  , 4 H F 5 . 3 )  
CALL. PLOT(.XM,Y ,3)  
C A L L  PLOT(  XM+. 1 ,Y , 3 . )  
Y=Y+l .0 

6 1  Yl.ABEl.=Yl.ABF.l.+O.00_5 
CALL. PLOT(  XM, 4.5,3) 
C A L L  PLOT(XM+S.  ,4.5,7.) 
I F ( M ) 7 0 , 7 0 , 7 1  

70 CALI. SYMROL(XM-O.84,3.09,.14,28HTANGENTIAL S T R A I N  I N  C O A T I N G , 9 0 . ,  
128)  

C 
C PLOT S T R A I N  PROF1 L E S  

DO 83. N=l  ,NC 
DO 81 1=1,11  
X=XM+S .*Z( I ) 
Y=4.5+200.*ET(  N, I ) 
CALI. PLOT(  X,Y , 3 )  
NUM=N 

81 CALL SYMROI.(X,Y,0,08,NUM,O. , - 1 )  
I F( LABC)  8 2 , 1 8 5 , 1 8 6  

185 CALL. SYMBOL(XM+.5,9.0,.07,15HDELTA T (DEG C ) , O . , 1 5 )  
SNO=N-I 
SYMLOC=g. 04-. 2*SNO 
CALL  
CALL. NUMRER( XM+l .75,SYMLOC-.04, . 0 7 , L D E L T ( N )  ,O.  , 2 H I 5 )  
GO TO 83. 

SYMROL( XM+l.6,SYMLOC, .08,NUM,O. ,-1 ) 

1 86 CALL  SY MROL ( XM+ .5 ,9 .0 ,  -07 , 1 7 HBURNU P ( PER CENT , 0 . , 1 7 
S NO=N- 1 
SYMLOC=9.04-.2*SNO 
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CALI. SYMROl.(XM+l.7,SYMl.OC, .08,NUM,O. ,-1) 
C A L L  NUMRER(XM+1.85,SYMLOC-.O4,.07,BURN(N),O.,4HF3.1) 

8 2  M=M+l 
C A L L  PLOT( 1 0 .  , 1  a ,-3) 
GO TO 80 

71 CALI. SYMBOL(XM-.84,2.93,.14,39HNORMALIZED TANGENTIAL  STRESS I N  COA 
I T I N G ,  90.,39) 

C 
C PLOT NORMALIZED STRESS P R O F l L E S  
C 

DO 84 N= l ,NC 
DO 83 1=1,11 
X=XM+5. *Z ( I ) 
Y=4.5+200 . * S  I GTN( N , I )  
C A L L  PLOT(  X,Y ,3) 
NUM=N 

83 CALL SYMBOL(X,Y,.O8,NUM,O.,-1) 
I F( LARC)  8 4 , 2 8 5 , 2 8 6  

3.85 CALL  SYMROL(XM+.5,9.0,.07,15HDELTA T (DEG C ) , O . , l 5 )  

CALI. SYMBOL.( XM+ 
CALI. NUMBER( XM+ 
GO TO 84 

3.86 CALL. SYMBOL.( XM+ 
S NO=N - 1 

SNO=N-1 
SYMLOC=g.O4-.2*SNO 

.6, SYMLOC, .08,NUM,O. , -1)  

.75 ,SYMLOC-.04, .07 ,l.DELT 

5,9.0, .07,17HBURNUP ( P E R  

N )  ,O. , 2 H l 5 )  

 CENT),^.,^^) 

SYMl.OC=g .04-.2*SNO 
CALL. SYMBOl.(XM+l .7,SYMl.OC, .OR,NUM,O. , -1 )  
C A L L  NUMBER( XM+1.85 ,SYMLOC-.04, .07 ,BURN( N )  ,O. , 4 H F 3 . 1 )  

84 CONTINUE 
CALI. PLOT(  l o . ,  1 .  , - 3 )  

52 NT=NT+l 
I F ( N T - N T T ) 2 0 1  , 2 0 1 , 5 3  

53 CALL E X I T  
END STRETCH 
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Appendix E 

REPRODUCTION OF COMPUTER PRINT-OUT SHEET AND NOTATION LIST 

Tabulated resul ts  of one of the  i l lustrat ive calculat ions a re  presented in  the  at tached reproduc- 

tion of a computer print-out shee t .  Since Greek le t ters  and subscr ip ts  were not avai lable  in  t h e  

print-out the list of notation is modified somewhat from tha t  of the  tex t  as follows: 

EA = E ,  

EB = E B  
POIA = vA 

POIB = v B  

ALPHA A = a ,  
ALPHA 1 = a ,  

ALPHA 2 = a 2  

DELTA T = AT 
ETA A = q A  
ETA 1 = q 1  

ETA 2 = vz 
BURNUP = BU 

VAN DER WAALS A = 2 
VAN DER WAALS B = ’i, 

r - a  z=- 
b - a  

E THETA = e g  

1 - V B  

E B  

SIGMA THETA N = 0 0  ~ 

SIGMA THETA = O g  

The print-out of cer ta in  input quant i t ies  in  E format may b e  unfamiliar t o  some readers. T h e  sym- 

bolism is a s l ight  modification of s tandard “power of 10” notation where n.nnn E f nnn z n.nnn x 

10 h n n .  



. o  

. I  

.?  

. 3  

. 4  
,5  
.h 
. 7  

. 9  
1 . 0  

.H 
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NOTATION 

Parameter group defined in Eqs .  (27) and (27a) 
Parameter group defined in Eqs.  (28) and (28a) 
Parameter group defined in Eqs .  (35), (35a), and (40) 

Parameter group defined in Eqs. (36), (36a), and (41) 

Pe rcen t  burnup of fuel atoms (including both fissile and fer t i le  materials), 100 (atoms 
fissioned)/(atoms init ially present) 

Constants  of integration, ar is ing in solut ions of differential  equat ions (20) and (42) 
Young’s modulus for fuel  core 

Young’s modulus for coating (directional average) 

Young’s moduli for coat ing material in parallel  crystal  direction 

Young’s modulus for coating material in perpendicular c rys ta l  direction 

Functions of radial  posit ion in coat ing defined in Eqs.  (56) through (61) 
Anisotropic expansion functions defined in Eqs.  (18) and (19) 
Atomic or molecular weight of subs t ance  i 

Gas pressure in gap between fuel and coating 

Gas  constant  

Temperature a t  a point in a coated particle 

Temperature a t  inner surface of coat ing 

Temperature a t  outer sur face  of coating 

Temperature at which coat ing was  applied t o  particle 

Temperature a t  outer surface of fuel core  

Average absolute  temperature in gap between fuel and coat ing 

Temperature a t  center of fuel core 

Fractional outward displacement of outer fuel surface,  ( total  displacement)/(init ial  

Fractional outward displacement of inner coa t ing  surface,  ( total  displacement)/(init ial  

Displacement parameter defined by Eqs. (39) and (39a) 

Volume of fuel core  

Volume of g a s  in gap between fuel and coat ing 

Volume of solid material in gap between fuel and coat ing 

Power generation ra te  in fuel core, (energy)/(time) 

Mass fraction of atomic s p e c i e s  i in fuel material 

fuel radius) 

inner coat ing radius) 

inner radius  of coat ing 

fuel core  outer radius af : 
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t 
U 

uc 

Y 

Elas t ic  constant groupings defined in  Eqs.  (IS), (16), and (17) 

Constant in van der Waals equation of s t a t e  

Outer radius of coa t ing  

Constant in van der  Waals equation of s t a t e  

Normal strain in tangential  direction 

Normal strain in radial direction 

Fraction of total  gaseous  f i ss ion  products re leased  from fuel core ,  (atoms released)/ 

Fractional l inear expansion in fuel core from all c a u s e s  

Average expansion term for fuel core,  defined in Eq. (45) 
Isotropic fractional l inear expansion in coating 

Average isotropic expansion term for coating, defined in Eq. (62) 

Fractional l inear expansion in parallel  c rys ta l  direction from all c a u s e s  

Fractional l inear expansion in perpendicular crystal  direction from all  c a u s e s  

Thermal conductivity of fuel core  

Thermal conductivity of gap between fuel and coa t ing  

Thermal conductivity of coa t ing  material in rad ia l  direction 

Constants defined in Eq. (24) 

Moles of f i ss ion  g a s  in gap between fue l  and coating 

Radial position in coated particle measured from center  of fuel core 

Elas t ic  compliance constant,  relating strain component i to s t r e s s  component j ;  see 

(atoms formed) 

Eqs.  (2) and (3) 
Equivalent th ickness  of solid material in gap between fuel and core; see Eq. (67) 

Outward radial displacement of a point in coated particle 

Complementary solution to Eq. (20) 
Init ial  width of gap between fue l  and coating 

Lower Case Greek 

Thermal expansion coefficient of fuel co re  

Thermal expansion coefficient of coa t ing  in parallel  c rys ta l  direction 

Thermal expansion coefficient of coa t ing  in perpendicular c rys ta l  direction 

Parameter group defined by Eq. (51) or (51a) 
Tota l  yield of gaseous  f i ss ion  products, (gas  atoms produced)/(fission) 

Tota l  fractional elongation in the tangential  direction; see Eqs.  (7) and (9) 
Total  fractional elongation in the radial direction; see Eqs. (8) and (10) 

Fractional l inear expansion of fuel core  produced by radiation 

Fractional l inear expansion of coa t ing  in the  parallel  c rys ta l  direction pro- 
duced by radiation 
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e 
A 

B 

V 

V 

2 
V 

4* 

Fractional l inear expansion of coat ing in the perpendicular crystal  direction 
produced by radiation 

Angle representing tangent ia l  posit ion in sphere 

Poisson’s  ra t io  for fuel core  

Average Po i s son’ s  ra t io  for coat ing material 

Poisson’s  ratio for coating, re la t ing contraction in the  parallel  layer planes 
t o  elongation a t  right ang le s  but a l s o  in  the  paral le l  layer  planes 

Poisson’s  ratio,  re la t ing contraction in  the  parallel  c rys ta l  layer  planes to 
elongation in  the perpendicular direction 

Poisson’s  ratio,  relating contraction in the  perpendicular crystal  direction t o  
elongation in  the  parallel  layer planes 

Fue l  core  densi ty  

Normal s t r e s s  in t h e  tangential  direction 

Normal stress in t h e  radial  direction 

Open porosity of gap between fuel core and coating, (gas  volume)/(total gap 
volume); or, where appropriate under exis t ing convention, the angle  repre- 
sent ing polar position in sphere (indistinguishable from 8 in present work 
due to symmetry) 

Thermal neutron flux in  coated particle,  neutrons cm-’ sec-’ 
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