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ABSTRACT

A general formalism is developed for obtaining simplified

‘ expressions for the 3=j symbol using the symmetry properties of the
‘» symbol discovered by Regge. Some new formulas are deduced from the

formalism for cases in which Racah's series for the symbol is sum-

mable,
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SOME SIMPLIFIED EXPRESSIONS FOR THE 3~-j SYMBOLS

Values of the 3-j symbol, represented by the notation

‘ =Jitiatds  Ji=d2tis  Jitde-da|  [A11 Al Ais

Ji d2 Ja ' B
= Ja-my Jo-mp Ja-mg . = [Az1 Aoz Apa (1)

my Mp Mg ' :

Jamy Jotmp Jatmg Ag1 Mgz Asgs

can be calculated using the formula given by Racah:l

A“,Alg A1s Aio+Ags [ A1l A‘121 Aral Boal Mool Bogl Agyl Ago! Agsl 1/2
Aoy Aop Aoz | = (-1) [ ' ]
Az1 Agz Asz (J + D!

"X Z . ("1) (2)

p!(A13-p) ! (Ap1-p)! (ABB‘P)IV(Alz'Aél+P)l (A11-Agotp)!

where each Aij is a positive integer or zero and the sum of each colimmn or row
is the integer J = Ji1 + Jj2 + Jsz.
It is well known that the number of terms in the sum in Eq. 2 is equal to

, ) 1 _ '
one more than the smallest Aij' Therefore, when any Ai = 0 the sum in Eq. 2

J

reduces to a single term, and a simplified expression for the 3-j symbol results.

The'only’other‘éimplified expression for the 3-j symbol was given by

1 ' :
Racah for my = mp = ma = O, in which case the series given in Eq. 2 is

summable.,

The. purpose of this paper is to show that with the aid of the symmetry

properties of the 3-j symbol discovergd by Regge,2 a single expression can be

‘written for the case where any Aij = 0. In addition, it will be shown that
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the case reported by Racah in which the series is summable is only a special

example of a more general case.

vFirst) it is important to note that the symmetry prope;'ties of the 3-j
symbol was, displayed very nicely by using »the sQuare ‘arfay ﬁhich was introduced
by_Reggea énd. is éhown in Egs. 1 and 2 The square array is invaria‘,nt to -
reflections about the diagc)nals and is multiplied by (-l)J ﬁpon exchanging

two adjacent rows or columns.
Equa'tion? can be w’rit"i:en in a more suitable form for present purposes
‘if the sum is expressed in terms of Ay1, Asz, Aoz, Asz, and Agz using the

relations

=

-

N
1

- Ajy + Ags + Aps
"iAu + App + Asa
= A1y + Ags + Agp '

- Ay + Bop + Dog

~

>
H
@
i

(3)

By changing the summation parameter to k = All - Agp + p in Eq. 2, Ve obtain

fa faz Als, A234'Aea  Ayp! Ajgl Aoyl Agyl! 1/2
Aoy Aoz Apg | = (-1) . [ — . ]
A3y Asz Ass | ' - Aurl Aol Ass" Aas? Agz! (g+1)1 -
JAll Ai1p Azs L
X ¢ Aoy Poz Apg (4)
Ag1 Agz Ae,sJ ‘

where
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Ayz Ao Axs (-l)k Agy! As! Aaa! Ao ro!
Aoy Aop Ao = ' - (a)
Aoy Aoz Ass § Kl (Aaa-B)! (Ae2-k) 1 (Ass-k)! (Aea-haa+k)! (Aso-hua#i)!

The sum indicated in Eq. ba is always an integer or zero since each term -
in the sum is an integer. When A;; is equal to zero, the summation index, k,
can only assume the value zero and the sum is equal to unity. Hence, we have

the first simplified formula

0 Az Ay - |
12 f1s Aogt+Ago -~ A1pl Ajgl Apyl Ag; ! 1/z
Aoy Ao Aoz | = (-1) , ! : I L e (5)
: ‘ J+1
Aay Aso Ass ool Agal Apgl Az
which applies to the case where any‘element Aij = 0, since that element can
always be transfbrmed to the A;; position using the symmetry properties of the
3~j symbol. From‘Eq. 5 we can easily obtain the well-known explicit‘formulas8
for the cases Jk = jz + Jm and o, = ijk.
Next we cbnsider the cases where the series given in Eq. 2 is summable.
» 1
We use the expression derived by Racah
e “3atietds Ja-detde ditda-da |
Ji J2 ds ‘
0O 0 O = Ji e ij =
| J1 2 s
Ji+tizt+is
_ (1) 2 :  5(J1tiztis) @
(ji+32+33+l)l7£

S(=d1+iztia) S(j1-Jzt+is) S(J1+iz-is)
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where S(x) = (x/2)! (x!) . Equation 6 is valid only when J = J1 + Jj2 + Ja

is even; otherwise the symbol is equal to zero.

Substituting A, = Aj (k = 1,2,3) in Eq. 6 and using the relations

k = 9%

given in Eq. 3, we find

B fiz Mas| Jle.
fea toz Boa | = S ———2U (7
AQZL A22 ASS . ‘(J + 1) , S(All) S(A;_g) S(Ala)

which is valid for - J even and for all allowed values of Aij' For J odd the
symbol is equal to zero. - Using the symmetry properties of the 3-j symbol, we

conclude that the -series is summable for the cases where any two rows or two

columns are identical.

. From Eq. 7 we obtain Eq. 6 and the new explicit expressions

J1 jo s

+[231-d2-da] +[2J2-j1-da] +[2ja-j2~i1]

Jatiztia _
(-1) 2 | 5(J1+datia) -
(j1+32+33+1)1/é " 8(3§1-j=2-ds) S(5Jé"31-33)VS(353-31-32)
iand
Ji ,
J1odedz\ () 2 P s(31+232) -
~2mp Mg NMp (jl+232+1)1/2 S(=j1+2j2) S(j1-2mp) S(J1+oms)
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vhere ji+jotjs must be even in Eq. 8 and jl+2j2 must be even in Eq. 9. Equa-

tion 9 is also invariant to the ordering of the columns in the 5#j symbol.

It is also of some interest to,dispiay a few formulas applicable to the
cases where the smallest Aij is greater than zero. To obtain these expressions

: 4
we use the recursion relation

1/2 (31 32 I : afe 31 de-l/2 ja-1/2
[(3+1)(T-231) ] = [(J2tme) (Jz-m3) ]
m me mg/ mi me-1/2 mg+l/2

1/z [ 32 52-1/2 Ja-1/2
- [(52-mp) (3z+mg) ] ‘

(10)
m  metl/2  mg-1/2
Making use of Egs. 1 and b in Eg. 10, we find the following recursion
relationship |
A1 A1z A1 , Aj1-1 A1 M3 C|A11-1 A1z Aga
Aoy App Aoz p = Asz Bps <A1 Ape  Aps-lg - Apo fgs {Apy  Apge-l Apg (11)

Agy Ago Ass | Az1  Ago-l Aas ' A1 Aez Agz-1

Remembering that the sum given in Eq. 4a equals unity when A;; = O, we can

then deduce from Egs. 11 and L4 that

]- faz AlS Aozt+Ag2 Algl Ajyg | Aol Agq ! 1/2
Aoy Moo Aps| = (-1) [, — I 2 ] |
As1 Asz Aas : Aop! Aga! Apal Agpl (J+1)

X [Aoz Asz - Az Ass] (12)

and.



| DS

2 M2 hs Aog+hgo 1 Ajp! Ajgl Aoyl Agy! e
Aoy Bop Apg| = (-1) [ ]
2 Mool Aga! Apz! Agp! (J+1)1

Asy As2 Ass |

{Angzs[(Aez-l) (Apz-1) - Aophas] - Aazﬁéa‘[i“ez-’\es - (Ap2-1) (Agz~-1) ] } (13)

etc, From Eq. 12 it is easy to obtain explicit formulas for Jy = + 3 =1

; Ip m
and m = +(j, - 1). From Eq. 13 formulas for j, = j, + J - 2 and

m = +(Jj, - 2) can be obtained.
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