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CHAPTER I
INTRODUCTION

The problem posed for this thesis was the determination of the
admittance and transfer functlons of large, solid-core electromagnets.
The effects of eddy currents and hysteresls were considered in deriving
the funetions. Specifically, thevstudy was concerned with the type of
magnet employed in nuclear physics research which requires very precise
regulation (0.1% to 0.001%) of the magnetic field.

Although a number of papers have been written on eddy currents
and hysteresis in transformers, inductors, and rotating machinery, the
results are not directly applicable to a magnet which 1s a part of a
closed-loop system. Most of the papers have been concerned with core
losses in electrical equipment. Therefore, the purpose of this paper
is to consolidate and simplify the previous results for the specisal
case of a magnet in which the variations in flux density are very small.
Fddy currents external of the iron (in coil support and cooling plates)
were also consldered in deriving the admittance and transfer functions.

There are, of course, other factors besides eddy currents which
influence the dynamics of an electromagnet. One of these has been
termed a "delay-line” effect by Dr. Bob Smith of the University of
California since, in some cases, the leakage inductance of the magnet
winding combines with the winding capacitance to produce a 'transport

"

lag. According to Dr. Smith this effect occurs primarily in high-

voltage, low-current magnets which employ a large number of turns in
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the winding. This paper, however, will be limited to the study of
eddy current and hysteresis effects.

This study originated during the design of an analyzing magnet
regulator for the ORNL 63-inch cyclotron. The admittance of this
particular magnet was modified considerably by external eddy currents
in the coil support plates (see Figure 18). Although consideration of
only the external eddy currents seemed to provide quite accurate
analytical results, it was known that Internal eddy currents and
hysteresis could also affect the admittance. Therefore, this study
was initiated to determine the magnitude of these effects.

The results of this paper should be of considerable importance
to the designer of magnet control systems since eddy currents can
modify greatly the magnet admittance from that usually assumed. Since
this function is always "inside" the regulator loop, it has a large
influence on the design of the regulating system. In Chapter IV it
will be demonstrated that neglect of eddy current coupling can result
in an unstable regulator. The magnet transfer function is "outside"
the loop of a current regulator and does not affect the stadbility of
such a system. If eddy currents exist, however, this function assumes
the characteristics of a rather peculiar low-pass filter and thus aids
in removing high-frequency variations from the magnetic field.

In developing the admittance and transfer functions the freguency
response method has been employed rather than the Laplace Transform
since the results are somewhat simpler although less general. In Chap-

ter II the functions are derived for various cross-sectional shapes of
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iron. Chapter III presents some experimental results from a cylindri-
cal core test magnet and from the analyzing magnet. In Chapter IV
the possible effects of eddy currents on the regulating system are
considered.

Most of the symbols employed in the analysis are more or less
standard in the field of electrical engineering. Where necessary,
symbols are defined in the text.

The ratlonalized MKS system of units is used throughout the

paper.



CHAPTER 1I
DEVELOPMENT OF MAGNET ADMITTANCE AND TRANSFER FUNCTIONS

It has been common practice to assume that the admittance of a

magnet winding was

R ol
m m

However, as will be shown, this is a very poor approximation for solid
core magnets having low leakage inductance.

In deriving the admittance and transfer functions in this chapter,
the following conditions have been assumed:

1. The incremental permeability of the magnet core is constant

for small variations in flux density (B).

2. The hysteresis loop for the iron core is elliptical in shape

for small variations in B(l).

3. Flux in the magnet air gap is uniformly distributed,and there

is no fringing flux.

In order to determine the effects of eddy current coupling and
hysteresis, consider the equivalent circuit shown in Figure 1 in which
the subscript m refers to the magnet windilng, and subscript s refers 1o

t

the short circult winding or "shorted-turn.' Ll and L2 are the leakage

T—f—@?; & v

Vin Nin T Ns — s RS‘
" s

Figure 1. Equivalent Circuit of a Magnet
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inductances of the magnet winding and shorted turn, fespectively, and
f; 1is the flux linking boshily, nad Ng.

The equations describing this circuit may be written as

Vi = Im(By + Jaly) + a8
O = -Jaligf; + I (Rg + Jalz) (1)
¢i = (:]-/(/:L )(NmIm - NSIS)

(where (R is the reluctance of the magnetic circuit) or by eliminating

P15

<3
il

n = Ln[Bg + Ja{Ig + /@ )] -juﬂsi\rmNs/(R
0 = -Jwl N N /R + I [Rs + JulLp + NE/R_ )]

Let R = R,/Q
L = %/ R (2)

2 .
Ly = NB/OR_

L]_/Lm = L27£'S:

vhere QR4 is the zero frequency reluctance and Q is a function which,

- and. k

i

as will be shown, involves the effect of internal eddy currents and
hysteresis.
Then

y - m _ | Rg + Jalg(k + Q)
TV [Ba v (i + Q)[Rg + delo(x 4 Q)] (30)? 1,107

_ 1 1+ Jae(k + Q) ()
Bp [1 + Joft (k + Q)][l + Jafl (k + Q)] (3w)2 T_T_QZ

If Q is set equal to one, Equation 3 will be recognized as the input
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admittance of a transformer with a shorted secondary, i.e.,

y -1 _ 1+ Jalg(l + k)
™ Ry 1+ JolTh + T)(L + k) + (Jw)? T,T k(2 + k)

and if k = = 0.5

y 1 +juﬂls . ()—l-)

1
m " ﬁ;‘.
2kT T
[1 + Jol T, +TS)] {1 + jwf_:’i; }
m S

It will be shown that setting Q = 1 is equivalent to neglecting internal
eddy currents; therefore, Equation 4 is the input admittance of a magnet
considering only external eddy currents in the coll support and cooling
plates. The normalized admittance of the 63-inch cyclotron anslyzing
magnet (shown in Figure 18) was found to be in very good agreement with
Equation 4.

The transfer function of a magnet may also be obtained from

Equation 1 with the following result:

G = %5.: ¢g - N % L+ JakT
Im AgIm Ag G{O 1 + Jaﬂ:‘s(k + Q)
where Bg’ ¢g’ and Ag are, respectively, the air gap flux density, total

flux and cross-sectional area. Under the assumed conditions ¢g = ¢i'

If internal eddy currents and hysteresis are again neglected (Q = 1),

Ny, 1+ JakT (
‘Ag@{o 1+ joff (1 +%) -

G

[0
~—

Thus, the external eddy currents in a shorted turn attenuate the effect
of variations in Iy for «fy = = 1/(1 + k).
In order to determine the effect of internal eddy currents and

hysteresis on the dynamics of a magnet consider the mgsgnetic circuit
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in Figure 2. It is assumed that the pole tips are covered with a very
thin sheet of the hypothetical material having infinite permeability
and zero conductivity(z). This assumption permits the non-uniform flux
in the core to have a uniform distribution in the air gap. If a rigor-
ous solution is attempted without the above assumption, the solution
involves a series of Bessel functions, and even if the resulting
boundary value problem could be solved, it would be of doubtful practical

value due to its complexity.

N

i
S8

Figure 2. A Cylindrical Core Magnet.

Under the above conditions it can be shown that the axlal flux

density in the cylindrical iron poles is given by(3)

Lo Jo(?’r)
By ”Ba'wJo(ya) , (7)
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where Bi = flux density at radius r, B, = flux density at the surface

a
of the cylindrical pole, y =+ -Jjwojuj , and Jo{yr) is the zero-th order
Bessel function of the first kind. In the air gap

a

B 4 f 2nrB. dr
g 2 i
wa” o

i

a
_ 2 Ba
T 22 3 (7a) . r Jo(yr)ar

ZBa Jl('ya)

REAC)

]

£z _g&j_.z.}_
2 Bi
Oj (B,/u,)dz 7g/2 f odz - F/2,

where F = mmf. acting on the magnetic circuit,

or

ZBagg I, (ra) s (. .
a, b
ny yady(ya)
and B e T T ey T e e Ty
p’I‘ g 1 Y Y i%o 7
W
where o= S
r p_o
2
Th f =@, = B
erefore ¢g ¢1 na o
2
2na p.iJl('ya)
= F’
2u,. gng(ya) + XiyaJO(ya)
and ﬂ = ig 1 + /ei Zfa; JO(7a)

mzuo urlg 2 J,(ya)



-9 -

The zero-frequency reluctance of the magnetic circuit is

6{0 = -——--—-—-/(zg 1+ (i

xa Hg pLrzg
Therefore, from Equation 2 /(
1+ i
Q = Ro - Hrtg _ (8)
R 14 £ zg_J6(7a>
lJ-rAg 2 Jl(')'a_)

for a cylindrical core.
As stated previously, assuming Q = 1 is equivalent to neglecting

internal eddy currents since y = 0 for @ = O and

Jo(ya)
11 {28 to\7 a i
Tyg—s0 [2 3 (0m —>1leand § —1

If hysteresis 1s neglected the Bessel functions involved in
Equation 8 will be recognized as the ber and beil functions; however, for

the purposes of this paper it will be advantageous to employ the polar

form(3)

Jy (5(135°) = M, [\yo

3 (51135°') =M [\yl

where B = a“/wi“i
J (ya) M
a O - B O [ - —
Then Zz‘ZTIGET E‘ﬁl'/l35 +\.Vo \:VL No_/__Q_g_
A graph of No and 6, is shown in Figure 3 plotted as a function of
w/a, vhere
w = b
. (9)
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2
or w/a, = (B/2)° .
The general shape of the Ng and 6, curves implies that a good approx-

imation to the function Ny /€, would be

Ny /6= 1 + jo/ue

This approximation has been checked in the range 0.0025 = m/“’e = 100
and is indeed a very good approximation for engineering purposes. The
maximm error in magnitude is approximately three percent and in phase
is about three degrees, dboth occuring at m/me ~ 3.

With N @9_ ~ md;/g , Equation 8 becomes

1+ ’ei/m‘xg
1o (/B N+ Sw/ae

~

(10)

For most large magnets ’Qi_/”r’ag < < 1 since fi,/“r [g is the ratio
of core reluctance to air gap reluctance, and this ratio must be small

if the magnet is to be efficlent. Under this condition then

o~

1
1+ (’Qi/”rzg) NI+ /e

For internal eddy currents to affect, appreciably, the magnet dynamics,
Q must be considerably less than one. A rough approximation of the
frequency at which internal eddy currents hecome Important may then be

obtained by assuming

(L 2,) VT 7 Tl | =1

where wp is the approximate frequency. If ﬂi/urﬁg < = 1 then

a;E/me must be much greater than one for the above to be true. Then
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(Zi/urzg) ‘J(Dﬂ/we

n

1
or  ap = Gk g/ Ry ey ()

It is of some importance to note that o is directly proportional to
By provid;ed,‘ of course, that ‘ai/urﬁg = < 1, wﬁile g is inversely
proportional to My

It is not possible, in general, to simplify Equations 3 and 5
if both internal and external éddy currents are considered. However,
for the cylindrical core magnet with no external eddy currents (T, = O)

and ﬁi/urﬁg < = 1 the following asymptotic expressions can be derived.

y . 1 1
m - Rm1+ja5rm(1+k)
’ ’ ford)<
G o *
m o~
Ag@o
Y ~ L 1
m ~— R . T
ml+305['m(k+l/~)3m70t5 for o = ay
o = Nm 1 and\Q|> X,

g Ag@\o 'ij/uh.
and 1 l
T = ﬁ;n_l + JakT, ‘
for Q‘ = k.
Gm ~ Nm 1
Ag Rg N Joof

It should be emphasized that the above results gre very "rough' .
approximations. However » since the computations involved in more exact

expressions are quitevlengthy, they should prove useful.
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To illustrate, in a more accurate manner, the effect of internal
eddy currents, consider the following example for a cylindrical core
magnet .

Let Tp = 1.9 sec.

Ty =0
k = 0.05
a = 0.5m.
ﬁﬁ/fgzso
u,. = 1000

0. = 10 mho/m.

Then a, = 1/785
and
T, o~ 1
Ry

1+ j1.9w [0.05 +

1
1+ 0.051 + j785e
A normalized Bode plot of the above function is shown in Figure U4 along
with a plot of the function l/(l + J2w) which is the normalized admittance
if eddy currents are neglected.

The transfer function for the above example is
N 1

G = 2 T
AgR o 1 +0.05J1 + j7850

A normalized plot of this function is shown in Figure 5. If eddy currents
are neglected, G is of course a constant. It is evident from Figures L
and 5 that the internal eddy currents have a considerable effect on the
magnet dynamics for this assumed case. To i1llustrate the effect of a

"shorted turn", assume Ty = 0.48 seconds in the previous example.
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Then
v, =L 1+ ja(0.48)(0.05 + Q) '
Ry [1 + 30{0.148)(0.05 + Q)][l + 30(1.9)(0.05 + Q)] - (Jw)? (0.912)q
6= _m 1 + ju(0.024) | Q,
A, R, T+ jaX0.58)(0.05 + Q)
where

1
1+ 0.0541 + j785w

~
o~

The normalized values of Y, and G are plotted in Figures 6 and 7,

13

respectively. The external eddy currents in the "shorted turn “have
a rather small effect on the magnet admittance in this particular case.
The transfer function is affected to a greater extent, but the effect
is still rather minor. However, it should not be infé%red that this
is always true.»

To consider the effect of‘hysteresié o the magnet admittance
and transfer functions, the hysteresis loop must, in some manner, be
replaced by an equivalent linear effect, since hysteresis produces non-
linearities even on an incremental basis. Several authors have suggested
that the hysteresis loop may be assumed elliptical in shape(l)(u)<5)9 in
which case B = ugupexp(-ja)H. Then the relative permeability as used in
the previous develdpment becomes

bp = prexp(~ja).

In the admittance and transfer functions which have been developed, the -
complex permeability would modify only the inductances and the function

Q. For the cylindrical core magnet with complex permeability

= na Po
n2 w2 Kg+(Li/uplexp(ia)
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and Q’ ) 1+ ( Zi_/ﬂ{- [g)exp( ja)
1+ (Lyfup £ gexp(3a)Ng/0y

Also e Jo(y'a)
N/ Oy = L& t27
of% = % J(7'a)
where 7' =N-d exp(-iQ)aospony .

If it i1s again assumed that (¢i/p.;:. fg) < <« 1, then it is obvious that
the effect of hysteresis on the inductances is very small and may be
neglected. In fact, if the assumption 1s invalidated by saturation of
the iron, the effect on L and Lg will still be very small since the
angle O would also decrease wlth saturation. Therefore, in the remainder
of the development it will be assumed that Ly and Lg are unaffected by

hysteresis. For (Zl/pr'.[g) - < 1

1
1+ (,Q.i/pr',(g)l\ra /6q +

P

Graphs of Ny and 6y are shown in Figure 3 for a = 0°, 10°, 20°, and 30°.
It appears from these curves that complex permeability has little effect

on Ny except in the region 0.1 < m/we < 10. It can also be shown that

lim

N, —1
wae —y 0 a ™

and

Yy NaVolag

%00

The angle Qa, is affected to a much greater extent however. In fact, it

can be shown that

1imm/me__)°°@a — (45° - a/2).

Therefore lim

m/me____)oo(ea+a)—)(l+5° + a/2).
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It is rather difficult to state, in general, the effect of
hysteresis on magnet admittance and transfer functions. However, for
the case in which Ty = 0O and»ng_ 2?fL/'JJm, hysteresis causes the rate
of attenuation and the phase of Y, to be less than that of a magnet
without hysteresis. The transfer function, for the same conditions,
will attenuate more rapidly and the phase angle will be greater than
that of a magnet without hysteresis. For both the admittance and the
transfer function, hysteresis affects primarily the phase angle; the
effect on attenuation is rather minor. Since the angle, , is small
for "soft" magnetic materials, it appears that hysteresis effects are
negligible, in most cases, as compared to eddy current effects.

Thus far only cylindrical core megnets have been considered. 1In
practice, of course, large magnets are seldom, if ever, constructed with
this configuration throughout. Although the magnet poles may be cylin-
drical, the yoke, or return path, is normally rectangular in cross-section.
In many cases the pole also is non-cylindrical. Analyzing magnets in
particular have very peculiar pole cross-sections such as trianguler,
semi ~circular, rectangular, or combinations of these. For any cross-
section other than circular, an exact solution for the flux distribubion
would be extremely difficult. It should be possible to approximate the
effect of eddy currents in odd cross-section, however, by applying the
solutions for the infinite sheet and semi-infinite solid. For an infinite

sheet of magnetic material it can be shown that(u)

= p. cosh(-jyx) |
Pa cosh( -yt /2) (22)
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where t = thickness of the sheet,

X

I

distance from center of sheet perpendicular to the surface,
7 =N =Jaopy

a flux density at surface of sheet,

ol
it

o
It

flux density at x.
To apply Equation 12 to a rectangular yoke 1t is apparent that the width,
d, of the yoke should be much greater than the thickness, t, as shown in

Figure 8. Since this is not always true, a new width d' may be defined

as follows(S):

a' =d +t - 28 for 8 <« t/2
a' =4 for & = t/2
where & = ,F*l_*
N WOipg
—
/-" ‘\\
=N
\d

. 2q—>

— v

—
/

Figure 8. "C-Type" Magnet Core.
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The above definition considers in an approximate manner the flux which
flows along the edges of the rectangular sheet. With this definition

the average flux density in the rectangular yoke of Figure 8 is

' /2
BO ~ %'— j’ Bidx
-t/
~d _Pa tanh (-jyt
S = -dyt/2). (13)
d (-jyt/2)

The reluctance of a length X‘i of the rectangular yoke is then

HSQ i - Ba 2 i

R=¥/p = BAy by Bofly

Ly

= (s/n) (14)
M4 4
where Hs = magnetic field intensity at the iron surface,
Ay = td, the cross-sectional area of the yoke,
and 8/n = d4/d" ~Jyt/2

tanh( -jyt/2)

The function S{H is plotted in Figure 9 for three t/d ratios. It can

N Joy/ae
- for w/a, = 1
P tanh v jo/ax

s/n =

be shown that

(15)

1 Nio/ay
1+ (2/a)(1 - INo/ay) tanh‘djaﬂa%

for w/a)e = l,

where W, =

N
2

init *
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From Equation 15 and ¥Figure 9 it is apparent thab for Jayu% = = 1

sy = YOS lge

1+ t/d
As defined above, @y, Tor the rectangular yoke will, in most cases, be
somewhat larger than 0, for a cylindrical yoke of the same cross-sectional
area.
By employing Fquation 14 it is possidble to determine, approximately,
the effect of internal eddy curcents on cyclotron magnets, which usually

have a rectangular ycke and cyilindrical poles. Two types of construction

T "

are common for these magnets - the "C-type" core and the "H-type" core.
Consider first the "C-type" configuration shown in Figure 8 for which it
is assumed that the iron in the yoke and poles is of the same type, the
flux in the gap is uniformly distrzibuted, and that the length of the
rectangular yoke is,( 5. The effect cf the corners and of the circular-

to-rectangular transition will be neglected. The total reluctance of the

magnetic circuit is then

a2 .,;/é..g Kl ] 2?

'77’ B et

Ry =~ N, /0. + -2 8
SN T N (9. %5 Mmoo

and the zero-frequency reluctance is

Hot, T
giving A A
1+ {il Eﬁ. )(2 K&
Mo M
g plrig
qQ = J (16)
2. A
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Under the assumption that the flux is uniformly distributed in the air
gap, the alr gap area, Ag, is equal to the pole area, Ap' However, it
is advantageous to include the ratio, Ag/Ai’ in Equation 16 since this
permits the fringing flux, which is always present in an actual case,
to be consldered in an approximate manner.
For the "H-type" yoke, Q may be obtained directly from Equation
16 since there are, in effect, two "C-type" yokes in parallel. Then

L A L
JI—‘EAP Hr‘egZA.Y

Q = . (17)
A .
1+ /el_g_N/Q +__{£2_Ags
1.k 0L == S/n
e dg p By XAg ZAy

It is possible to determine an W for the rectangular yoke also,

if it is again assumed that wp is the frequency at which

L@s.’.zs:l
g

where G{oy = zero-frequency reluctance of rectangular

yoke. If G{Oy/a{g < <1, then 8 = > 1 at

Nog/a

1 +t/4

or &Loy GE/G%_ ~ 1.
(p\g 1 +t/4

P
Then ~ 1 +t/d . 8
o= |mgrdy) e W

and S =

For iron-cross-sections which are neither circular nor rectangular

it is necessary to resort to further approximstions to determine the effect
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of internal eddy currents. Since the internal eddy currents tend to force
the time-varying flux toward the surface of the iron for any pole or
yoke shape, it should be possible to employ the solution for flux
distribution in a semi-infinite magnet in approximating the effect of

eddy currents. For the semi-infinite magnet occupying the entire lower

half space
B; = By exp(Jjrx),
where Ba = flux density at the iron surface
B; = flux density x meters from iron surface
x = distance into the iron perpendicular to

iron surface.
Then the total time-~varying flux in a section of the solid y meters

wide is
o

y f Bidx

o

ASS
1

#

(y/-37)3,

i

y&B,exp( -jn/4),

1

N Oy

And, the reluctance of a section y meters wide andz(j‘nﬁters long is

where & =

B, L
R- g5

= ﬁi%&z- (19)

My
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The use of Equation 19 in estimating the effect of eddy currents in odd
shaped poles may best be illustrated by a simple example. Consider that
two poles such as the one sketched in Flgure 10 are employed with a

rectangular "C-type" yoke to form an analyzing magnet. Then the

<39V ‘
h%—d.—>F+—* o PS

Figure 10. Magnet Pole of 0dd Cross-Section.

i 1

reluctance of the poles is

@@:x Ql 1/h5°

Hi B [2&19 + (2 +0)a, - 45]

a Ga,
for < « ,__Z.and -

The zero-freguency reluctance of the poles is

Rop = Ly 2 _ KA

7
Mg @8.2(::1.2 + Zal) HiAp

and for the magnet






CHAPTER III
EXPERIMENTAL RESULTS

To check the theory developed in the preceding chapter a small
magnet was constructed having, approximately, the dimensions shown in

Figure 11. The core was formed from é one ~-inch round bar of 1018 steel

-l o

i

13

Figure 11. Test Magnet Core.

and annealed after forming. The exciting winding consisted of eighteen
100-turn coils wound of #18 copper wire. The coils were distributed
uniformly around the core to minimize the leakage inductance. A 600-
turn "pick-up” coill was also placed on the core in order to measure
the magnet transfer function.

The one~half inch alr gap was a rather unfortunate choice since the
large gap—to«polé diameter ratio resulted in a large amount of "fringing
flux" which in turn complicated, and reduced'%he accuracy of, the calcula-

tions. The relatively large alr gap was chosen in order that the coils
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could be easily installed and to provlide access for a rotating-coil
flux meter.

A magnetization curve for the test magnet is shown in Figure 12.
This is a graph of the flux density in the center of the alir gap and
pole as a function of magnet winding current. In this case it should
be termed an "alr-gap flux-density curve" since the flux density in
the iron is considerably greater than that shown on the curve. This
fact is illustrated by Figure 13 which is a plot of flux density versus
radius, or distance from the pole center. It is obvious from this curve
that the "fringing flux" was quite large for the test magnet. To com-
pensate for this fact an equivalent air gap area was calculated by
determining, approximately, the total flux crossing a surface in the
center of the air gap and dividing this flux by the flux density at the
pole center. For a field having circular symmetry

o]
¢ = 2= f rB(r)dr;
o]

therefore, if B(r) in Figure 13 is multiplied by r and the resulting
curve is integrated graphically, the total flux in the iron is obtained
approximately. The curve rB(r) is also shown in Figure 13. Since
measurements out to r = o0 are somewhat impractical the area under the
curve, rB(r), out to r = 2 was obtained with a planimeter and the re-
maining area estimated by assuming that the slope of the curvé was
constant for r = 2 and rB(r) Z 0. ¥From this calculation the egquivalent
cross-~sectional area of the air gap was computed to be 3.38 square inches

and the flux density in the iron
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A .
B, - 88 =334
i Ai o a/l (o}
= k.25 By
where Ag = eguivalent alr gap area,
By = air gap flux density at r = O.

Of course the Tlux distribution sround the ailr gap is not truly
symmetrical for the test magnet due to the return yoke, but the
approximaticn should be reascnably accurate.

To calculate Ly, Hys and @ it was necessary to obtain a minor
hysteresis loop for the magnet. Such a lcop is shown in Figure 1k.
Since the maximum slope of the magnetization curve in Figure 12 occurs
in the vicinity of I, = 0.4 amp, all measurements and calculations
were wade for a quiescent magnet current of 0.4 ampere. The values
of the incremental quantities calculeted from the minor hysteresis

loop are as follows:

L, = 0.352 hy
py = 27h
o = 10°

The d~c resistance of the magnet winding was determined to be

3.92 ohms giving

Ty = ﬁ.’_ ~ 0.09 sec.
m

The conductivity of 1018 steel is given as 0.7(107) mhos per meter

resulting in

k
@, F ———x 10.3 rad/sec,

2
BU05My
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and the ratio of the zero-frequency reluctance of the iron to the air

gap reluctance is

Ly

urﬂg

=~ 0.973.

o

Since the above ratio is not small compared to unity, several of the
simplifying assumptions employed in Chapter II are not valid for this
varticular case. If the effect of hysteresis is to be considered, Lm
is no longer a real quantity and the value of Tm computed above must

be multiplied by the ratio, 1.973/(1 + 0.973[10°), glving
Tm ~ 0.09{-5 .
Also

_ 1 + 0.973/10° _ 1.965/5¢°
1 + 0'973N10/910 +10° 1 4+ 0.973N;0/610 + 10°

The leakage factor, k, for the test magnet was not calculable,
but it may be assumed to be about 0.05.
For the above parameters the normalized admittance of the test

magnet is

1
Y = -
T 1+ 30(0.09)/-5° (0.05 + Q)

and the normalized transfer function is

¢ =Qq-= 1.965/5°
1+ O.973Nlo/glo + 10°

These functions are plotted in Figures 15 and 16 along with the experi-~

mental data.
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A block diagram of the measuring equipment is shown in Figure
17. In measuring the admittance and transfer functions the voltage
applied to the magnet wipding was maintained very nearly constant at
(1.6 + 0.8 sin wt). This voltage was also applied to the horizontal
amplifier of the oscilloscope, and the a-c component was monitored
with a low-frequency, peak-to-peak voltmeter. In measvring the ad-
mittance the voltage across a four-chm resistor in series with the
magnet winding was applied to the vertical amplifier of the oscillo-
scope. Both the amplitude and phase of the magnet current relative

to magnet voltage could then be obtained from the resulting ILissajous

e Voltage ——> ['m %
Power |—==—— Regulator ) [J p=
Supply & 4¥§? Vi [E:ﬂ

Power ] . L9
Amplifier MWWV p
Low Py
Frequency Sn-
Oscillator Low
Oscilloscope Frequency

Voltmeter
T -0 (o}

\W
25
oT

Figure 17. Block Diagram of Measuring BEquipment.



=30 -
pattern. The transfer function cannot be measured directly; however
it may be computed 1f a plot of the induced voltage (as a function of
frequency) in a secondary winding is obtained. If Vg = induced voltage

in the secondary winding,

vy =1, 38

or for sinusoids
Vg = Juigf = j@NsAng'
If a plot of VS/Vm is obtained from Lissajous patterns, then
Vg /Vm = JulNgAgB, Vo

and

Gig_:B_géYE:_l__..j_EéE
T, T/Vm 36 WA, T/,

Since the admittance function (Im/Vm) had been measured, it was
relatively easy to obtain G. However, considerable difficulty was
encountered in measuring VS/Vm due to a large amount of noise pick-up
(primarily 60 cps) by the secondary coil.

The agreement between the measured and camputed admittance
functions in Figure 15 is fairly good; however it appears that the
value of k assumed (0.05) was too large. If k had been assumed smaller
the computed phase would not decrease so rapldly at the high frequency
end of the curve. There 1s also a strong possibility of measurement
error at the high frequency end since the slignal-to-noise ratlo decreases
with frequency. The magnet time constant, T,, appears to be different
for the measured and computed case also. This discrepancy may have been

due to the relatively large variations employed in the measurements.
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The peak-to-peak variation in magnet current for the hysteresis loop in
Figure 14, from which L, was computed, was 0.108 ampere. In measuring
the admittance the variation was about 0.4 amp, peak~to-peak, at low
frequencies. Since the incremental permeability increases as AR
increases (over a limited range)(6), the apparent inductance for the
measurements may very well have been larger than that calculated from
the hysteresis loop. Tdeally, the measurements should have beer made
using a very small variation, bul the problem then arises of measuring
a small signal in the presence of noise.

The correlation between the computed and observed transfer
functions in Figure 16 is rather poor; however, as stated previously,
a large amount of nolse was encountered in measuring VS/Vm whiich
increased the probable error in the measurement. Two other factors
may also have contributed to the observed error. First, the ratio of
iron reluctance to air-gap reluctance may have been in error due to
an error in calculating the equivalent air-gap area. Second, an error
may arise due to the non-uniform distribution of flux in the air gap
since the theory was predicated on a uniform distribution; however
this error is undoubtedly small since the flux distribubtion in the
iron should follow Equation T very closely except for a small region
near the pole tips. The incremental permeability has very little
effect on the transfer function for the test magnet. If Q is replohbted
for u,. = 548 rather than 27L4 there is little, if any, change in the
magnitude of Q.

Most of the discrepancies between computed and observed data
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for the test magnet are a result of the relatively large air gap. In
most practical magnets the air gap-to-pole diameter ratio will be much
less than that of the test magnet, and calculations should be considerably
more accurate.

Although eddy currents external to the iron have received little
attention thus far, their effect on the magnet dynamics can be even
greater than that of internal eddy currents. This is illustrated in
Figure 18 by a plot of the admittance of the 63-inch cyclotron analyzing
magnet. As shown in Chapter II, the effect of eddy current coupling in
"shorted turns" is easily calculable and the results are quite accurate.
The computed time constants for the analyzing magnet were T, =~ 1.5 sec
and Ty =~ C.5 second.

The W calculated for the analyzing magnet is 14.5 radian per
second. However, there appears to be no noticeable effect on the ad-
mittance, due to internal eddy currents. From a qualitative viewpoint
this is reasdnable since apny alternating mwf produced by the magnet wind-
ing is opposed by the mmf due to the external eddy currents, and the net
alternating mmf acting on the iron core is very small. Of course, if
wp were less, than, or nearly equal to, 1/TS ('I‘S = 0.5 sec) then the

internal eddy currents would undoubtedly affect the admittance.
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CHAPTER IV
CONCLUSIONS AND RECOMMENDATIONS

Although the transfer functions and admlittances developed in
Chapter II are of some interest academically, their practical Importance
is in thelr effect on the magnet control system. To illustrate this
effect, a control system will be considered for the magnet assumed in
Chapter IT.

A block diagram of a typical current regulator is sketched in
Figure 19 in which only the primary feedback loop is shown (Gl may alsoc

be stabilized by feedback). It is assumed that the system was designed

D

"'t_Q_ G, *O— Ven

=
-+
<
Y

B

A

Figure 19. Block Diagram of Current Regulator.

for a magnet in which eddy currents were neglected. From the example in

Chapter IT
N
m 1+ jom
if eddy curreunts are neglected.

G - K,
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2(1 + j2wm)

If G B
1 joa[l + j0.120 + (jm/S)z]

1l

2
jm[l + j0.12¢ + (jm/B)z]

then GlYmB =

This open loop transfer function is plotted in Figure 20 along with the
resulting closed loop function. The system is, of course, stable; how-

ever il the magnet admittance were actually

1
Ym =
1+ 31.96(0.05 + Q)
where Q = 1 P)

1+ 0.05J1 + 3785
then the open-loop transfer function becomes that shown in Figure 21,
and the closed loop system would be unstable. Thus it appears that, in
certain cases, neglect of eddy current coupling may result in an unstable
system. However, if the above system were constructed and found to be
unstable, it could be stabilized rather easily by reducing the loop gain
by six decibels. The closed loon transfer function for this case is also
shown in Figure 21. The reduced gain will, of course, also reduce the
regulation attained by the system. A comparison of the regulation
achieved in the design case (no eddy currents) and the actual case (eddy
currents and reduced gain) masy be obtained by considering the effect of
the disturbance, D in Figure 19, on the magnetic field. It can be shown
that

B 1 G ¥P

D GBI +CGyp

The normalized disturbance transfer functions for the design case and

actual case are plotted in Figure 22. The regulation for the design case
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is considerably better than that of the actual case except in the
range 0.2 = o =< 6. The improved regulation over this range is due
to attenuation of the magnet transfer function since, for the actual

case

Kn
G ~
1+ 0.0541 + 5785w

The actual regulation attained would, of course, depend oun the character

of the disturbance, D, but if D is a random variation ("white noise"),
then the actual system would have considerably poorer regulation thaan
was intended during the design. If the effect of eddy current coupling
in the magnet had been considered in synthesizing the above assumed
system then a greatly improved regulator could have been designed.

External eddy currents in a magnet assembly may also produce in-
stability and poor regulation if neglected in designing the magnet control
system.

One of the most useful stabilizing networks in the design of magnet
regulators is the "lead" network. If the magnet admittance is assumed to
be 1/(1 + jamm), then the lead network required in the locp has the form
(1 + jaflp)/(1 + jaaTy) where a = 1. In genersl, such a network allows
the loop gain to be increased with a resulting improvament in regulation.
For the system containing a magnet in which only external eddy currents
are of importance, the stabilizing network is again quite simple. If the
magnet admittance is assumed to be that in Equation 4 then the network
should have a transfer function of [l + JulTpy +‘Tsﬂ /(1 + Jailg). If the
internal eddy currents produce a marked effect on the magnet admittance,

the stabilizing network required in the loop i1s no longer as simple as
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the preceding one. In general the required network will have a
transfer function of the form

(1 + gy (1 + Ja'3)(1 + Jufls) ©
(1 + Jaflp)(1 + Jal) )(1 + Jug) © .

vhere Ty > Ty > T3 -+ « « The number of factors fequired in the
numerator and denominator will depend upon the frequency range over
which the network is to be effective and the rate of attenuation re-
quired.

This paper has been concerned exclusively with the frequency
response of magnets and regulators; however if the~transient response
is desired it may be approximated by Floyd's method(7), or for a more
exact treatment of the transient response of magnets, the reader is
referred to Wagner's paper(z).

In conclusion the effects of eddy currents and hysteresis on
the dynamlcs of a magnet may be summarized as follows:

External eddy currents produce a zero and a second pole in the
magnet admittance and attenuate the effect of rapid variations of magnet
current on the magnetic field. The effect of extermal eddy currents may
be obscured by internal eddy currents, asnd vice versa depending on the
relative time constants.

Hysteresis has a rather minor effect on magnet dynamics. It
primarily affects the phase angle of the magnet admittance and transfer
function.

Internal eddy currents tend to produce an attenuation rate of

10 db per decade for the magnet admittance and transfer function. Their
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effect may be obscured by either external eddy currents or by large
leakage inductance.

Although the admittance and transfer functioﬁs devéloped here
are, at best, approximations, they should enable the designer of magnet
regulators to predict more accurately the characteristics of the magnet

to be controlled prior to its comnstruction and testing.
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