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INTRODUCTION 

The problem posed f o r  t h i s  t h e s i s  was the  determination of the  

admittance and t r a n s f e r  functions of large,  solid-core e lec t romgnets .  

The e f f e c t s  of eddy currents  and hys te res i s  were considered i n  der iving 

t h e  funetione.  Spec i f ica l ly ,  tbe  study w a s  concerned with the ty-pe of 

magnet employed i n  nuclear physics research which requires  very precise  

regulat ion (0.1% t o  O.OOl$) of the  magnetic f i e l d .  

Although 8 number of papers have been m i t t e n  on eddy currents  

and hys t e re s i s  i n  transformers, inductors, and ro t a t ing  machinery, the 

r e s u l t s  a r e  not d i r e c t l y  applicable t o  a magnet which i s  a part of a 

closed-loop system. Most of t he  p p e r s  have been concerned with core 

losses i n  e l e c t r i c a l  equipment. Therefore, t he  purpose of t h i s  paper 

i s  t o  eonsolidate and simplify the  previous r e s u l t s  for the  spec ia l  

case of a magnet i n  whieh the va r i a t ions  i n  flux densi ty  a r e  very smal1. 

Eddy curren ts  ex terna l  of the  i ron  ( i n  c o i l  support and cooling p l a t e s )  

were also considered i n  der iving the admittance and t r ans fe r  functione.  

There a re ,  of course, other  f ac to r s  besides eddy cur ren ts  which 

influence the  d y n d c s  of an electromagnet. One of t'nese has been 

termed a "delay-line" e f f e c t  by D r .  Bob Smith of the University of 

Cal i fornia  since, i n  some cases, the leakage inductance of the magnet 

winding combines w i t h  the winding capacitance t o  produce a " t ransport  

lag." According t o  Dr. Smith t h i s  e f f ec t  occurs pr imari ly  i n  high- 

voltage,  low-current magnets which employ a large number of tu rns  i n  
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the  winding. This paper, however, w i l l  be l i m i t e t  t o  the  study of 

eddy current and hys te res i s  e f f ec t s .  

This study originated during the design of an analyzing magnet 

regulator  f o r  the ORNL, 63-inch cyclotron. 

pa r t i cu la r  magnet was modified consi derabiy by exteerna.2 eddy cuments  

i n  the  c o i l  support p l a t e s  (see Figure 18). 

only the  external  eddy currents  seemed t o  provide qui te  accurate 

ana ly t i ca l  r e su l t s ,  it was known t h a t  i n t e rna l  eddy currents  Kid 

hys te res i s  could a l s o  a f f e c t  the admittance. Therefore, this study 

w a s  i n i t i a t e d  t o  determine the  rnagnitude of" these e f f e c t s .  

The admittanee of t h i s  

Although consideration of 

The r e s u l t s  of t h i s  paper should be of considerable importance 

t o  the designer of magnet control  systems since eddy currents  can 

modify grea t ly  the  magnet admittance from t h a t  usual ly  assumed. 

t h i s  function i s  always "inside" the  regulator loop, it has a l a r g s  

influence on the design of the  regulating system. In Chapter IY it 

w i l l  be demonstrated t h a t  neglect of eddy current coupling csn resalt  

i n  an unstable regulator .  The magnet tra,nsfer function i s  "cuts!-de" 

the  loop of a currer,t regulator and does not a f f ec t  t he  s$ab i l i t y  of 

such a system. If eddy currents  ex i s t ,  however, t h i s  function assunes 

-the cha rac t e r i s t i c s  of a ra ther  pecul iar  low-pass f i l k r  and thus a ids  

i n  removing high-frequency var ia t ions  from the magnetic f i e l d  

Since 

In  developing the  admittance and t r ans fe r  functfons the frequency 

response method has been employed ra ther  than the Laplace Trar,sform 

since the r e s u l t s  a r e  somewhat simpler although less  general .  I n  Chap- 

t e r  I1 the  functions a re  derived for  various cross-sect ional  shapes of 
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i ron .  

caJ core t e s t  magnet and from the analyzing magnet. I n  Chapter IV 

the  possible  e f f e c t s  of eddy currents on the regulat ing system a re  

considered 

Chapter I11 presents  some experimental results from a cy l ind r i -  

Most of the  symbols employed i n  the analysis are more or less 

standard i n  the f i e l d  of e l e c t r i c a l  engineering. 

symbols a re  defined i n  the  t e x t .  

Where necessary, 

The ra t iona l ized  ME3 system of units i s  used throughout the  

paper. 



It has been common prac t ice  t o  assume t h a t  t h e  admittance of a, 

magnet winding w a s  

However, as w i l l  be shown, t h i s  i s  a very poor approximation f o r  so l id  

core magnets having l o w  leakage inductance. 

I n  der iving the admittance and t r ans fe r  functions ia  t h f s  chapter, 

the following conditions have been assumed. 

1. The incremental permeability of the  magnet core i s  constant 

f o r  s m a l l  va r i a t ions  i n  f lux  densi ty  ( B )  . 
2 .  The hys t e re s i s  loop f o r  t he  i ron  core i s  e l l i p t i c a l  i n  shape 

f o r  s m a l l  var ia t ions  i n  €3 (1) . 

3. 

i s  no f r ing ing  flux. 

In  order t o  determine the e f f e c t s  of eddy current coupllng and 

Flux i n  the  magnet a i r  gap i s  unjiformly dls t r ibuted,and t,here 

hys te res i s ,  consider the equivalent c i r c u i t  shown i n  Figure 1 i n  v h i e h  

the subscript  m r e f e r s  t o  t'ae magnet wiading:, and subscript  s refer:, t o  

tile short  c i r c u i t  winding o r  "shorted-turn." L1 and L2 are the leakage 

R s  

Figure 1. Equivalent Circui t  of a Magnet 
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inductences of the magnet winding and shorted turn ,  respectively,  and 

pi i s  the flux l i n k i q g  br $71 N,, and N, 

The equations describing t h i s  c i r c u i t  may be wr i t ten  as 

as w i l l  be shown, involves the  e f f ec t  of i n t e r n a l  eddy cur ren ts  and 

hys t e re s i s .  

Then 

If Q i s  s e t  equal t o  one9 Equation 3 w i l l  be recognized as the  input 
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admittance of a, transformer with a shorted seco:-;da.r;y, i .e I ,  

and i f  k r=c 0.5  

It will be shown t h a t  s e t t i n g  Q = 1 i s  equivalent t o  neglecting in.t,emal 

eddy currents ;  therefore ,  Equation 4 i s  the  input a.dmitta.nce of a magnet 

considering only external. eddy cur ren ts  i n  the  c o i l  support and cooling 

p l a t e s .  

magnet (shown i n  Figure 18) was found t o  be i n  very good agreement with 

Equation 4. 

The norml ized  a,dmittance of the 63-inch cyclotron analyziag 

The t r a n s f e r  function of a magnet may also be obtained l'rom 

Equation 1 with the  following r e s u l t :  

pi,, and A where B 

flux and cross-sectional a r ea .  Under the assmed condi t iors  Pg 7 Id i .  

If i n t e r n a l  eddy cur ren ts  and hys t e re s i s  a r e  again neglected ( Q  - l)> 

a re ,  respect ively,  the ai;- gap f l a x  densi ty ,  tota! 
g.' k? 

Thus, the ex terna l  eddy cur ren ts  i n  a shorted turn  a t tenuate  the  e f f e c t  

of va r i a t ions  i n  I, f o r  ds =z 1/(1 + k) . 
I n  order t o  determine the  e f f e c t  o f  i n t e r n a l  e&dy cur ren ts  and 

hys t e re s i s  on the  dynamics of a magnet consider the  m g n e t i c  c i r c u i t  



-7 - 
i n  Figure 2. 

t h i n  sheet of the  hypothetical  mater ia l  having i n f i n i t e  permeability 

and zero conductivity(').  

i n  the  core t o  have a uniform distrslbution i n  the  a i r  gap. 

ous solut ion i s  attempted without the above assumption, the solut ion 

involves a s e r i e s  of Bessel functions,  and even i f  the  r e su l t i ng  

boundary value problem could be solved, it would be of doubtful p r a c t i c a l  

value due t o  i t s  complexity. 

It i s  assumed t h a t  the pole t i p s  a r e  covered with a very 

This assumption permits the  non-uniform f lux 

If a r igo r -  

Figure 2 .  A Cylindrical  Core Magnet. 

Under the above conditions it can be shown t h a t  the  axial f l u x  

dens i ty  i n  the  cy l ind r i ca l  iron poles i s  given by (3)  

? 
J (  d Bi = Ba, ' 
Jo( 

( 7 )  



-8 - 

where Bi = f l u x  densi ty  a t  radius  I-, Ba = f lux  denni-ty a t  the  surface 

of t he  cy l ind r i ca l  pole, 7 =d- , and J0(7r )  i s  the  zero-tln order 

Bessel function of t he  f i rs t  kind. In  the  a i r  gap 

a 
B = - 1 I 2~crB.dr  g 2 1 

*a 0 

A t  r = a, n n 

where F = mmf. ac t ing  on the magnetic c i r c u i t ,  

o r  

and 

where - .  

2 Therefore p' = $ . = ¶ a B  
g 1  Q 

and 
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The zero-frequency reluctance of the  magnetic c i r c u i t  i s  

I 
Therefore, from Equation 2 

f o r  a cy l ind r i ca l  core .  

A s  s t a t ed  previously, assuming Q = 1 i s  equivalent t o  neglecting 

i n t e r n a l  eddy cur ren ts  s ince 7 = 0 f o r  m = 0 and 

If hys t e re s i s  i s  neglected the  Bessel functions involved i n  

Equation 8 w i l l  be recognized as the ber  and be i  functions; however, fo r  

the  purposes of t h i s  paper it w i l l  be advantageous t o  employ the  polar  

form ( 3 )  

Then 

where p = a , / - -  

A graph of No and 8, i s  shown i n  Figure 3 plo t ted  as a function of 

a/% where 
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The general shape of the  No and Qo curves implies t h a t  a good approx- 

imation t o  the function Ha /e0 would be - 

This  approximation has been checked i n  the  range 0.0025 5 a/+ 5 100 

and i s  indeed a very good approximation fo r  engineering purposes. The 

maximum e r r o r  i n  magnitude i s  approximtely three percent and in .  phase 

i s  about th ree  degrees, both occuring a t  a/% 3. 

With No / O o  I_ d m & z  Equation 8 becomes 

F O ~  most l a rge  magnets ,Q i /pr  lg 
of core rel.uctance t o  a i r  gap reluctance,  and t h i s  r a t i o  must be s m a l l  

if the  rmgnet i s  to be eI"fj_cient. 

1 since ,Q i /pr  .P, i s  the r a t i o  

Under this condition then 

For : internal eddy cur ren ts  t o  a f f e c t ,  appreciably, the magnet dynamics, 

Q must be considerably l e s s  than one, A rough approximation of t he  

frequency a t  which i n t e r n a l  eddy currents  become important may then be 

obtained by assuming 

where % is the  approximate frequency. If l i / p , f g  

%/% must 5e much grea te r  than one for  t'ne above t o  be true. 

E= 1. then 

Then 



It i s  of some importance t o  note t h a t  % i s  d i r e c t l y  proportional t o  

pr, provided, of course, t h a t  t i / p r  [ 
propor t iond  t o  p,. 

c= c= 1, while + i s  inversely 
g 

It i s  not possible,  i n  general, t o  simplify Equations 3 and 5 

i f  both i n t e r n a l  and ex terna l  eddy currents  a r e  considered. 

f o r  the  cy l ind r i ca l  core magnet w i t h  no ex terna l  eddy currents  (Ts = 0 )  

and ti /p,, f? 

However, 

.c= r= 1 the following asymptotic expressions can be derived. 

and 

f o r  a 1 

It should be emphasized t h a t  the  above result,s $re ve7y "rough" 

approximations. 

expressions are 

However, s ince the  computations involved i n  more exact 

qu i te  lengthy, they should prove usef'ul. 
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To i l l u s t r a t e ,  i n  a more accurate manner, the e f f e c t  of i n t e rna l  

eddy currents ,  consider the  following example f o r  a cy l ind r i ca l  core 

magnet . 
Let Tm = 1.9 sec . 

Ts = 0 

k = 0.05 

a = O . 5 m .  

Q:i/Rg = 50 

pr = 1000 

ai = 107 mho/m. 

Then % = 11785 

1 
and 

IIi 

1 + jl 

A normalized Bode p l o t  of the above function i s  shown i n  Figure 4 along 

w i t h  a p l o t  of the f'unction 1/(1 + j2a )  which i s  the  normalized admittance 

i f  eddy cur ren ts  a r e  neglected.  

The t r a n s f e r  function f o r  the  above example i s  

A normalized p lo t  of t h i s  function i s  shown i n  Figure 5. If eddy cur ren ts  

a r e  neglected, G i s  of course a constant.  It i s  evident from Figures 4 

and 5 t h a t  the  i n t e r n a l  eddy cur ren ts  have a considerable e f f e c t  on the 

magnet dynamics f o r  t h i s  assumed case.  

"shorted turn",  assume T s  = 0.48 seconds i n  the  previous example. 

To i l l u s t r a t e  the e f f e c t  of a 
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Then 
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G =  1 +- jos(0.024) QP 
A g R o  1 + j~(0.48)(0.05 -+ Q> 

where 
QZ.2 

The normalized 

respect ively.  

a ra ther  small 

1 
1 + 0.05 41 + j785Lu 

values of Ym and 6. a r e  p lo t ted  i n  Figures 6 and T 9  

The ex terna l  eddy currents  i n  the  "shorted turn" have 

e f f e c t  on the  magnet admittance i n  t h i s  pa r t i cu la r  case. 

The t r ans fe r  function i s  affected t o  a grea te r  extent,  but the  e f f e c t  

i s  s t i l l  ra ther  minor. However, it should not be inferred t h a t  t h i s  

i s  always true. 

To consider t he  e f f e c t  of hys te res i s  or- t he  magnet admittance 

and t r ans fe r  functions,  the  hys te res i s  loop must, i n  some manney, be 

replaced by an equivalent l i n e a r  e f f ec t ,  since hys te res i s  produces non- 

l i n e a r i t i e s  even on an incremental bas i s .  Several authors have suggested 

t h a t  t he  hys te res i s  loop may be assumed e l l i p t i c a l  i n  shape ( 1 ) ( 4 ) ( 5 ) ?  i n  

which case B --: po&exp( - j a ) H .  Then the re la t fve  pemea.bi l i ty  8 s  used i n  

the  previous development becomes 

pr = p&exp( -ja> . 
In  the admittance and t ransfer  functions which hasre been developed, t h e .  

complex permeability would modify only the inductances and the function 

Q. For t h e  cy l indr ica l  core magnet with complex permeability 
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and 

Also 

where 

If it i s  again assumed t h a t  ( f l i / p i  I ,)  .C c= 1, then it i s  obvious t h a t  

t he  e f f e c t  of hys t e re s i s  on the  inductances i s  very small and may be 

neglected.  In  f a c t ,  i f  the  assumption i s  inval idated by saturat ion of 

t he  iron, the  e f f e c t  on & and L, will s t i l l  be very small since the  

angle a: would a l s o  decrease with sa tura t ion .  Therefore, i n  t he  remainder 

of the development it w i l l  be assumed t h a t  

hys t e re s i s .  For ( J ?  i/p&/! g )  c= rc: 1 

and Ls a re  unaffected by 

eraphs of Na and €Ja a r e  shown i n  Figure 3 f o r  01 = Oo, loo, ZOO, and 30". 

It appears from these curves t h a t  complex permeability has l i t t l e  e f f e c t  

on Na except i n  the  region 0.1 -= due  c= 10. It can a l s o  be shown t h a t  

and 

The angle €Jar i s  a f fec ted  t o  a much grea te r  extent  however. In  f a c t ,  it 

can be shown t h a t  

Therefore l i m  4% +oQ (E)m + a> (45" + 01 .2 ) .  
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It i s  r a the r  d i f r i c u l t  t o  s t a t e ,  i n  general, +,he e f f e c t  o f  

hys te re s i s  on magnet admittance and t r ans fe r  functions.  However, fo r  

the  case i n  which T, = 0 a n d G  zz l /Tn, hys t e re s i s  causes the r a t e  

of a t tenuat ion and the  phase of Ym t o  be less than iha t  of amagnet 

without hys te res i s .  The t r a n s f e r  function, fo r  the  s a w  conditions, 

w i l l  a t tenuate  more rapidly and the  phase angle w i l l  be grea te r  t'nam 

t'nat of a magnet without hys t e re s i s .  For both the adnittance and the  

t r ans fe r  function, hys t e re s i s  a f f e c t s  primarily the  phase angle; the  

e f f e c t  on at tenuat ion I s  r a the r  minor. Since the  angle, a, i s  small 

for "sor t"  magnetic materials,  it appears t h a t  hys t e re s i s  e f f e c t s  a r e  

ricgligible, i n  most cases, as compared t o  eddy current  e f f e c t s .  

Thus far only cy l ind r i ca l  core magnets have been considered. Tn 

prac t ice ,  of course, l a rge  magnets a r e  seldom, i f  ever, constructed with 

t h i s  configuration throughout. 

d r i c a l ,  the  yoke, o r  re turn  path, is normally- rectangular i n  cross-sectina e 

In  many cases the pole a l s o  i s  non-cylindrical .  Analyzing magnets i n  

p a r t i c u l a r  have very pecul iar  pole cross  -sections such as t r i a r g u l w ,  

semi-circular, rectangular,  OT combinations of these.  For any cross- 

sect ion ot'ner than c i r cu la r ,  an exact solut ion for t he  f l u x  dist,ri'c?utf on 

would be extremely d i f f i c u l t .  It shoule be possible to  approxlrPiatr the 

e f f e c t  of eddy cur ren ts  i n  odd cross-section, however, by applying tile 

solut ions f o r  the i n f i n i t e  sheet and semL-infinite solid. For an i - n f i n i t v  

Although the  magnet poles m,y Se cyMr-.- 

sheet of magnetic mater ia l  it can be shown t h a t  (4) 

cosh( - jyx) 
cosh( - jy t /z ' )  

a Bi = B (12) 
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where t = thickness of the  sheet, 

x = distance from center  of sheet perpendicular t o  the surface, 

Ba = f l u x  densi ty  a t  surface of sheet, 

Bi = flux dens i ty  a t  x. 

To apply Equation 1 2  t o  a rectangular yoke it i s  apparent t h a t  the width, 

d, of the  yoke should be much grea te r  than the  thickness,  t, as shown i n  

Figure 8. Since t h i s  i s  not  always t rue ,  a new wldth d '  may be defined 

as follows ( 5 ) .  . 

- 

= d  -I- t - 26 f a r  6 t / 2  

d '  = d fo r  6 =. t / 2  

1 

E 
where 6 =: 

7 

t 

Figure 8. 'IC-Type" Magnet Core. 
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The above def in i t ion  considers i n  an approximate manner the  flux which 

flows along the edges of the rectangular sheet.  

the  average f lux  densi ty  i n  the  rectangular yoke of Figure 8 i s  

Wit'n this def in i t ion  

d '  Bidx Bo = 8- 
- t / 2  

The reluctance of a length x i  of the  rectangular yoke i s  tnen 

where Hs = magnetic f i e l d  in t ens i ty  a t  the  i ron  surface, 

hy = t d ,  the  cross-sect ional  area of the yoke, 

and S / l l  = d/d' - j y t / 2  
tanh( - j y t / 2 )  

The function S / r l  i s  p lo t ted  i n  Figure 9 fo r  three t / d  r a t i o s .  

be shown t h a t  

It can 
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A s  defined above, L% e 1.0-c 'che rccmngdai -  yoke wi11, i n  most cases, be 

BY employing Equation II! It j.3 possible to determine, approximately, 

t he  e f f ec t  of internal eddy e ~ c ~ c n t s  on eyclotmn magnets, which usually 

have a rectangular yoke and cyLindrica1 poles .  TWQ types of construction 

are c".omor~ for  these magnets - thc "C-Lype" core and. the "H-type" core. 

Consider flirst the  "C-t;lTe" con?gu;ati~7n shown i n  F ig i re  8 far which i t  

i s  assumed tha t  the i r o n  4r, %he ydce and. poles is of -the szme type, t h e  

flux in t h e  gap i s  uniformly. di*; t r iht ;ed,  an4 +,hat +,iie length of the 

rectangular yoke i s  

to-rectangvlar  transTtion d 11 be neclectec:. The t o t a l  reluctance of the  

2 o  The e f fec t  CY the corners and of the  circular- 

magnetic c i r c u i t  is .then 

and the  zero-frequency reluc-';P.nee 5 s 

giving 



f 
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Under the  assumption t h a t  the f l u x  i s  uniformly d i s t r ibu ted  i n  the air  

gap, the  air  gap area,  However, it i s  equal t o  the  pole area,  5. 
i s  advantageous t o  include the  r a t i o ,  A /A i n  Equation 16 since t h i s  

g P' 

permits the  f r ing ing  flux, which i s  always present i n  an ac tua l  case, 

ko be considered i n  an approximate manner. 

For the  "E-type" yoke, Q may be obtained d i r e c t l y  from Equation 

16 since there  are ,  i n  e f f e c t ,  two "C-type" yokes i n  p a r a l l e l .  Then 

It i s  possible  t o  determine an % f o r  the  rectangular yoke a l so ,  

i f  it i s  again assumed t h a t  9 i s  the  frequency a t  which 

= zero-frequency reluctance of rectangular 
R O Y  

where 

yoke. I f  /& == -= 1, then S - 3~ 1 at  0 " ~  
OY Q r . .  

and S - .IuJE/% 
-. ie/d' 

For i ron-cross-sect ions which a r e  ne i ther  c i r c u l a r  nor rectangular 

7 it i s  necessary t o  r e s o r t  t o  fu r the r  approximations t o  determine the effect; 
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of in t e rna l  eddy cur ren ts .  

the time-varying f lux  toward the surface of the i ron  f o r  any pole or 

yoke shape, it should be possible t o  employ the  solut ion f o r  f lux  

d i s t r ibu t ion  i n  a semi- inf ini te  magnet i n  approximating the  effec'; of 

eddy cur ren ts .  

ha l f  space 

Since the  i n t e r n a l  eddy currents  t e n d  t o  force 

For the  semi-infinite magnet occupying the e n t i r e  lower 

B i  = Ba exE(jrx),  

where B = flux densi ty  a t  the i ron  surface a 

Bi = f lux  densi ty  x meters from i ron  surface 

x = d.istance i n t o  the i ron  perpendicular to 

i ron  surface.  

Then the  t o t a l  time-varying f l u x  i n  a sect ion of t he  so l id  y nieters 

wide i s  

= y 6 ~ ~ e x p (  - ja/4), 

where 6 = 1 

And, the  reluctance of a sect ion y meters wide and A i  meters long i s  
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The use of Equation 19 in estimating the effect of eddy currents in odd 

shaped poles may best be illustrated by a simple example. 

two poles  such as the one sketched in Figure 10 are employed with a 

rectangular "C-type" yoke to form an analyzing magnet. 

Consider that 

Then the 

Figure 10. Ehgnet Pole of Odd Cross-Section. 

reluctance of the poles is 

a2 f o r  S -= - and. __ . 
2 2 

The zero-frequency reludtanee of the poles i s  

and for  the magnet 
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Qa 

2 2 
“ 2  if 6 e -and 1 . 



EPERII4EXPAL RESULTS 

To check the  theory developed i n  the  preceding chapter a small 

magnet w a s  constructed having, approximately, the dimensions shown i n  

Figure 11. The core w a s  formed from a one-inch round bar of 1018 s t e e l  

> 

Figure 11. Test Magnet Core. 

and annealed a f t e r  forming. 

100-turn c o i l s  wound of #18 copper wire .  

uniformly around the core t o  minimize the  leakage inductance. 

t u rn  "pick-up" c o i l  w a s  a l so  placed on the core i n  order t o  measure 

the  magnet t r a n s f e r  funct ion.  

The exc i t ing  winding consisted of eighteen 

The c o i l s  were d i s t r ibu ted  

A 600- 

The one-half inch air  gap w a s  a r a the r  unfortunate choice since the  

large gap-to-pole diameter r a t i o  resul ted i n  a l a rge  amount of "fr inging 

f lux" which i n  tu rn  complicated, and reduced-the accuracy of, the  ca lcu la-  

t i o n s .  The r e l a t i v e l y  l a rge  a i r  gap was chosen i n  order tha t  the  c o i l s  
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could be e a s i l y  i n s t a l l e d  and t o  provide access 3cr a rotat ing-coi l  

flux meter. 

A magnetization curve f o r  the  t e s t  magnet i s  shown i n  Figure 1 2 .  

T h i s  i s  a graph of t he  flux densi ty  i n  the center of the  a i r  ga,p and 

pole as a function of magnet winding current.  In  t h i s  case i t  should 

be termed an "air-gap flux-density curve" since the  flux densi ty  i n  

the  i ron  i s  considerably greater  thxn t h a t  shown on the  curve. Tnis  

f a c t  i s  i l l u s t r a t e d  by Figure 13  which i s  a p lo t  of f l ux  densi ty  versus 

radius,  o r  distance from the  pole center .  It i s  obvious from t h i s  curve 

t h a t  the  "fr inging f l u x "  w a s  qui te  large f o r  t he  t e s t  magnet. T o  com- 

pensate f o r  t h i s  f a c t  an equivalent a i r  gap area  was calculated by 

determining, approximately, t he  t o t a l  f l u x  crossing a surface i n  the 

center of the  a i r  gap and dividing Ynis f lux  by the f lux  densi ty  a t  the 

pole center .  For a f i e l d  having c i r cu la r  symmetry 

IO6 
$ = 2s J rB(r)dr;  

0 

therefore,  i f  B ( r )  i n  Figure 13 i s  multiplied by r and t'me resu l t ing  

curve i s  integrated graphically, the  t o t a l  flux i n  the i ron  i s  obtained 

approximately. The curve rB(  r) i s  a l so  shown i n  Figure 13. S i m e  

measurements out t o  r = m  are  somewhat impractical  the a rea  under the 

curve, r B ( r ) ,  out t o  r = 2 was obtained with a planfmeter and $he re- 

maining area estimated by assuming t h a t  the slope of the  curve w a s  

constant f o r  r 1 2 and r B ( r )  2 0.  From t h i s  calculat ion the equivalent 

cross-sectional area of the air gap was computed t o  be 3.38 square inches 

and the  f lux  density i n  the i ron 
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Of course the flux di%%ributi-on a,round t h e  air gap is not t r u l y  

syarnetrlcal far the tes t  magnet due t o  the  re turn  yoke, but  the  

appmximt icn  should be reasonably aceumte . 
To calculate pr9 and a it m s  necessary to obtain a minor 

hys t e re s i s  loop fo r  the magnet. Such a loop i s  shown i n  Figure 1.4. 

Since the  maximum slope of the magiqetiz,ati.an carve i n  Figure 12 Occurs 

i n  t h e  v i c i n i t y  of xm = 0 - 4  ampJ a= messurements asd calculations 

w e r e  mac?,r f o r  a quiescent ma.gnet current, of 0 4 ampere. 

of the incremental quantitles calculs,t?d fron the minor hysteresis 

The values 

loop a x e  as follows: 

I--= 0 . 352 hg 

p, = Zp+ 

a = 10” . 
The d-e r.esih;tarxe of the rnagnet Fsinding w a s  determined t o  be 

3.92 ohms giv-l’.ng 

T, I - a,og see.  R- - m 

The corduct ivi ty  of  1018 s t e e l  i s  given as 0.7(107) nlhos per meter 
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and the ratio of the zero-frequency reluctance of the iron to the air 

gap reluctance is 

Since the above ratio is not small compared to unity, several of the 

simplifying assumptions employed in Chapter I1 are not valid for this 

particular case. If the effect of hysteresfs is to be considered, L 

is no longer a real quantity and the value of Tm computed above must 

be multiplied by the ratio, 1.973/(1 + O.973/lO0), giving 

m 

Al SO 

The leakage factor, k, for the test magnet was not calculable, 

but it may be assumed to be about 0.05. 

For the above parameters the normalized admittance of the test 

magnet is 

and the normalized transfer f'unction is 

These functions are plotted in Figures 15 and 16 along with the experi- 

mental data. 
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A block diagram of the measuring equipme7i 1s shown i n  F f g ~ r c  

17. 

applied t o  the magnet winding w a s  maintained very n e w l y  eonstant at 

(1.6 + 0.8 sin u t ) .  T h i s  voltage w a s  a l so  applied t o  the h51-i zonfa l  

amplifier of the oscil loscope, and the  a-e component vas  rnotritored 

with a low-frequency, peak-to-peak voltmeter I) 

mittanee the voltage across a four-ohm r e s i s t o r  i n  s e r i e s  wi-t'r, the 

magnet wtnding w a s  applied t o  the v e r t i c a l  amplifier of t'ne o s c i l l o -  

scope. 

t o  magnet voltage could then be obtained from the  resu l t ing  L i s s a j o u s  

In  measuring the  admittance and t r ans fe r  fbnclio)?s the voltage 

In  meamring the  ad .- 

Both the  amplitude and phase of the  magnet current r e l a t ive  

l--=-LJ Frequeney 

I I  ' I  
1 Osci l la tor  I 

-53 

P 

3sc i l l o s c  ope 

0 
V 
0 

H 
0 +-- d 

Figure 17. Block Diagram of &amring  Equ ipen t .  
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pa t t e rn .  The t r a n s f e r  function cannot be measured d i r ec t ly ;  however 

it may be computed i f  a p l o t  of the induced voltage (as a function of 

frequency) i n  a secondary winding i s  obtair*ed. 

i n  the  secondary winding, 

If V, =: induced voltage 

V , = N  d41 a t  

o r  f o r  sinusoids 

v, L-; 

If a plot  of Vs/Vm i s  obtained from Lissajous patterns, then 

and 

Since t h e  admittance kunction (&/Vm) had been measured, it w a s  

r e l a t i v e l y  easy t o  obtain G .  However, considerable d i f f i c u l t y  w a s  

encountered i n  measuring V,/V, due t o  a l a rge  m o u n t  of noise  pick-up 

(pr imar i ly  60 cps)  by t h e  secondary c o i l .  

The agreement between the measured and computed admittance 

Zunctions i n  Figure 15 i s  f a i r l y  good; however it appears t h a t  t he  

value of k assumed (0.05) w a s  too  large. If k had been assumed smaller 

t h e  computed phase would not decrease so rap id ly  at  the  high frequency 

end of t he  @ w e .  

e r r o r  a t  t he  high frequency end s ince the  signal-to- noise r a t i o  decreases 

There i s  also a strong p o s s i b i l i t y  of  measurement 

w i t h  frequency. 

f o r  the measured and computed case also. 

The magnet t i m e  constant,  T,, appears t o  be d i f f e r e n t  

T h i s  dlscrepancy may have been 

due t o  the r e l a t i v e l y  large var i a t ions  employed i n  the  measurements. 
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The peak-to-peak var ia t ion  i n  magnet current for td,e hys te res i s  loop i n  

Figure 14, from which & was computed, w a s  0.308 axpere* 

the admittance the  va r i a t ion  w&s about 0.4 amp, peak-to-peak, ata low 

frequencies. 

increases (over a l imited range)(6),  the  ayparent frdwctance f ' o ~ ~  t'he 

measurements may very well have been l a rge r  than t h a t  calculated fram 

the  hys te res i s  loop. Ideal ly ,  the measurements should have been made 

using a very small var ia t ion,  but  the  pi-oblem then a r i s e s  of measuring 

a s m a l l  signal i n  t he  presence of noise. 

Tn measuring 

Since the  inerement,al permeability increases as AB 

The correlat ion between the computed and observed t r ans fe r  

functions i n  Figure 16 Ls ra ther  poor; however, as s t a t ed  previouely, 

a la rge  amount of noise w a s  encountered I n  measuring Ys/VTfi which 

increased the  probable e r ro r  i n  the measurement. 

may a l so  have contributed t o  the observed e r r o r .  

i ron  reluctance t o  air-gap reluctance may have been l a  erroy due t o  

a n  e r ro r  i n  calculat ing the  equivalent air-gap area. 

may a r i s e  due t o  the  non-uniform distribution of flux 4n the air gap 

since the  theory w a s  predicated on a uniform dis t r ibu t ion;  howew-i- 

t 'nis e r ro r  i s  undoubtedly small since the flux d i s t r ibu t ion  id. the  

i ron  should follow Equation 7 very closely except f o r  a a ; m a l l  regjon 

near the pole t i p s .  

e f f e c t  on the  t r ans fe r  i-nction for  the t es t  magnet. If Q i s  replotted 

f o r  pr = 548 ra ther  than 274 there  i s  l i t t l e ,  if any, change i n  the 

magnitude of Q. 

Two other f ac to r s  

F i r s t ,  the  r a t l o  of 

Second, an error  

The ineremental pemeabf l f ty  Inas very l i t t l e  

Most of the discrepancies between computed and observed data  
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f o r  the  test magnet are a r e s u l t  of the  r e l a t i v e l y  l a rge  air gap. 

most p r a c t i c a l  magnets t he  air gap-to-pole a i m e t e r  r a t i o  w i l l  be much 

less than t h a t  of t he  t e s t  magnet, and ca lcu la t ions  shm..l.d be considerably 

more accurate - 

In  

Although eddy cur ren ts  external. t o  the  iyon have received l i t t l e  

a t t e n t i o n  thus far, t h e i r  e f f e c t  on the  magnet dynamics can be even 

g rea t e r  than t h a t  of internal ed-dy cur ren ts .  

Figure 18 by a p l o t  of the  admittance of the  6 3 - i ~ h  cyclotron analyzing 

magnet. A s  shown i n  Chapter 11, t h e  effect  of' eddy current  coupling i n  

"shorted turns"  i s  easily calculable  arid the r e s u l t s  are quite  accurate .  

The computed time constants  f o r  t he  analyzing magnet were T, 

and T, zz 0.5 second. 

'This i s  i l l u s t r a t e d  i n  

1 . 5  sec 

The % calculated for  t h e  anallyzing magnet i s  14 .5  radian per 

second. 

mittance, due t o  internal. ed2y curren ts  o 

t h i s  i s  reasonable since any al ternat inp,  rmf" produced by the  magnet wind- 

i n g  i s  ~ p p o s e d  by the  mmf due t o  the ex terna l  eddy currents ,  and t he  ne t  

a l t e r n a t i n g  mmf a c t i n g  on the  i ron  core i s  ver-y sma5.1.. 

0 9 ~  were less, Ynan, or near ly  equal to ,  l /Ts (Ts -- 0.5 sec)  then the  

intelrnal eddy cur ren ts  woilJ-d undooktedly a f fec t  tine admittance. 

However, t he re  appears t o  be no not iceable  e f f e c t  on the  ad- 

From a qua3.ital;ive viewpoint 

Of course1 if 
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Although the transfer fdnc t ions and e.dmitta.i?cca developed i n  

Chapter T I  a r e  of some interest  aeadenically, their pra.eticn;P. importwce 

is i n  t h e i r  e f f e c t  on the  magnet control system. To i l lus t ra te  this 

e f f e c t ,  a con t ro l  system w i l l  be considered for the mamet assumed i n  

Chapter TI. 

A block diagram of a typical cu.rrent regulator  i s  sketched i n  

Figure 19 i n  which only the primary feedbaek loop is ahom (GI may atso 

be s t ab i l i zed  by feedback). It i s  assumed that the system was des-igned 

R 

Figure 19.  Block Diagram of Current Regulator, 

for a magnet i n  which eddy currents  were neglected.. Prom the example i n  

Chapter I1 

1 
1 + j2u Ym = 

if eddy cur ren ts  are neglected. 

G T %  1 
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T h i s  open loop t r ans fe r  function i s  p lo t ted  i n  Figure 20 along &ti? the  

r e su l t i ng  closed loop Function. The sys’cem is, of coiii-seg s table;  how- 

ever i f  the  magnet adrnitiance were aet,ually 

then the  open-loop tran.sfe:r function becomes t h a t  shown i n  Figure 2i, 

and the closed loop systert! would be unstable.  Thu.s it appears -that, i n  

ce r t a in  cases, neglect of eddy c w r e n t  caupling may 1-esult i n .  an unstable 

system. However, if the  above system were eons-tructed and found ’GO he 

unstable,  it could be s t ab i l i zed  m t h e r  esslly by reducing the loop gain 

by s-ix decibe1.s. The closed loop tra.nsfer* function f o r  t h i s  ca.se i s  a l s o  

shown i n  Figure 21 .  The reduced ga.in hK!.l-, of course,, a l s o  reduce the 

regul.ation a t ta ined  by the system. A cornprison of the r e b a a t i o n  

a.chi.eved i n  the  design case (no eddy ?ui-reats) ard th.e ac tua l  case (eddy 

cur ren ts  and reduced. gain)  m a y  be ob’ia,ined by considering tlie e f f e c t  of 

tlie clisturbance, D i n  Figure 19, on the .magnetic f i e l d .  It can be ehowil 

t h a t  

The normalized disturbance t r ans fe r  func ti.ons f o r  the  design case and 

actiial case a r e  p lo t t ed  i n  Figure 22.  The regulat lon f o r  the design case 
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" FOR SYSTEM WITP N A G N E T  HAVING NO EDDY C U R R E N ~ S  

FOR SYSTEM WI'H LOOP G A I h  REDUCED BY 6 db A N 3  
MAGILET tiAVIILG EDDY CUPPENTS 

w ( r o d i a n s l s e c )  

10 1 0 0  

Figure 22. Disturbance Transfer Functions for Two Cases. 
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i s  considerably b e t t e r  than t h a t  of the  ac tua l  czse  except i n  the  

range 0.2 -C (u .c. 6. The improved regulation over t h i s  range i s  due 

t o  a t tenuat ion of the  magnet t ransfer  function since, for Yne ac tua l  

case 

The ac tua l  regulat ion a t ta ined  would, of course, depend on the  characLer 

of the disturbance, D, but if D i s  a random var ia t ion  ("white noise") ,  

then t h e  ac tua l  system would have considerably poorer regulation than 

w a s  intended during the design. I f  the  e f f e c t  of eddy current coupling 

i n  the  magnet had been considered i n  synthesizing the above assumed 

system then a g rea t ly  improved regulator could have been designed. 

External eddy currents  i n  a magnet assembly may a l so  produce i n -  

s t a b i l i t y  and poor regulation i f  neglected In designing the lllngnet con t ro l  

system. 

One of the most usefu l  s t ab i l i z ing  networks i n  the d-esign. of magnet 

regulators  i s  the  "lead" network. 

be 1/( 1 f. jdm), then the  lead network reqilired i n  the  loop has the  form 

(1 +. jam)/(l f. j w T m )  where a -= 1. 

If the magnet admrittance i s  a.ssmed t o  

In general, such a network allows 

the  loop gain t o  be increased with a resu l t ing  improv-.nnerrt i n  1-egiilatioa. 

For the  system containing a magnet i n  which only external  eddy currents  

are of  importance, the  s t ab i l i z ing  network i s  again quite simple. I f  tne 

magnet admittance i s  assumed t o  be t h a t  i n  Equation 4 then the network 

should have a t r ans fe r  function of 1 + j d T ,  -b Ts)] /( 1 f jd,) If t he  

i n t e r n a l  eddy currents  produce a marked e f f ec t  on the magnet adinittance, 

[ 

the s t ab i l i z ing  network required i n  the  loop i s  no longer as simple as 
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t h e  preceding one. 

t r a n s f e r  f lux t ion  of the form 

I n  general  the  required network will have a 

(1 + ja1)(1 + jUrr3)( l  + j&S) . . 
(1 i- J d z ) ( l  4- J ~ @ 4 ) ( 1  + .' . 

where TI ==. T2 - T3 . . . The number of factors required i n  the 

numerator and denominator will depend upon the  frequency range over 

which the network i s  t o  be ef fec t ive  and the rate of a t tenuat ion re- 

qui red * 

This paper has  been concerned exclusively with the frequency 

response of magnets and regulators; however i f  the  t r ans i en t  response 

i s  desired it may be approximated by Floyd's method(7), or for  a more 

exact treatment of the t r ans i en t  response of magnets, t he  reader i s  

referred t o  Wagner's paper ( 2 ) .  

In conclusion the  e f f e c t s  of eddy cur ren ts  and hys t e re s i s  on 

the  dynamics of a magnet may be summarized as follows: 

External  eddy cur ren ts  produce a Z ~ P O  and a second pole i n  the  

magnet admittance and a t tenuate  the  e f f e c t  of rapid va r i a t ions  of magnet 

current  on the  magnetic field, The e f fec t  of externa l  eddy currents  may 

be obscured by i n t e r n a l  eddy currents ,  and vice versa depending on the  

r e l a t i v e  time constants .  

Kysteresis  has a r a the r  minor e f f e c t  on magnet dynamics. It 

primari ly  a f f e c t s  the  phase angle of the magnet admittance and t r a n s f e r  

function 

Internal eddy cur ren ts  tend t o  produce aaq at tenuat ion rate of 

10 db per decade f o r  the  magnet admittance and t r ans fe r  function. Thei r  
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e f f e c t  may be obscured by e i t h e r  ex terna l  eddy currents  o r  by l a rge  

leakage inductance. 

Although the  admittance and t r ans fe r  functions developed here 

a re ,  a t  bes t ,  approximations, they should enable the designer of magnet 

regula tors  t o  pred ic t  more accurately the  cha rac t e r i s t i c s  of the magnet 

t o  be control led p r i o r  t o  i t s  construction and t e s t i n g .  

I 
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