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Abstract 

The so-called "Collisionless Boltzmann Equa"uolz" QT 'Yla8ov Eqaatian" 

has been derived previously by Rarris by use of a complete statistical 

treatment of both the plasma particles and the electromagnetic fields, 

It is shown that a consequence of this approximatdon is that the entxopy 

of the electromagnetic field 8s w e l l  as that of t h e  plasma particles is 

a constant. 

coherent radiation may be emitted by a plasma obeying the Vlasov equation. 

This result is used to demonstrate that o n l y  completely 

, 
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I. 

aer 

Introduction 

Tae VZnsov- equation 3 1  "Callisionless Boltzmam 
_I 

equation " have been 

-U'ville equation and ved previously by HarrisL by starting from the 

using a cample@e sSatistical treatnemt of both the plasm yartlcles anti the 

electromagnetic field, One then integrates over the coordinates of a13 but 

one particle or all but one field oscillator and assumes that the pair dis- 

tribukian function I s  factorable into a product of one particle or one 

oscillator distribution functions, 

distribution function is easily seen t o  be exactly the usual Vlasov equation. 

The correspsnc3lng equation for the one oscillator distribution function has 

some interesting implications which have not been considered previously. 

The msdting equation fo r  the one particle 

In  particular, one can define an entropy for  the electromagnetic field 

ai22 slam tha% it is a constant in time. 

antro.Qy of a radiation field will be the same as it is in the absence of 

radiation ~ n l y  if the field is completely coherent. 

%he 'Vlasov equation can aliey radiate coherently if there is initially no 

radiation present, 

It is quite easy t o  show that the 

Hence a plasma obeying 

The one particle a d  one oscillator distribution equations are derived in 

the nexk section. 

that these are conserved in time. 

incderelnce raises the en?xapy of the field, 

We then define tbe particle and f ie ld  entropies and show 

Finally, it is demonstrated that any 

1, E,  G. Harris, NRL, Repor-b 4944, May 17, 1957. 



11 The Equations _I_-I for bhe One-Particle and One-Oscillator UlstYibution Fumcl;ions 

Using l;he notation o f  i ie i t ler ,2  we expand the vector po8ential i n  a serizs 

_m 

of ortliogsnal vector functions which are periodic on sone surface bounding Our 

systems, Thus: 

and 
4 y 7 . A  = o  x 

We use the Coulomb gauge throughout t h i s  paper. 

Hamiltonian Tor the  complete system of charged pa r t i c l e s  and clectromgne ' i ic  

A s  show%?, by Hejtler ths 

f i e l d  is 

function o f  the system. 

t'ne N charged pa r t i c l e s  and of a l l  the coordinate3 and momenta of the f l e l d  

osc i l l a to r s .  

It i s  a function of all tine coordinates and momenta of 

It i s  %he probability density f n  the  infinitx? dimensional phase 

2 .  W, I-Ieitler, 'The Quantum Theory Radiation, 3rd Editian, Oxford: Clarendors 

2 
Press, 3 . 9 5 4 , T . T  
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space of the system. The rate of change of f " O0 is given by Liouville ' s  

equat i onJ 

It is customary in kinetic theory to speak of functions of position md 

velocity rather than fwlctions of position aad momentum, so before writing t h i s  

equation in detail we make this change of variables for the particles. Eq. (5) 

k,-+ In the usual way, an equation for f (q , v  ), the one-particle distrihut;ion k k  
th 

function f o r  the k 

oscillators and all the part.icles except the k 

particle m y  be found by integrating over all the field 

. Likewise an equation may tln 

A be found for f (q , p  >, 
These are found to be: 

) L A .  
the distribution function for the Xth field oscillator. 

;s 
i f k  
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and 

TI; i s  seen t ha t  these eyuakions involve fkyhy %he pair  distributi .on 

-th i , k  function f o r  'c'hle k pa r t i c l e  and X f i e l d  oszilJ.at;or, and f , the pair  
.L 
b2? 

th th dist r ibut ion function for the i and E; par t ic les .  Tne Vlasov equatioxl i s  

obtained by assurning thac a l l  pair correlations vanish and hence that: 

Substituting Eqs,  (9) irk0 Eqs.  ( 7 )  and ( 8 )  we find 

and 

(1.1) 

It i s  r e l a t ive ly  easy t o  show tha t  Eq. (10) reduces t o  the Collisionless 

Boltziann equation or Vlasov equation: 
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The inrpLications of Eq. (11) are ex&~ed  2in t h e  nex: scct~ion, IT shsxld be 

noted that Eo,, (la) actually represemhs a denmmerehle infiizit?y 02 eqda-';ions, m e  

for each oscillator. Likewise Eq. (10) actzal ly  ~ e p w m - ~ t o  W aqtrations, one 

for each part.ticle, 

the i n i t i a l  ensemble to interchanges between particles of like species reduces 

Eq. (10) to oll~: equaticln for each particbe species, 

In the l a t t e r  ease, %he usual, assumption of symmetry of 



111. Ekibropy -- of the  Radia%iioa Fie id  

The Z;elXl in dfx/bt  aLone vanishes i n  virtue of conservation of -to%al pznobabi.Lit;y. 

(YTote that each fx afi& each fk by .rii^t;ue of 3es proba3i l i ty  density iiricJerplPcL.2- 

t i on  must be nnxmalized t o  Lu?ityo) Zl;e remabizkg te-rm caa be rf6mittCn by 

substi tuting Pror?? Eq.  (11) and %Legrating by parts. Tne r e s u l %  is: 

The entropy of the pa r t i c l e  f ie ld ,  

3 of Eq. (12) as was shorn.. e a r l i e r  by Netacomb. 

(16 j 



IV- Ehtropy Change Due t o  Incoherence 
__I-- 

Suppose t ha t  i n i t i a l l y  all electromagnetic fields are  absent. I n  this  

case, a l l  the  osc i l la tors  have completely determined values of t h e i r  coordinates 

and canonical momenta, namely zero. The corresponding probabili ty dis t r ibut ion 

functions of the osc i l la tors  is then equal t o  a product of de l ta  functlons: 

(all A )  

If we subst i tute  Eq. (17) In Eq. (IS), we f ind immediately that 

Suppose now tha t  we exci te  an electromagnetic field but i n  a completely 

coherent fashion. 

coordinates aad momenta of each oscillator but t ha t  instead each osc i l l a to r  has 

a precise value f o r  i t s  p and g. 

frequency have a unique phase. We expect, i n  t h i s  case, t ha t  there  has Been 

no disorder created i n  the  oscillator system and t ha t  the entropy has remained 

unchanged. This i s  indeed the  case f o r  we can now write 

This m e a n s  t h a t  there is  not a probabi l i ty  spread of the 

I n  other language, a l l  photons of' a giuen 

where 5 and f3 are the precise values of the Ath o s c i l l a t o r ' s  coordinate and 

momentum. Upon subst i tut ion i n  Eq. (13) th i s  gives precisely the same r e su l t  

as in Eq. (18), 

A 

Now suppose that  there i s  some incoherence. A t r i v i a l  example w i l l  

dernons-brate t h a t  the  entropy i n  the f ie ld  w i l l  increase. Suppose that one 

osci l la tor ,  say the jth, has a probabi l i ty  spread of itx momenta, Say it has 

7 
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@ .  wi%h prababi i i ty  L/2 art& a+ 3 2 = y .  3 with equal probabili ty,  EO%? 
J 

Bence the entropy has increased over t ha t  f o r  a cojnpletely coherent radia.tion 

f i e ld .  

These considerations go through wl. th  some t r i v i a l  extensions if static 

external f i e l d s  are present or lginal ly ,  
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