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Ltae f u e l  concentration i n  a reactor composed of vortex tubes mast be 
rather How. The avail.abbe f u e l  concentrations are about one tenth of 
the ~ z ; ~ l t z l ~  values for  small, highly poisoned reactors., 
(and weights) of the vortex reactors %bus tend t o  be large, 

c r i t i c a l i t y  calculations bas therefore been done, with the amphasf3 on 
minimizing the reac'csr weight for a given fuel concentratinn, 
calculat ions have been carried out by P. G ,  Lafyatis, and w U %  be d i a -  

cussed i n  section 111 

T'ae critfci33 B ~ Z ~ S  

A serfes of 

These 

It waEi implicit3.y assumed i n  R e f .  l L b a t  SOIW compound of plul;onium, 
0% uranium, could be found, which could be held i n  gasesas form under the 
desired conditions. Rather  high concentrations of' fissiomb1.e material 
nust. be held a t  very high temperatures and under reducing condi t-fons, i f  

hydrogen is t o  be ueed as propellant. ?%ere is some doubt as to whether 

any material. can be found which. will. sa t , i a fy  these req~i renent~s ,  s ince the 
conpounds of uranium and plutonium which are stable B% high temperettwes 
are neitkm= very volatile ~ Q I -  very resistant t o  reduction by hydrogen. 
Trds prohiern w l U  be considered i n  section 111. 

'The fPsaiaLl4Kg Qf ma3ll.Kfl or pl~b~li1lm in "be voptbex hibee T d l l  pro- 
duce rather Large q u a n t i t i e s  of very radioactive fission products, 
these fiss.ion products are discbarged t o  the atmosphere eontamimt2on wXL.3.- 

rq~clt .  

high mc).r,E?ctaka.r wefghtr~a; t k r e  is some poss ib iP i ty  that a csnsidersble 
fraction of t h ~ e  produced w i l l  be held Pn the vortex tubes along with 
eh.2 fissionable material. A ca lcu la t ion  of the rat& of loss of the fission 
l"rzape~t% froin the vortex tt3x has been carried out by the methods used i n  
HeP, 1, arid wfE% be discussed -In st.,c.tion IV. 

If 

Bowever, s ince  the fission products will i r z  general Ictave rather 
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Introduction: - 
In the analys is  of vortex heating-separation tubes presented i n  X e f ,  1, 

i t  was assumed that the  f l o w  i n  %he vortex tube was laminar and inv isc id .  
It w a s  demonstrated tbt, f o r  laminar flow, viscous effects would not; pre- 

vent the formation of vo r t i ce s  of su f f i c ixn t  s t rength  t o  give the desired 

separat ion.  
(based on tube diameter and tangential veloc i ty)  of the  flow i s  very large, 
there i s  a p o s s i b i l i t y  of obtaining laminar flov because of the l a rge  den- 

sity @adient5 produced by the ac t ion  of the vortex f i e l d  on the  heavy 
f i s s ionab le  gas. 

maintain laminar f l o w ,  there seems Lo be l i t t l e  p o s s i b i l i t y  of obtaining 
vo r t i ce s  of adequate Btrength i n  the simple tube described in .  Ref. 1. 

It; was also point,& out that even though the Reynolds' nimber 

Rowever, i f  th i s  s t a b i l i z i n g  e f f e c t  i s  not sufficient t o  

Accordingly, a method of improving the effect iveness  of vortex form- 
t i o n  has  been considered. 
number of the wall shear layer, by bleeding f l u i d  though  
t o  the extent that it w i l l  remain 3.wina.r. The viscous e f f e c t s  on the 

vortex s t rength  w i l l  then be predictable ,  and much smaller than they would 
be i f  the  shear l a y e r  were tmbu.len%. 

The e s s e n t i a l  idea i s  t o  reduce the  Reynolds' 
porous wall ,  

A11 of the  f l u i d  which i s  bled from the vortex tube through i t s  porous 
wa3.1 must be returned t o  the conditions a t  the entrance t o  the  inlet  
nozzles, and recycled, at least f o r  rocket, propulsion appl icat ions.  
seems possible  t o  do t h i s  by means of a gas turbine cycle  operating between 
the reac tor  as a heat source and %he fresh prapelRant as a heat sink. 

It is  l o g i c a l  t o  divide the  following discussion i n t o  two parts. 

It 

In 
%lie first,  the  influence of the perours w a n  bleed on the ve loc i ty  profile, 
vortex s t rength,  and r a d i a l  d i f fus ion ,  is considered. I n  the second, some 
methods of recycl ing the  bled fluid m e  discussed. 

- Influence of wax1 bleed on the vortex: 
It w a s  shown i n  R e f .  3. % k t  the t angen t i a l  momentum equation f o r  the 

vortex PLOW may be wr i t t en  as follows, i f  the Plow i s  kmimr:: 



-9- 

The: tangential velocity, voj is referred to the exit v e b c i t y  from the 

by the radius at which the Jets enter the tube (see Fig. I)* /?is the 

radial mass f l o w  rateg and is posStFve for inward flow, 
assumed fn writing Eq. (2) that p ie constmt.  
tion of I.L would e o m p l l c a b  wte following amItyaie greatXy, and would not 
change the resLzZts sfgnifiesnt2.y. 

dens%ed by K p  mamxres the importance of v9acsus effects in the  vortex, 

If" %she absolute value of K is l a r g e B  viscouss forces pre~omimGe; if it 
fa  ~illltjU, SnertiaS forces pe@lomfna%* Tbe o o h t i o n  of Eq. (3.) may be 
writLen as 

,. 
Y fa&& nozzEes, v and the radiuhl has been made dimansiuxiLess by divieion. J 

Xt has been 
Incbusion of the varia- 

From Eq, it is elear that the quantity 2Tph2 which wtP2 be 

is posttive, while In %be outer region (r' > 91, K 1s negative. 

boundary conditions are &o follows: 

Appropriate 

1, %e: velocity must be continuous at r p  = 1, 
2. !Bx torque exwted an the exterior regLon by t he  i n t e r io r  region, 

3 .  
4, 

The ve1oci"cy mast be zero at the %&e wa3.l. 
The torque exetrted on the fluid in the tube, by the entering 

The East two condftfons are sufficient to syecify the flow in the outer regionp 
since the h a t  condition effective2,y determines v at P" 1. "2le first two 

condftlons would then determine tbe f l o w  1.n the inner regions but; this in- 

PormLion W S X L  n ~ %  be needed in the foU.,cwing analysis. 

0 

AppXying tlm Chfrd 

boundary condition we findL, 
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F i g . { ,  Withdrawal of f lu id  through Porous Wal l .  
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where r' ea the value of r' corresponding t o  the tube radius .  The f o w t h  x 
cor,dlit;ian gives 
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Fig 2 Variation of Ef fect iveness of Vortex Fkr-  

mation, v o ( i )  /v, , w i t h  Bleed to Radia l  Mass  Flow Ratio, 
mb /m, ,and Dimensionless Tube Rad ius  r w .  
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Now the ve loc i ty  r a t i o ,  v /v (1) may be given as a funct ion of (rw - I-)/&* = 

(r; '-- rl)rw/&". 

the Blasius and asymptotic auct ion p r o f i l e s  i n  t h i s  fashion i n  Fig. 3. It 
appears that the  vortex tube p r o f i l e  i s  very close t o  the p l a t e  suction 
prafiie, a p a r t  from a scale factor which r e s u l t s  f roa the  finite blmit i n  
the above d e f i n i t t o n  of 8". 
shear l ayer ,  i t s  c r i t i c a l  Reynolds' number would be slightly grea te r  than 

5 0.7~10 . It w i n  be show i n  the next sect ion t h a t  the! influence of the 

w a l l  bleed on the heavy gas is  such as t o  produce an appreciab3.e positive 

dens i ty  gradient  i n  the d i r ec t ion  of increasing r'. 
i n  combination w i t h  the r a d i a l  force f i e l d  produced by  the vortex, w i l l  tend 
t o  s t a b i l i z e  the shew layer, hence it is  concluded that, t h e  c r i t i c a l  
Reynolds' number will be somewbt greater than 10 ., 

0 0  
A t yp ica l  vortex tabe shear b y e r  p r o f i l e  i s  compared t o  

Thus, i f  the dens i ty  were constant through the 

Such a densi ty  gradient ,  

5 

Ratios of 6" t o  the tube radius ,  c o q y t e d  from Eq, (6), are shown i n  
It is c l e a r  that bleeding reduces tk d.ispl.acemnent thickness  Fig.  4 .  

markedly, f d r  fixed rc0 
near unity,  @/rw is  very m a r ~ y  equal to .., K ri. 

!The signif icance of the above val,ues w i l l .  be best illustrated by an  
example. 
found t o  be: 

w e  f i n d  the  following values: 

In fact, for K suff fcient3.y small , and I-; not too 

From Table I> p. GI.., Ref e 1, the Reynolds' number f o r  case 2 5.8 

Thus, 6 Re =: 7.38~10 (&"/s ) 9  f u r  a tube r ad ius  of one inch. 
W 

-0 (I Q2 -0 * 81. -0.005 -0 001 

l e 4x105 Q.96xX05 0 38~10~ 0 .74~10  4 2 .Ox10 

If the RL above estimate of 10 5 f o r  Recr  f s  val id ,  the shear l a y e r  should be 

s t a b i l i z e d  by a mass flow ratio (bleed t o  radial) of about uni ty ,  
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Veloci ty Profile with Blosius and Asymptotic Flat Plate 
Suction Profi les. 
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Fig.5. Model Used for Calculation of E f f e c t  of Wal l  Bleed 
on V o r t e x  Di f fusion. 
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This equation is l imar ,  and hence int,zgrable; however, the general s o l u t i o n  
is qulte involved because the coefficient, of w/w 
other hand, It i s  expected that w/wb will be close to unity i n  the eases of 
intereet. 

first approximation. 

is complicated. On the b 

may be taken as unity i n  Z;ne last term, to a In this case w/w b 
The in teg-a t ion  is then. easy and yields, 

- w 1 - - -  
b w 

I I 

where 

Acesrdirig to the e s t i m k a  glven in the previous; sections, K must be of 
order - 0.01 if t h e  shear l.ayer i s  t o  be stabilized, and t h i s  g9vcs 

@&pql = - 0.67, for the example quoted previously. 
consldered in Ref. 1, CY is abaut, ., 100. 

l..args pos-ftive numbers, all. terms of EQ. (12) except the last are negl ig ib~e  

for  r' appreciably Leas t'rran r o o  

!i%w, far the  cases 

Since - a and - l / K  are then 

WE: therefore find, w 



G 
P 

s a t i s f a c t o r y ,  

The twc devices which 9;rB to be proposed for this purpose w e  esd3anti.etY2.y 
heat; enginas, their energy sowce being fa both cwee  the heat picked up by 
the bled fluid during i t B  residence within the vosp%ex tube, rand the-fr net 
work supp$ying %he desired total pressure rise, Any heat engine mu& 
 eject a ccmaiderabls f r a ~ t ; i ~ n  ~f its Input energy, as heat, at  ~ o m e  tempera- 
ture below t h a t  of fts heat source. 

rocket applfeation, tha% no external heat si& is available, 80 that a n  of 

It wilX be atmmed, for  the $resen% 



t h i s  heat muat be rejected to the p r o p e l h n t .  Sfncc %he propelkmt car 

only be raised 8ome temperature b z l ~ w  t h a t  of the f l u i d  entering the 
vortex tubes, i t s  heat capacity i s  I.imited, and the t o t a l  pressure s l se  
vhicb. can be obtained is therefore  a l so  limited. 
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Fig. 6 .  Schematic of Gas-Turbine Driven Recirculation 
System. 
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Fig, 8. Variation of Maximum Dimensionless Heat  
Exchanger Enthalpy Rise with Turbine Out let Tempera- 
ture, fur Hydrogen. 



A s  5s shown i n  Fig. 9 ,  the  temperature r a t i o  required fo r  the m.ss flim 

ratios from I.]+ t o  1.5 i s  about 2.0. 

important l imi t a t ion  on the system unless i t  i s  so  low that it becomes 
impossible t o  c i r cu la t e  the mixture of propellant and fissionable mk-i .d  
through the vortex tube without i t s  temperature r a t h  exceeding t F e  l.ndi- 

cated valxe. 

This figure does not impose an 

Propellant turbine cycle: 
The second cycle which w i l l  be considered i s  one i n  which only ths 

through f low of propel lant  passes through the turbine. Such 8 scheme i s  
shown i n  Fig. 10. The propellant i s  pressurized by a pump, picks up heat 

from the c i r cu la t ing  fluid, then expands through t'ne turbine and passes 
in to  the vortex tubes, The rec i rcu la t ing  f l u i d  passes through. the  heat 
exchanger and compressor only. 

Using the  same ootat ion as fo r  the gas turbine cycle,  we m u s t  have, 

,Z&Th = 1 I 5)  [ 22 3 

The energy balance f o r  the  pumpI turbine,  and compressar i s  

where Th i s  the temperature of the c i rcu la t ing  f l u i d  enter ing the heat  
exchanger. The energy balance f o r  the  heat exchanger gives, 



- 2 9 -  

UNCLASSIFIED 

3.4 

3.0 

2.6 

2.2 

1.8 

1.4 

1 

Fig.9. Vortex Tube Temperature Rat ios Re- 
quired by Gas-Turbine Recirculation Systems. 
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Fig. to. §thematic of Propellant-Turbine Driven 
Recirculation System. 
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Introduction: 

The c r i t i c a l i t y  problem fo r  vortex reactors j.8 iznusw;. in that, the 
reactor weight i s  of extreme importance. 
on the performance of a rocket vehicle though. thc LhZ.mt,  to weight r a t i o  
of tFe rocket reactor, the c r i t i c a l i t y  requirement in a sew@ determines 
the s ize  of vehicle  t o  which a given rocket ~ e a c t w  2s applicable, 
vortex reactors are no% sea8ea'cll.e in the usua l  8wis.a. A c h a ~ a ~ t e r i s t f ~  
length has been introdueed by the neutron Grsnsgort processes. 

Because of the raYner Pow fissionable material concentrations a l l a w e d  
by the vmtex-separation process, the sizes and weights ST vortex reactors 
tend t o  be large, in the sense that the v ~ r t e x  react-o~ i s  suitable Tor 
very lwgc rocket vehicles 
the  reac tor  weight reduced, by increasing the presawe in tha vortex tubes, 

b u t  the containment problem is  then agptxvated. 
given vortex tube design,  i t  will generally be des i rab le  to select  the 

reactor confignxation so as to mininiize t'm reactor wefgbt, Thus, t,F? 
apprcach taken in the $resent c&cda%ions is  t o  wi~ninaize tbe  reaz",or veighk, 
by varying the reactor configuration, f o r  fixed vorkex tube desfgns, 
vortex tube designs which have been se l ec t ed  a8 examples are those $Ten in 

Table I, p. 61, of Ref e 1. 

In addf t ion  tu i t s  i n f k u m c e  

Thus3, 

The fuel  concentration can be i.;ncrcased, m d  

It. ap2eal-s that, f u r  a 

T k  

Since the ealculaCiona are ejr-ploratory, hence pwaxnet;ric I n  nat~srrr a 
simple two-gmupj two-region nuclear mode:: is used,, The reactm core j s  

assrrned %Q be a cyl-indrical. matrix o f  vortex tubes i n  pu re  rraoderatok', of 
diameter equal t o  the Length of" the tubes, 
th"leknesr; swrortnds the core on all sides. 

design, the characteristics of the reacf,sr are determined by %lie ref lector  
t h l c h e s s  and %he ratio of tube volume too total ,  core voQume, which w 5 l L  be 

called the moderator vaid f r a c t i o n .  

A b e r y l r i m  reflector of' unlSorm 
Thus, for. 8 given vortex tabe 

I)rfrivali.on a% BacPear Constants from Separation CaIxiiLation: 
Representative nuelear constants for the two-gisvap, twc-reginn c r i t i c a l i t y  

_p___-w 

calculations w e r e  derived from the examples; of Ref' .  1, Table I, as fs l . l .ows.  
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Fig. 13. Variation of Macroscopic Fission Crsss- 
Section with Product of Vortex Outlet Pressure and Maximum 
Value of Ratio of  Fuel Density to Propellant Density, for  
Typical  Vortex Reactors.  
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Fig. 14. Variation of Infinite Medium Multipli - 
cation Constant with Macroscopic Fission Cross-Section 
for Typical Vor tex Reactors. 



I n  choos-ng the nuclear constants f o r  the  fast neutron group, several 
simplifying assumptions were made. 

taken as unity,  and fast f i s s i o n  w a s  neglected. The cross sect ion f o r  
removal of neutrons from the fast  group t o  the thermal. group was taken 
as the diffusion coef f ic ien t  divided by the Fermi age t o  Indium resonance. 
The age t o  Indivm resonance was selected because of the high thermal neutron 
temperatures envisioned. 
aasumed t o  be those for pure moderator, corrected for the  void f rac t ion .  

The resonance escape probability was 

The fast d i f fus ion  coefffcient  and the age were 

Reactor code: 
"he code used f o r  computing the f u l l y  re f lec ted ,  cy l indr ica l   reactor^, 

consis ts  of a three group, three region, one dAmensiond code, modified to 
two-groups and two-regions fo r  t h i s  case, and a t'mee-dimensional reflector 

savings program. 
Ref. 3. 
able i n  the  literature, it wSl .1  be b r i e f ly  described here. 

The three group, three region code has; been described i n  
Since a descr ipt ion of the  r e f l e c t o r  savings program is not avail-  

MultipPication constants are computed, fa r  two series of reactors ,  one 
series consisting of side re f lec ted  cylinders w i t h  bare ends, the other of 
end re f lec ted  cylinders with bare sides. I n  each case the cross section i n  
the re f lec ted  dimension is  the  same as that of t he  Sully re f lec ted  reactor  
f o r  which the mult ipl icat ion is t o  be found. 
the  code determines the height and diameter, respect ively,  of the s lde  and 

end reflected cylinders of the  two series whLch have the same mu9tiplical;ian 
constant as a bare reactor  w i t h  th is  same 'heigbt and diameter. 
cat ion constant which i s  common t o  the  bare cylinder,  end re f lec ted  cyl.lndet- 
and a i d e  r e f l ec t ed  cylinder i s  then taken a8 the mult ipl icat ion constant fo r  
the f u l l y  r e f l ec t ed  cylinder,  

By an it;ei*a'civo procedwe? 

The mull ipl i -  

The i t e r a t i v e  procedure i s  as follows. A.&ight  is assumed f o r  the side 
re f lec ted  cylinder,  and i t s  mult ipl icat ion constant coquted ,  
of a bare reac tor  wZth the same height and mult ipl icat ion I s  then found. Ym 

mult ipl icat ion i s  then computed for an end reflected reactor  with tlzie d i a m e b r .  

Final ly ,  the height of 8 bare reactor with the same diameter and mul t ip l i ca t ion  

The difamel-,ar 
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where ( X )  is the partial pressure of X, i n  atmospheres, 
be r e - w i t t e n  as, 

Equation ( 2 )  may 

i s  the 
%,v 

If n is the total. f i s s ionable  material concentration, and 
concentration of plutonium a t  sa tma t ion ,  then we must lwve 

2 

i n  order t h a t  the plutonium shall not condense. 
dependent on the temperature, the equilibrium problem can be dcscrfbed 

i n  terms of the value of (HX) /(H2) which i s  necessaxy i n  order t o  
maintain a given totah f u e l  concentration, % J  at a given temperatuis. 

Tkde equilibrium constant i s  related t o  the free energy change o f  

the  reaction, Eq. (l.), by, 

Values of AF* have been given a t  298.16*K fo r  the reaction, 

Since npulv i s  only 

2 

log K = - AF'/RT rrr-(S) 
P 

*Xstl.mnated from vapor pressure data 
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ITI-Q, 8 )  

vhme I is t h e  moment of iner t ia  about, an axis perpendicular to the plane 1, 



and if D 6 
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Requirements imposed by vapor presswe and equi'p_lbrfum t: 

!The ratio of the square o f  the partial pressuse of IF t o  t h e  pm*tPa.l 
presrzilre of €& 

from '&e vapor pressure data o f  Fig, 20 and the values of K 
a%ove a 

all o f  tine fissionable material. may exla3 8% gaseous Pu, and nlza YuiF 
be stabilized: 

PuF 

required to s t B b i l i z e  t h i s  concentration of PLQ against reduction. Taese 
resultos are shorn i n  Fig. 23. 

Curves o f  concentration versus temperature a m  d m w u  for two kypfcai 
vortex configurations Each, requires a m:imm vailme af %tag [(1F12/~a2j] 
of abmt -- 0.6, hence (El?)*/(fi2) ,> 0.25* Now if (H2) j s  100 8tm, (Hi?) 9s 

5 a t m ,  and a mole f r ac t ion  of 13F of 0,05 3"s req-iiired to  s tab i l ize  the 

PuF The average molecular veight of the propellant. is tlnenx= ( 0 , 9 5 ) ( 2 )  

I- (Oe0f5) (20)  = 2,90, 

perccn?; 

required to prevent condensation of R.i, may be estimated L 3  
estimt;ed 

P 
It is c lew tha t  Eq. ( 3 1 tms no mealzing if n < n ~ ) ~ , ~ '  s ince  Y ~ e n  

need 3 

2 
(IF) is then zero. on the other hand, if n, > ?-,p)u,vl 8 vrne 2 

must be held in gaseous form, and. Eq, ( 3  1 gives the ratlo (IF) / (€I2) 3 
3 

10 

3 "  
The s p e c i f i c  impulse is thus reduced by ahma% 20 

1% m u ~ t  be borne i n  mind i n  consider ing the above examples tbf, t ; b  

influence of the vortex f ie ld ,  i n  separahing products and. rmcts.cts of 
khc reductiong %7 1 1 3  tend t o  increase the required concentzations of lip 

Also, higher concentrations w i n  be req:l<~ed if tke average fission~51e 
- 18 -3 ma.tePLak cancentration, n is t o  be increased bzysnd 30 em 2' 
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Fig. 23.  Concentrations of HF Required to M o i n -  
tain G i v e n  Total Fissionable Mater ia l  Concentration , os 
Function of Temperature. 
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SECTION 3N 

Fission Product Retention 
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W 



Nomenclature : 
The p r i n c i p l e  nota t ion  used i n  the analysis 3.s as fallows: 

effective hard sphere diameter f o r  co1TLisions between 

fissionable and propellant molecules, 

effective hard sphere diameter f o r  c o l l i s i o n s  between 

fission fragments and propel.lant rnolecKLes: 

d i f f u s i o n  parameter (Eq. (5) 9. 
Boltzmnn' s constant; e 

m s s  of propellant moleculee 

EELBG of L"isEtionablle molecule 

mean mass of fission fragment, 

tangectial. Mach number2 based on speed of soimil i.n l i g h t  gas, 

mass flow rate of propeL4an-k per unit length sf vortex tubeq 

molecular concentration of prspellawa-t, 

molecular concentration of fissionable gas, 

molecular concentration of fission fragments, 

total molecular cuncentratian. 

total pressure, 

radial coordinate. 

gas temperature 

d i f f u s i o n  ve loc i ty  of propellant. 

diffusion ve loc i ty  af fissionable gas 

d i f f u s i o n  veloci ty  of fission fragments (1 

mass avexaged velacit;y. 

r a t i o  OS densikies of fissionable and. p~ope3lan% gases. 



7 3 r a t i o  of specific heats for propellant. 

3 t o t a l  delzefty of gas mixture. 

6 1 neutron track length. 

Subscrip*s: 





* 

NOW u1/uOm fs found from 

w at %be vortex exit. M..so, 

... I. . 

. ..., 

Here Mtm is tbe tangential Weh number in %he vortex at the point sf 
maxiam w, 

By amlogy to Eq+ (24) of R e f  J p  we take 



fragments and propellant.  
or" Ref, 1, then 

Now i f  8) i s  the quantity defined by Eq. (21.1) 

and 

The cont inui ty  equation, Eq. (2), may alslo be m i t t e n  i n  dfmensisnless 
form, 

Eliminating u /u from this equation with Eq. ( 4 ) ,  w e  find 
3 Om 



and 

and write S as 



and a new time va r i ab le  i s  defined as 

& t /G> 

the  d i f f e r e n t i a l  equation takes  

where 

I 

t he  f i n a l  form, 

The p a r t i c u l a r  advantage of t h i s  form i s  that a11 of t h e  c o e f f i c i e n t s  

i n  t h e  equation are of order unity,  s ince  a l l  the  q u a n t i t i e s  wi th  a s t e r i s k s  
are uni ty  a t  a t  least  one po in t  i n  the  tube.  

Boerndwy conditions : 
The region of i n t e r e s t  extends from the tube e x i t ,  at I-:, t o  i t s  

periphery, a t  r*. 
that the mass f low of f i s s i o n  fragments must be zero. 
n m ( u  + u ) be zero a t  r*. 
w e  f i n d  from Eqs . ( k ) ,  ( 6 ) ,  and (7) 

A t  the periphery, the  physical boundary condition is 
P 

Thfs r equ i r e s  that 

Since n w i l l  i n  general not be zero a t  r*> 
P 3 P 3 3  0 3 
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