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A Mom CARLO IBTHOD aF CAlXlLATING "HE RESPONSE OF A POINT 
DETECTOR AT AN ARBITRARY POSITION II'?SIDE A 

CYL-ICAL SHIELD 

Abstract 

A Monte Carlo method of calculating the response of a 
point detector at 821 arb i t ra ry  posit ion inside a cyl indrical  
shield is described. 
obtain the maximum amount of information from each his tory 
and t o  minimize the s t a t i s t i c a l  error .  

The general procedure is developed t o  

The primary purpose of t h i s  report  is t o  describe a Monte Carlo method 

of calculating the response of a point detector located at  an arb i t ra ry  

position inside a cyl indrical  shield.  

instruct ive since several  techniques w i l l  be described t o  improve the 

s t a t i s t i c a l  estimates over the straight analogue procedure. 

the attempt has been t o  get the most out of each randomly generated pa r t i c l e  

history.  

The secondary purpose, however, is 

In general 

The approach taken in writing t h i s  report  is t o  the reader who is not 

too familiar with the Monte Carlo method; however, some basic knowledge is 

assumed. m e  reader who is thoroughly familiar with the many "tricks" em- 

ployed in  Monte Carlo calculations w i l l  f ind nothing new, although the 

application made of the techniques may be of some tnterest. 

In  t h i s  problem there is only in t e re s t  i n  the detector response r e su l t -  

ing from the radiation coming through the curved surface of the shield. 

The contribution t o  the detector response resu l t ing  from radiat ion coming 

through the end shields is assumed t o  be known or  t o  be computable. 
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In the par t icular  problem of in t e re s t  the radiat ion incident on the 

shield is uniformly dis t r ibuted over the outside surface, and the angular 

d i s t r ibu t ion  of the incident radiation will have cyl indrical  symmetry w i t h  

the  axis of symmetry p a r a l l e l  t o  the axis of the cylinder. 

cavity inside the shield is t o  be considered a void. 

In Fig. l a  cross section of the cyl indrical  shield is  shown. 

The cyl indr ica l  

If the 

c i rcu lar  ends of the shield are of suff ic ient  thickness, t, then the radfa- 

t i o n  entering the cavi ty  through the curved surface, A, B w i l l  be d is t r ibu ted  

almost uniformly over that surface. 

of the entering current over the surface A, B s implif ies  the problem t o  a 

considerable extent so it w i l l  be made here. The simplification leads t o  

considering the cylinder t o  be of i n f i n i t e  length i n  which case the contr i -  

bution t o  the radiat ion entering the cavity is the  same from each source 

element of area on the outside of the shield. In t h i s  case the incident 

radiat ion need be sampled a t ' o n l y  ohe point on the  outstde surface"md all 

penetrations in to  the cavity can be gathered t o  make up the angular dis-  

t r ibu t ion  of the current i n to  the cavity. 

procedure can be had by re fer r ing  t o  Fig. 2 where a cross section of the 

cylinder is  shown with three typica l  pa r t i c l e  penetrations i n  the cavi ty  re- 

su l t ing  from a source a t p o i n t  A. 

of the three par t ic les  and ro t a t e  and t r ans l a t e  them i n  such a way t h a t  the 

pa r t i c l e  paths have a comon point of intersect ion with the inside surface 

and i n  t h i s  way make up the angular d i s t r ibu t ion  of the entering current 

as shown i n  Fig. 3 .  

par t i c l e  passes through the surface is referred t o  a coordinate system 

w i t h  the normal t o  the surface a t  the point of passage as one of the 

W i n g  the assumption of uniformity 

A qua l i ta t ive  description of the 

The procedure is  then t o  take the coordinates 

In practice the direct ion a t  which the 
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Fig.  1 .  Cross Section of  Cylindrical Shield. 
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Fig. 2.  Cross Section o f  Cylindrical Shield Showing Three Typical 
Part ic le Penetrations into the Cavi ty.  
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Fig. 3. Cross Section of Cylindrical Shield Showing Angular Distr ibut ion 
of Three Typical Part ic le Penetrations into t he  Cavity. 
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Cartesian coordinates and axis of the cylinder as another. (This w i l l  be 

called the normal coordinate system in what follows.) No record is kept 

of its position relative to the source. 

The particle current into the cavity can be calculated as follows: 

where 

Eo = source energy of' the particles (MeV), 

where 

El = energy of the ith particle that passes into the cavity (Mev), 

ni(Ei)*= 1, 

nT(Eo) = total number of source particles, 

Ro = outside radius of the cylinder (cm), 

R = inside radius of the cylinder (em), 

T = particle current into the cavity at the inside surface 

normalized to one Source pwticle per cm2 at the outside 

surf ace. 

The energy current is given by 

R, 
7 

K = energy current into the cavztly at the inside surface normalized to 

unit source energy per cm2 8t the outside surface. 
%e function ni(Ei) is introduced to indicate the values of the paresneters 
associated with the ith particle at Lhe time it is counted. 
has the value one since it represents one particle. 

It always 
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The previous discussion appealed t o  the straight analogue technique 

f o r  i t s  understanding; however, improvement can be made on t h i s  simple 

method by s t a t i s t i c a l  estimation of the in tegra l  representation of the penetra- 

t ions  in to  the cavity. Consider the def ini t ion 

$(;,E,;)& = number of particles per uni t  so l id  angle about the 
--$ 

detector 

co l l i s ion  i n  the element of volume &. 
per uni t  energy a t  energy E after making a 

Then the rimer of par t ic les  penetrating the inside surface is  

where 
+ -+ 

S(0) = distance from posit ion r t o  the inside surface along the 
+ 

direct ionfl  , 
-4 

= ifn does not intercept the inside surface when extended, 

x t ( E )  = t o t a l  macroscopic cross section a t  energy E. 

Clearly an estimate of L is 

where 

E~.J = energy of the ith par t i c l e  after the jth col l is ion,  

Zij = the direct ion taken by the ith par t i c l e  a t e r  the 

jth col l is ion,  
3 
ri j  = the posit ion of the ith par t i c l e  at  the jth col l is ion,  

*&e footnote on page 4. 
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and L is normalized t o  one source pa r t i c l e  and kJ is  defined i n  the equation. 

To obtain the current i n to  the cavity solve 

where T is def b e d  as before. 

With t h i s  method of s t a t i s t i c a l  estimation m y  of the co l l i s ions  of 

each pas t ic le  h i s tory  w i l l  contribute t o  the estimate of T. 

t ha t  t h i s  will give a better e s t a t e  of T over the e s t a t e  given i n  

Eq. 1. 

It is obvious 

In pract ice  each value Lid i s  treated as a pa r t i c l e  penetrating in to  

the cavity and its coordinates =e obtained relative t o  t he  normal coordinates. 

It should be noted that i n  t h i s  scheme a pa r t i c l e  t ha t  passes through the  

inside surface during i ts  h is tory  does not make a contribution t o  T. 

An addi t ional  improvement can be had by l e t t i n g  the pa r t i c l e  s ca t t e r  

a t  every co l l i s ion  i n  i ts  his tory and weighting it accordhgly by i t s  prob- 

a b i l i t y  of survival. The survival  probabili ty i s  given by 

where 

% = energy of the pa r t i c l e  after the kth co l l i s ion ,  

Xs(%) = macroscopic sca t te r ing  cross section at  energy Ek, 

X T ( E ~ )  = macroscopic t o t a l  cross section a t  energy Ek, 

b+l = probabili ty of surviving the k + lSt col l i s ion .  

f 

.- 

.. 
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To include this process, rewrite Eq. 5 as follows: 

where 

wik = probabili ty tha t  the ith par t i c l e  w i l l  survive the  kth 

col l is ion,  

and Tij i s  defined i n  the equation. 

By referr ing each "fractional par t ic le"  T i j  t o  the normal coordinates 

and adding those tha t  enter a par t icular  so l id  angle and energy interval ,  

the  complete energy spectrum and angular d i s t r ibu t ion  of the current i n to  

the cavity can be obtained. 

The detector response at  a posit ion insidF the cavi ty  can be obtained 

by s t a t i s t i c a l  estimation of another in tegra l  which w i l l  be developed next. 

In t h i s  problem the  angular d i s t r ibu t ion  of the source radiat ion has 

cyl indrical  symmetry as s ta ted  before, and because of the source symmetry, 

the  angular d i s t r ibu t ion  of the radiat ion current i n to  the cavi ty  also 

has cf l indr ica l  symmetry. 

uniform over the inside surface of the cavity. 

the in tegra l  representation of the detector response is eas i ly  developed. 

In addition, it is  asgumed tha t  the current i s  

Using these two conditions 

The geometry and variables t o  be considered are shown i n  Fig. 4 which 
4 

represents the  cyl indrical  cavity i n  the shield.  

l ies along the normal t o  the surface a t  the element of surface area ds. 

addition, the following def ini t ions apply: 

In Fig, 4 the  vector BC 

In 

R = radius of the cavity, 
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F ig .  4. Coordinate System f o r  Determining the Detector Response in the Cavi ty  of a 
Cyl indr ica l  Shield.  
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h = length of the cavity, 

x = f rac t iona l  par t  of length h t o  th& plane containing the point of 

detection, 

a = radial distance t o  the point of detection, 

z = distance measured along the length of the cavity *om the plane 

containing the point of detection, 
-7 
r = vector from surface element ds t o  point of detection, 

LA3 = polar angle between the z direct ion and the vector r, 
+ 

= azimuthal angle about the z direct ion measured from the normal 

a t  the element of area ds, 
--b 

P(E,Z) = par t ic les  per unit so l id  angle i n  direct ion 12per uni t  energy 

a t  energy E per un i t  surface area, 

$(E) = response of the detector t o  a pa r t i c l e  with energy E. 

"he distance b and the angle 8 are  best described i n  Fig. 4. 

The detector response at  posit ion D i n  Fig. 4 i s  given by 

K{ E )P (E,&?)RdBdzdE 

r2 .  
, 

where integration is over only one half the  surface and multiplied by 2 t o  

give the t o t a l  detector response. Changing variables of integration, by l e t t i n g  

Z t an  0 = - - 
b 

and then using %he re la t ion  resin% = bz, Eq, 8 becomes 

( 9 )  



%E )P (E, ~ ) R d & W d E  . 
b 

The next s tep  is  t o  change the variable of integration from 8 t o  Id. 
Star t ing with the l a w  of sines 

by redudion  one obtains 

R a 

and d i f fe ren t ia t ion  of Eq. 12 gives 

(ctne ctn$ - 1)de = ,%. . 
s i n  pl 

Substi tuting in to  Eq. 13 for ctn# obtained from Eq. 12 gives the folloWing 

equattim a f t e r  some reduction: 

Using the relation ' 

Eq. 14 becomes 

.. 

. "  
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From the law of cosines one obtains 

b2 = R2 + a2 - 2aR cos0, 

which can be solved for  the cos0 and subst i tuted in to  Eq. 16 t o  obtain 

where b i s  a function of $ through the re la t ion  

a2 = R2 + b2 - 2Kb cos# 

or  

a 
R 

Now l e t  k = - and make the following def in i t ions :  

b2 = R cos$ + /k2 - s i n 2 y  i " 

where B1 and Be are defined i n  Eqs .  21 and 22. &king the definition 

h - P  - -  
R 

and using Eq. 18, one obtains f o r  Eq. 10 the following: 

(23) 

i. i 

- .  



Reduction can be obtained by using Eqs. 21 and 22 t o  give 

and 

Using Eqs. 25 and 26 i n  Eq. 24 gives 

I 

.- 
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where the integration is over 0neA.aI.f the d is t r ibu t ion  and is multiplied 

by 2 t o  give the complete contribution, 

M l t i p l y  numerator and denominator of Eq. 27 by sino) and remernber 

Then the s t a t i s t i c a l  
3 

P(E,A) s i n a d d d @ E  represents a number of par t ic les .  

estFmate of D is 

= 0 otherwise, 

= 0 otherwise, 

D($,p,k) = the detector respopse a t  posit ion located by the parmeters  X, 

p, and k and normalized t o  unit source strengthj'per u n i t  outside 

'Surface mea. 

Tbe quantity D i 3  ' is &fined in the equat im.  

Eq. 28 because Ti 

the absolute value appears on the variable' B i j  because of the cyl indrical  

symmetry of the dis t r ibut ion.  

The f&ctor 2 is removed i n  

gives  'an estimate of the complete 'curk;ant distr ' ibution and 
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With t h i s  method of computation the direct ion se la t fve  t o  the normal 

coordinates is est&liahed by the variables GI and &I as shown i n  Fig. 4. 

A s ingular i ty  appears i n  Eq. 28 vnen s i n  $is = B, which cannot be 

avoided. 

culate  a detector response when the problem l s  sfmplified by considering at  

least one dhens ion  t o  be in f in i t e .  

by defining the Q ' s  t o  h v e  the value one only if sin $,, L k (see Appendix A); 

however, unusual s t a t i s t i c a l  f luctuat ions i n  the  estimate of the current dis- 

t r ibu t ion  may still cause wide fluctuaB;ions i n  the estimate of D if s i n  

i s  close t o  the  value k too frequently, 

taneously the detector response at  various values of' k, keeping x and p 

constant, and t o  p lo t  the r e su l t s  t o  remove wdde variations.  It should be 

noted t h a t  it is  possible through Eq. 28 t o  f ind  the detector response f o r  

many d i f fe ren t  values of k, p, and x from a given set of values T i J .  

It is not unusual t o  find such a s ingular i ty  when t ry ing  t o  ca l -  

The i n f i n i t y  can be at least removed 

The best procedure i s  t o  solve simul- 

The def in i t ion  of the Q f s  indicate f o r  which values of k the best 

estimates of D m e  obtained. B t  is obvious t h a t  the smaller the value of k 

the f e w e r  values of T 

the  more values of TiJ that  w i l l  contrribute. 

possible t o  get an est-ta of the detector response. 

that wPll contrjibute, while the  larger the value of k %3 
In fact;, at k -- 0 it is not 

This means the 

response o f  the detector a t  k near zero should be obtained by another 

method. t o  ge t  812 estimate 

of P(E,O,$) as defined f o r  Eqo 27, plot t ing the r e su l t s ,  and numerically 

This can be done by gathering the values T i J  

performing the integration. For the case k = 0 Eq. 27 reduces t o  
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In this par t icular  problem there are many different source dis t r ibut ions 

f o r  which the detector response is  t o  be calculated; therefore, it is  better 

t o  solve a series of problems w i t h  a general source and integrate  the separate 

results t o  give the solution f o r  any par t icular  source. 

coordinate system is constructed at  an a rb i t r a ry  posit ion on the outside 

surface of the cylinder. 

the negative direct ion of a par t icular  incident pa r t i c l e  i n  that  coordinate 

system. 

of the cyl indrical  symmetry, thus, a general source that may be used is 

one that is monoenergetic with energy Qt md with a ' f b e d  PO& angle % 

but uniformly d is t r ibu ted  i n  the azimuthal angle$. 

of a par t icu lar  detector i s  then calculated f o r  a series of these general 

sources where the set of variables + and 

of in te res t .  

gives 

In Fig .  5 an x,y,z 

The polar angle a and azimuthal angle describe 

The incoming radiat ion w i l l  be independent of the angle f$ because 

The response D(x,p,k) 

are selected t o  span the range 

A smooth p lo t  of the r e su l t s  of these separate calculations 

D(x,p,k,a,E) = response of a detector located by the parameters 

x, p, and k, resulting from a uni t  source per unit 

outside surface area which has incident angle a and 

incident energy E and is  uniformly dis t r ibuted i n  the 

angle 31;. 
*fining the source as 

S(a,E) = incident par t ic les  per un i t  outside surface area per un i t  

so l id  angle i n  the negative direct ion a per uni t  energy a t  

energy E, 

t l l e  rhsponse f6'2 the source S(a,E) ' i s  o i t a d e d  by numerically 

performing the integral 
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Fig.5. Coordinate System f o r  the Radiation Source on the Outside 
Surface of a Cyl indrical Shield. 
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Same simplification can be achieved with a reduction i n  the nuniber of 

cases t o  be run if  fo r  each s e t  of T i j  the detector response is obtained 

for  a symmetrical pattern of detectors such t h a t  fo r  every detector response 

D(x,p,k,ae,Ee) one also obtains the response D(l-x,p,k,%,E,). 

symmetry of the si tuation Eq. 30 can be altered as follows: 

Then by the 

This means that the set of values ae picked 

span the interval 1 0 , $1 which reduces the 

for the general 

number of cases 

The variance on the estimate of D(x,p,k) is  given by 

where 

IIT = t o t a l  number of source par t ic les ,  

Di 3: D i J  . 
3 

cases need only 

by one half'. 



The variance on the estimate of T i s  given by 

where 

T i  = 4 7 T i j  

In conclusion a f e w  statements should be made about the coordinate 

system used. In general it i s  better t o  generate a h is tory  r e l a t ive  t o  

a fixed coordinate system which, i n  t h i s  case, s h a l l  be selected as the 

X, Y, Z coordinates shown i n  Fig. 6. Six  numbers are carried a t  a l l  times 

t o  characterize the path and posit ion of the state of the hi story.^ The nwn- 

bers are the three posit ion coordinates x, y, z of the  last co l l i s ion  

point and th$ tbree direct ton kosfnes a, B, 7 of the path after the  

co l l i s ion  w i t h  t h e  mspective,coorainates-X, Y, Z. 

der is infinitely long,, the coordinate z can be set equal t o  zero after 

Mow, because tlie d g l h -  

each co l l i s ion  since none of the probabi l i t ies  depend on tha t  coordinate; 

t h i s  avoids problems i n  scaling when coding the problem f o r  machine 

computation. 

Another point t o  be made i s  on the simplified way of handling a 

pa r t i c l e  t ha t  crosses in to  the cavity a t  some time i n  i t s  history.  

the cavity is  void, one need not calculate  any attenuation. 

because of the symmetry and because the  absolute value of 

i n  Eq. 28, it i s  only necessary t o  determine the point a t  which the pa r t i c l e  

Since 

In adattion, 

is used 
is 

leaves the inside surface with direct ion cosines a, f3, y ,  reassign the 

direct ion cosines as -a, -@, 7,and have it reenter  the shield a t  the point 

.. 
.- 

. -  

. *  

of ex i t .  
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Fig. 6. Fixed Coordinate System for Tracking Random Par t ic le  
Histories in a Cylindrical Shield. 



Appendix A - 
Ma,ximum Error Intraduced bx Removing 

Singulsri ty I in.%. 28 - 
In Eq. 28 there appears a s ingular i ty  that can be removed if Q is 

defined t o  have the  value one if 

0 5  s i n  /#ij/ f k 6 ,  (34 1 

where 0 L k ,L 1. An upper l i m i t  t o  the e r ror  introduced can be had if 

P ( E ~  is expanded i n  

Now subs t i tu te  Eq. 35 

a ser ies  as 

in to  Eq. 27, assume the cylinder t o  be i n f i n i t e l y  

long, replace the upper l i m i t  of the integral over the # variable by 

sin-%k, and make the transformation 

t o  obtain 

sing = k S i n 9  

n=O n=O 

which c lear ly  shows the dependence of D on the value of 6.  The correct 

value of D is  obtained if  6 = 1. Thus the f r ac t iona l  e r ro r  is 
3 -n-1 J d 2  

&(E$) r (1 - k2 sin*+) d?b 

-1 

d 
0 n=O 

-20- 
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%obta in  an upper limit of t h i s  f rac t iona l  e r ror  note tha t  

Using these inequal i t ies  gives an upper l i m i t  t o  the f rac t iona l  e r ror  

of 

Set t ing the e r ro r  a t  0.01 and picking the  maximum value of j as 5' 

gives the value of 6 as 

which gives a maximum value fo r  the fac tor  i n  Eq. 28 as 


