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* -  

SUMMARY 

The background work on t h e  dynamics and c o n t r o l  o f  

the S u p e r c r i t i c a l  Water Reactor descr ibed i n  ORNL-1177 is 

summarized here w i t h  emphasis on t h e  de te rmina t ion  of  the  

s e l f  o r  inherent  s t a b i l i t y  of  t h e  machine. Var ia t ions  i n  

water dens i ty  a r e  found t o  provide a s u b s t a n t i a l  amount of 

self r e g u l a t i o n ,  and the r e a c t o r  appears q u i t e  amenable t o  

c o n t r o l  undar s teady  condi t ions  

The use of a f l u i d  which undergoes a s ix-fold ex- 
pansion i n  passing through t h e  r e a c t o r  f o r  both moderating 

and cool ing makes necessary a more e l a b o r a t e  t rea tment  of 

the hydrodynamic behavior of t h i s  f l u i d  than  is usua l ,  

The equat ions o f  motion o f  t h e  system a r e  der ived and 

s i m p l i f i e d  by l i n e a r i z a t i o n ,  t hus  l i m i t i n g  the  v a l i d i t y  of 

the r e s u l t s  t o  t h e  case of small  depar tures  from equi l ibr i tun,  

The r e s u l t i n g  p a r t i a l  d i f f e r e n t i a l  equat ions a r e  then t r a n s -  

formed by a v a r i a t i o n a l  procedure i n t o  a system of  f i rs t  

order ,  ordinary d i f f e r e n t i a l  equat ions , The time responses 

t o  some d is turbances  of  i n t e r e s t  a r e  then  determined. E i g h t  

major r e a c t o r  pe r iods ,  all stable,  have been found, Thei r  

values are: 

0,110 sec., 0,0189 see , ,  0,0087 sec , ,  and 0,0045 sec ,  

5.4 min., 21.9 see,, 1.60 s e e o ,  0.646 sec., 



6. 

The v a r i a t i o n a l  method devised f o r  t h i s  p a r t i c u l a r  

problem should be of  gene ra l  i n t e r e s t  i n  t h e  f i e l d  o f  re -  

a c t o r  c o n t r o l e  

, 

' 



In t roduc t ion  

The work descr ibed i n  t h i s  r e p o r t  was c a r r i e d  out a s  

p a r t  of t h e  f e a s i b i l i t y  study (ORNL-1177) of a s u p e r c r i t i -  

ea1  water r e a c t o r  (SCWR) f o r  u s e  i n  nuclear  propuls ion of 

a i r c r a f t .  The ob jec t  of t h i s  work was t o  study t h e  dyna- 

mio behavior of a p a r t i c u l a r  des ign  of s u p e r c r i t i c a l  water 

r e a c t o r .  Numerical r e s u l t s  are presented i n  Appendix I. 

The basic r e a c t o r  conf igu ra t ion  considered h e r e i n  i s  

descr ibed i n  the  next s ec t ion .  Also  i n  t h a t  sec t ion ,  t h e  

i d e a l i z a t i o n s  of t he  a c t u a l  phys ica l  system which were 

made f o r  computational reasons, a r e  discussed.  I n  Sec t ion  

2 the equat ions  desc r ib ing  t h e  i d e a l i z e d  system a r e  der iv-  

ed. The i n t r i c a t e  and s t rong  i n t e r a c t i o n  of t h e  flow and 

f i s s i o n  a s p e c t s  of t h e  SCWR w i l l  be seen by a considera- 

t i o n  of these equat ions.  

It i s  because of t he  complex and st rong i n t e r a c t i o n  

of f i s s i o n  and water systems t h a t  t h e  c a l c u l a t i o n s  repor t -  

ed h e r e i n  a r e  more tedfous  and complicated t h a n  normal i n  

the  r e a c t o r  f i e l d .  These computations are descr ibed i n  

Sec t ions  3 through 5 below. The mathematical processes  

used i n  these  s e c t i o n s  a r e  of gene ra l  a p p l i c a b i l i t y ,  even 



a.  

though they are  descr ibed  i n  r e spec t  t o  t h e  s p e c i f i c  prob- 

lem of the  SCWR. 

Sec t ion  6 i s  concerned wi th  cons ide ra t ion  of a simpler 

r e a c t o r  model so  a s  t o  obtain. i n s i g h t  i n t o  t h e  behavior  o f  

t h e  va r ious  components of“ t h e  SCWR and so as  t o  compute the  

e f f e c t s  of‘ some des ign  changes on t h e  dynamics of SCWR. 



c 

The SCWR under cons ide ra t ion  h e r e i n  i s  a r e a c t o r  w i t h  

uranium-bearing s t a i n l e s s  s t e e l  f u e l  elements (ORNL-1177, 

page 39) cooled, moderated, and r e f l e c t e d  wi th  water a t  

s u p e r - c r i t i c a l  p ressures .  The water e n t e r s  t h e  r e a c t o r  a t  

a temperature below c r i t i c a l  and leaves  with a temperature 

above c r i t i c a l .  The r e l evan t  opera t ing  c h a r a c t e r i s t i c s  of 

t h e  r e a c t o r  a r e  given i n  Appendixes I1 and 111. 

Water en te r ing  t h e  r e a c t o r  i s  s p l i t  i n t o  two s t reams - 
one t o  t h e  moderator region and t h e  o t h e r  d i r e c t l y  t o  t h e  

f u e l  elements, which a r e  immersed i n  the  moderating water.  

The r e l a t i v e  propor t ion  of water en te r ing  t h e s e  streams i s  

a d j u s t a b l e  s o  as  t o  o b t a i n  shim c o n t r o l .  

passes through the  moderating reg ion  i s  mixed wi th  t h e  

stream flowing d i r e c t l y  t o  the  f u e l  elements a t  the  en t rance  

t o  t h e  f u e l  elements. Thus, a l l  water leaving the  r e a c t o r  

first flows through t h e  f u e l  elements. 

The water which 

The f u e l  elements a r e  a l l  t h e  same and a r e  uniform a- 

long t h e i r  l eng th ,  

i n d r i c a l  symmetry i n  such a manner a s  t o  cause each element 

These elements are  d i s t r i b u t e d  w i t h  cy l -  
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t o  genera te  nearly t h e  same power. 

The water e n t e r i n g  t h e  r e a c t o r  comes v i a  a pump from 

t h e  condensers, passes  through t h e  thermal sh i e ld  before  en- 

t e r i n g  the r eac to r ,  and f i n a l l y  e x i t s  i n t o  a steam t u r b i n e .  

The system descr ibed above i s  i d e a l i z e d  i n  s e v e r a l  

ways -- f o r  t h e  neutronics ,  f o r  t he  flow, and for t h e  extern-  

a l  system. The i n l e t  to t h e  r e a c t o r  i s  taken  t o  be a con- 

s t a n t  pressure,  constant  temperature source of water. The 

o u t l e t  i s  considered t o  be a cons tan t  pressure  r e c e i v e r .  

I n  s tudying t h e  water flow through t h e  reactor, t h e  

case i n  which a l l  t h e  water flows f i rs t  through the moderat- 

ing  reg ion  and then  i n t o  t h e  f u e l  tubes  5 s  considered.  The 

pressure  i n  t h e  moderating reg ion  i s  assumed constant  (equal 

t o  t h e  i n l e t  pressure). 

i s  discussed i n  ORNL-1177, page 101). I n  add i t ion ,  the  water 

i n  t h e  moderating reg ion  i s  assumed well s t i r r e d ,  so t h a t  i t  

has  uniform p r o p e r t i e s  and so t h a t  t h e  water leav ing  the mod- 

e r a t i n g  r eg ion  has  t h e  same p r o p e r t i e s  a s  t he  water t h e r e i n .  

The v a l i d i t y  of t h i s  approximation 

The f u e l  t ubes  a r e  a19 assumed t o  have i d e n t i c a l  longi- 

t u d i n a l  power d i s t r i b u t i o n s ,  s o  t h a t  one may cons ider  t h e  

f l o w  and thermodynamic c h a r a c t e r i s t i c s  of t h e  cooling st reams 

t o  be the  same f o r  a l l  streams, I n  e f f e c t ,  t h e  group of a l l  



cool ing  streams i s  considered a s  a s i n g l e  e n t i t y .  T h i s  i dea l -  

i z e d  flow system i s  p ic tured  schemat ica l ly  i n  Figure 1. 

I n  s tudying t h e  neut ronics  of t h e  r e a c t o r ,  t h e  two-group 

d i f f u s i o n  theory  approximation i s  used. This i s  a r e l a t i v e l y  

a c c u r a t e  approximation f o r  dynamic cons idera t ions  i n  a water 

moderated r e a c t o r .  Two groups of delayed neutrons a r e  consid- 

ered. The f u e l  elements a r e  considered t o  be d i s t r i b u t e d  ra ther  

than  d i s c r e t e .  The d i s t r i b u t i o n  i n  t h e  r a d i a l  d i r e c t i o n  (per-  

pendicular  t o  t h e  axis  of r o t a t i o n a l  symmetry of t h e  system) i s  

SO chosen t h a t  t h e  power d e n s i t y  pe r  u n i t  uranium mass is  uni- 

orm i n  t h e  r a d i a l  d i rec t ion .*  This  impl ies  t h a t  t h e  therma \ u t r o n  f l u x  i s  cons tan t  i n  t h e  r ad ia l  d i r ec t ion .  No end r 0 
f l e c t o r s  are  considered,  s o  t h a t  t h e  f l u x  v a r i e s  s i n u s o i d a l l y  

i n  t h e  long i tud ina l  d i r e c t i o n ,  vanishing a t  t h e  ex t rapola ted  

8 I n  a c t u a l i t y  t h e  core i s  heterogeneous due t o  the discrete- 
ness of t h e  f u e l  elements, and t h e  degree of he te rogenei ty  var- 
i e s  wi th  d i s t a n c e  from t h e  c o r e  axis ,  The main e f f e c t  of t h i s  
coarseness  of s t r u c t u r e  on t h e  dynamics of t h e  r e a c t o r  occurs  
when t h e  f u e l  elements a r e  f u r t h e r  a p a r t  than about one d i f fu -  
s i o n  l eng th  o f  thermal neutrons i n  t h e  moderator. For then  t h e  
moderator absorbs an  important f r a c t i o n  of moderated neutrons 
over  and above what i t  would absorb i n  a homogeneous co re ,  be- 
f o r e  they  d i f f u s e  i n t o  t h e  f u e l  element. An inc rease  i n  power 
causes a decrease i n  moderator water d e n s i t y  and an i n c r e a s e  i n  
i t s  temperature. Both of t h e s e  e f f e c t s  tend t o  i n c r e a s e  t h e  
thermal d i f f u s i o n  l e n g t h  and permit more neutron absorp t ions  by 
f u e l  elements, t h u s  inc reas ing  t h e  r e a c t i v i t y ,  This u n s t a b i l i z -  
i n g  e f f e c t  of coarseness  i s  not inclilded i n  t h i s  r e p o r t ,  Calcu- 
l a t i o n s  i n d i c a t e  t h a t  t h e  magnitude of t h i s  e f f e c t  i s  about l / 5  
as  l a r g e  as  t h e  concomitant s t a b i l i z i n g  d e n s i t y  change. 
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end po in t s  of t h e  f u e l  elements. The displacement of water 

by f u e l  elements i s  taken  i n t o  account only by using t h e  

c o r r e c t  average dens i ty  f o r  t h e  water.  The o u t e r  boundary 

of t h e  r e f l e c t o r  i s  assumed t o  be a cy l inder .  The re levant  

steady d t a t e  neutron data i s  given i n  Appendix 11. 

Fur ther  cons idera t ions  a r e  necessary r e l a t i v e  t o  t h e  

t r a n s f e r  of t h e  heat l i b e r a t e d  i n  t h e  f i s s i o n  process  t o  t h e  

cool ing and moderating water. Most of t he  heat  of f i s s i o n  

appears  d i r e c t l y  i n  t h e  f u e l  elements as  arising from k i n e t i c  

energy of Pij3sion fragments and a l s o  of beta  decay p a r t i c l e s .  

I n  addi t ion ,  some gamma heat ing appears  d i r e c t l y  i n  the f u e l  

elements,  I n  consider ing the dynamics, t he  i r o n  i s  assumed 

t o  be cooled only by the  cool ing water. 

The remainder of t h e  gamma ray heat ing and a l l  of t h e  

k i n e t i c  energy lost by neutrons slowing down i s  assumed t o  

heat  the  moderating water.  

I n  eva lua t ing  the e f f e c t  of water dens i ty  and tempera- 

t u r e  changes on t h e  neutron behavior of the r eac to r ,  average 

water d e n s i t i e s  and temperatures  a r e  used a s  i f  uniform 

throughout t h e  r eac to r .  



Sect ion  2, DERIVATION OF EQUATIONS 

The conservat ion equations f o r  thermal neutrons and de- 

layed neutron emitters a r e  given below, w i t h  t h e  approxima- 

t i o n  t h a t  t ime taken f o r  f i s s i o n  01- delayed neutrons t o  slow 

down may be neglected compared t o  t h e  thermal l i f e t i m e .  I n  

a d d i t i o n ,  s i n c e  t h i s  i s  a two-group theory ,  t h e  d i f f e r e n c e  

i n  slowing down d i s t r i b u t i o n s  of delayed and f i s s i o n  n e u t r o n s  

i s  neglected,  Yhen with t h e  assumed uniform d e n s i t y  water 

and t h e  v a r i a b l e  d e n s i t y  f u e l  t h e  equations a r e  given by: 

an 

f = 1,2 

These equations a r e  sub jec t  t o  t h e  boundary condi t ions  t h a t  

n ( g )  vanishes  a t  t h e  ex t rapola ted  boundary and that Kf(r2rf) - -  

(2.25.) 



vanishes  when r ( o r  X I )  r e f e r s  t o  t h e  ex t rapola ted  boundaries.  

The symbols used a r e  def ined below. 

c r =  

t =  

n =  

ci - 
P i  = 

- 

8 =  
hi = 

T =  

Y =  

w =  

p o s i t i o n  vector ,  

time, 

no. of thermal neutrons pe r  u n i t  volume, 

no. of i ' t h  delayed neutron e m i t t e r s  per  u n i t  volume, 

f r a c t i o n  of f i s s i o n  neutrons which come from t h e  i ' t h  
delayed neutron emi t te r ,  

ZP, , 
r ec ip roca l  mean l i f e  of t h e  i ' t h  delayed neutron emi t te r ,  

no. of neutrons r e s u l t i n g  from t h e  absorpt ions of one 
neutron by f u e l  (s teel-uranium mixture) ,  

r ec ip roca l  mean l i f e  of a thermal neutron f o r  absorp t ion  
by f u e l ,  

r ec ip roca l  mean l i f e  of a thermal neutron f o r  absorp t ion  
by water, 

= thermal d i f f u s i o n  l eng th  i n  t h e  water, 

= slowing down length  i n  t he  r e a c t o r .  
5 3  

af 

O f  t hese  q u a n t i t i e s ,  n, ci, and y vary w i t h  position; t h e  re-  

mainder a r e  independent of x. 
I n  equat ion (l), t h e  express ion  (1-p)qyn +GXici 1 

rep resen t s  t h e  instantaneous source dens i ty  of fas t  neutrons, 
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both prompt and delayed. 

t h e  slow neutron source d e n s i t y .  The term (y+wiCss>n r e p r e s e n t s  

t h e  slow neutron sink d e n s i t y  by both abso rp t ion  i n  f u e l  and 

Thus Kff(l-f3)qyn + Zh lcJ  r e p r e s e n t s  
i 

water and by leakage. S i m i l a r l y  i n  equat ion (21, is t h e  

loss d e n s i t y  of delayed neutron e m i t t e r s  by decay and Biqyn i s  

t h e  source d e n s i t y  v i a  f i s s i o n ,  
The conserva t ion  equat ion f o r  Xe 135 is 

where 

X = atomic d e n s i t y  of Xe, 

I 

bn = source d e n s i t y  o f  X e  atoms d i r e c t l y  f r o m  f i s s i o n ,  

h 

= source d e n s i t y  of Xe atoms v i a  decay of  I 155 , 

= r e c i p r o c a l  mean decay t i m e  o f  Xe, 

= product of  neutron Taelociity and X e  absorp t ion  c m s s  s e c t i o n  
x 
I 

"Ox 
averaged over t he  thermal neutron spectrum. 

According t o  t h e  bas l c  i d e a l i s e d  flow system p ic tu red  i n  

F igure  1, water of constant  temperature and d e n s i t y  e n t e r s  t h e  

moderating chamber, is heated, well  st imecl,  and passes  out intci 

i d e n t i c a l  coo l ing  streams each having a Plow area  A/". The con- 
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_. a:' I ,  

! A  - 

s e r v a t i o n  of mass i n  t he  moderating chamber r e q u i r e s  t h a t  

where 

V 

Pm 

= volume of  moderating chamber, 

= average d e n s i t y  of moderating water, 

= mass flow d e n s i t y  a t  t h e  i n l e t  of  t h e  f u e l  tube,  

= t o t a l  mass flow i n t o  moderating chamber. 

g ( 0 )  

Ag6 

The energy conserva t ion  equat ion f o r  t h e  moderating re -  

g ion  can be w r i t t e n  a s  

d d 

dt dt 
v - (pmum) = v - (p*hm) 

where 

urn = average s p e c i f i c  ( p e r  u n i t  mass) i n t e r n a l  energy 

= s p e c i f i c  enthalpy of the water en te r ing  t h e  mod- 

of t h e  moderating water, 

hO 

hm 

e r a t i n g  region, 

= average s p e c i f i c  enthalpy of t h e  moderating water, 

PmUm = P m m  h -P09 



= pressure  of  the  moderating water; assumed cons tan t ,  

= t o t a l  power i n t o  t h e  moderating water, coming f r o m  
Po 

q m  
neutron heat ing,  y-ray heat ing,  and conduction heat-  

ing- discussed below. 

By t h e  assumption o f  good mixing i n  t h e  moderating r e -  

gion,pm, urn, and hm a r e  t h e  uniform va lues  o f  dens i ty ,  energy, 

and enthalpy throughout t h e  moderator, except f o r  a small. re- 

g i o n  a t  t h e  i n l e t .  

For t h e  cooling streams, t h e  equat ions for conserva t ion  

o f  mass, momentum, and energy, are now wri t ten:  

where p , g, p, h are t h e  dens i ty ,  mass flow dens i ty ,  p re s su re  

and s p e c i f i c  enthalpy o f  t h e  water i n  the cool ing stream. 

T = temperature o f  t h e  water, 

8 = temperature of' t h e  s t e e l  (coolring stream wall), 

I_ Bgm = t h e  f r i c t i o n  pressure  drop  p e r  uni?; length,  

P 
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J 

H = gvF(e + T). 

Here H i s  t h e  t o t a l  heat  t r a n s f e r  c o e f f i c i e n t  per u n i t  l eng th  

along the  coolant  stream d i r e c t i o n .  I n  the  d e r i v a t i o n  of 

Eq. 2 .8  e x p l i c i t  use  i s  made of t he  previously mentioned assump- 

t i o n  t h a t  a l l  heat  en te r ing  t h e  cool ing streams comes from the  

s t e e l .  
a g a  

at p a z  

Equation (2 .8 )  

I n  equat ions ( 2 . 7 )  and (2.8) t h e  expression - + - -  
i s  simply t h e  t o t a l  t i m e  d e r i v a t i v e -  d ; i . e .  t h e  r a t e  of change 

d t  
of a proper ty  of t h e  f l u i d  a s  it moves along.  

can be der ived by s t a r t i n g  w i t h  

du H d 1  - o (e-T) - - p’- - 
dt A f  dt P 

where t h e  second term on t h e  r igh t  i s  t h e  f l o w  power. 

now, h = u + p/p, and rep lac ing  p-.- - by - - - - - 
dt P dt p p dt 

equat ion (2.8) r e s u l t s .  

Using 
d 1  d P 1 d P  

9 

Connecting t h e  moderator equat ions wi th  t h e  coolant  equa- 

t i o n s  a r e  t h e  condi t ions  

1 

2 
P, = P(0) + - g 2 ( 0 ) / p ( o )  (2.11) 



20. 

Equation (2 .11)  g i v e s  t h e  pressure  change according t o  

B e r n o u l l i ' s  equat ion.  

pansion of t h e  water a c r o s s  t h e  i n t e r f a c e  i s  neglected.  

Fur ther ,  t h e r e  e x i s t s  a t  t h e  e x i t  end of t h e  coolant  stream 

t h e  boundary condi t ion  o f  a cons tan t  pressure  (p,) r eg ion  

of l a r g e  ex ten t  i n t o  which t h e  coolant  flows. 

I n  equat ion (2.10), t h e  a d i a b a t i c  ex- 

I n  t h e  equat ion f o r  t h e  steel .  temperature '-*'@the small  
c 

drop i n  telqgerature wi th in  t h e  f u e l  element from c e n t e r  t o  

wal l  is neglected s ince  t h e  nq jo r  hea t  block a r i s e s  from t h e  
i38 

a t  
s t e e l  t o  water f i l m  drop. 

where 

Thus C - = 91 - ( @ - T ) H  (2,131 

qI = t h e  t o t a l  power i n t o  all of t h e  s t e e l  p e r  u n i t  

l eng th  along t h e  coolant  flow d i r e c t i o n .  

6 = t h e  t o t a l  heat  capac i ty  of  t h e  s t e e l  p e r  u n i t  

l eng th  along the  coolant  stream. 

The i n t e r a c t i o n  between t h e  neut ronics  and t h e  f l o w  i s  

now discussed .  F i r s t  i s  considered t h e  e f f e c t  of t h e  neutron- 

6 1 ~ s  on t h e  flow (computations of qm and qI). 

t h e  flow or: t h e  neut ronics  i s  t r e a t e d  later. 

The e f f e c t  of' 
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The moderating water i s  heated by neutrons, gamma rays,  

conduction of hea t  from t h e  f u e l  tubes,  and conduction of 

hea t  from t h e  p res su re  s h e l l  and thermal s h i e l d .  The heat  

t r ansmi t t ed  t o  moderator v i a  neutrons and much of t h e  heat  

t r ansmi t t ed  t o  the  moderator v i a  gamma rays appears  i n  t he  

moderator almost immediately (times less than  o r  of t h e  o rde r  

of  t h e  neutron l i f e t i m e ) .  

gammas. The remainder of the  gamma ray  heat ing,  (which comes 

from gammas emit ted by the  f i s s i o n  products) ,  t h e  conduction 

hea t ing  from f u e l  tubes,  and t h e  hea t  from pressure  s h e l L a n d  

thermal sh i e ld ,  appears  only a t  t imes long compared wi th  t h e  

neutron l i f e t i m e .  I n  the  computations descr ibed below, t h e  

s t a b i l i z i n g  i n f  h e n c e  of t h e  delayed-moderator hea t ing  i s  

neglected.  Q u a n t i t a t i v e l y ,  t h i s  neglec t  i n f luences  t h e  bebhv- 

i o r  of t h e  r e a c t o r  i n  t he  first second a f t e r  a d i s turbance  

very s l i gh t ly ,  whereas it  underest imates  t h e  eventual  s tab i l -  

i z i n g  in f luence  of t h e  moderator on t h e  r e a c t o r .  

T h i s  i s  a l s o  t r u e  of t h e  cap tu re  

The i r o n  i s  heated by the  k i n e t i c  energy o f  t he  f i s s i o n  

fragments and t h a t  p o r t i o n  of t h e  prompt gammas, delayed 

gammas, and capture  gammas, which a r e  absorbed i n  t h e  i r o n .  

I n  studying t h e  dynamics, t h e  changes i n  delayed gamma hea t ing  

a r e  neglected.  
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Because of t h e  assumption of a wel l  s t i r r e d  moderator, 

a l l  t h a t  i s  needed i s  t h e  t o t a l  heat i n t o  t h e  moderator. For 

t h e  heat i n t o  the  i ron ,  it i s  necessary t o  know not only t h e  

t o t a l  amount but:.also t h e  d i s t r i b u t i o n .  The d i s t r i b u t i o n  of 

d i r e c t  f i s s i o n  hea t ing  i s  e a s i l y  computed, A computation of 

t he  gamma heat ing  d i s t r i b u t i o n  i s  somewhat more d i f f i c u l t .  

Since t h i s  gamma hea t ing  i s  a small. f r a c t i o n  of t h e  t o t a l  

heat ing,  f o r  convenience i t  was taken  a s  uniformly d i s t r i b u t e d  

i n  t h e  i r o n .  Appendix I V  con ta ins  a l l  gamma heat ing  and neu- 

t r o n  r e s u l t s ,  

z I n  accordance with t he  above remarks we have 

q,fndr qm 

where qm 

propor t iona l  t o  t h e  t o t a l  power its i s  evidenced by equat ion 

i s  t h e  prompt hea t ing  of t h e  moderator and i.s 

(2.15). 

Fur the r  

(2.14) 



where qln i s  t h e  d i r e c t  f i s s i o n  heat*, being propor t iona l  t o  

t h e  l o c a l  power, and q2jndr  - i s  t h e  gamma hea t ing  (assumed prompt). 

The e f f e c t s  of t h e  f l o w  system on t h e  neutron system is  i m -  

p l i c i t l y  contained i n  equations ( 2 . 1 )  and (2 .2 )  where t h e  para- 

meters v ,  y ,  w, as and af a re  func t ions  of t h e  temperature and 

dens i ty  of t h e  water. In  t h e  pvaluat ion of t h e s e  parameters, a 

s i n g l e  average water d e n s i t y  and a s i n g l e  average water tempera- 

t u r e  f o r  moderating and cool ing water i s  used. I n  a d d i t i o n ,  t h e  

thermal neutrons a r e  charac te r ized  by a temperature equal t o  t h e  

average water temperature. I n  accordance w i t h  t h e s e  remarks w e  

- write: 
VZU n =  n 

where vo = number of f i s s i o n  neutrons r e s u l t i n g  from t h e  ab= 
sorp t ion  of one neutron i n  uranium, 

- 
vfx = product of neutron v e l o c i t y  and absorp t ion  cross-  

s e c t i o n  of uranium per  u n i t  volume, averaged over 
t h e  t h e r m a l  neutron spectrum, 

*In t h e  product qln, t h e  f a c t o r  n i s  t o  be  viewed a s  a func t ion  
of z only. This i s  l e g i t i m a t e  because n i s  r a d i a l l y  f l a t  i n  
t h e  core. -‘ .*.a*- .. - 



- 
vEI = same f o r  i ron ,  
- 
va,X = same f o r  xenon. 

where 

= average mass d e n s i t y  of a11 water i n  t h e  reactor 

(moderator and fue l - tube  water) ,  

- 
v c ’  = product of  neutron velocity and water absorp- 

tion c ross - sec t ion  p e r  u n i t  volume, averaged over 

the thermal neutron spectrum, when t h e  water den- 

S i t y  i s  & and i s  a function o f  t h e  neutron temp- 

e r a t u r e  5, 
a: = thermal d i f f u s i o n  le3ngth o f  neutrons i n  water of 

d e n s i t y  poand i s  a f u n c t i o n  or’ t h e  neutron temp- 

a t u r e  T, 
- 

( 2 . 2 0 )  

(2.21) 



= fas t  diffusrbon length  i n  water of density po, 

and i s  p r a c t i c a l l y  independent of neutron 
af 

temperature 5. 

The average water density i s  given by 

P "  
V + AL 

and t he  neutron temperature i s  taken  a s  the  average temp- 

e r a t u r e  of' t h e  water. 

( 2 . 2 2 )  

( 2 . 2 3 )  
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Sec t ion  3 .  THE LINEARIZED SYSTEM 

The equat ions of motion of t he  system a s  presented i n  

the  preceding s e c t i o n  a r e  non-l inear  p a r t i a l  d i f f e r e n t i a l  

equat ions.  The only gene ra l  method of s o l u t i o n  is one of 

numerical i n t e g r a t i o n .  Such a process  i s  not  j u s t i f i e d  f o r  

t h e  problem under cons ide ra t iono  Rather, if cons ide ra t ions  

a r e  l i m i t e d  to only small  depaptures  of t he  system from i t s  

s teady s ta te  (equi l ibr ium)  conf igura t ion ,  a much e a s i e r  

mathematical problem r e s u l t s .  T h i s  i s  t h e  s o l u t i o n  of l i n -  

ea r i zed  equat ions ,  

It should be pointed out t h a t  s t a b i l i t y  of t h e  system 

under small  oscillations as  considered here i s  a necessary 

condi t ion  f o r  t h e  s t a b i l i t y  of t h e  system, On the other 

hand, such s t a b i l i t y  under small  o s c i l l a t i o n s  fs not s u f f i c -  

i e n t  t o  a s su re  s t a b i l i t y  of t h e  system, s ince  t h e  p o s s i b i l i t y  

of large unstable o s c i l l a t i o n s  c h a r a c t e r i s t i c  of non-l inear  

systems i s  not ru led  o u t ,  Such l a r g e  ose iEJa t ions  which can 

exist wi th in  a system s t a b l e  f o r  small oscillations are more 

appropr i a t e ly  p a r t  of the study of poss ib l e  acc iden t s  t h a n  

p a r t  of t he  s tudy of s t a b i l i t y  and r e a c t o r  dynamics, 

ra te ,  t h i s  type  of d i f f i c u l t y  i s  not considered f u r t h e r  in 

A t  any 



t h i s  r epor t .  

Such l i n e a r i z e d  equat ions a r i s e  from t h e  equat ions of 

Sec t ion  2 by the  fol lowing procedure. 

ing i n  the  equations,  except t h e  p o s i t i o n  and t i m e ,  i s  ex- 

pressed a s  t h e  sum of i t s  equi l ibr ium o r  s teady  s t a t e  value 

xo and i t s  depar ture  from t h i s  equi l ibr ium value, X I .  Each 

term i n  t h e  equat ion being l i n e a r i z e d  i s  expanded i n  a Taylor 

s e r i e s  i n  t h e  va r ious  q u a n t i t i e s  X I .  I n  such expansions, t he  

constant  and l i n e a r  terms a r e  considered, a l l  o t h e r  terms be- 

ing  neglected.  The cons tan t  terms by themselves g ive  r i se  t o  

Each v a r i a b l e  x occur- 

e condi t ions  f o r  an  equi l ibr ium conf igura t ion .  The l i n e a r  

rms then  desc r ibe  t h e  small o s c i l l a t i o n s  about equi l ibr ium. 
i 

The higher o rde r  terms which w e  neglected a r e  important f o r  

l a rge  o s c i l l a t i o n s .  

A few i l l u s t r a t i v e  examples of t he  l i n e a r i z a t i o n  pro- 

c e s s  a r e  g iven  i n  Table 3.1, 
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Before wr i t ing  down t h e  l i n e a r i z e d  equat ions a s  obtained from 

t h e  non-l inear ized equat ions of Section22, it i s  u s e f u l  t o  in- 

d i c a t e  e x p l i c i t l y  t he  b a s i c  v a r i a b l e s  and how such q u a n t i t i e s  

a s q , y , w ,  e t c .  a r e  r e l a t e d  t d  them. I n  t h i s  manner, t h e  var- 

i ous  p a r t i a l  d e r i v a t i v e s  a r i s i n g  i n  t h e  l i n e a r i z a t i o n  process  

a r e  made s p e c i f i c .  

The fundamental v a r i a b l e s  a r e  ,E, the  p o s i t i o n  i n  t h e  re -  

a c t o r  ( o r  z, the  p o s i t i o n  along a f u e l  tube)  and t, the  t ime.  

The bas i c  thermodynamic v a r i a b l e s  a r e  pm(t),  p ( z , t ) ,  p ( z , t ) ,  

and B(z , t ) ;  while n ( r , t )  i s  t h e  bas i c  neutron v a r i a b l e . .  Other 

q u a n t i t i e s  will be considered a s  func t ions  of  t hese  v a r i a b l e s  

e i t h e r  d i r e c t l y  o r  i n d i r e c t l y  a s  t abu la t ed  below, where t h e  

q u a n t i t y  i n  ques t ion  i s  an  e x p l i c i t  func t ion  of t h e  v a r i a b l e s  

o r  q u a n t i t i e s  i n s i d e  t h e  parentheses .  

( t h i s  n e g l e c t s  small  e f f e c t  of  
p ressure  changes) 

* This assumes independent of  temperature. For  our  oper- 
a t i n g  p o i n t ,  i t  i s  approximately t r u e  f o r  xenono 

.?_. - 



The l i n e a r i z e d  equat ions a r e  now w r i t t e n .  



+ A[hogot - hmogt(o) I  

which may be combined t o  e l imina te  got t hus  ob ta in ing  

From Eq, (2.6) 

ap t / a t  = - agt/az 
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From Eq ,  (2.13) the re  r e s u l t s "  

0 0 - J~ g f  - J~ et 
(3 .9 )  

It is a l s o  necessary t o  l i n e a r i z e  the  boundary condi- 
t ions as expressed i n  Eqs, (2.10) - (2.12) This y i e l d s  

In the above equations the n o t a t i o n  fx = af/ax has 

been used. e * Q *  *far E aKf/~af0 

* In  equat ion (3 .9 ) ,  t he  quantity n f  i n  the product q,nt  
is  t o  be regarded as the radial  value of nl(r,e) and i s  
thus a func t ion  of z only. Such a t reatment  is  requi red  
f o r  a rnanagable ca l cu la t ion ,  and maintains t h e  i d e n t i c a l  
treatment of t h e  many f u e l  tubes. 



Sec t ion  4 .  THE VARIATIONAL PRINCIPLE AND THE A D J O I N T  EQ U A T I O N S  

The l i n e a r i z e d  p a r t i a l  d i f f e r e n t i a l  equat ions  der ived  

above can be a t t acked  by a study of t h e  normal modes. It 

i s  to be remembered t h a t  a normal mode i s  a s o l u t i o n  of the 

equat ions of rpotion, having the c o r r e c t  boundary condi t ions ,  

f o r  which a l l  dependent v a r i a b l e s  (n, ci, x, p , e t c . ) ,  say 

f, have the  t i m e  dependence &;e!. For such a normal mode, t h e  

ope ra to r  i s  equivalent  t o  m u l t i p l i c a t i o n  by A ,  Fnr ther ,  

a s  long a s  c o e f f i c i e n t s  1x1 the equat ions do not e x p l i c i t l y  

con ta in  t h e  t i m e ,  any s o l u t i o n s  may be expanded i n  a s e r i e s  

of normal modes w i t h  t i m e  independent c o e f f i c i e n t s .  

a 

I f  i n  equat ions  (3e1)- (3.g) ,  a / a t  i s  replaced by h 

t h e r e  r e s u l t s  a set  of equat ions  which toge the r  wi th  t h e  

boundary condi t ions  will have a s o l u t i o n  only f o r  c e r t a i n  

va lues  of t h e  r e c i p r o c a l  per iod A .  If the  real p a r t  of h 

i s  negat ive  f o r  all roo t s ,  the system i s  s t a b l e .  I n  the  

work below, the emphasis c e n t e r s  on f ind ing  t h e  va lues  of A .  
: 

A v a r i a t i o n a l  p r i n c i p l e  i s  a good way t o  o b t a i n  approx- 

imate eigenvalues  i n  complex p_rdblems. Below, a v a r i a t i o n a l  

p r i n c i p l e  f o r  A is  cons t ruc ted  and t h e  3 ’ s  evaluated by choos- 

ing s u i t a b l e  t r i a l  func t ions ,  

8 

(Unfortupately t h e  v a r i a t i o n a l  

p r i n c i p l e  of Rayleigh cannot be used, s ince  the problem under 
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consideration does not  have self adjoint equations of motion) 

Let N, Ci, X, R,,R,P, G, 8 ,  be functions such that the ex- 

press ion 

h (JNndz + xi/Cicidz +/Xxd?; + R,p, +/Rpdz 

+ JPpdz + /Ggdz + J W d z )  

=/N[Kf(l-f3)qy - y - wXS]OnT 
+ C.h. 1 1  /NKfoci' dz -/N(yXn)Ox' dz 

+ [V(hm-ho+p h Rm{/qn On'dz + A (  ho-hm)'gT ( 0 )  
m mf'm 
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- I R a g v / a z  dz +IG(Bgm/p 2 0  ) p'dz +/G(g 2 / p  2 0  ) ap ' /az  dz 

+ 2gap-'/a~)~g?dz -1 m-1  - /G(mBp g 

- /G( g/ploagq/az dz - /Gapq/az dz 

+ j P [ ( J  T /A - g~-'ap/az)/(ph~-l~]~p' dz 
T P  

+ JP[(p-'ap/az + J g / A  - ah/az)/(ph - 1 ) ] O g '  dz 
P 

has t h e  pyoperty t h a t  t h e  first varLa t ion ,  6X9 of ?L vanfshes 

for a r b i t r a r y  v a r i a t i o n s  

c i o n s ,  of the dependent v a r i a b l e s  n ,  c i s  e t c ,  about t h e i r  

c o r r e c t  values and a l so  f o r  arbitrary variations c o n s i s t e n t  

with t h e  boundary condi t ions  of t h e  a d j o b t  var izb: !  2s N, C i s  

e t@,  about their c o r r e c t  values ,  This latter r 'p  ,:frernent is 

consistent; withtthc boundary condi- 

*See foo tno te  on Page 3 3 .  

~.*Wt 1 
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e s s e n t i a l l y  automatic from t h e  manner of cons t ruc t ion  of (bel). 

Consideration of v a r i a t i o n s  6n' of n f  e t c .  w i l l  g ive  t h e  r equ i r -  

ed equations t o  b e  s a t i s f i e d  by t h e  a d j o i n t  v a r i a b l e s ,  t oge the r  

w i t h  t h e  necessary boundary condi t ions .  I n  t h e  fol lowing eval- 

ua t ion  of 6h f o r  v a r i a t i o n s  6n')  6ci ) e tc . ,  proper account of 

t h e  boundary condi t ions  (3.10) - (3 .12)  i s  included. Also, a l l  

? 

(4.18) 

t 
d e r i v a t i v e s  of 6 n f ,  6ci , e t c , ,  a r e  e l iminated by p a r t i a l  i n t e -  

g r a t i o n ,  There r e s u l t s  

dh(JNn'd?; + ..... + / @ B '  dz)  

= J6n{-hN + [(l-p)vyKf - y - XSw]ON 

+ Zi(Xici/n)O Ci + (b-vaxx)' X 

+ [V(h,-ho + p h 

- 

-1 0 I"] 9, R, + (ql/C) Q m *P, 

+ Q2 J (  B/C)dz ] + EiJ6ci( -hCi+hiKfoN - hiCi)dT 
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+ ydp(-hP + aG/az)dr - AGp(L)G(L)  + Adp(O)G(O) 

This mammoth expression g ives  d i r e c t l y  t h e  equat ions 

s a t i s f i e d  by t h e  a d j o i n t  v a r i a b l e s  a s  fo l lows  from t h e  re -  

marks t h a t  dh must vanish f o r  a r b i t r a r y  dn, dci, t i p ,  ... e t c . ,  

sub jec t  t o  t h e  boundary condi t ions ,  

r e s t r i c t  t h e  v a r i a t i o n s  dp(o) ,  d p ( o ) ,  d g ( o ) ,  &p(L),  d p ( L ) ,  

6g(L). I n  f a c t  it i s  seen from (3.10) t h a t  6 p ( o )  = tip,. 

The equat ions f o r  t h e  a d j o i n t  func t ions  a r e  now w r i t t e n .  

The boundary condi t ions  

hCi = AiKfoN - hiCi 

The Rm equation (4 ,5)  involves  t h e  boundary condi t ions  

+-Nm 
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The remaining tdrms  inc luding  t h o s e  af (4.5) a r e  bound- 

a r y  terms and r e s u l t  i n  t h e  fo l lowing  type o f  er;::atfon, 



If a l l  t h e  6's appearing h e r e  were independent, each { 
would have t o  vanish and seven equat ions would r e s u l t ,  

Because of t h e  t h r e e  boundary condi t ions  (3.10, 3.11, 
3,121, however, only f o u r  equations r e s u l t .  The j u s t  

mentioned boundary condi t ions  g ive  

] 

which when s u b s t i t u t e d  i n  t h e  preceding equation r e s u l t s  i n  
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may now be s e t  equal t o  zero. 

The o t h e r  
b ,  c9 d Each of t h e s e {  la, 

The equation { }a = 0 i s  w r i t t e n  a s  equation (4.5).  

t h r e e  g ive  t h e  remaining ad j o i n t  boundary condi t ions  
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Sect ion  5 o  Trial  Functions and t h e  Matrix 

I n  t h e  preceding s e c t i o n  it has been shown how t o  s e l -  

eiit a d j o i n t  v a r i a b l e s  such t h a t  (b.1) i s  a s t a t i o n a r y  express- 

ion  €or  h.  This means t h a t  t h e  e r r o r  i n  h as  determined from 

(4.1) v a r i e s  as t h e  product of t h e  e r r o r s  i n  t h e  dependent 

va r i ab le s  and t h e  a d j o i n t  va r i ab le s ,  Thus one method of ob- 

t a i n i n g  an  e s t ima te  of h i s  t o  guess a t  values  f o r  t h e  depend- 

en t  and a d j o i n t  va r i ab le s ,  

as used i n  t h i s  work i s  discussed i n  t h i s  s ec t ion ,  

The method of making such a guess 

If t h e  r e a c t o r  i s  imagined t o  ope ra t e  s l i g h t l y  away from 

i t s  equi l ibr ium conf igura t ion  because of some s o r t  of weak d i s -  

turbance,  t h e  power i s  expected t o  change i n  magnitude but  

hard ly  a t  a l l  i n  shape. That i s ,  it i s  expected t h a t  t h e  neu- 

t r o n  dens i ty  i s  simply mul t ip l i ed  by a p o s i t i o n  independent 

f a c t o r .  This behavior  of a r e a c t o r  f o l l o w s  from t h e  r e l a t i v e -  

l y  weak coupling of power and r e a c t i v i t y ,  considered toge the r  

w i t h  t h e  s t r o n g  damping of t h e  o t h e r  poss ib l e  space d i s t r i b u -  

t i o n s  of neutronso 

The above cons idera t ions  i n d i c a t e  t h a t  t h e  neutron f l u x  

v a r i a t i o n ,  n * ,  will have t h e  same form as t h e  f lux ,  nop  i o e o 9  

n' = c ( t ) n o  f o r  some space independent c o e f f i c i e n t  c ( t ) ,  

i l a r l y  N = C ( t ) N o  where No i s  t h e  a d j o i n t  neutron flux,, 

Sim- 

The 
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a d j o i n t  f l u x  has no t  been discussed i n  t h e  above, bu t  c l e a r l y  

it e x i s t s  s i n c e  t h e  neutron equat ions a r e  l i n e a r  i n  t h e  varia- 

b l e s  n and ci. 

i s  

Thus t h e  equation f o r  no f r o m  (2 .1 )  and (2 .2 )  

0 0  0 -- (KfTy)'n0 - (y+wdp,) n 

whence 

This may be compared w i t h  ( 4 , 2 )  and ( 4 e 3 )  i n  t h e  case  where 

X = 0 and a l l  v a r i a b l e s  but N and  Ci a r e  s e t  equal  eo z e r o o  

A s o l u t i o n  of (5*1) i s  given by 

The remaining t r i a l  func t ions  may now be obtafned as 

fol lows,  Ignore t h e  Ant and t h e  A N  equations and u s e  

nP = nop N = No i n  t h e  remaining equations t o  f i n d  t h e  de- 

pindent and a d j o i n t  v a r i a b l e s ,  Once a l l  t h e  va r i ab le s  are 

determined i n  such a manner, equat ion ( k O X )  r e s u l t s  in a 

value f o r  h ,  

This procedure may be i n t e r p r e t e d  a s  f O l l O W 5 ,  For 

slow changes i n  N and n t h e  o the r  v a r i a b l e s  will a t  any 

i n s t a n t  of t ime have n e a r l y  t h e  equi l ibr ium valbes  they  

would a t t a i n  i f  n '  and N suddenly became cons tan tc  It is  

t h e s e  equi l ibr ivm values  t h a t  a r e  computed, Thus t h e  pro- 
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cedure ou t l ined  should give t h e  longest  r e a c t o r  pe r iod ,  

This s o r t  of approach i s  analogous t o  t h e  w e l l  known 

Rayleigh v a r i a t i o n a l  p r i n c i p l e ,  It can be modified i n  a 

manner s i m i l a r  t o  t h a t  appl ied  by R i t z  t o  t h e  Rayleigh 

p r i n c i p l e ,  That i s ,  t r i a l  func t ions  a r e  used which depend 

on a s e t  of  parameters and then the  r e s u l t a n t  A ,  c a l cu la t ed  

from (4.l) i s  made s t a t i o n a r y  with r e spec t  t o  t h e  parameters ,  

This procedure g ives  as many r o o t s  h a s  the re  a r e  p a r m e t e r s ,  

each roo t  corresponding t o  a normal mode. If t h e  form o f  t h e  

t r i a l  func t ions  i s  wisely chosen then  t h e  r e s u l t i n g  normal 

modes can adequately r ep resen t  t h e  time behavior o f  t h e  sys -  

tem. 

One caut ion i s  necessary i n  t h e  formation o f  P para-  

meter-dependent s e t  o f  t r i a l  func t ions ;  namely, t he  boundary 

condi t ions must be s a t i s f i e d  f o r  a l l  values  o f  t he  parameters.  

This problem e n t e r s  e s p e c i a l l y  i n  t h e  treatment of t h e  hydro- 

dynamics o f  t h e  system, 

X q  order t o  t ake  separa te  account ( i n  the  t r i a l  func- 

t i o n s )  of t h e  e f f e c t s  of hea t ing  o f  t h e  moderating water and 

t h e  hea t ing  o f  t h e  f u e l  tube ,  t h e  fol lowing two s e t s  of  func- 

t i o n s  a r e  def ined ,  and are c a l l e d  Mode I s o l u t i o n s  and Mode I1 

s o l u t i o n s  of t h e  l i n e a r i z e d  equat ions ,  
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Pm (l) 9 P  (I), g(1 )9  8") s a t i s f y  equations ( 3 0 k )  t o  

(3,12) with  n v  = no equation ( 3 0 9 )  and n '  = 0 i n  equation 

.$ -9% 

Mode I ( h e a t i n g  of t h e  f u e l  tube  only)  

(3.4) o S i m i l a r l y  Rm (1) R(l) 9 9 ,(1)$ @(1) satisfy 

Eqs. (4 .5)  t o  (k.12)  wi th  N-No i n  &qo ( b e 6 )  and N=O in Eq. 

( 4 0 5 )  o 

Mode I1 (hea t ing  of moderator water only)  

The v a r i a b l e s  a r e  ind ica t ed  w i t h  a s u p e r s c r i p t  as 

p ( 2 ) p  and a re  def ined as a r e  t h e  Mode I func t ions  except 

that 

n '  = 0 i n  Eqo ( ? , 9 )  ; 

N = 0 i n  Eq, (4.6) 

nv = no i n  Eqo (7.4) 

N = N i n  Eq. (4 .5)  0 

The t r i a l  func t ions  a r e  given i n  AppendSx V o  

I n  accordance wi th  t h e s e  remarks, t h e  t r i a l  fur ic t ions 

a r e  taken t o  be: 
0 nv = uln 

0 cl'= 

0 c29= u p 2  

NV = UINo 



When t h e s e  t r i a l  f u n c t i o n s  a r e  i n s e r t e d  i n t o  Equa- 

t i o n  ( 4 * l )  t h e r e  r e s u l t s  an expression of t h e  form 

The condi t ion t h a t  A be s t a t i o n a r y  for v a r i a t i o n  of t h e  Ui 

l e a d s  t o  

I n  order  t h a t  t h i s  equat ion be s o l v a b l e  f o r  t h e  u t h e  de- 
j 9  

t erminan t equat ion 

I M - h m I  = 

must be s a t i s f i e d .  

Equation (5 .3 )  then  

each normal mode i n  

0 

Equation (5.4)  g ives  e igh t  r o o t s  A ,  

determines t h e  r a t i o s  among t h e  u 

termsof t h e  h f o r ' , t h & t  mode, Resu l t s  

f o r  j 

concerning t h e  mat r ices  M and m a r e  given i n  Appendix V I e  

Finding t h e  r o o t s  of Equation (5 , l+)  i s  a s tandard  

but not t r i v i a l  problem. 

cluding s t r a i g h t  forward expansion of t h e  determinant,  

Several  approaches were used in -  

Appendix I presents  t h e  va lues  of t h e  r o o t s  a long 

with r e s u l t s  of r e a c t o r  response t o  r e a c t i v i t y  changes as  

cowputed by use of t h e s e  r o o t s  and of t h e i r  corresponding 

normal modes. Also given i n  Appendix I a r e  f u r t h e r  r e s u l t s  

based on a s impl i f ied  r e a c t o r  model discussed i n  t h e  next  

s ec t  i on  . 
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Section 6, SIMPLER MODELS 

The reactor dynamics calculations discussed above are 

tedious and time consuming to perform, It would be desirable 

to use the results of this analysis to construct a simplified 

(and necessarily crude) model to be used to extend the cal- 

culations of the transient behavior of the reactor to include 

consideration of step changes in flow rate, in water tempera- 

ture at the inlet t o  the moderator region, in water tempera- 

ture at the inlet to the fuel elements, in the moderator- 

coolant apportioning valve setting, 

used to investigate the effect of boundary conditions differ- 

ent from those employed aboveB The remainder of  this section 

will be devoted to devising such a useful. modelD 

The model can also be 

The reactor is considered to be comprised of six sys- 

b a s :  (1) fission, ( 2 )  and ( 3 )  delayed neutron emitters, 

(4) moderating water,  (5)  cooling water, and ( 6 )  heat trans- 

fer steela 

of dynamic effects over short periods of time, the long time 

effects such as xenon burnout w i l l  be neglected, 

Since the model is to be used for the calculation 

The complex fuel element system Is treated as a system 

with only two degrees of freedomB the variables being the max- 

imum fluid temperature and the corresponding fluid temperature 



Sec t ion  6,1 THE EQUATIONS OF MOTION 

It i s  convenient t o  t a k e  as  v a r i a b l e s  n 9  c l J  c2' T, and 

defined previous ly ,  p lus  Pm 

TI = maximum wall ( s t e e l )  temperature 

and 
T = f l u i d  temperature a t  p o s i t i o n  where t h e  

w a l l  temperature i s  a maximum, 

The equat ions for t h e  neutron dens i ty  and concent ra t ions  

of delayed neut ron  e m i t t e r s  can be wr i t ten :  

where 4 i s  t h e  neutron l i f e t i m e  aga ins t  absorp t ion  and R i s  

the r e a c t i v i t y ,  a func t ion  o f  pm and T ,  

value i s  uni ty .  

I t s  equi l ibr ium 

L inea r i za t ion  of  equat ion 6,l y i e l d s  

or 



where R*(l-9) has been approximated by R' and hic f0  has 

been rep laced  by pino/&. Equations 6,2i  a r e  l i n e a r i z e d  

exac t ly  a s  before  t o  obtain:  

cil nv 

O n  

- 1 a cis 

hi a t  ci  
---,a.-+-- 

0 
i C 0 

The change i n  r e a c t i v i t y  can be w r i t t e n  

It i s  convenient t o  exppess R f  i n  u n i t s  of  p ( i . e .  d o l l a r s )  

and t o  def ine  dimensionless q u a n t i t i e s  

and 

Here ( X I ) ,  means the  equi l ibr ium value of x' f o r  a u n i t  
f r a c t i o n a l  power change ( n t  = n l 9  a31 o the r  va r i ab le s  i n  

equat ions 6,1 - 6 4 1  plus t he  f low r a t e  befng kept eons t an to  

In  terms of these  q u a n t i t i e s ,  
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The quan t i ty  A, has the  fol lowing meaning, 

increased t o  a new steady value and a l l  va r i ab le s  except x 

are  held cons t an t , t henAx  times the  f r a c t i o n a l  power change 

is t he  change i n  r e a c t i v i t y  expressed i n  d o l l a r s  due t o  

system X. 

If the power i s  

Equation 6,3 can now be w r i t t e n  

The de termina t ion  of  t he  q u a n t i t i e s  &/p, Apm, and AT 

w i l l  be discussed i n  s e c t i o n  6,2, 

The hea t  balance equat ion i n  the  moderating reg ion  

can be w r i t t e n  

where M i s  the mass o f  moderating water and qm t h e  power 

suppl ied t o  i t ,  When th i s  equat ion i s  l i n e a r i z e d  i t  y i e l d s  

Where we have used t he  r e l a t i o n  



i s  t h e  change i n  0 i n  
and have placed* 

water density a t  t h e  i n l e t  t o  t h e  moderatormgion. 

e i t h e r  t h e  neut ron  d e n s i t y ,  t h e  f l o w  r a t e ,  o r  i n l e t  water 

dens i ty  ( o r  a l l  t h r e e  of them) were suddenly changed t o  

new s teady  values ,q , l  would approach some equi l ibr ium va lue ,  

Af te r  a time zm, it would d i f fe r  from t h i s  equi l ibr ium va lue  

by l e s s  than a f a c t o r  l / e .  

t r a n s i t  t i m e  of f l u i d  through t h e  moderating r eg ion ,  

gmf/qmo = n f / n  
If 

This t ime i s  taken h e r e  t o  be t h e  

The equat ion  r e l a t i n g  the wall temperature TI  t o  the 

f l u i d  temperature T ,  t h e  flow r a t e  g ,  and t h e  power suppl ied  

t o  t h e  wa l l s  qI is: 

d 
'1 d t  I 

- T  = 

Here CI i s  the  hea t  

r 1 

capac i ty  of t he  i r o n  w a l l s  and, as bs- 

f o r e ,  gP i s  t h e  hea t  t r a n s f e r  c o e f f i c i e n t  and i s  a fZlnction 

of TI .+ T, 

s h a l l  carPy out i t s  l i n e a r i z a t i o n  i n  d e t a i l ,  As a f i rs t  seep 

we obtain: 

T h i s  equat ion i s  somewhat complicated and we 

* In  t h i s  simple model no attempt is made t o  d f s t i n g u i s h  Se- 
tween prompt and delayed moderator heaticg:,  It i s  a l l  
taken t o  be prompt, 



1 1  

Now 

We de f ine  

1 dF 

Fo d(T+TI )  

t o  be 

0 TI - To 

Thenthe above equat ion  becomes, upon d iv id ing  by g 0 0  F I 

0 Placing qIt/qI = nt/no one ob ta ins  the equat ion 

-- 'I d T I t  + TI! = T ~ O - T O  (F nl - $) + T I  l + a  
0 0  

g P d t  1-a 1 - a  

0 0  prom t h e  s teady s t a t e  d a t a  CI/g F 

- To = 450' F, 

i s  found t o  equal 
0 ,09 sec, and TI a i s  determined from some .- 



of t h e  known r e s u l t s  of t he  c a l c u l a t i o n  i n  t h e  previous sec-  

t i o n s .  If a 1% increase  in power i n t o  t h e  f u e l  tubes 

&n9/no = . O l )  a t  constant  flow r a t e  (gt/g = 0)  OCCUPS, t hen  

equat ions 3*5 - 3.9 show t h a t  t he  maximum i r o n  temperature 

i s  changed by 10' F and t h e  f l u i d  temperature  a t  t h e  p lace  

where TI! i s  a m a x i m u m  is  changed by 2.5' F, When these  

values  a r e  used i n  equat ion  6.8, a i s  found t o  be very 

near ly  l/4. Equation 6.8 then  becomes 

d & 5  
.O12 - T19 * T 0 584.k - $1 + - TV 

3 I d t  
( 6 , 9 )  

It w i l l  be not iced  t h a t  all o f  t he  linearized equa- 

t i o n s  are of t he  form 

Tdx/dt + x = forc ing  tesms '\ L '  1 

The fo rc ing  terns conta in  those va r i ab le s  t h a t  d i r e c t l y  i n -  

f luence t h e  value of  xo The equat ion  for Tv w i l l  then be: 

of t he  form+$ 

*g '  does not  e n t e r  t h i s  equat ion for t h e  P"oZlow%ng r e m o n o  
If t h e  f low r a t e  i s  decreased by,  say 1% t h e  f l u i d  w i l l  pe- 

e 

crl 
w h  II 
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where Tin i s  the  i n l e t  temperature t o  t he  f u e l  element. Prom 

the  r e s u l t s  mentioned above f o r  T I '  and Tg 

t o  equal  10 - - 1/4* The time constant  z i s  a r b i t r a r i l y  

taken  t o  equal  t he  t r a n s i t  time of the  f l u i d  through the  f u e l  

element, v iz . ,  0.1 s e c o  

unambiguously assigned values  so  t h a t  t h i s  simple model gives  

t h e  same equi l ibr ium values  of T '  and TIv9  following a power 

change, as the  d e t a i l e d  ca l cu la t ion .  However, y can be 

chosen i n  a t  l e a s t  two wayse It can be chosen so t h a t  a 

change i n  i n l e t  water temperature Tin produces the  co r rec t  

change i n  T ,  or it  can be se l ec t ed  so  t h a t  t he  e f f e c t  of a 

Cis r e a d i l y  found 

The constants  a and E have been 

change i n  Tin on the  r e a c t i v i t y  i s  given properly.  This 

l a t t e r  choice w a s  made and it w i l l  be shown t h a t  t h i s  leads 

t o  p lac ing  y equal  t o  5/8, 

The l a s t  t w o  equat ions can be w r i t t e n  i n  terms of  t h e  

equi l ibr ium values  ( T l ) l ,  ( T I P ) 1  fol lowing a u n i t  f r a c t i o n a l  

power change w i t h  a l l  q u a n t i t i e s  but these  two he ld  cons tan t .  

*I! + 5 (6 .10)  d 
0.12 - 

d t  12 
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Sect ion  6,2 THE DETERMINATION OF NEUTRON LIFETIME 

AND R U G T I V I T Y  PARAMETERS 

The v a r i a t i o n a l  technique descr ibed previous ly  w a s  

designed s p e c i f i c a l l y  t o  y i e l d  t h e  inverse  per iods 
1 dnf  

n' d t  
_.-- - hi9 with which the  p i l e  moves from i t s  e q u i l i b r i -  

um p o s i t i o n ,  Equation 6,b shows t h a t  t he  r e a c t i v i t y  R ,  

and hence t h e  c o e f f i c i e n t  A h  and AT' i s  reba ted  t o  t h e  

quant i ty  l / n  d n f / d t ,  

and w i l l  be c a l l e d = .  The e f f e c t s  of t he  f u e l  element and 

I n  l i nea r fzed  f o m  t h i s  is a/+" dng/dt 

moderator systems on X can be found more d i r e c t l y  than  t h e i r  

e f f e c t s  on t h e  r e a c t i v i t y ,  Equation 6,s can be used t o  r e -  

l a t e  changes i n  % t o  t he  c o e f f i c i e n t s  AT and Apm0 For t h e  

purpose o f  t h i s  c a l c u l a t i o n  delayed neutrons are m5.rnpor-b- 

ant  and a l l  neutrons w i l l  be takenras  prompk by p lac ing  f3 

and t h e  pi equa l  t o  zeroo 

605 t akes  the  form:% 

I n  the  l i m i t i n g  case equat ion  

3i The c o e f f i c i e n t s  Apm and 4 
r a c t o r  o f  I/P, hence f3 t imes them 
l i m i t i n g  case where p approaches zero, 

were def ined containing a T 
i s  ncm-zws i n  the  
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If it  i s  r e c a l l e d  t h a t  t h e  q u a n t i t y  h i n  equat ion 

5.3 i s  equiva len t  t o  t h e  opera tor  dt d , then  t h i s  equat ion 

can be w r i t t e n  

nt 
From t h e  d e f i n i t i o n  of u1 = - and from examination of t h e  0 

matr ix  m i n  Appendix V I ,  i t  n i s  c l e a r  upon comparison wi th  

equat ion 6,3 t h a t  ma t r ix  element Ml1 i s  equal  t o  - p/& e 

Appendix V I  then  shows tha t :  

-1 ' see  p/& = 161,s 

Hence if t h e  e f f e c t  of t h e  moderator system on M i s  known 

following a u n i t  f r a c t i o n a l  power change (pmt = ( p m l ) l l y  - 

then  t h e  knowledge o f  p/& y i e l d s  A 

s i m i l a r l y  from a knowledge o f  t h e  f u e l  element e f f e c t  on 

X 

out e 

AT i s  determined 
Pm 

The determinat ion o f  t hese  e f f e c t s  w i l l  now be c a r r i e d  

Neglecting delayed neutrons which a r e  unimportant 

f o r  t h e i r  c a l c u l a t i o n ,  t h e  equat ion f o r  t h e  neutron d e n s i t y  
becomes 

an - = ~ n  = Kfqyn - ( y  + w s s h  a t  

Mult iplying t h i s  equat ion by t h e  a d j o i n t  neutron func t ion  N 



and i n t e g r a t i n g  over a l l  space y i e l d s  an equat ion  f o r  X 

which i s  i n v a r i a n t  t o  changes i n  n and PT, This  is 

It i s  des i r ed  t o  f i n d  the  e f f e c t  of  t h e  moderating and 

cool ing water  p r o p e r t i e s  on x T h i s  means t h a t  changes 

i n  K f ,  w and 5 w i l l  be examined, 

these q u a n t i t i e s  depend upon were given i n  Sec t ion  3 0  

The pararneters t h a t  

The value of a f o r  t he  s teady s t a t e  condi t ions is, 

of course,  zeroo The change i n  X f o r  changes In Water 

p r o p e r t i e s  i s  then  given by 

The f i r s t  term g ives  the e f f e c t  of t he  average dens i ty  on 

t h e  inverse  p i l e  per iod ,  and the  second t h e  e f f e c t  o f  t he  

average temperature .  The i n t e g r a l s  can be evaluated from 

knowledge@f e -  t h e  s teady s t a t e  func t ions  and y i e l d  f o r  8 



was def ined i n  Sec t ion  2 as 

tJ - - - ~  
Vm + AL 

pt/po can be broken up i n t o  two par t s ,  a moderator and a 

f u e l  element part: 

For a unit f r a c t i o n a l  power change (nt = no) and a 

constant f l o w  r a t e  (g f  = 0) equat ion 3.4 can be solved f o r  

the equi l ibr ium value of  p m )  [i.ee ( prnt 

t i o n s  3.7 and 3.9 can be solved f o r  the  equi l ibr ium value 

of  p t ( z )  f o r  constant  flow r a t e  ( g '  = 0) and the boundary 

condi t ion  p t ( 0 )  = 0, f o r  a un i t  f r a c t i o n a l  power change. 

In this way the  c o n t r i b u t i o n  of t he  moderator and coolan t  

water  dens i ty  t o  X for n' = no can be obta ined ,  

e Simi la r ly  equa- 
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Using equat ion 6.12 and t h e  value f o r  we ob ta in  

A = =. -kk = - 2,7 d o l l a r s / u n i t  f r a c t i o n a l  power change 
pm 161,s 

It ?t 

Prom a knowledge of pmf  and P * ( Z ) ~  Tr can be computed, I n  

t h e  same manner as above t h e  r e a c t i v i t y  e f f e c t  due solely t o  

t he  water temperature can be c a l c u l a t e d ,  This y i e l d s  a value 

of  +0,12 $/unit f r a c t ,  power change, This g i v e s  a pre l iminary  

t a b l e  o f  r e a c t i v i t y  coef f ic ien ts%-  as f O l . b W S Z  

PRELIMINARY RE4CTIVITY COEPPICIENTS 
T U L E  6.1 

Moderator dens i ty  

Coolant d e n s i t y  

Avesage temperature 

9 For t h e  slow v a r f a t i o n s  discussed i n  ORNL-1177 it i s  necess- 
ary t o  know t h e  xenon power coeff'fcient of' r e a c t i v i t y ,  y i s  
a func t ion  of t h e  atomic d e n s i t y  of  xenon atoms x butqy is 
n o t ,  Hence the  e f f e c t  of Xe  on kt i s  determined from.' 

I ts  r e a c t i v i t y  c o e f f i c i e n t  i s  found t o  be +j08 d o l l a r s  per 
uni t  f r a c t i o n a l  power chRnge 



~ -1 

The temperature coefficient is not divided into 'a fuel 

Source 

Moderator density 

Coolant density 

Average temperature 

tube and moderator portion because its effect is small and 

Reactivity Coefficient ($1  

-2e7 

-1.2 

+o .20 

The coolant density coefficient was calculated assum- 

ing that the coolant water affects the reactivity only through 

the average water density 5. 
clustered together at the center of the core and would be ex- 

pected to have a greater effect, For this reason the coolant 

reactivity coefficient is arbitrarily altered from -0,8 to 

-1.2 dollars, 

ed assuming Gx w a s  independent of temperature, 

figure 13 in ORNL-1177 shows that at worst this effect could 

increase the temperature coefficient from 0,12 to 0.20. To 

be conservative the latter value will be used. The final 

power coefficient of reactivity are then: 

Actually the fuel elements are 

The average temperature coefficient was comput- 

Reference to 

POWER COEFFICIEidTS OF REXCTIVITY 

nearly all of it is due to the moderator water, This modera- 

tor temperature effect is treated separately here from the 
.-* 



dens i ty  e f f e c t  because it i s  u n s t a b i l i z i n g  and it  could con- 

ceivably act s u f f i c i e n t l y  f a s t e r  than  t h e  s t a b i l i z i n g  dens i ty  

e f f e c t  t o  cause t r o u b l e e  This would be t h e  case ,  f o r  example, 

i f  f o r  some reason it was exceedingly d i f f i c u l t  t o  reduce t h e  

amou$tt of  water  i n  t h e  r e a c t o r  i n  a sho r t  t i m e ,  Then an i n -  

c-rease i n  power would cause an increase  i n  temperatur*e and $. 

bu i ld  up o f  pressure  which might no t  be followed by sc s t ab i l -  

i z i n g  decrease i n  d e n s i t y  f o r  a time long enough t o  a l low t h e  

p i l e  power t o  reach a dangerous l e v e l c  The p i l e  per iod  which 

would r e s u l t  i f  t h e r e  were only delayed neutrons t o  hold down 

t h e  tendency of  t h e  power t o  run away because of t h e  uns t ab i l -  

i z i n g  temperature e f f e c t  has been ca lc -u la tod  t o  be about 33 

secondso It i s  est imated t h a t  t h e  dens i ty  change w i l l  follow 

. .  

t h e  temperature change wi th in  t ens  of  mi l l i seconds  Therefore ,  

i n  what follows no d i s t i n c t i o n  w i l l  be made between t h e  mod- 

e r a t o r  dens i ty  and temperature e f f e c t s  and a combined coe f f f -  

c i e n t  o f  -2,5 dollaPs pe r  unit f r a c t i o n a l  power change w i l l  

be used, 

F i n a l l y  t h e  parameter y i n  t h e  equat ion for T P  must 

be es t imated ,  y determines t h e  e f f e c t  o f  changing the water  

temperature a t  t h e  i n l e t  t o  t h e  f u e l  element,  If a t  constant  

power ( n s  = 0 )  and constant  f l o w  r a t e  ( g f  = 0 )  t h e  temperature 

a t  the  i n l e t  t o  t he  f u e l  tube  i s  changed, t he  enthalpy a long  
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t h e  e n t i r e  length  of  t h e  f u e l  tube w i l l  be c,,angec 

f ixed  amount, ifidependent of p o s i t i o n ,  

3.7 and 3*9 t h e  equi l ibr ium value o f  ,d ( z )  has been c a l c u l a t -  

ed f o r  a temperature inc rease  of  l op  a t  t h e  i n l e t  t o  t h e  

by a 

By use of equations 

fuel, :  tube,  sub jec t  t o  t h e  above condi t ions .  This temperature 

causes a 9.25~lO-~ percent  decrease i n  t h e  average dens i ty  

p. 
- 

Hence t h e  r e a c t i v i t y  e f f e c t  i s  ca l cu la t ed  t o  be: 

For t h e  same reason a s  before w e  i nc rease  t h i s  fuel tube 

c o e f f i c i e n t  and round i t  o f f  t o  -,005 dol la rs /oPe  From t h e  

equat ions f o r  T i  and T I  we f i n d  t h e  equi l ibr ium value o f  T 1  

f o r  a one degree inc rease  i n  Tin t o  be ( c f ,  Sec t ion  6.1) 

1 - =& T '  T 1 = Z j : T ; : + y -  
T l  = 

The change i n  r e a c t i v i t y  due t o  t h i s  change i n  TI 

i s  

AT -e = = - 0 , O O h  = - 0,005 d o l l a r s  

Therefore y i s  approximately 5/8e 
The equat ions  o f  motion a re  summarized below. 

T' 
pm ' - l o 2 0  d t  no n 0 (&')I 

d nt pl? 

0,0063 - - + - = - 2*5 
( T '  1 1  



Where 6R i s  the  r e a c t i v i t y  ( i n  d o l l a r s )  e x t e r n a l l y  

imposed on t h e  r e a c t o r  ( e o g o  v i a  a c o n t r o l  r o d ) .  

1 d C,t C,V n t  ---+-I=- A 

' no 0 
At dt Ci ci 

Recal l ing t h a t  = 1000° P and .= 250' F :  

Tm i s  taken t o  be the  time requi red  t o  change con- 

p l e t e l y  the  wa te r  i n  the  moderator tank once and i s  about 

2.3 secondsa 



Sect ion 6,3 PLOW CHOKING 

The equi l ibr ium values of p,' and T * ,  and hence t h e i r  

e f f e c t  on p i l e  r e a c t i v i t y ,  depend upon the equi l ibr ium value 

of  gf/goo 

pends upon t h e  f l u i d  temperature T '  b 

when a constant  pressure  d i f fe rence  is  maintained across  the 

f u e l  element or when the  f l u i d  e x i t s  i n t o  a device whose flow 

r e s i s t a n c e  increases  w i t h  temperature ,  Then an increase  i n  

e x i t  temperature w i l l  cause a decrease i n  f l o w  r a t e ,  

imate t h i s  condi t ion  gf/go w i l l  be t aken  propor t iona l  t o  

T t / ( T ' ) l e  

fQllOWing r e l a t i o n  between the  equi l ibr ium values o f  g c  and 

A p a r t i c u l a r  case o f  i n t e r e s t  i s  when gf/go de- 

This occurs, f o r  example, 

To approx- 

It i s  conv,enient t o  def ine  a f l o w  f a c t o r  c by the  

nt 
0 gf/go = - c nl/n (6.13) 

When Tint i s  zero,  the  equilibrium value of Tf/(Tf)l is 

( l + c ) c  (cf. squ. 6,lO and b e l l )  e During t h e  t r a n s i e n t  then 
-0 

OLA 
gt/g w i l l  be taken equal  t o  

In most cases TI follows changes i n  n much more r ap id ly  than  
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does p m t .  

6.13 i n  t h e  equat ion f o r  pm i n s t e a d  o f  6,14, 

6.10 now become 

Consequently l i t t l e  e r r o r  i s  introduced by us ing  

Equations 6.7, 
a 

The d e t a i l e d  c a l c u l a t i o n  which was aarried out  wi th  

constant  p r e s s u r e  boundary condi t ions  exh ib i t ed  a flow factor 

c of about 5 .  Figure 2 shows t h e  r e s u l t s  t h e  c a l c u l a t i o n  o f  

t h e  power change fol lowing a s t e p  change i n  r e a c t i v i t y  using 

t h e  simple model% f o r  flow factors of 0 and 5 o  On t h i s  same 

ffgure t h e  r e s u l t  o f  t h e  d e t a i l e d  calculation a l s o  appears, 

The e f f e c t  of t h e  f l o w  v a r i a t i o n  i s  q u i t e  apparent ,  i t  i s  

a l s o  obvious tha t  the  simple model underest imates  the  time 

requi red  f o r  t h e  t r a n s i e n t  t o  d i e  away, 

c a t e s  t h a t  e i t h e r  o r  both o f  t h e  response times used i n  the 

This probably i n d i -  

and TI equat ions are t o o  s h o r t a  TI 

tl(- Only one de lay  gpoup was employed i n  t h i s  c a l c u l a t i o n  s o  
t h e  r e s u l t s  a r e  only meaningful for t i m e s  up t o  about ~ W O  
seconds o r  s o o  



I a 

a 

TIME IN SECONDS 
Responses to a One Cent Step Change in Reactivity. The curves marked “detailed” are the 
results of the variational calculation. The others are results obtained from the simple model of 
Section 6 far two values of the “choking factor” C. 

FIG. 2 
12-TR-2 

ri 



68. 

Two o the r  c a l c u l a t i o n s  us ing  t h e  simple model have 

been c a r r i e d  out t o  date,  These a r e  t h e  responses t o  changes 

i n  moderator water  i n l e t  temperature  and f'uel tube water i n -  

l e t  temperature . e  Fh& ptmpo'sa of  t h e s e  c a l c u l a t i o n s  w a s  t o  

es t imate  t h e  i r o n  temperature overshoot,  if any, and the  

equat ions were even more s i m p l i f i e d ,  The moderator w a s  as- 

sumed t o  be connected t o  a sepa ra t e  flow c i r c u i t  so  t h a t  t h e  

mass flow o f  moderator water  was c o n s t a n t a  Qnly one de lay  

group w a s  used, Considerat ion of t h e  boundary condj t ions  

imposed on t h e  r e a c t o r  by t h e  propuls ive  machinery i n d i c a t e s  

t h a t  a f l o w  f a c t o r  of 1 is a reasonable  value and t h i s  w a s  

usedc The r e s u l t s  a r e  shown i n  f%gures  3 and It i s  seen  

that t h e  w a l l  temperatures  a t  no t ime exceed those  c a l c u l a t e d  

f o r  t h e  new equf l ibr ium s t a t e s  o f  t h e  r e a c t o ~ ,  



TIME IN SECONDS 

FIG. 3 
12-TR-3 



TIME IN SECONDS 

FIG. 0 
e*%,- 8 - . .-. . 

12-TR-4 



Section 6.4 MODERATOR BY-PASS VALVE 
.p 

The detailed calculation was cst&ed out under the 

assumption that the f low rate in the moderator and fuel 

elements was the sameo 

in sections 6,l and 6.2 and the only calculations made with 

the simpler model are subject to this hypothesis. 

purpose of shim control the reactor was designed so that 

the fraction of the total which passes through the moder- 

ating chamber is variable. By this means it is possible to 

vary the moderator density without varying the density dis- 

The same assumption has been made 
1) 

For the 

ribution in the fuel tube appreciablyo 

s shown schematically in figure s o  
Th&s flow scheme 

'I; 
r' 

4 '  

% For the purpose of completeness the equations of 

1 
9j" 
the simple model will be extegded to inclrlde the cas8 when 

f is not equal t o  unity, 

to change once completely the water in the moderating re- 

gion will be 

The equilibrium value of pmS will also be increased by the 

factor l/fo This leads to a modification of- equatlon 6,7. 

In this case the time required 

9 seconds instead of Z , 3  seconds, as beforeo 

Here, as before9 (pm l 1  is the equilibrium value of pmt  



In
 

In
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f o r  a unit f r a c t i o n a l  power change (n l  = no) w i t h  f = 1, 

o t h e r  v a r i a b l e s  being h e l d  constant  (g' = pm 1 i n  = 0). 
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APPENDIX I 

The mat r ices  t=l and m which determine the  i n v e r s e  

per iods through the  secu la r  equat ion  IM - hml = 0 

given i n  Appendix VI, 

t he  fol lowing values  f o r  t he  roots :  

-6,24 x 10-l ;  -1,547; -9,007; -5Z,8; -14 ,8 ;  -223 set"',, 

are 

The s o l u t i o n  of t h i s  equat ion  g ives  

- 3 * 4  x - 4 . 5 ~ 1 a ~ ~ ;  

The homogenaous equat ion ( 5 . 3 )  

J f o r  a normalizing f a c t o r ,  a s e t  of u 

each value o f  A, Each such s e t  g ives  

i n s e r t e d  i n t o  the  t r i a l  funct ion form 

determines,  except 

corresponding t o  

a normal mode when 

on page 41, These 

normal modes toge the r  with s i m i l a r l y  obtained a d j o i n t  norm- 

a l  modes a r e  used i n  solving time behavior problems by stand-  

ard procedures ,, 

Figures  2 and 6 graph t h e  t i m e  response of the  neutron 

dens i ty  and m a x i m u m  s t e e l  wall temperature obtained by such 

d e t a i l e d  c a l c u l a t i o n  f o r  a s t e p  change i n  r e a c t i v i t y  and f o r  

a l i n e a r  change i n  r e a c t i v i t y ,  Also p l o t t e d  i n  Figure 2 a r e  

the  neutron responses t o  t h e  same s t e p  change i n  r e a c t i v i t y  

as computed according t o  t he  simple r e a c t o r  models d i scussed  

i n  Sect ion 6,  

neutron dens i ty  and maximum steel wal l  tempera twe fol lowing 

s t e p  changes i n  the  water  temperature ac t h e  i n l e t  t o  %he 

f u e l  tube and t h e  i n l e t  t o  t h e  moderatfng chamber. 

Figures  4 and 3 present  t he  response of  t he  - 
L 



12-TR-6 
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APPENDIX 11 

Steady S t a t e  Neutron Data 

The r e a c t o r  i s  i d e a l i z e d  t o  c o n s i s t  of a c y l i n d r i -  

c a l  loaded core ,  r ad ius  33aS em, a c t u a l  he ight  75 CM and 

surrounded on i t s  l a t e r a l  su r f ace  by a c y l i n d r i c a l  water  

r e f l e c t o r  of o u t e r  r ad ius  50 em, I n  o r d e r  t o  t ake  into 

account t he  ackual  r e f l e c t i o n  p resen t  a t  both end f a c e s  

of t h e  cope9 an  e x t r a p o l a t i o n  l eng th  of  s05  cm a t  each 

end i s  taken,  The neutron dens i ty  along t h e  cy l indep  ;xis 

1s t aken  t o  vary l i k e  t h e  s i n e  o f  t h e  d i s t ance  and t o  van- 

Ish a t  the  ex t r apo la t ed  end p o i n t s ,  Mhen t h e  f u e l  i s  d i s -  
I 

t r i b u t e d  accordfng ta Figure 7 ,  t h e  r e s u l t a n t  r e a c t o r  has 

a thermal  f l u x  which i s  unifomx thrcughout the c o r e  in the  

r a d i a l  d i r e c t i o n ,  The corn contafns  2 0  kg o f  U ( 2 5 1 ) ,  310 

kg o f  s t a i n l e s s  s t e e l  distributed i n  t k e  form o f  s e v e r a l  

h m d r e d  i d e n t i c a l  r u e 1  tubes  e In computing the  steady 

s t a t e  neutron d i s t r i b u t i o n  (and f u e l  disbrfbutfon] t h e  

water i s  taken t o  be a t  an e f f e c t i v e  d e n s i t y  o f  .67 gm/cc, 

and an e f f e c t i v e  temperature o f  295" C, 

The important t w o  group cons tan ts  are t abu la t ed  

below, 
7p*,i+;e *." 
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FIG. 7 
12-T R-7 
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?, e?. 

TABLE IIeI 

Nuclear Values+:- 



APPENDIX 111 

PL+l  .73 kg/cm2 
(24e4 p s i )  

Pressure 

Steady S t a t e  Flow Data 

- 352 kgbm 2 PL*l .73 kg/cm 
(24e6 p s i )  pL- (5000 p s i )  

The r e l evan t  s teady s t a t e  flow d a t a  f o r  t he  des ign  

point  i n  quest ion i s  given belowQ 

T o t a l  power = 4OO,OOO kw. 
Totql  water  flow r a t e  = 429.2 ##/s%c 

( a l l  through moderating chamber and then 
i n t o  f'uel t ubes )  

TABLE III,l 

Steady S t a t e  Flow Data 

The v a r i a t i o n s  of  pressure and temperature o f  t he  fuel 

tube water and the  v a r i a t i o n s  of the s t e e l  temperature along the 



80. 
i 

Longitudinal Pressure and Density Variations. The curve shows the steody state variation o f  
water pressure and density along the length of a fuel tube. 

FIG. 8 
I2 -TR-8 
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DISTANCE ALONG COOLING STREAM, FT. 
FIG. 9 
12-TR-9 m 
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APPENDIX IV 

The c a l c u l a t i o n  o f  t h e  y ray  h e a t i n g  is summarized 

i n  t h e  following tab le ,  

Gamma Ray Heating 

Source 

Prompt 

F i s s ion  
Product 

Capture: 

Fe 

H2 

Totab y- F r a c t i o n  ab- F rac t fon  F rac t ion  
Energy of  r ay  energy sorbed In abs orbed abs orbed 
Ind iv idua l  p e r  s i n g l e  cope i r o n  i n  core ou t s ide  
y-ray (Mev ) 

5 

4 

7 

* 7  

2 02 

fission 

3% ddd i t fon  t o  being heated by the gama  r a y s  t h e  water 

laeceives the  k i n e t i c  energy o f  t h e  f ' lssion neu t r ans ,  T h i s  is @ s k i -  

mated to be 5 Mev/fissfon, 
the water amounts t o  

The g m a  ray  plus  neutron h e a t i n g  of" 

Mev/f'ission o r  7,6$ of' t h e  pibe power, This is .Q76(4009000) = 

30,400 h e  The conduction h e a t i n g  from t h e  o u t s i d e  of  the f u e l  
, '4- 1 

elements br ings  t h i s  up t o  a t o t a  Y of  I_cO,QO.S kw, SO$ of t irals 



ed several or more secondse 

The y- heat into the core iron is 4.7 Mev/fission. This 
amounts to 9400 kw. Thus 

O = 0,1 (total power) 

and n 

qrn n 

qm 

= q$T2d.c = 0,08 -7; (total power) 

consideringlonly the prompt variation of qm with n. A l s o  

0 = 0.90 (total power) 
91 

of which the fractions ,w = 0,975 is composed of di- 

rect fission heat, and the fraction 0,025 of y-ray heat, most 

of the latter being prompt, Thus 

z+S .Scm 
4+ i i  c m  sin rn 

where L = 75 cm, the length of the fuel tubes, 
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APPENDIX V 

The Trial Functions 

The func t ions  i n  terms of  which the trial functions are 

determined are given here .  

Neutrons n 0 = const s i n  

*I 

where f(r) i s  f l a t  o v e r  t h e  core .  

0 n i s  a s o l u t i o n  of  

NO = const s i n  N r) 
and i s  a s o l u t i o n  o f  

Delays: 

whwe i n  t h e  approximation of two delay groups,  
d. * 

p19P29h19h2 a r e  given i n  Table I Iole  

Xenon 
0 10 set2 

x = 4.11 l o  7 Y O  
em 

corresponding t o  
L *  



fission yield = 5.8 x 

b = 1.71 x loo3 yo. 

xenon atoms/fission 

This expression for b results from the assumption that 5’1; of 

the xenon is produced very quickly after fission, the remain- 

ing 95% passing through the comparatively long lived iodine 

intermediary. In the matrix, it is required to use the Xact 

that 

Flow 

Mode 1 and 2 solutions are presented in Figures 10, 

ll, 12, 13. 



Longitudinal Distance from Center, ft. 

FIG. IO 
12- TR - IO 
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FIG. I\ 

12-TR- I I 
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FIG. 12 

12-TR- 12 



+ 

FIG. I3 

12-TR-13 



A P P E N D I X  V I  

M a t r i x  -. E l e m e n t s  



Some of  t he  elements of  t h e  mat r ix  M a r e  given below; as ex- 

amples o f  t h e  procedure ou t l ined  i n  Sec t ion  V. 
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m 

1 0 0 0 0 

0 1858 0 0 0 

0 0 124.7 0 0 

0 0 0 1,64 x 10 5 0  

0 0 0 0 -1814. 

0 0 0 0 -7808 

0 0 0 0 0 

0 0 0 0 0 

0 

0 

0 

0 

-483 8 

-2102 

0 

0 

0 

0 

0 

0 

0 -  

0 

-732.9 

-159Q 

0 

0 

0 

0 

0 

0 

- 8 1 e ? ?  

-116 e 3  

M 

-161.5 8604 

86.4 -664 

75.1 0 

5 12 0 

-.l29.6 0 

-574 0 1 8 

-1015 03 0 

-2 146 0 

75.1 6 32 -3148 -702,8 

0 0 0 0 

-75.1 0 0 0 

0 -612 0 0 

0 

0 

0 

(3 

0 

9 

-1312 

-2761 

a3 12 

2761. 


