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Abstract 

The probability for a fission neutron to escape fast leakage from bare. -3 - _ ~  

hydrogen moderated reactors is calculated by a method utilizing-only the 
laicroscopic cross seetion of the materials. 
to determine the effectiveness of other substances in preventing fast neutron 
leakage. These calculations are carried out f6r aluminwn and iron. 

These results can be employed 
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1. Introduct ion.  A major d i f f i c u l t y  i n  deterraining t h e  

. c r i t i c a l  mass of a hydrogen moderated r e a c t o r  is t h e  c a l c u l a t i o n  

of  t h e  f r a c t i o n  o f  neutrons which '!eco,yne thernal o r  c;~i-%hen:lal. 

The d i s c r e t e  na tu re  of thc: sloaring d-onn p o c c s s ,  a r i s i n g  frora 

t he  f a c t  t b a t  a neutron can l o s e  aT~1 of I t s  energy i n  a single 

c o l l i s i o n  wi th  a bydrogen a tom,  ru?.es out: any s t r a i g h t  forifard 

a p p l i c a t i o n  of Fermi age theory.  

from the f a c t  t ha t  t h e  scattering ( ' r o s s  s e c t i o n  o f  hydro_,;zn 

v a r i e s  s t r o n g l y  wi th  energy. If t!ie :coderntor i s  water one c a n  

c j-rcumvent t hese  d i f f i c u l t i e s  by Llcing ~~~e of t h a  ;.lGasuped 

sloi-iing dovm d i s t r i b u t i o n s  i n  wate:? (1) . 
nen t s  it i s  poss ib l e  t o  eEt inna te  blie c r i t i c a l  inass o f  water 

nodsratcd,  r e f l e c t e d  r e a c t o r s  V J ~ L Q C F :  r e f l e c t o r s  a re  composed of 

a a t e r  of t h e  saae p r o p e r t i e s  a s  thzt  i n  the core.  T h i s  aL?pronch 

* 

An a d d i t i o n a l  cori9licati:)n arises 

U t i l i z i n g  t 3 e s e  measure- 

i s  of 1.im'ited usofulness  because it grov5.dcs no n a t u r a l  exten-  

s i o n  t o  water mixtures mFthout f u r t h e r  experimentation, o r  t o  

c 

. 
J 

scopic  c r o s s  s e c t i o n  da ta  f o r  water, t h e n  it cox113 be hoped that  

it ac~uld  y i e l d  creciible results f o r ,  say, water-metal mixtures  i f  

the microscopic data  far the metal were ava i lab le .  
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2. S m a r g  of Results.  A method f o r  calculating A -  ;r:e L)rob- 

a b i l i t y  that  a f i s s i o n  neutron w i l l  escayte fast lealrnge f rom a 

hydrogen moderated, bare r c a c t o r  3.:: given below.  

o n  t k e  use of  c?iffns?on t h e o r y  and an energy dependent exbrapol-  

a t i o n  d i s t ance ,  :hen cornuaree - - J f t ' ~  c r i t ? . c : a l  experizients the 

nethod i.s fclund t o  uncere:'cf~*tate t'x r e u c t i r l t y  by 10 t o  20 ?er- 

C e i l t  depend.ing on the  -3il.e side. 

It is basad 

A v a r i a t i o n a l  teclmlque f o r  e s t i m t 5 n g  t h e  effect of t h e  

slowing dolm of  neutrons by n 1icai7y modera to r  i s  developed. i n  

the appendix. 

?hen the  method i s  aypl  i e c l  t o  aluriinuici-x:A"ct:r and i ron-  

water mixtures it shows tl-at, f o r  t3e gurpose of prevent ing fast 

l ea l r ap ,  volume for volume alw!inujr. i s  equivr+lcnt t o  ~ut~ter o f  den- 

s I t y S O . 3 ;  t b e  eq l iva lcn t  d e n s i t y  :"OF iron is f= 0.5 . The resu1.t 

f o r  a l x L q i r m - 9  is In good apeexei i t  r - i - t h  qeasurcd nean square s l o a -  

i n@ doun lenTths.  No such mcasurc:zents .!lth fisyion neutrons 

for iron-aot+2r sps te:r,r; ~ T V  'mo;m to 13s. 

j, D s r i v a t i J n  or' t h c  P r J b a h i l i t g  of Ascanin,.: F a s t  Leakas .  
_. _------ ---.A- 

' I  
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If we assume t h a t  s c a t t e r i n g  of neutrons by hydrogen i n  t h e  

c e n t e r  o f  mas3 system i s  s p h e r i c a l l y  symmetric, s o  t h a t  neutrons 

of energy Et are s c a t t e r e d  u.nifomly i n t o  t h e  energy i n t e r v a l  

f r o m  0 t o  E t ,  we f i n d  f o r  t h e  n m b c r  of neutrons slowed dovin 

by hydroZen t o  energy E 

These assumptions l e a d  t o  the equat ion  derived. i n  TAB-53 f o r  

t h e  slowing down of neutrons i n  hpdrogencous media i n  t h e  presence 

o f  a heavy moderator, 

e' J @\ut) L S H ( u l )  eou'duf + g(u) 
U 

where: $(u)du = neutron flux i n  the logar i thmic  energy i n t e r v a l  

u t o  u+du. 

>,, = macroscopic' s c a t t e r i n g  c ross  s e c t i o n  o f  hydrogen 

= macroscopic absorp t ion  c ros s  s e c t i o n  of all m a t e r i a l s  E a  

= macroSco2ic s c a t t e r i n g  cross s e c t i o n  o f  t h e  heavy 

moderat o r .  
L 

= average logar i thmic  energy l o s s  i n  a c o l l i s i o n  

w i t h  the  heavy moderator. 

K2 = t h e  buckling of t h e  assembly 



. 

. 

“ 

. 

1 D = d i f f u s i o n  c o e f f i c i e n t  = 
3&3? 

J- = macroscopic t r a n s p o r t  c ros s  s e c t i o n  o f  mod-erator C r  

g ( u )  = f i s s i o n  source spectrum, normalized so that 

$g(u)du  = 1. 
0 

U E = logar i thmic  energy = log, E ( - Y - - ~  
L, iermal 

-_- Equation (1) w l t h  = 0 has been solved. lsy ::igncr (aithcsut 5 
thc source term).  The case  of the aoaochromatic s3urne has 

been t r e a t e d  by Young(’). For  t h e  sake ol” corq le t eness  we c a r r y  

o u t  t h e  s o l u t i o n  aga in  here.  

Tho f i r s t  term on t h e  l e f t  of equat ion (1) i s  the  number 

of nen’crons g e r  second which l e r v e  t h e  i n t e r v a l  between u and 

u+c?,u for a l l  reasons except s loa lnz  down ~ J T  the heavy moderator. 

The second t e r n  on t h e  l e f t  i s  t h o  n e t  number of  neutrons leav-  

5ng t 3 i s   SAM^ i n t e r v a l  (3ue t o  maderation hy t ‘ c i ~  heavy el-emcnt. 

The fn1;epal on  the right side o f  equat ion (1) i s  the nwnbcr 

of neutrons. p e r  second s loned  d x n  into t h e  3 ognr i thmi  c i n t e r v a l  

dtu bzs hydroZen. 

The buckl ing,  K2, i s  a func t ion  o f  the dimensions Df t h e  

extrapolated p i l e  boundary. 

of  hydrogen i s  a strong fv.nctioii o f  t h e  energy, there i s  no 

unique ex t r apo la t ion  c’iistance. 

E, Grculing, we have talron the ex t r apo la t ion  l enc th ,  and hence 

Because t h e  t r a n s p o r t  cross section. 

Following a suzze=ltion by 
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t he  buckling, t o  be energy d-ependent. Xe used f o r  t h e  extra- 

p o l a t i o n  l e n g t h  

= 2D 2 
3 htp 

F o r  t h e  moment we shall ignore t h e  moderation of t h e  heavy 

element by p l ac ing  f = 0. 

element i s  taken  i n t o  account through the  d i f f u s i o n  c o e f f i c i e n t ,  

D. 

Ho-never, t h e  s c a t t e r i n g  by t h i s  

For convenience we in t roduce  i n s t e a d  of t h e  f l u x ,  t h e  

co l l . i s ion  dens i ty  def ined  as 

and t h e  p r o b a b i l l t y  o f  a hydrogen c o l l i s i o n  

Then equat ion (1) becomes 

( 2 )  n(u) = 8 s" B(u')eWu'n(uf)du'.+ g(u) 
U 

The d i f f e r e n t i a l  equat ion f o r  n(u) i s  r e a d i l y  found t o  be: 

w i t h  t h e  boundary cond i t ion  n( ao) = 0. 
Since (1-3)ndu r e p r e s e n t s  t h e  number of neutrons/sec i n  

the  i n t e r v a l  u t o  u+du tirhich leak ou t  o f  t h e  r e a c t o r  o r  are 

' I  
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absorbed, t he  equat ion f o r  t h e  slowing d s v n  6ens i ty  i s  

q(o0)  = o. 

Since  q and n-e; satisfy t h e  same d i f f e r e n t i a l  equat ion and 

boundary condi t iQn,  they a r e  ic lent tcal .  

Ye can now r e i r i t e  equat ion ( 2 1 )  i n  t e r m  of q t o  o b t a i n  

t h i s  equat ion has the  s o l u t i o n  

E i s  t h e  maximum energy with which a neutron - *O 
uo - loge Fh 0 

is prodyced i n  the  f i s s i o n  process.  

In equat ions ( 3 )  and ( 4 )  one nTtrices t h a t  the neutron 

source g(u)  appears mult ipl ied.  by By the p r o b a b i l i t y  tha t  a 

neutron w i l l  c o l l j d e  with a hgdroge.1 atom. Thus t he  e f f e c t i v e  

s w r c e  ctP f i s s ?  on neutrons.  

If t h e  neutron source i s  monoenergetic wLth energy E s so  

t h a t  g ( u )  = 6(u-us), +%en ( 4 )  becomes 

-JUS( U l-B)dul 
(41) q(u) = B(UJ e 



* 

I -  
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We see t h i s  agrees  w i t h  Youngrs r e s u l t  ( r e fe rence  7, 

equ. 24) s ince  B(u,) i s  t h e  number of neutrons from a u n i t  

source which a r e  s c a t t e r e d  t o  lower energies ,  corresponding 

t o  h i s  quan t i ty  S. 

I n  t h e  event that  Ea << DK2 e rSH a comparison w i t h  

Fermi age theory  can be made. Under t h e s e  condi t ions  

L S H  

Then" 

r, 

Femni age theory w i t h  a f i r s t  fl 

r 

ghu c o r r e c t i o n  y 

1 

e l d s  

If we r e c a l l  

that ( f o r  hydrogen equals  unity, then the r e s u l t s  a r e  formally 

t h e  sane except f o r  t h e  departure  of the f a c t o r  (1 - -) from 

u n i t y  and f o r  t he  f a c t  that  K2 i s  hepe taken as energy dependent. 

D K ~  

G 3 H  

Uttlizing t he  c ross  s e c t i o n  f o r  hydrogen given i n  r e fe rence  

4 and the  f i s s i o n  spectrum given  i n  r e fe rence  5, we have ca l cu la t ed  

c- A similar r e s u l t  has been obtained by D, Selengut i n  NEPA-1484, 
except tha t  h i s  r e s u l t  does not include t h e  f a c t o r  B(u,). 
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q(o) ,  the p r o b a b i l i t y  of a f i s s i o n  neutron becoming thermal for 

seve ra l  water moderated systems, The oxygen data used i s  be l ieved  
t o  be the bes t  compilat ion of data e x i s t i n g  a t  this  time. 9 

Seometry 

Sphere 

:yltnder 

Dimensions (em) 

r a d i u s  height  

36 

28 

l8,8 

18,9 

25,3 

1104 

3, ., 
6 1 8 '*." 

0 539 

e 401 

-- 
The quant i ty  q(o) depends on t h e  moderator dens i ty  and 

dimensions o f  t he  system only i n  the  form of moderator dens i ty  

t imes t h e  l i n e a r  dimensions, The cy l inder  dimensions i n  

7, P r i v a t e  communication from H, Golds te in  

When oxygen moderation i s  taken i n t o  account according 
t o  t h e  method given i n  Appendix I, th i s  value becomes 
0,630, 

I 
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Table I are those  of t h r e e  assemblies used i n  c r i t i c a l  mass 

experiments (3) a t  K-25 a f t e r  a co r rec t ion  f o r  water dens i ty  

w a s  applied,  

b e n e f i c i a l  e f f e c t  of slowlng down due t o  oxygen. 

ca se  i n  which the computation W a s  made, according t o  Appendix A, 

The values  of q ( o )  i n  Table I do not  inc lude  the 

I n  t h e  one 

t h e  value o f  q ( o )  was increased  by two percent ,  

r e p o r t i n g  thissame r e s u l t  i s  t o  say t h a t ,  i n  t h i s  one case,  

f u l l  d e n s i t y  water  without oxygen slowing down gave t h e  same 

q as water  w i t h  oxygen moderation of 0097 normal dens i ty .  

Another way of 

4. Comparison w i t h  C r i t i c a l  Experiments. C r i t i c a l  exper- 

iments have been c a r r i e d  out  a t  K-25 ( 3 ) .  Using t h e  experimental  

dimension and corngosition we have computed, according t o  the  

method i n  s e c t i o n  3 ,  t h e  number of neutrons escaping fast l eak-  

age,  and from that the t h e o r e t i c a l  r e a c t i v i t y  according t o  the 

formula* 

2’. ,. 
T h i s  equat ion assumes t h e  p i l e  i s  thermal. If th i s  i s  not  
t h e  case,  then  one inc ludes  the  macroscopic absorp t ion  c r o s s  
s e c t i o n  of water and U(25) i n  Ea9 computes q(u) ,  and uses  t h e  
r e l a t i o n  



- 
R is t h e  r e a c t i v i t y ,  -$ = 2,lO neut row-produced  per neutron 

absorbed i n  U(25). For  t h e  absorp t ion  c ros s  s e c t i o n  of U(25) a t  

Cylinder Dimension 

Radius Height 

19.05 41.7 

25.4 20.5 

12.7 32.3 

f cm) 

.025 ev. we used 645 barns .  The parameters f o r  thermal neutrons 

i n  water  were obtained from re fe rence  6. These are 

taEgO = 0.68 barns/molecule 

Table I1 shows the comparison with three of the experimental  

c r i t i c a l  assemblies. 

Table I1 

H/U/2 5 
Atomic R a t i o  

Water Dens i t y  
(gqfcc) 

Theoret i c  a: 
R e a c t i v i t y  

755 

499 

43,9 

0,992 

0,997 

0 . 900 

0.90 

0,86 

0.82 

There are s e v e r a l  f a c t o r s  which will tend t o  improve the 

The e f f e c t  o f  oxygen slowing down increased  agreement shown. 

t h e  r e a c t i v i t y  by two percent  i n  the f i r s t  l i n e  o f  t h e  table  

and can be expected t o  make a t  l e a s t  that much d i f f e r e n c e  I n  the 

o t h e r  e n t r i e s ,  Although epi-thermal f i s s i o n *  did not change 

* the r e a c t i v i t y  apprec iab ly  i n  the l a r g e s t  p i l e ,  it i s  a n t i c i p a t e d  

See foo tno te  p.  10. 

i 
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that  t h e  i n c r e a s e  w i l l  be no t i ceab le  i n  t h e  smaller ones. 

The t h e o r e t i c a l  r e s u l t s  here were compared wi th  t h e  more r e a c t l v e  

of t h e  experiments i n  r e fe rence  ( 3 ) .  These were t h e  assemblies 

w i t h  i r o n  con ta ine r s  which i n  some cases  r equ i r ed  5 percent  

l e s s  f u e l  t han  t h e i r  coun te rpa r t s  i n  aluminum containers .  

3t 

The poor agreement of  t h e  t h e o r e t i c a l  and experimental  

r e s u l t s  shows that  d i f f u s i o n  theory i s  not adequake t o  descr ibe  

the slowing down of f i s s i o n  neutrons i n b a r e ,  hydrogen moderated 

r e a c t o r s  whose dimensions a r e  comparable t o  the d i f f u s i o n  l e n g t h  

of h igh  energy neutrons,  The c r i t i c a l  masses so c a l c u l a t e d  can 

be too  l a r g e  by a f a c t o r  of  the o rde r  of two i n  p i l e s  of i n t e r -  

e s t i n g  s i z e s ,  

However, the method which proceeds from microscopic data only 

can be used as a s t a r t i n g  po in t  f o r  t h e  a n a l y s i s  of metal-water 

mixtures. This a n a l y s i s  i s  c a r r i e d  out  i n  the next s ec t ion ,  

5 ,  Water-Hetal M k t u r e s ,  The e s t ima t ion  o f  t h e  r e a c t i v i t y  

of water moderated p i l e s  conta in ing  s i g n i f i c a n t  amounts of 

s t r u c t u r a l  metal  i s  a t  p re sen t  d i f f i c u l t  because of the s c a r c i t y  

of experimental  information, 

ou t l i ned  i n  TAB-53 which w a s  presented e a r l i e r  was shown t o  be 

i n  only f a i r  agpeernent N i t h  experiinents, However, it might be 

hoped that  c o n s i s t e n t  c a l c u l a t i o n s  w i t h  th i s  method f o r  a l l -  

water-metal r e a c t o r s  ~vould d e t e m i n e  more accura t e ly  the  - r a t i o  

The modi f ica t ion  of t h e  method 

9 I n  r e f l e c t o r s  around water moderated cores ,  i r o n  seems t o  
be about as e f f e c t i v e  a r e f l e c t o r  as water  ( p r i v a t e  comun- 
i c a t i o n  from E, Greuling, based on K-25 experimental data) 



of the neutron-stopping power of t h e  metal t o  t ha t  of pure 

water t han  e i t h e r  of t h e s e  q u a n t i t i e s  themselves. We g ive  

below t h e  r e s u l t s  of such a c a l c u l a t i o n  f o r  aluminum, 

Some slowing down d i s t r i b u t i o n  measurements have been 

made on aluminum-water mixtures  ( * )  and on a zirconium-water 

mixture ('I. The r e s u l t s  presented  he re  are found 50 agree 

reasonably wel l  with the experimental  aluminum-water measure- 

ments. Calcu la t ions  on aluminum a r e  emphasized because t h e  

t h e o r e t i c a l  and experimental  va lues  f o r  i t s  t r a n s p o r t  c ros s  

are i n  good agreement (lo). 

zirconium. The t h e o r e t i c a l  t r a n s p o r t  c ros s  secti.cn f o r  i r o n  

( the  experimental  measurements a r e  crude) i s  nea r ly  t h e  same 

as tha t  of aluminum ( l o ) ,  Consequently, i f  the i r o n  slowing 

d o m  (due t o  i n e l e a s t i c  s c a t t e r i n g )  i s  neglected,  t h e  ca l cu la -  

i;ions f o r  aluminum can '?e sca led  by t h e  r a t i o  of atomic d e n s i t i e s  

Znto calcul-at ions f o r  iron-xatccr mixtures,  

No c z l c u l a t i o n s  were made for 

-53 

Before t u r n i n g  t o  the  d e t a i l s  of  t h e  c a l c u l a t i o n s  for 

w a t e r - m e t a l  mixtures, l e t  us cons ider  the role of the m e t a l  

component i n  such mixtures.  The s c a t t e r i n g  cross s e c t i o n  of 

hydrogen f a l l s  q u i t e  l o w  a t  h igh  neutron energ ies ,  and so i n  

hydrogen moderated r e a c t o r s  auch of  t h e  neutron leakage occurs 

. 

9 There i s  a Canadian experixentaal r e s u l t  on an iron-ivater 
mixture (Can. Jour.  Research A ,  25, 152, 1947) but  it does 
not seem t o  be very  u s e f u l  fo'i; r z c t o r  c a l c u l a t i o n s ;  the 
i r o n  was p resen t  i n  l a r g e  chunks and the measurements were 
not  made w i t h  f i s s i o n  neutrons,  
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a t  high energies .  The c ross  sec t ions  of elements o the r  than  

hydrogen z e n e r a l l y  hold up r a t h e r  b e t t e r  a t  hZgh energ ies ,  

and thus  while t h e  s c a t t e r i n g  power of a p i ece  of metal does 

not  compare wi th  t h a t  of  an equal volume of  water  a t  lower 

energ ies ,  i t  can compare q u i t e  favorably  a t  hi.gh energ ies  where 

much of t h e  neutron leakage occurs .  This  sugges ts  t h a t ,  f o r  

t h e  purpose of prevent ing f a s t  neutron leakase,  a metal  can 

b e  equiva len t  t o  water  of  some a3prec iab le  dens i ty  x. 

If a metal  were i n  f a c t  equivalent  t o  tvater o f  d e n s i t y  x 

(for a l l  r a t i o s  of metal  volume t o  water volrme, and f o r  all 

s t z e  systems) then  t h e  equivalent  densf ty  o f  a system contain-  

i n g  y volumes of metal  t o  1 volume of f u l l  dens-ity water would 

be  

If t h e  dimensfons o f  a system a r e  large compared t o  t h e  t o t a l .  

mean f r e e  p a t h  and s c a t t e r i n g  mean f r e e  pa th  f o r  neutrons Ln 

t h e  modera%or, thep these are the only two l e n g t h s  which apaear  

i n  t1_7_f Boltmann ,pansport equat ion,  These l eng ths  are both 

Inverse ly  propor t iona l  t o  t h e  moderator dens i ty ,  so that  t h e  

age ( a c t u a l l y  one-sixth t h e  mean squared. slowing down d i s t a n c e )  

w i l l  be i n v e r s e l y  p rogor t iona l  t o  t h e  dens i ty  squared. Thus 

t h e  r a t i o  of t h e  age i n  a water-metal mixture t o  tha t  In 

pwe water would be . 

, 



. 

For example, t h e  age t o  indium resonance i n  a ma te r - z i r con im 

mixture having y = 0,25 was measured ( 9 )  t o  be 35,7cm2, while 

t h e  age i n  p l a i n  water  (y = 0) was 30.3~~1 e 

t h e  above formula g ives  x = 0 0 5 9 ;  thus  zi rconfun appears t o  be, 

neutron-stopping-wise, about 0,6 as good as water. Table I11 

shows t h e  age for aluminwn-%ater mixtures  as measured by 

Roberts and F i t c h  ( * )  and as ca l cu la t ed  by t h e  method descr ibed  

below,, The ca l cu la t ed  va lues  o f  x a r e  a l so  included,, 

2 With t hese  va lues  

Table I11 

Age for Alwninum-:"Jater Nlx tures  

r = aluminum t o  water 
volume r a t i o  

O e 4  

0 0 5  

006 

0.7 

0 0 8  

O e 9  

1,O 2,51 

measured 
X 

e 355 

0262 
I_-- 

1,5P 

1,65 

1,80 

1,96 

2,11 

2,26 

* 
X 

.348 

.332 

318 

e 307 

0299 

,294 

0291 

45 The va lues  of  x i n  Tables I11 and I V  a r e  c a l c u l a t e d  on t h e  
basis of q va lues  f o r  p l a i n  water without oxygen slowing 
down, 
i s  equivalent  t o  a c t u a l  water of d e n s i t y  0,97 =/cc) i s  
gene ra l ly  v a l i d ,  t h e n  t h e  va lues  of x i n  Tables I11 and I V  
should be m u l t i p l i e d  by o,g7, 

If t h e  only resizlt obtained thus  far  ( t h a t  t h i s  water 



It f s  seen tha t  t h e  f r a c t i o n a l  e r r o r  i n  i s  l e s s  t h a n  

tha t  i n  x. Hence t h e  q u a n t i t y  x is a ' f s e n s i t i v e R  parametey and 

its use tends t o  magnify d iscrepancies ,  Conversely, when t h e  . 
value  of x i s  used t o  c a l c u l a t e  q, t h e  p r o b a b i l i t y  of a f i s s i o n  

neut ron ' s  escaping f a s t  leakage, t h e  r e s u l t  i s  not  very  s e n s i t i v e  

t o  small u n c e r t a i n t i e s  i n  x, 

To determine x we f i r s t  c a l c u l a t e d  q f o r  bare a l l -water  

. 

spherical. systems by t h e  method discussed i n  s e c t i o n  3. For 

a sphere of r a d i u s  R,  say,  conta in ing  some aluminua, we c a l -  

c u l a t e d  q(o ) .  

sphere of r a d i u s  R would y i e l d  t h e  same q (o ) .  

mined fror;? the equation on page 14 ,  

-de then  determined what Censity of water ,  In a 

x was then  d e t e r -  

The ca lcu la t zon  j u s t  descr ibed  makes use o f  the t r a n s p o r t  

c ross  sec t ion  o f  aluminum and ignores  any energy loss due t o  

i n e l a s t i c  collisfons with aluminum, The t h e o r e t i c a l  and exper- 

imental  va lues  o f  t h e  aluminum t r a n s p o r t  c ross  s e c t i o n  a r e  i n  

good agreement 

theoretical values were used, It is of interest to note  that 

and in between e x p e r h e n t a r  p o i n t s  t he  

the t h e o r e t i c a l  o t r (E)  va lues  f o r  i r o n  and aluxinum a r e  n e a r l y  

If one assumes tha t  the t h e o r e t i c a l  values  for the same 

i r o n  are c o r r e c t  (the measured ones a r e  cDnsiiiered rough) t hen  

t h e  above c a l c u l a t i o n s  f o r  Al-water mixtures can be  considered 

as c a l c u l a t i o n s  f o r  Fe-water mixtures  i r ?  which t h e  i r o n  slowing 

(no>  

down4' has been negl-ected, Since the atomic d e n s i t y  o f  i ron  1 s  

dC 

"The e f f e c t  of moderation by i n e l a s t i c  s c a t t e r i n g  can be obtained 
by a p e r t u r b a t i o n  method. 
f o r  an iron-mater p i l e  (y = 0.70) and t h e  e f f e c t  w a s  t o  i n c r e a s e  
x by about O,l, 

One such c a l c u l a t i o n  was c a r r i e d  out 



. 

. 

1,4 t imes t h a t  o f  aluminum, t h e  x value f o r  i r o n  i s  1 .4  t imes 

t h a t  of  aluniinum. 

same f a c t o r ,  we show t h e  r e s u l t s  i n  Table I V .  

Af t e r  c o r r e c t i n g  t h e  v a l u e s  of  y by this  

Table I V  

x f o r  I r o n  without  Slowing Down 

y = i r o n  t o  water  I ron  V o l u m e  
volume r a t i o  ( l i t e r s )  -- - I- 

O e 3 0  

0,30 

0,40 

0,50 

0,50 

0,60 

0,70 

88 

44 

88 

88 

17 6 

88 

88 

Tota l  Volume 
( Ii  t ers 1 

380 

190 

308 

2 64 

528 

235 

214 

ca lcu la ted’  
X 

a 48 

45 

0 45 

.43 

47 

42 

41 

Tables I11 and I V  show t h a t  the va lues  o f  x, as comguted here, 

vary w i t h  p i l e  size ar,d composition, Rotvever, ove r  the range 

of compositions and volumes considered here x is a constant  t o  

withfn + Y 

s t rong ly  upon X, 

As poin ted  ou t  earlier, q ( o )  does not  depend 

The es t imat ion  of  t h e  r e a c t i v i t y  of bare ,  water-metal 

p f l e s  by t h i s  nethod would no doubt be sub jec t  t o  as l a r g e e r r o r s  

as those f o r  all water  p i l e s  tha t  were presented  i n  s e c t i o n  4 

of t h i s  r e p o r t ,  However, one might hope that the x values  ob-. 

taZned above mfght be more accura te  and could  be  used along w i t h  

a method which gives  good r e s u l t s  f o r  a l l -wa te r ,  r e f l e c t e d  p i l e s  
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t o  o b t a i n  good e s t ima tes  for t h e  c r i t i c a l  mass of r e f l e c t e d ,  

water-metal systems. 

For  example, l e t  us cons ider  a r e a c t o r  with an i n f i n i t e  

water r e f l e c t o r  whose core i s  a sphere of volwne 100 l i t e r s  

and which conta lns  25 l i t e r s  o f  i ron ,  

Table I V  x i s  approximately 1/2, so that  t h e  average d e n s i t y  i s  

Thus y = 15 25 = 3, From 

From G r e u l i n g f s  r e s u l t s  w e  f i n d  that  the  c r i t i c a l  mass of 

a sphere of core  volume loo(  ,875) t .  f r i l l ed  w i t h  full d e n s i t y  

water i s  1,56 kg of U(25). 

d e n s i t y  ( * 8 7 5 )  r e q u i r e s  1.56/(.875)2 o r  about 2 kg. The thermal 

absorp t ion  c ros s  s e c t i o n  of i r o n  i s  about 10 t i m e s  that of water 

on a volume basis, Thus t h e  core  m a t e r i a l  would be 

3 

Thus a 100 l i t e r  core  w i t h  water of' 

times as abosorbing as water of d e n s i t y  ,875 and the c r i t i c a l  

mass es t imate  becomes 7.5 kg. * 

Actua l ly  G r e u l i n g f s  r e s u l t s  apply only t o  systems whose co re  
and r e f l e c t o r  p r o p e r t i e s  a r e  t h e  sane, so  t h e  f i g u r e  of  7 0 5  kg 
a p p l i e s  t o  a r e a c t o r  whose r e f l e c t o r  $s a l s o  composed of 
water  of dens i ty  0.875 gm/cc, 

9 
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Appendix I 

4 

live consider  here  how the  p r o b a b i l i t y  o f  f i s s i o n  neutron 

becoming thermal changes when a heavy element i s  a l s o  present  

i n  t h e  moderator. We de f ine  E' = Ea + DE? and r e w r i t e  

equat ion  (1) i n  t h e  t e x t  i n  t h e  form 

where, as before  [cf. equat ion (3 f l  , 

However, q ( u )  i s  no longer  the  slowing down densi ty .  The number 

of neutrons l o s t  due t o  leakage and absorp t ion  i n  t h e  i n t e r v a l  
I 

between u and u-tdu i s  )- 9. Thus t h e  number of neutrons 

which have survived i s  

a t  u 

> 

T h i s  i s  the  slowing down dens i ty  i n  ,the presence of hydrogen 

and a heavy moderator 

Ve now el iminate  

L '  

element. 

from equat ion A1 t o  obtain:  



22 

. 
Equation A2 i s  normalized t o  a f i s s i o n  source of one neutron 

p e r  second. It i s  convenient t o  rep laze  t h i s  source by the a c t u a l  

neutron source. If w e  d e f i n e  f t o  be t h e  number of f i s s i o n  neutrons 

produced pe r  neutron becorning thermal,  t hen  under t h i s  r e n o m a l -  

i z a t i o n  the number of f i s s i o n  neutrons produced p e r  second i s  

f t o ) ,  f o r  - - ( o )  i s  now t h e  number of  neutrons becoming thermal 

p e r  second. With t h i s  renormal iza t ion  A 2  becomes 
7 

SH 

1 da 
c = 3 - l  -xi 

The p r o b a b i l i t y  of a f i s s f o n  neutron becoming thermal i s  

ra te  of neutrons becoming thermal 
ra te  of production of f i s s i o n  neutrons 

1 

Equation A 3  i s  an eigenvalue problem f o r  f .  

expression f o r  f which i s  i n v a r i a n t  t o  changes i n  q from i t s  

c o r r e c t  value.  

We wish t o  f i n d  an 

To do t h i s  we mult ip ly  A3 by Q(u) and i n t e g r a t e .  
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A4 1" Q [a % + b % +  cq] du = f z(atl)q - a $1 u u=o Qg du 
du 0 0 

. 
We find this equation for f is invariant t o  changes in Q and q 

provided q satisfies A 3  with boundary conditions 

and Q satisfies 

(be) + cQ = 0; w i t h  the boundary conditions: $5 7 ( a Q )  d2 - 
du 

and 

our invariant expression for f is: 

O u r  equations f o r  q and Q are homogeneous, so we are free 

to choose their normalization, For convenience ?re place: 
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00 

f J Q g d u = 1  
0 

IVe t ake  as our zero order  o r  t r i a l  func t ions  the s o l u t i o n s  

of  A3 and A 5  when f Is = 0. ( T h i s  s o l u t i o n  f o r  q i s  the one found 

i n  t h e  body o f  t h e  r e p o r t ) .  The aquai;ionn determining these  zero 

o rde r  func t ions  are: 

- a+ (l-B)qo = B g ( U ) ;  q(00) = 0. du A 3  1 

and 

A5 1 QO(o) = B(o) 1 

As before ,  B = , ',Ye have placed fo qo(o) = 1 = fo &,g du, 
Z S E  + 1 0 

Upon s u b s t i t u t i n g  A 3 '  i n t o  A6 and r e c a l l f n g  tha t  fo y,(O) = 1, 

1 ~ 8  o b t a i n  
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F i n a l l y ,  t h e  change i n  t h e  p r o b a b i l i t y  that  a neutron will 

become thermal i s  

The denominator can be put equal t o  u n i t y  with very l i t t l e  

e r r o r .  Now 

- J' (1-B)du 0 
and Q0 = B(u) e 96 that 

This same r e s u l t  can be  obtained by d i r e c t  p e r t u r b a t i o n  of 

equat ion (1) i n  t h e  body o f  t he  r e p o r t .  

procedure g ives  a stronger pr9of of  t h e  v a l i d i t y  of t h e  resul t .  

However, t h e  v a r e a t i o n a l  

. 
If we f i r s t  so lve  for qo(u) ,  as i n  s e c t i o n  3, then equat ion  A 7  

g ives  the c o r r e c t i o n  t o  qo(o)  which has t o  be appl ied t o  take 

account of  the moderation by a heavy element. 
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