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CAN POLARIZATION E F ~ C T S  BE DETECTED m CAPTURE GAMMA RADIATION? 

L. C, Biedenharn, M. E, Rose, G. B. Arfken 

I. Introduction 

1% is well known t h a t  the detection of the state of polarization 

of rad ia t ion  emitted i n  nuclear (cascade) t r ans i t i ons  can y i e ld  useful information 

concerning the pa r i ty  of the r - r a d i a t i o n  and is helpful  i n  the determination 

of decay schemese 1 It has a l so  been conjectured t h a t  the groduction and subsequent 

u t i l i z a t i o n  of polarized pa r t i c l e s  i n  nuclear transmutations would perhaps be 

equally useful  fn  providing inr’ormaibion concerning the  quantum numbers t o  be 

assigned t o  nuclear levels .  A t  present experimental techniques f o r  the  production 

of a beam oE polarfzed p a r t k l e s  a re  very fully developed i n  t h e  case of neQtrons. 

Such techniques are, of courses lim.fted a t  present, to slow (s) neutrons. It is  

therefore. per t inent  t o  invest igate  the poss ib i l i t y  of u t i l i z i n g  such polarized 

neutrons fn  order t o  (1) produce other polarized pa r t i c l e s  and ( 2 )  t o  obtain 

information on nuclear l e v e l s  by detecting the emitted rad ia t ion  with polar iza t ion  

sensit-fve countersc 

be revealing s jnce t h i s  i n t ens i ty  would be i so t rop ic .  

It is  c lear  t h a t  a measurement o f  t o t a l  i n t ens i ty  would not 
2 

Ma consider t h a t  the compound s t a t e  formed by neutron capture decays 

by photon emission s ince t h i s  is the case of grea tes t  in te res t .  Emission of 

other types of p r t i c l e s  is br ief ly  discussed a t  the end of  t h i s  report .  The 

experiment envisaged then involves the use of  polar izat ion sens i t ive  detectors  

1, 

2. Le Wolfenstein, Phys Rev, _3 75, 1664 (1949) . 
Do R, Hamilton, Physo Rev. - 7b, 782 (1948), 



t o  measure the in t ens i ty  and polar izat ion of the emitted photonsO3 The r e s u l t  

of t h i s  invest igat ion shows t h a t  the in t ens i ty  as measured with any known 

(prac t ica l )  po la r i zo t ion - sens i t i v~  detector i s  isotroDic and t h a t  therefore 

a d d i t i o n a l  information is forthcoming by v i r tue  of the  neutron Rolarization. 

AS shown beloir, t h i s  statement is  va l id  f o r  both pure 2nd mixed multipoles. 

Specif ical ly ,  there f s  no observa.ble anisotropy insofar a s  the 

analyzfng process can de tec t  only l i nea r  polar izat ion,  

a11 known methods f o r  measuring the photon polarization; e,g,, (1) p a i r  production, 

( 2 )  photoelectric e f f e c t  or  ( 3 )  single Compton sca t te r ing ,  

This is  the case with 

The common feature  

of these observation methads is  t h a t  they give information only about the s ta te  

of l i n e a r  polar izat ion of  the photon a d  cannot dis t inguish between r igh t -  a d  

l e f t - c i r cu la r  polar izat ion,  or indeed, dis t inguish e i t h e r  of these from un- 
4 

polzrized l i gh t ,  

s imi la r ly  indistinguishable,  

rad ia t ion  eni-ftted and/or the compound s t a t e  it would be necessary t o  devise 

It i s  c l ea r  t h a t  r i g h t  vs. l e f t  e l l i p t i c  polar izat ion are 

I n  order t o  obtain information concerning the . 

some detection method which discrfininates between r i g h t  vso left c i rcu lar  

polarization; t h a t  J.s, a Qnuclear quarter  wave plate." 

19. Absence of Polar izat ion Effects  

Let us comider  neutrons havtn5 a polar izat ion defined by the 

polar izat ion vector Fo f (.-") - incident  upon a t a rge t  nucleus of spin J with N 
the t a rge t  spins  randomly oriented, 

w i l l  be taken as zero (S-neutrons). 

The relative angular momentum of the system 

Following the methods originated by 

3. H. Dautsch and F. Netager, Phys. Rev, - 1542 (1948); 76, 187 (A) (1949). 



4 5 6 Hamilton , Goertzel 

p rababi l l ty  fl (Po$ k, e)  f o r  the emiss-Pon o f  a capture gamma ray  i n  the k 

di rec t ion  with l i n e a r  polar izat ion e following the capture o f  an S neutron of 

polar izat ion Po. 

a id  Falkoff and Uhlenbeck we s h a l l  calculate  the r e l a t i v e  
4 2 

-L 

4 

The desired probability is: 

-b 

A(Po, k denotes the probabi l i ty  amplitude fo r  the i n i t i a l  state of t he  system 

with /de f in ing  the spin s t a t e  of the  t a r g e t  nucleus; similarly, B, denotes the 

intermediate state and C,, the f i n a l  s t a t e ,  S denotes an averaging process over 

the i n i t i a l  states ( k  ), including phase averaging, and a summation over f i n a l  

states (ml). 

and gamma ray emission respectively.  

Also HI a d  H2 are t h e  Hamiltonians t h a t  e f f e c t  the neutron capture 

The sum over the degenerate intermediate s t a t e s  (B,) in (1) is  

It i s  possible, however, t o  remove interference terms by a proper 

Then (1) takes the form: 

coherent, 

choice or" a quantization a d s .  

This reduction has been demonstrated by o the r  authors7 for  a s i m i l a r  s i t ua t ion  

4. 
so 
6. 

Do R. Hamilton, Phys. Rev. - 58, 1 2 2  (1940)0 

Go Goertael, Phys. Rev. - 70, 897 (1946), 

David L, Falkoff ar,d G. E, Uhlenbeck, Phys. Rev, - 79, 323 (1950). 

7. Stua r t  Po Lloyd, Phys, Rev. 00, 118 (LIP (1950). 
J. A .  Spiers, Phys, Rev, 80,9;91. (L), (19~0), 
B. A. Lippmann, Phys, RevT81, 161 (L), (19?d)e 



wherein a propagation vector f o r  one o f  the  emitted (or absorbed) radiat ions 

is specified,  Here we are  concerned v i t h  t*be case i n  which the polaf izat ion 

d i rec t ion  (of the neutrons) is specif ied while t h e  propagation vector is not  

fixed, That t h i s  difference 4s riot e s s e n t i a l  and t h a t  the cross terms -fn (1) 

are  removed by choosing the ax i s  of quantization along Po is seen d i r e c t l y  i n  

the I'oUar-rtng mamer, Ass?.xne, f o r  t he  moment, tha t ,  -the %widen% neutrons are 

A 

completely polarized s o  t h a t  P, 1. The compound s t a t e  wave function is then 

3 Jw 8 
J ,A where the C I- are Clebsch-Gordon or ( r e a l )  vector addi t ion coef f ic ien ts  

as deffned by Yfgner.9 An index m, on which the  C-coefficients depend, has 

been s q p r e s s e d  since it i s  in general gfven by the sum of the second and t h i r d  

subscripts: m 1-t If w e  now consider a gfven 1, it is c lea r  t h a t  only 

one value of m occurs and there are therefore no cross-terms. We can now remove 

the r e s t r i c t i o n  of complete pc la r i sa t ion  while recognizing t h a t  f o r  incomplete 

polar izat ion the sp in  state x-7 
z of the neutron has random phase r e l a t i v e  

state and the reduction of (1) %a ( 2 )  s t i l l  obtains on averaging over 

t o  the 

t h i s  

phase . 
We can s h p l L f y  Eq. ( 3 )  s t i l l  fur ther  by noting tha t  

Av 

t 8. E. U. Condon and G. H, Shortley, Theory of Atomic Spectra, (Cambridge University 
Press, 19351, Chap, 111, 

9. E. P, Wigner, Cisuppenthem%e, ( r ep r in t  J, lde Edmrds, 1944). 
the  notatton t o  the  e x t e n r o f  replacing s $7 C. 

In general C 
r e su l t an t  J3$ with z-componenks m l g  m2 and m3 9 m,f m2 respectively. 

'VJe have a l t e r e d  

corresponds t o  the vector addttion of J1 alld J2 t o  give a 
JaJ2 
Jjrnlm2 
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t h  = t o  within a common proport ional i ty  fac tor  - i s  j u s t  the population of t h e  m 

sublevel of the intermediate s ta te .  Using Eq,. ( 3 ) 9  the population of the  xuth 

sdblevel, ca l l  it B(m, JIB is: 

The s ign is t o  be taken + fo r  J .= JN j- 3 and - f o r  J = JN - io The departure 

from uniformity of the populat-ions o f  the sublevels of the  compound state is 

l i nea r  In  the magnetic quantum number of t.hese s t a t e s .  ThJs r e su l t ,  which 

obviously fs  a d i r e c t  consequence of the circumstance t h a t  spin 3 p a r t i c l e s  

are captures, i s  of de2:isive impcrtance f o r  the conclusions t o  be presented below, 

Let us now consider the evaluation of the matrix elements ( B, IH2ICmI) 

The Hamiltonian Hz is  1 di a where d ,  is the  Dirac veloci ty  operator for t he  

ith nucleon and A i s  the vector po ten t ia l  corresponding t o  a l i n e a r l y  polarized 

c;r - A  

A i 

A -A 
plane wave wi th  the propagation vector k and polar izat ion e i n  the observerls 

coordinates, Slnce the nuclear t r ans i t i on  will correspond t o  the rad ia t ion  of 

a l i g h t  quantum o f d e f f n f b  multipole order (angular momenta, L) and de f in i t e  

p a r i t y  ( e l e c t r i c  vs. magnetic rad ia t ion  depending upon L) it is expedient t o  

expand t h i s  plane wave i n t o  a sum over a l l  multfpoles. 5 Goertzel has done t h i s  

f o r  vector po ten t i a l  of a circularly polarized plane waveo H i s  result fse 
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The notation here is: 

denotes l e f t  c i r cu la r ly  polarized waves. 

P = f b denotes r i g h t  c i r cu la r ly  polarized while P - 1 
d 

The vector po ten t ia l s  Au4 refer t o  

L rad ia t ion  of 2 

fn refsrence ( 5 ) .  
pole multipole order, of substate  M, and a re  

The s u p e r s x i p t s  e, m denote e l e c t r i c  and 

respectively,  f.. \ 

given e x p l i c i t l y  

magnetic multipoles 

t h  The ~-8'~ '  (C(/p) are the (Mth, p ) elements of the ro t a t ion  matrix 

The elements (No P = f 1) a r e  a l s o  given e x p l i c i t l y  i n  
M P  

of the Lth order, 

reference ( 5 ) .  The d Bp sre the Euler angles of  t he  coordinate system of 
2 2 . a  

the ALM r e l a t i v e  t o  the coordinate system of the vectors k, e. 
.A 

A plane polarized wave - whose polar izat ion vector, e, makes an 
2 

angle 7 with respect  t o  a f ixed vector i n  the plane perpendicular t o  k - may 

be m i t t e n :  

P 

We can now reduce the matrix elernent < B, I % I Cmt> 
(6) 

t o  a more manageable form. 

transform under ro t a t ion  with the  ro ta t ion  matrix 
A~~ 10 

Since the  terms d, 
4 (L) we may apply the resul t  of Eckart 

10. 

t o  these matrix elements. 
' 

C. Eckart, Rev. Mod. Pliys. 2, 305 (3-93Q). Also E. P. Wigner, I.c., p. 264, 
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The term a(JJPflllg L) depends upon the t o t a i l  angular momenta (J,Jf) of the  two 

states involved, upon the mult ipolar i ty  ( 2  ) of the emftted quantum and upon 

the r e l a t i v e  pari%y change 

L 

(n' = 0 P denotes a change in pari ty;  n "- +1, 
Odd, " %  we have electric radiation, and o p p o s i t e v  E e v e n , r =  f no change.) For 

f o r  magnetic radiat ion,  

t h a t  f o r  a given value of E e f the r  e l e c t r i c  or  magnetic 2 

occur, but no t  both, 

have introduced t h e  funct ion f P s(n9 L' where $ ( V ,  L) = *(a f 7f (-=l)L) 

which automatically introduces the f ac to r  f P f o r  e l e c t r i c  multipoles and is 

uni ty  f o r  magnetic multfpoles. 

only. The Clebsoh-Gordon coeff ic ients ,  C 

summatfon over M fan Eq. (7) therefore reduces t o  a s ingle  term. 

Since p a r i t y  i s  a good quantum number, t h i s  means 
L pole rad ia t ion  may 

The fac tor  f P occurs i f  we have e l e c t r i c  radiation. We 

The factoge i G  
JL 
J 'mM9 

is  introduced for  convenience 

are zero unless m f M = mf.; t h e  

Introducing these resu l t s  fn to  E¶, ( 2 )  y ie lds  the following equation: 

We can s implify t h i s  if we note (1) t h a t  $he E d e r  angle 

d i f fe ren t  choice of or igin f o r  measuring the polarfza%fon angle 7 and eon- 

sequently we may put  r= 0 and ( 2 )  t h a t  the elements & (dfl8) a l l  have the 

dependence e l M d ,  multiplied by a real function of /8 , independently of L, As 

corresponds t o  a 

L 
M9 p 



we want only the absolute value we may discard t h i s  factor ,  or  what is equivalent, 

set  48 0, 
respect  t o  Po, and t o  agree with the customary usage we now ca l l  t h i s  angle 

A 
The E a r  a n g l e /  corresponds t o  the polar  angle t h a t  k makes with 

a 
A 

The absolute square in Eq, (9) may be wr i t ten  explicitly a s p  

L 2 L f  P,P' [ J 

L' 
L 

where ,$ is the Kronecker symbol and c.ce means complex conjugate. 

For p r a c t i c a l  reasons, one generally considers t h e  case fo r  mpuren 

multipoles and confines onets a t ten t ion  t o  a s ingle  value of I, 2 I,' i n  the 

above equation, 

the case of mixed multipoles becomes the important oneo 

consider mixed multipoles, and obtaln the r e su l t s  f o r  a pure multipole by 

Since, however, we s h a l l  ge t  a n u l l  effect f o r  t h i s  case, 

We s h a l l  for thwith 

special iz ing the general case. 

The typ ica l  terms i n  Eq. (10) for a m i x t u r e  of multipoles have the 

form: 



We note now t h a t  the function L +$ (n',L) e L f $(at- '?? (-=l)L) is always an 

even in teger  i f  

of the  value o f  Le 

f o r  a l l  values of  L and Lp, and i L-L'' cf - '' is therefore f 1 in a l l  cases. 

This ' s ign  is of no fmportance i n  what follows ard w i l l  be dropped ( i t  is + 1 

i f  L Lo9 however). Also 

- 1 and always an odd integer  if 77' = t 1, independent 

Consequently 6, t$ - ( L l  f $ is always an even in teger  

Inkoducing these results in to  Eq. ( I O )  we ge t  the f i n a l  form fo r  the  absolute 

square matrix elemen& 
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Me have introduced t h e  def ini t ions:  

The r e l a t ive  sign of the  three angular functions i n  the curley bracket i n  

Eq, (13) is an unwieldy function of L, L f  and 

obtained below, has been dropped as unimportant, 

, which, in view of the result 

The functions defined i n  

Eqs. (a), (15) and (16) a r e  w e l l  known i n  the l i t e r a t u r e ,  a t  least  for  small 

L, L f ,  (but  the notation is not yet common). 

the 

has been given by Ling and Falkoffl', and by Zfnnes 

the function fM 
function @ (Po, k, e). 

When L :: L f  we ge t  from (a) 
( d  ) given by Falkoff and Uhlenbecke6 For L # L f  the function # (Lo) L,L 

1 2  . Zinnes12 a l s o  gives 

(Lo), We are f i n a l l y  in a pos i t ion  t o  give t h e  desired L,L 
A .%a 

Subst i tut ing Eqe (13) i n t o  Eq. (9) we ge t  t h e  required 

result . 
~~ ~ 

11. D. S. L b g ,  Jr, and D, L. Falkoff, Phys. Rev. - 76, 1639 (19h9). 



We can s implify t h i s  

JL  
C J  QRM 

13 by using a r e l a t i o n  or ig ina l ly  due t o  Casimir 

~ J L 1  , 2J1+ 1 
- L  2L f 1 

I n  order t o  simplify f u r t h e r  we m u s t  obtain some of the  propert ies  



These propert ies  a11 follow immediately from the def in i t ions  and the relation': 

For example, consider the  funct ion I ( d  ). L,L 

The other r e l a t ions  are  a s  e a s i l y  shown. 

We need one f u r t h e r  re la t ion ,  the symmetry i n  M of the  sum: 

We s h a l l  prove the resu l t :  

L-L'+l -M 
%,L' 

HM = (-1) 
L,L 

. (This r e l a t i o n  has 53- J 9 f  L JL JL :: (-1) 
J 'm 'J I., -m, -M 

To do this we note t h a t  C 

14 been shown by Raeah o )  Thus: 

4. Giulio Racah, Physo Rev, - 62, 438 (1942)0 



m 

L - L ' + l  -M = (-1) H 
L9L' 

Now consider again the  v a ~ i o u s  terms i n  Eq. (17),  using t h e  r e l a t ions  j u s t  

shown, 

A l l  the other terms vanish because of the  summation over Me For example, take 

the terms in FM (Q). 
L,L' 

Consequently the sum over E3 of these terms vanishes ident ical ly .  
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From physical considerations it is clear that the first group of  

terms fn Eq, (28) (independent of neutron polar izat ion)  must be independent of 

l9 and . It is  easy t o  show t h i s  analyt ical ly ,  using t h e  f a c t  t h a t  

(L) (oflo) = d L  8 M,Mi MI ,M (0- UO), which follows from the  uni tary property of t h e  

Similar ly  we can show t h a t  t h e  corresponding 

vanishes ident ica l ly .  

sum over the fM (29) 
LSL 

- 1 (000) = p - p  = 0 
P P P p  -P 0 

P 

Fina l ly  then we have the  result: 
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From (32) it i s  evident t h a t  i f  the rad ia t ion  is  observed with 

polar izat ion insens i t ive  detectors  the in t ens i ty  i s  i so t ropic  and independent 

of neutron polar iza t ion  f o r  pure o r  mixed multipoles. This merely confirms a 

well-known r e s u l t  as does the f a c t  t ha t  in the  case of mixture rad ia t ion  

there a r e  no interference contributions t o  the  unpolarized intensi ty .  11 The 

only possible  e f f e c t  which might be expected(s p r i o r i )  t o  a r i s e  from capture 

of polarized neutrons is  an asymmetry which would presumably be observed with 

polarization-sensit ive detectors  and t h i s  only i f  the radiat ion cons is t s  of  

mixed multipoles. However, t h i s  p o s s i b i l i t y  is i l l u s o r y  because a l l  the terms 

L [ a ( J J f f l L )  a*(JJvVL')] vanish. That they do indeed - a l l  vanish as has 

recent ly  been shown by Lloyd 15 . 
This eliminates the  l as t  poss ib i l i t y  of any detectable r - r a y  

anisotropy resu l t ing  from the neutron polarfzation, f o r  Eq. (32) now has the 

simple form, @ ( P o 9 g L P , I E f ) ~ c o n s t a n t  independent of Po9 29 and 16 A a 

15* Stua r t  Po Lloyd, Phys. Rev. - 81, 161 (I,), (lPSl), 

16, This result is consis tent  with a theorem of Wolfenstein (reference 2) 
according t o  which the maximum anisotropy f o r  the case here considered 
would be cos3 79 I n  t f a e  present case the  maximum anisotropy is not  
realized. 



It i s  a l s o  c l ea r  from the foregoing t h a t  the p r a c t i c a l  r e s t r i c t i o n  

t o  S-neutrons w a s  e s s e n t i a l  i n  es tabl ishing t h i s  result. 

polarized neutrons were avai lable  the capture experiment would not  seem t o  be 

highly p rac t i ca l  f o r  i n t e n s i t y  reasonsa 

t o  a11 in ten ts  and purposes unpolarized ard no observable effects a r i s e  by 

virtue of the neutron polarization. 

However, even i f  fast  

The S-neutron capture r - r a d i a t i o n  is 

17 

Me emphasize a g a h  t h a t  the foregoing r e s u l t s  depend c r i t i c a l l y  on 

the f a c t  t h a t  avai lable  polar izat ion detectors  can measure only l i n e a r  polarization. 

The question a s  t o  a l te rna t ives  t o  the  n-b" react ion a r i s e s  i n  

connection with the present problem. 

non-zero spin nuclei  g-Eves rise, i n  general, t o  a p a r t i a l  depolarization t o  

which nothing new can be added here. The emission of  d -par t ic les  or  other 

sp in less  pa r t i c l e s  w i l l  gfve no deviation from isotropy. Proton emission i s  

not  probable i n  view of the l imited energy available,  Other  electromagnetic 

processes leading t o  in te rna l  p a i r  emission or  in te rna l  conversion electrons 

a re  again not p rac t i ca l  - the  former because of considerable experimental 

d i f f i c u l t i e s  t o  be expected and the la t te r  because the in t e rna l  conversion 

coeff ic ients  would compete weakly w i t h  t h e  high energy and/or low multipole 

t r ans i t i ons  which are  t o  be expected after formation of t h e  conpound statea 

The e l a s t i c  s ca t t e r ing  of the neutron by 

17. The poss ib i l i t y  o f  observing polar izat ion e f f ec t s  by se lec t ing  the radiat ion 
emitted i n  a special  d i rec t ion  i s  also seen t o  lead  t o  a negLtive resu l t .  
The only special  d i r ec t ion  a t  our  disposal i s  the  d i rec t ion  Po. 
rays emitted a t  'lp = 0 only the  components M = 2 1 of the rad ia t ion  appear 
(see references 4, 11). 
polarized l i g h t  which, f o r  the detectors  available,  is  equivalent t o  un- 
polarized light. 

For gamma- 

However, t h i s  gives r i g h t  and l e f t  c i r cu la r ly  


