
I l liililll ill~iil]l~il l[i l]r~lf~III[~lllllifliilil!11
3 4456 0360246 6

1:'t1Y ~ L' »r IfI~llJN-<4.-____ -- - ---

rl

, I'

•~A J I

-, l~" :(1

:... t. "h ; 1

j " ,,1. . I' ~
~~~----~- -

H." ., J.' I I



, I

v· r
7iJf) 

70C
7'J~Cl

e l be k

II 'ill~~~ l~iiIJ)~illiii~rlllfllrfli~1111ii~i~11111
3 4456 0360246 6

)
e )

o; a I La .o r a .ory

:.ona I Lubc r a1"Qr;,
";i ella .. e t> w

r.,;:;';v I 0,,"
in 1 11 .:mtoria 1'1 ti 'ut
Brookh Vt:£ ! a t i III Labor-s t or l

Ca l ide &: ';1:1.1" ) Cheol' cal
Lur ide & ~ r Ch, cal
Cohunbia Uni Ii _ t i.t 1 (Dunt
Gf3U rn I Ll co Co )lIDy

U r rd Di r e t.d Ji-tirtltloll
Iowa tate elf we
Los l~l8.mc 9

ll!o 0 hem' '1 Comrany, Dayton
Na iono.l ur 1 f SttUldazd6
hBva rl diati - la oratory
• dA

e York TJirecte 0i-) r-at.Lon
ratent i\d "SOT" "ash" c-ton
Pechn'i caI :nformnti'on "j)iv'is·on I) r»
UCLA Medif'lll Re search Le bo ra tor-y r , arren)
Uni r61 tJ J f' Ii fornia 1adl t.ior 1.8: ora 0"

~1JI~~lI:"1,,.J.v.e'J·l5l ty or R .he· er
• , J" r I

~

•• I .... ,

J. ,

i "

- ,

'lU":=h

'.J;: rrU·D·j ..~~ ;~l 01
I t· ~.io l t..' vTury
';0 ~L.'utral Fi.ltl8
J, Co,i.rkl ].,. 1013

1)" leE
11" File!
l~o rile
r' .,
1 ~,

1')
hl., ::'0

1 • .,

~ ~

• ··5!
S ... ~,. 1

6:'

'n~74.

7f:.,
7tJ

co



ABSTRACT

.
In certain exponential absorption experiments D notably measurements of

cro8e~section8 by tran8miBsion~ jt is important to achieve minimum statistical

error in a limited time_ or to minimi~e the counting time required to measure

the absorption coefficient with a preas6i~ned accuracyo
\

The conditions required

to attain these enda~ i~e~ the goometry for optimum tran3mlssionD and the best

apportionment of counting times among the incident and transmitted beams and

bac~grcund~ have been investigated for a wide range of relative backgrounds

(10-3 to l02)~ and for two geometries: 10 Beam area fixed~ absorber thick=

ness alone is varied~ II~ He m area and absorber thickness are both disposa=

hIe parameters" while the total amount of abuorber intercepting the beam re"

maina fixed o In both cases the inoident flux density and the back~round rate

are a8s~d constanta The optimum transmissions are shown to be" in general"

considerably smaller than those commonly used in absorption experiments o ThU8 ~

in Case Iii a useful ru e is to employ a transmission of about 001 for low back=

ground•• 002 for moderate backgrounds D and 0~3 tor high backgroundso The fol=

lowing have also boen determined : (a) minimum statistical error for a. eiv n

total counting time; (b) statistical error and the best distribution ot count=

ing times tor noncoptimum geometry; (c) sensitivity of the accuracy or total

counting time to deviations from optimum transmissiono

I





and the thickness of absorbero These questions become important when the total

available counting time is strictly limited by radioactive decay of the absorb

ing materialD or by other considerations " They arB also relevant in other sit=

uationa in which high counting efficiency i8 desirable" The answer to these

questions depend upon the y in which the b ckeround varie ~ and upon certain

geometric properties of the beamD the absorber and the detectoro

The presont discussion is based on the follow±ng assumptions. (a) The

flux density in the incident beam is constant in time and independent of gBom

etryo (b) The total background rate is likewise constanto (c) The detector

completely intercept' the beam" (d) The efficiency of the detector is the same

for the incid nt and tramnnitted bea.ma " (e) The transmission is an exponential

function of the absorber thickness. ioeo~the ab orber thickness is small com~

pared to the scattering mean free patho To the extent that the optimUJll trans~

mis ion 18 iOlificantly leas than unity&' which will almost alway be true,ll

this also implies that the absorption oross =section must be much larger than

the scattering cros -sectiono

Two cases will be considered:

10 The total oounting rate of the incident beam is fixed (ioeo,the crOS8=

eectional area of the beam is fixed); the thickness of absorbor can be variedo

this i8 the usual Bi tuation.

II. The total counting rate of the incident beam is ~ fixed but disposa

ble by changing the area of the beamD subject to the condition, that the total

amount of' absorber in the path of' the beam r emai ns f'ixed" Adjustment of' the beam

area may be advantageous when the amount of' absorber available, for the measure 

~nt i8 8mall~ and it is desired to exploit the absorber fully by placing al l

of it in the path of the beam"



CALCULATION OF OPTIMUM C0NDITIONS

By virtue of the assumption of constant background a transmis8ion mea8ure =

ment consists in obtaining three counting ratos 0 This simplicity may not be

present in the case of individual experimontal arran~ement8o For example o the

background may depend on absorber thickne 8~ in which case at 1683t one addie

tional oountinr, rate must be determined c Howeverg such oases can easily be

treated by the procedure described belowo

Designating the counting ti"!les for the incident and transmitted beams ;l in"

eludinG bacKJround p by ~ and ~ respectivelyo and the counting time for the back~

ground by ~ I> we have for the countinr, rates

(1)

»here ~P ~~ and ~ re the total counts for these three measurements reapec =

tively o The flux densities in the incident and transmitted beams ~ exoluaive of

baok~round~ are denoted by !o and -1 respectivelyv so that

.. (i

wher'e a i8 the cro88~8ectional area of the beamo The tr~ mission T can then

be written as

~x

e (3 )
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and to r eplace the partial count ng times .!i. by the rel tive counting

times ~i8

with

U.in/; (11) and (13 L and Multiplying both side by ~, (7) oan be

writton3

(13)

(14,)

As might have been e"xpected <J the total OOWlting time i.s inverDely proportional

to the square of tho relative error in the croeaoeootion o

We shall now investigate the optimum g$ometry and apportionment or count=

lng timos o treating in ttll"n the two cases preViously describodo

10 Cros8~ Seotional Area of Beam Fixed-
Le·c th& relativ backgroWld ~ be derined by

(16)

\
.. ..., . .



Sub 101tu-t1on or thi in (15) yie ldll

(1 )

Fr th1. it 1B id t 10 whoth r it bo 1'"oqulr d (a) to minimize ~

pr .1gn d ~ r (b) to 1:11.mb tor .,. 1'1xad ~»tIl optimWll con=
. -

d1tlO118 are tho lamo 'fhe adjuetabl p rameter in eithM" cate

r t:< r to th UJ trical ran~tJ) and 'tllO c4 i D wbiQh retor

x" whio-
the ppor~

101 g ti 0

Requ1r nt <a) rrAY ocaw soutial reetr101;ion on th..,-.,;;0,__- _ ..... _

'to 1 eow~:t;ing . t s and an upper 1----......;:;:;.- i pr a••1gned ~ the relative .rro

TG be • woe » C then be rb1trarlly I llJ) regardl. fJ ot geo try

1t 1a. t1wte th whll to lelect ox r ntal oonditloul which will ep

F r e.x&mple c in • long ear1ee

01' tr mie 10n JI18& ur , n108 'the 10 be e1gnU'1can'to

Roq 1romlmt (b) pp lea when~__1 aT.Uabl. oounting ~.!.. 11 1t d~

o og "'Jby radioactive dec y t the bSQrber _t~rial", or in coeJlio-ray exp ri.

nta at high altitude!! H" cannot be mad, arbitrarily lma11 0 but th ex-

per ntal oonditionl can b oha en DO .8 to minimize ito

For the caleul tion it 18 oonvenient to 1ntroduoe the notation s

t: + 1)/.,.2

t 12 ,.,2.()o.$.)/x2

( 8)



l/e a)

•

are s y

by priMa Q the I l utlun-

!l1n in th i"'01p (it t tbtt cf

(20)

1 (21)

Sube 1tut1on.Qf (21) into (~O) gi •

f) re «up t 11

"

I-- ... ....- .,

(22)
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It 1e aeon that tbe optimum values o~ the po. t re .!. and <!i d pend on the

relat1v baok&round _ alone o

(a) Of 'l'ramuu 810D" By n r10 1)' solving equ~t1oD (22a) tor .!
=X

a a funotion of' ~ll th Qpt1Jnw. 'tran.anduloD lop t l!!l e opt 1. eYaluatod a •

.. fWlct10n or tb rBl t1'O"8 background _ 0 In lo'ig e 10 lopt 1. plotted over

a 1do ran~o of m" from 10.-.3 to 102 . It will be no't1c&d that even for very

1 ge bac groundlS 'l pt doee not exceed Oa31 ,p and ll in tenerlllD the optimwn

trAIl miniODs arc coneiderably IUl»1aller than tholl frequently u.aod in ab.orp=

tioD $xperinlenta 0

Tho rsaulta in Fil;ur" 1 may be orude '1 d up by th following useful

rule 2 .Froll the point of view of OQuuting ef'f101onoYIl .. tro.namie 10n of bout

Ou1 hould be employ d l'or low b ck~rounds II 0 0 2 for mod rat baokgroWlda iI and

0 0 for high baokgroun~$o Tho meanin of "10 '9 " nDPd rat 9 ~ and "high" ill

be vidont fro Fig u 10 Tht rulo 18 applioab wh tho oroa - a otlonal

ar a of." the b fiXed and tho absorb r th1oknea. can be adj ted:. reav r ~

the ~ond1tioDa (a) t.o (u) ep'So1ti d in the lutroductian are usumed to hold a

18 e t approxinlately<> If tb background changes a isui!'icantly dur1ng an exp r co

nt~ and it 1s inoony nlen to change th. absorber thiokne'B~ then & fairly

good proD dure is to use transmission appropri te to an ~verage baakgroundfj

Th1a a 00 queaee ot the WcmI!1t1v1ty. .at T t to Jllo As w111 be oTidont-op
•from the subsoquent discussion. t~80 ruleQ havs ~der .pplloabi11ty thaD

• •
S I(d) below; a1 Q Figo 5
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and o 1~ will b r oa 4 trg,m Figure 1

that inc

~

with _ 0" Ae th& ba~=

d 11 t; be _aa

tod to _IIUlU"

vound 1 mll1"I!UiS aC2'lu':lbut quant1 1e

. .-- ..... .~ '"; .

J .

~..



nr,



=14 =

The arunmr depends in part upon whether the~ apportionment of times or

sam arbitrary lu,t<!i is utad o Since situations in which the optimum~i shou d

not b used (when counting otficiency matter ) are difficult to conceive~ we

•shall assume that this partial optimum condition is realizedo Th., a el18itivity

can then be measured by the deviation of the ratio (p2t:)/(p2~) trom ita mi ~
opt

tmum value of unity o Large values of this ratio are of course undesirable c

they imply largo uncertainty or an unduly long ti e required to attain a pre=

aosigned accuracy o

Combining (19) and (21)~

p
2 't _ (l/soa)(L) t i)2 e . (24 )

'. p
2

"C dep nda on both ~ and.! (" 00. on.!!! and ~) o The minimum of pG-r s

(p2 r) t o and thia is evaluated from tho solution of (22&) for each value of-op

JIb

'th ratio p2t' /(p2 -t: ) t 1 plotted in Figure 5 tor varinua values of 111
op

(number. affixed to each curv ) as a function of To It is evident i'rom the

flatness of the minima in ¥igure 5 that moderate deviations fromlOpt. are on l 

slightly diaadvantageoua ; i ce ~)it matters littlG if the geometry used is not

verr e Loae to tho optimumo On the other hand , tho steep portions of the curv (,

\
!
~.

• It should be noted that t he b 8t apportionment ofol i f or non-optimum T
is in general different from that shown in l"igure 2 /) atl dIscussed In the
previoue eotiono The apportiotl1!lBnt for anrl is giv n in FiGures 3 and 4 .

- :.C I " _ \ ,. . ..
~-_ . .
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and especially those for T <::... T show that for large departuros from T ~"a 19~
~ ~p~

nificant and rapidly rising increaso in error or countin~ is time inourred o

Thus" from the curve for the smallest relative background , ~ • 10~. it is clear

that a transmission as small as 0 001 is decidedly disadvantageous., as would be

expected , The same curve., however . a180 shows that using a transmission of 0 0 61

instead of the optimum (~ 0 0 1) . neceaa itatas II. 6~fold inorease in the counting

time to achieve a given acouracy; ore in a given counting time" increases tho

relative error ~ by a faotor ~

In general c for low baokground8 ~ transmissions exceeding 0 06 hould be

avoided if possibleo and even for very high baokgrounds M it is unwise to exoeed

Oo75~ Inspection of Figure 5 confirm. tho working rule previously deduoed trom

Figure 1& ioeo that transmissions of about Ools 0 02 ~ and OoS~ r08pectively~ are

suitable for use with lolt'p moderate » and hie;h backgrounds o

Figure 5 can be used to asoertain tho permissible ran~ of tranamissions

not to exceed (p2"t") t by more than some preassigned factor ",-op For

exampleo suppose ~ • 0 0 1$ and it is desired not to oxceed the minimum counting

tiJllll' (for a Given accuracy) by more than a factor 2 0 l<~orn the curve labeled

0 0 1 in Figure 5 it is seen that the transmis ion should lie in the rango

The permissible range of transmissions as a function of relative baokground

is shown more direotly in F1~re 6 v for several maximum values ~ 102 » 2~ and 4 ~

ot p2~/(p2~)aPtO The numbers on the curves aro values at this ratio o Thu8 0 if

.
-. . .

"
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un~ ill:: that in C 6 I,) 1s not fixed& but varioll in proportion to .! , 8ubject to

th c ondi t on that the total amount of ab e r-be in the p8.th of the beam r e ins

f1xed o This condition implies or courao~ that tho thiokneB of absorb r varia

a l/~o The problem. ill whether to JMJc:o tho absorbei" thiok and the be~ nar r ow.,

or the absorber thin and the b a wido o Hero ag in to 8. given relative back e

~round there correeponda an optimum tran8mi8~ionl how ver ~ the 1 tter now do·

terminel not only the optilltUtl baorber- thlclcn IS but also the opt i mwn beam are

It is fairly evident that tha value of the be t tI'a.rl5miasion here will differ

from that for Case 1 0 It I true that in both 0 .oa the thiokneos of absorbe r

change but in case II the beam are also changes ~ while the t otal number of

tQms in the path of the beam r ma.in~ fixed o In Cue I ths r verse fa truo~

the beam area 18 flxed g and ttle number of a.t oml in th path of the beam vui

with the thioknee.~

Tne derivation or lopt i parallel t o that in C s I ' p'l.~ 113 again mini --
mizod with respect to ~ and two of tho ci 1 0 I t is oonvenient here to int r oduo

a new pa.ram&ter in p lac" /Jt ~(2!.0 ( 16 ) ) 0 Th A t ter is su.it ble who 0. is in..

dep ndant ot To but this is not truo in Caeo 1Ig hera a ohoice of at nee d =

tormin.s To i10 define inetead new "rel tive backgroW'ld" "-
k (25)

in which the produot .!..2:." whioh 1s constant hero £.> tokes the plac of a " which

S
is cone tont in CO!' !

~=..
co CODPar iaon of det"initi:1 ' 25 ) and. (lti) how that



rom-itten

2
whieh corresponds to (17) in Case 1 0 Similarlyv corrosponding to the f i

in (18)" we define

r2
'" k + '/-.A. ....

0

r 2 ... keax
+ "xix (27 )1

f/ k(e
GX * 1)

o that (26) can be written

Minimizing ith rospect to Xll 9
0

{) and 4 1 $ subject to (14)., givu

L <1'i ~~/ji) .. 0

9 i Q ~i/}2 g'1

(28)

(29)

30)



and substitution of (SO) into (29) gives the result

which can be written explicitly M

(sr)

o (3 ll )

(a) Op,:tiJnuJn Tranomis iono 1'hi equQ.tion in ~ nd k ha been solved

numerically~, and the results Are given in Figure 8 0
aoX

Here., A T t i plot.;.ep .

ted against ~o The opt tr8J::uImisciorw are higher than thoae shown in l"igur eo

"

1 for all values of the relative b ckground v in particularb they approach 100

rather thIUl 0,,31 tor large.!" The di.fferrmc cion be explained as to Hams 8

tranamis6ion is Itati tically un! vorabl wh8n either of

the true counting r tea r l = "a or r 0 = r 'l ill too smallo In both cases which

we have di cuased a larger baokground can be partly offset by increasing r 1f

hence Topt increaaes with relative background" In C e I. ho verI: as r
1

in~

creasell it approache r 0 ~~ .!! !...ix d (aince ~ is fixod) 0 that beyond a

oertain point (which turns out to be T • 0 031)9 it 1. no lon&or advantageous

to inorease In Cas II~ for larger rel ti e backgrounds/: r
1

1, iocre od

as before by thinning the absorber o However 9 ~ 18 simultaneously en1a god 0

that the Ulcreaae in the trnn8m'tted oounting ra~ is automatically aocompanied

by an inoreaa in the incident rQte~

ere ses with incre~aing1, t doe o more .lowly than in C se I " and the de =

cr e i offset by the inor"wsed c ounting r ate s of both incident and tran =



=20·",

mittod boamso Renoe~ in Case II» it i8 advantageous for very large back=

erounds to Lncee e! up to th maximum ve.lue allowed by expanding the b am

are 0

~b n the baokground i. EO 0 (~ • O) ~ q o (3 ) reduces to

and the 80lution ill

2
(x ... 1)

=x
.. " (32 )

Eqo (30) gives the

bo t apportionment of counting times for given v luo of k" provided that the

root of (31a) corresponding to that k is subati utod in (30)0 Since there 1.

a. ono=to=ono correspondenco botw en ~ and t ptOl the optimwll fraotional tim

'i.cli bol andU can b. plotted againct tho opt um transmis.ion (inatead of

against ~) ., This bas been dona in Figure 9 Q

(0) Deviationa trom Optimwn Goometryo Optim o(i tor Arbitrary To

When a no =optimum tro.namis 10n 18 uaed , tnt' best i 1 areD ae might b. expeobed ,

identical with those deduced for Case 1 0 Th DO ql could be obtainod by .ub~

tituting into (30) th rolevant va.lue of x (1c OJ aInT) and lc",- - But it s no

longor neco. ary or ven useful to employ k ,;; sinoe T,} and therefore a " 1. now. r_ .... _
fixod (~ was introduced in place of m in d rivin~ 'rapt because the la ttor



=21= I - ~- - 0

'0' j
' :----- t .

con ina~.. whioh in Cas II dopends on 1)" It 18 botbtr i 'tead. to revort to

with Eq o 30) for a ~iven val

m •• &- ur of thlt rsle-tiv. okground c M r ov ~ Eq ~ ( ) 11 identical

3of l' 0 Th1s can b ae by r pl c ing l£ with

Jlf/x in (21).ll and aubet1tu'ting tho roeulting ~1 1I1to (30) " ThUB ' for non=optht.um

tr mi., ions» the b s t 11 are 'the . same r. ardloe ot whether the expo 1m nt 1

oond tl0l18 are thoa af Ca e I or CalO II" Two of the ~ 1 ar plott dJ.l no

have _"n" 111 Figuro 3 and 4.ll ret 'P tively and th.& third 1a obtain8~ by 8U
• DUD} of tho

tJ.·~t1Dg the/first two tr ( t o ( »0- .

(d) Goam.,t:r'vo i;rroc t on I

d rro (ze)

In th pr .ent

tlvl10y o£ 1 r t:" to d parture. f'r ptba geo

var1atlcm or 'tb ra;tio p 1:/(p~) t.
op

(30) wi thit r ultlc

c

valuatod by lublStit1.l'C1n in (38) the aolutloD of'

~o (33) ean be UIS d 1;0 CQJRP

not 1:0 exoeod ita JQ1n

'til per II s:~ 1. rango

Z
(i...!)opt by mor

of F1gur~ 6) tnt. por~

vu u

In ;'lgure 10 {the ana.1oprea signed factoro

2
{p 'r)opt for a giVBn!.

(31 ) for that va1u~ ot Ie"

t tranem1 .iona if p2~ 18-
tae1blo range ~ T 18 giv n .. A function f k r the vQluoa o2v 2 c and ~- -

o ourv.. for oa h of th ...luslJ ~

ina )c D on t ~tho

detiiit10ZllJ or t.h IS
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the upper curve showing th upper' limit on 11> and the lower one .howing the

lower limit .

(e) Evaluation r (P'r) t o In th 8 , way s in It otlon I{ ) ., but......,;...---~_-..._-----ogp

now using (25) Q k:q., (Sa) oan be rewritten

d aubitituting x , obtained fro (:51) " thi. b coma.
-opt

(25a)

In Figure 11 M G 1_ plotted again~t !opt~

DISCUSS10.

o (25b )

The utility ot." thi investiga~oq d'p lid 1 , .. 7 n tho inlSe!1sitirlty or
2
~ to moderato deYiations from lop~D ho~ by the flatu ae ot the miniDla i n

Fif;'.tI'e 5 0 Thb i8 evldont trom the f'Qllowing co ideratione : .!opt depend. on

.! in Cas I~ ~d on:!:. in C e 110 J. knowl dge of JIl h Tor " dependa on tho

measure nt or !.o and!2 (ef " (6)) " ~ d pendJI on thees two parameter and

4
on r &8 wall o 'l'hus we are confronted ith the paradoxical x-equire nt of

mea urinr; two (or O) in Qa.ao lID 11 throe) or th counting ntoa tro whioh T

1. deduoed beforo we can calcul to tho stati t cally ravorable cond tians for

Making th very ure1Tll9nt o 01' 0·"- r tI in order to ohoo opti ab=

80rber tnickn s ~ once !opt hae boon determine ¥ the cro8.~••ction (or v r



genorally~ the absorption coef f i c i 8n t ) mu8t be known ~ Since the latter de ~

penda on 1,.. all three of the counting rates DlUS t be known in advan.os ven n

Case t , In prac t Ice, oweve j) thi u not a r ea.I difficulty", It has n

shawn that p2 t"_ changes 80 slowly in the neighborhood of 10pt that moder af

deviations from1op are unimportant~ Thua a rough preliminary measurement of

the counting rates suff 'lees to t;ive an estiDlted absorber thicknesfl which can ;:>8

used f or practical purposeB~ The timo c sumed by these pr91imin ry ~ &ur e~ ~

should in generaj be quite short compured th that tor th final me aauremenbs

'.

ainee thu time required fOI a count is irversely proportional to tho squar e 0

the permiauible error~ and the latte may be fairly large without leading Lo

significantly poo. estimate of Topt~

The results p e8ented here apply when the primary oons i der a ions are th

ctatisti~8.1 ,_,neB deacr ..bed A~vve " It '1a rt!.+ogniz d that ci:"Clumstances maya e

in which other onsideratio re importanto It y then b desirab_e c ev

neooftSlU'y to use- non- ptimum transm.issiol IS, Til. f rogoing r~"Tl8.r'k. a ou t dev

tiona frem optimum geometry indicate to what exten~ this may be done wi h u~

in~urring unduly lar~ statistio 1 t!~IO 8 " In addit " n v egardles8 of what

tr mission is uaed, the optimum apportionment of countdng times giTen in

Fig ~ 3 and 4 will Btill be applicabl. c
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