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POLARIZATION OF NUGLEAR SPINS
M. E. Rose

The purpose of the following is to discuss some of the elementary
aspects of the theory underlying the problem of polarization of nuclear
spins. In addition, a detailed description of the role of hyperfine
structure (hfs) coupling will be givem. It turns out that in certain
special cases, viz: atome with incompletely filled inmer shells, one
may utilize the hfs coupling between nu_claar and electyronic spins to
produce appreciable aligmment of nuclear spins at low temperatures but
without the necessity of npblying very strong magnetic fields., In the
case of solids which bave the aforementionad property this will always
exist and, except for very low temperatures (~~ 1073 oK) or wvery strong
magnetic fields (~» 10° gauss) it will be the main mechenism for pro-

ducing what may be called nuclear paramagnetism or di.amgnetm.l)

(1) Ggase of Direct Coupling

Consider first a solid in which the nuclear spins are coupled only
to an external magnetic field H. Interastions between spins of different
nuclel are entirely negligible and we assume no hfs ¢oupling. The energy
¥ of the system of N nuclei will in general devend on the 'qumtm nambers
describing the magnetic state of each nucleus. The nuclear spin of the
n™® nucleus is I, and the component of I, in the direction of the field
will be my 80 that ¥ is a function of all the By o The probability that
the system of N nuclei be in a state designated by the set of quantum
numbers mié is simply the Boltzmann factor o'“/kr . |

n‘:het.her the nuclei show psramagnetic or diamagnetic behavioer as a result
of hfs coupling will depend on whether the hfs multiplet is normal or in-
verted, i.e,, whether the ground state 1s the one with lowest total elec-
tronic angular momentum J or the state with maximmm J, and also on the
sign of the nuclear magnetic moment. This point is discussed below.
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Then the component in the field direction of the total spin of the

Z_: o ..Z:Zmin

Z;% E L

where the 1limits on the sum over "‘:l,, are -1, and L. Similarly, the total

N nuclei is

(1)

magnetic moment in the field direction is

s 2 e (2)

where g, is the Landé g-factor of the o*® mcleus, and the symbol S is an
abbreviation indicating an n-fold sum over the mj quantum numbers.

In the absence of magnetic coupling between nuclei the energy ¥ is
simply the sum of mgmﬁic energies of each nucleus and is simply

R = :E:: L , (3)

n=1
where each W, depends only on my o Then the denominator in (1) or (2)

which is, of course, the partition function, is

Z= é,"z'nm 275;' e-ﬂ,/}:'r
T

n

(4)

where 7_ 1is the partition function for the n'"

nocleus .
It is clear that we need to consider only the magnetic energy since

any term E, added to W, will factor out from each partition function as
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oTn/*T 2p4 a similar factor enters from the mmerator. The magnetic

energy is simply
“n'-pn"ﬁﬂ-%”pnﬂ::-mnhﬂ (5)
where p is the muclear magnetic moment, It follows then that

usk’r-%logz

sn;% log 2y (6)

As expected, the magnetic moment is the sum of contributions from each
nucleus .
The fraction of nuclei lined up with the field is

il
Iy = 3 : (7"
7 P :

For a mononuelear lattice, which we consider henceforth, each partition
function has the same value which we designate by Z, so that

Mamglog Z, | (8)

and since Z, will depend only on ol = JAH/IKT we have

fnsp‘%s}-%]&gzo ‘ (9)
With the energy given by (5) we have |
T (I +1) & -ol{I+ 1)

z o .“mi..:-l.‘.’-————-—;u* L‘4
" - . g P
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Therefore we find directly for the degree of polarization the well-known
Brillouin formula

fye (o) 3 2D c&thm-f-nok--gieoth% (10)

For large epin I this reduces to the classical langevin formula.
For & 4<1 as will generally be the case, we have

ST =

The numerical factor varises between % and 1. To get a 20f polarization we

therefore require

?
&'EE = 0.5 t0 1.5 x 10% kilogauss/deg

where }1' is the muclear moment in muclear magnetons and H is here in kilo-

gauss. Thus for protons, ' = 2.79 and I = %, we require

% = 1900 kg/deg

Thus a temperature of 1072 %K and a field of 20 kg would suffice. Since
the spin factor does not vary over a wid§ range and the muclear magnetic
are similarly all of the same order of magnitude, the required values of
H/T for other muclel will be about the same or somewhat larger than that quoted

above, A fow typical cases of interest are:

B 116 7 | Co” w3
1 1 1 13 7/2 9/2
pt .856 «82 3.25 2.3 549
B/T 9200 9600 2900 | 5400 2350




(2) gase of hfs Coupling

Althouph low temperature technigues may allow one to produce appre-
ciable polarization with reasonable magnetic fields for most nuclei with
spin, it is of interest to inquire whether one can produce the same polar-
jzation without using strong fields. Alternatively, one may evefx hope to
produce larger polarizations for a given temperature by using the fact {hat
the rm_xgnetic moment of the orbital electrons produces a stronger field at
the nucleus than one may expect to produce by external means. Of course,
it is not implied that no external field is required since it is necessary
to align the electronic moments. But due to the fact that the electronic
moments are much larger than that possessed by muclel, only a comparatively
weak fleld need be used. Moresover; in one case at least, Co??, it may be

sufficient to use the permanent moment to align the electrons and, provided

sufficient hfs coupling is present, one can then expect appreciable muclear

Blimto
It is first of all necessary to recognize that the utilization of hfs

filled ipner shells. In the case of the large majority of crystalline solids
those electrons which, in the isolated atom are in incompletely filled shells,
valence electrons, are not localized in the vieinity of any particular nucleus
but instead are in the quasi-continuous Qpectrum where their wave function is
spread over the entire crystal. These electrons, which from the point of view
of energy space belong to the bands characteristic of the periodic lattice,
also belong, from the pdint of view of positional space, to each nucleus

with equal probability. As a consequence one must consider now that the
exclusion principle and the consequent Fermi statistics must apply. Therefore
in a atrong field it is not possible to meke all the electrona occupy the lowest
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level in which each spin is parallel to the field., In fact one must apply
a f1e1d such that pifl is of order of the Fermi energy g , J2 boing the elec-
tronic moment., Since § ~ a few o.v. such fields are completely out of the
question.

Thus, alignment of only bound electrons is possible in the solid phase
and for this it is necessary that the bound electrons have a net angular mom-
entum., This will be the case onig for incompletely filled inner shells whose
electrons are screened by surrounding closed shells and therefore remain more
or léss unperturbed by the forces introdu@ when many atoms are brought to-
gether to form a crystal.

%We are therefore restricted to solids containing elements in theA iron,
palladium, rare earth and platinum groups where respectively sub-shells of
ten 3d, ten 4d, fourteen 4f and ten 5d electrons have not been completely
filled. In addition, it seems that one may add the interesting case of the
transuranic elements where, beginning with Pa, the 5f shell is presumably in
the process of being filled, Of the Fe group only cobalt is of interest since
all stable isotopes of Fe and Ni are even-even nuclei and presumably have zero
spin. The following table shows the pertinent data for the elements in the
Pd group for which there are stable isotopes with nuclear spin. The column

headed A gives the mass number of the nucleus and the numbers in parentheses

give the isotopic abundances. The last column gives the slow neutron cross section
in barns.

Pd_Group
Symbol Z_ e
I 39 89 (100) y %
Zy 40 91 (11.5)
Nb 41 92 (100) 0.,0099
Mo 42 95 (1601)
97 (9.65)
Ru b 99 (12.81)
101 (16.98)

Rh 45 103 (100) - 12,8 ’
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In the case of the rare earths one usually uses the salts, and the ion
which is generally trivalent must be considered. According to Moggeraz) the
neutron atom has a configuration of the form I..fn 632 in most cases and it 1s
10 be expected that successive ionizations remove the s electrons and one f
electron. In any case one will still be left with an incomplete inner shell
in the fon in almost every case, The following table shows which rare earth
nuclei come under consideration, Values of nuclear moment and spin, as well

as slow neutron cross sections as given by Segré's chart, have been included.

Rare Earth Group
Symbol SR il Al W 3 o-(barps)
Pr 59 141 (100)
Na 60 143 §13.0)
145 (9.2)
Sm 62 147 (16.1)
149 (15.5) , 53000
Eu 63 151 (49.1) 3.4 5/2 530
153 (50.9) 1.3 5/2
Gd 64 155 (18.4)
157 (18.9)
Tb 65 159 (100)
Dy 66 161 (2101) -
163 (24.8)
Ho 67 165 (100) _
Er 68 167 (24.4) :
Tm 69 169 (100) 100
Yb 70 171 (14.26) 0045 %
173 (17.02) -0,65 5/2
Py Group
He 72 177 (18.47)
179 (13.85)
Ta 73 181 (100) /2 22.5-
% 74 183 (17.3)
Re - 75 185 (38.2) 3.3 5/2 109
187 §61.8) 3.3 5/2 82
Os 76 189 1601)
Ir " 191 (38.5)
193 (&.5;
Pt 78 195 (35.3 0.6 %
2)

W. F. Meggers, Science 105, 514 (1947).
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The speetroscopic term designations have not been given since the electron
configuration in the solid state is .entirely uncertain. In fact, in the Pd and
Pt groups the incompletely filled shells are surrounded by one or two 58 elec-
trons in the former case and one or two 6s elactrons in the latler. In the
solid these slectrons would preeumﬁbiy go into broad bands. In addition some
of the 4f and 54 electrons may be no llonger in bound states. In the rare earth
group the unfilled 4f shell is surrounded by the 8 electrons in the 58, 5p
levels of the O shell and by a completely filled 6s level so that the 4f shell
is fairly well shielded. Nevertheless, one cannot deduce any useful informa-
tion from spectroscopic data referring to the neutral atom, One might guess,
however, that for the ion the angular momenta J and L as well would be large
gsince values of J and L up to 10 occcur in the case of the neutral atom?)
Although these J values are uncertain rather large L and large S values are
deduced by Meggers from the speétroscopic evidence., The bearing of these facts
on the present problem ;111 be made clear below.

Tie now consider in detail the manner in which hfs coupling can align
nuclear spins., For the case eonsid?rods iong with incomplete inner shells,
the crystal cean be treated as a system of non-interacting ions so that egain
We %-'no For a mono-isotopie lsttice each of the megnetic ions have the

same energy so that the fraction of nuclei lined up is agaim

¢ M 2 :E:!i, °=E/kT
L /an'N R Z O°E/kr

where the sum goes over sll megnetic numbers of a single iom and E is the

(12)

energy of a single ion. In (12) ’L‘N is the muclear magnetic momsnt and 8y is

(3) According to Pauling and Goudsmit, Structure of Line Speectra, p. 149



the nueleer g-factor.
With hfs ccuplinz in e strong megnetic field the megnetic anergy of

the system of nucleus plus electrons is~

E(mI,mJ)-=mI{;NHnmJg°H+AI'J (13)

whers &y is the elsctronic g-factor end & is £ ccnstent releted tc the hfs

splitting:
DE
= i S e
J(21+1) ¥
(14)
A€
e Ig
1(2J+1) v

where A€ is the cversll hfs splitting

Ae - EF~I+J = EFn tIaJ‘

50 that A > O for the normal multiplets end A < O for the inverted case.
In a strong field the nuclear and electron momenta are decoupled, i.e., pre-
cess sbout the field independently (@omplete Paschen-Beck effect) so that
I+Jd = my mJ‘o Thus E depends jonly on the quantum numbers my and m:yo

It is of interest tc see guelitatively how the various factors in (13)
effect the pclarization direction. In generel the states for which E< O .

are most strongly populeted. Consider first the direct coupling. For

&y > 0 we get & negetive contribution to E if m is positive sc that the

I
spins are aligned pasrallel to the field. For gn< 0 the antiperallel

Wdignment will cecur. Fer electrims gy < O s0 that the most fevored states

have my < 0. Therefore the hfs term tends to populate states for which

m; >0 when 2 >0 and my < O when £ < 0. Thus we have the following situation



with regard to the cooperation of the direct ard hfs coupling.

A
.. . ’
% add oppose
- oppose add

Here the entries indicate that when A &nd éx have the same sign the sffect
of the two types of coupling are of the same sign, end when A/‘N < O the ef-
feects of the two couplings partially caneel.

We mey nbw inquire under whet condit i.ons the hfs coupling is more ef-
feetive then the direct coupling. Evidently this coupling produces an

effective field equal to

H - o~

palae :

whore £ = ;J/J is the fraction of electronic momemts lined up and the bar
indicsates an everage over the Boltzmenn distribution. Expressing A€ im
en™* as A) this gives

2

M £
B ® 2m—=— o% =2 x 10" -——’—é?u— (gauss)
® : » ,

/

One may expect hfs splittings A)Y ~ 0.01 !, Therefore for electron polar-
izations f’ considerably larger them 0.1 the hfs coupling is mueh more ef-
feative t}.:an the direct coupling of nueleer moments to the field. For larger
AV which mey quite plausibly occur, one needs perhaps a 20% electron polar-
izetion for the hf's coupling to be most important. Fven for electronic

gaturation (f‘ S say) ons needs only wecak fields if the temperature is of

arder 0.01%
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On the other hand the hfs term will be generally intermediate between the
terms corresponding to direct field coupling with the nuclei and electrons re-
spectively. Indeed the connection between A and A£ is valid only in a per-

turbation theory sense which requires that
Ryl B Anim; .

B 21?;’,!25 oV = 10487

For &Y ~ 0,01 and £q~ 0.2 this implies an external field D> 20 gauss
which will, of course, always be fulfilled.
The calculation of the nuclear polarization will be done for two cases.

In general we have

ogm 'l"ﬁm.-y
f:l;%‘lo : : nInJ
ety ; Z .d.II+ P-J-Y.PJ'
b

(15)

where

o(:::r‘“-ﬂ', P.E!E Y=4

¥ '’ kT
and the sums are from - I to I over my and from -J to J over my. This can be

written
e 1 2103, e
where .
omy + Bny - ¥m
ST oy T o

o G |
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For the partition function Z, we have

o0

; .
- = &2( ) {18)
30 2 B 0 (P
e 1
(%) = Z B P . .
I , e

e aPas(o) | noe( )
' 5 d
o) = (18b)
Oﬁ(,‘) dd\n H %(P) an
and

_ sinh oL (I+3)
‘5(‘*}" a:[nh&i
2

, oinh p+1%)
ainhé-

aa(P ) (18e}

1. Ve consider first the case in which ¥ << 1 and o(4&1 but ¥ DL,
In fact we shall neglect the direet coupling by setting O(= O, Then we note
that 05(0) = 0 for n odd.

z, = o5(%) ag(f) - ¥eg(=) ox(B)

BSID i  LRR D
g o

With
a;(o) = 2I+1

o3(0) = % (I 4 1)(21 + 1)



o 1% e
and oi(ﬁ)/ca(ﬁ) s my = -Jf, we obtain

R N

=%r,-1-';l 3.8 read1

25+ 1 kT
¢ I+l A€ for 3L I 16
5537+ 1 kT or I % (15
& T = 0,00° KT = 0,007 cm L. Since fy~ & £, AE/T we have for A€= 0.0lcal,

6
Ty~ 1 £4¢ Essential saturation of the electronic mmnts therefore gives about

20%¢ polarization of nuclei. The goal would tlms be achieved with low tempera-
tures but with comparatively weak fields.

Although one knows little about the hfs splittings to be expected it is
reasonable that they may be of order 10°% et or even larger. In this case,
at T = 0,01° Y is not small compared to unity unless J and/or I are fairly

large. For example, with AV = 0, 01, T=2001°and J =4, I= 9/2 we have
Y = 2/7. Since terms of order XS have been neglected, the sbove approxi-

mation is good enough in this case. However, if I = 4, say then Y z1.4,
and it is necessary to make a more accurate calculation,

2, TWe consider now that ¥ is arbitrary but that essentially complete
saturation of the olecf.ronic moments has been attained; i.e. f,~ 1 and !pl):» 1.

1. We have with 'P. -

G(R) = (-1 ™+ (3- )“."("1’4.,,,,,,]
so that

< a” og(=<) b(J - 1
e

: ‘\:‘



e T

= (eun)+o(" Ve E“’XU 1)]
&, L b e ¥+ &8 7 Y o [+ 70 - 1)]
. . ,

We can express .bJ in terms of the electron polarizat.ion S

1+ 52d "
v +(J 1) HU-1
J o 4 ob(T = 1) 1 +eP
or e.bl l.ji
%- (1-1,)
Then we have
5 ’ib-“l-f.ﬂ éi(oc-r XJ)+J(1-1‘.)01‘[°<*'(J-1)_7 (20)
g [ £)] Gt )43 - ) o [t 703 - 1)
and
of(x) = (I1+ %) ———-——L(I - 3 20 (x> g th

2 sinh2 I

while oa(x) is defined by the first of (18¢). This result is exact for J = %.
For complete saturation

Xt ¥3I
. % oy )
ca(ou- X 3)

= Plat ¥3) | (21)

where ¢ is defined by (10). Thus, when the electronic mements are complstely
lined up, the_ nuclear magnets are pohriéed as if by direct coupling with a total
field given by the sum of the applied field and the effective field Hypp. For
AY = 0.01, ’1' = 2,79 (protons!) Hopp~7 x 101’ gauss and even without the

effect of the applied field we get & nuclear polarization for I = J = }(¥J = 0,71)
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equal to
£y = 2 coth ¥J - coth L = 0.37

\

For the special case J = 1 the result (20) does not apply insofar as the
correction terms due to incomplete asturation vanish, For J =1 (20) is replacec

b e

¥ o s (a+z) q(ot+2()+(1-g.) oi(k = ¥) 2
b G 22
! (1+£,) a5l +¥) + (1 = %) gyl =)

and this result is exact. For X =0, this becomes

Iy = {% i.(.!_). - t“f( Y) (2

a5l ¥)

of. (10). Again this result is exactly what was to be expected. Also for
arbitrary & (direct coupling) the result (21) arplies in the case of complete
saturation.

The re;naining question which needs discussion is the question of the hfs
splittings to be expected. As has been mentioned, one cannot obtain this informe-
tion from such expar:uneml evidence as exists. One could, to be sure, measure
the hfs splitting by resonance absorption of microwaves. However, in the absence
of such information one maly try to calculate the hfs splitting. Here there are
two difficultiess (1) One does not know the eloctron configurations except that
in almost all cases one is certainly not dealing with configurations containing
s electrons; (2) The configurations are rather complex involving many electrons,
pone of which are in penetrating orbits,

These difficulties are perhaps not important if all one wishes is an order
of mgnitiﬂa estimate. Ve niay use the results applicable to single electrons

since it appears that the presence of many electrons does not change the order
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of magnitude of A)) . For non-s electrons, the hfs splitting depsnds on the
screening effect of other electrons, the degree of ionization and other factors
which are rather difficult to estimate in our case. However, most of these
uncertainties are eliminated if one expresses the hfs coupling constant in terms

of fine structure splittings which can be taken from observations, Then one has

A RS <1

o AY
Ao oo TUrLUL+D & 17 ' e

where ,é and j refer to a single electron, Zg is the effective nucleer charge
and is somewhat less than Z because of screening, while A\)f is the doublet
separation in ordinary fine structure. Generally, values of A‘)f vary from
100 - 1000 au"l. Taking AV~ 500, Z,~ 50, p'~ 1, £ ~§ ~ 3 which should
represent typical values, we l!ave

A A 15 % 1653 me].

and
A€ ~ 213 4~ 0,03 cm ™
for I ~ J~ 3,
This estimate, it is true, ie quite rough, However, it should be suffi-

cient to indicate that hfs splittings of order 0,01 cn"fl are reasonable to expect.



