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f. lnt:oducticn

There are mapy conditions under which it is either necessary orv
desirable that some guantity be controlled by a device at & distance from
the site atiﬁhich the controlled quantity existe. Examples of such situ-
ations~are’(l) the manipulation of a strong radicactive samplse, (2} the
steering of a8 ship, andrﬁﬁ)_tfansmiséion df‘akshaft.positicn; such as that
of a temperature controlling device on a furmace, Devices to perform such
funetions fall under the general classification of remote conirol units.

Those special remots control units which function in such a man-
ner that the contralled guantity's varistion with time spproximstes the
function of time according %o which the input signal varies sre called servo

systems, provided they satisfy two further conditionms. The system must not
draw from the input signal the power which it supplies to the output, bul
must have an independent powsr supply. The system must function in sume
manmer depending upon the comparisom of the imput signal with some function
of the output quantity. In‘tha'speeial case that the output quantity is a
mechanical one, the servo systém_is terme& a servo mechenism, The class of
communly used servo mechanisms can be further broken aaﬁn into three rlassi-
fications according to the mode of operation: (1} The relay type sarvo
mechanism in which full motor power is daveloped when the error 31gnax b
comes large enough to operate the motero_ {2) Systems in which the corrsction
is applled on a definite time zntﬁrval schedule. [3) Continuous control
systems 4in: which the motor is enn*ralled continuously by some funciicn of the
error,. The first system has +he advantage of raggednesa and simplicity but
vusually yields relatively era&a control. The second is used in industrial
contral instruments. The discussion to follow will deal with the‘coniinuoue
control type af~system;‘

An open cycle system (one in which thers is no internmal comparison

of-the igput signal with sny function of the outgut}_mgﬁt,necessarily be-a
calibratéd wnit if performance is,tofbe relisble. Thi@'meansAthat the ampli-~
fier characteristic must be independent of aging nf'compuneﬁts and fluctuations
in ‘the power suppiyﬂ' The matnv'*orqﬁE‘AharaLterigtie myst be independent of
temperature, Tha system must be 1nsensztlve to load varigtions. ‘anartunateiy,
'these con&ztlans are noi in genersl aﬁtalnabley

II&, An: Examples—»a Simple ;,;f”_jf ,,Q‘ ome Propertzea of Servomechsnisms
: In a differential analyser it is des red to multlply together two.
functlans of time, G{t} and H(t)}, each of which is available in the form of a




voltage from a source of negligible impedsnce. Suppose H(%) and ~H(t) are
applia& to the terminals of & linear putentiomster, whoge arm has 8 rangeﬁﬁe
If now it is possible to move the arm of the potenliometer in such @ way thal
its departure, 9, from the centsr of the winding = k G(t) and so that

k Ghéxm(t) < “5‘; then at any instant the voltage at the pctentiometer con-
tact will represent, %o its svale, the gquantity Gt} « H{t]. Figure 1 indi-
cates a possible scheme for mechanizing the system. :

In this case a system has been chosen in which the angular 9031t10ﬁ
of a shaft is the output guaniiiy whiszh is to approximate, in its time depend-
ence, the function G[t) which is supplied as a voltege.:

Consider this servomschaniem in the steady state when each of the
variables shows a time depondence of the form epty where p ig, in general,
complex {see Fiz. 2.

The outpat shafb positions the ammof & pcnen*iomatera‘ The voltage
at the poteniiometer arm is k-{inshtantansous departure of the arm from the mid
point on the winding). This volbage is the funstion of the sontrolled guantity
mentioned in the definition of & servo system.' The differential has an input
impedence so high compared to the source of‘vmlﬁage-G{ﬁ}'that the latter is
unaffected by the pr sence of the differential..

oY os oy oapt Lowp oDt
P Vl ebt o kQD ‘_‘?

The amplifier autput is VePb = Y, ipie, ab®

 Y,[p} is the transfer charscterisiic of the amplifier, the ratio of
itg output to ite impul--whisch depands on the details of its construction and
can be calculated by the methods of cirpuil theory.

The motor transfer characteristic will be derived for a simple type
of motur: d.o., separately exmited, neglecting winding inductance. Then the
differential eguation of the mosor is

o . VKoo,
&&&u %.Ré}‘(} = Ky wm;

‘where M = effective momend of dperitis of molor armature and- driven sysbem

< owisgous damping'capffi@ient of mechanical system

® torque sonst torque/armature surrent

= appiied va¢tage

= woltage geanarated in armatufe[unit angular velocity
= angular velocity of armabure

= $otal resisbtanse in motor armature circuit
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This equation can be rewritten:

ud, + (R + Ve, = v
Ry Ry
Setting
R + & = p . a new effective viscous damping coefficient,
! . . KT :
M.+ pf = V., where G = Then, in the steady state,
: , a
(Mp® + pp)6, = GV
GV L
g, = Dt
©  plp + p)
M
Set “;T~: 7 = motor time const.
b, G/p

v p{rp + 1)

The potentiomeber, neglecting contact noise, granularity of output due to
finite size of the wire used, and non~linearitiss dﬁe to non-uniform wind-
ing and varying resistance per‘unit‘length‘of the wire, supplies a voltage
instantaneously proportional to the departure of the conﬁact arm‘from the
{grounded) center point of the winding:

Thop = klvolts/radien)

The system is connected in such a manner that the output of the
differential is the algebraic difference of the inmput and the potentiomster

arm voltage.-

RE ‘ | _——



In the steady state then
€ = eGePt = Viept - kﬁoept

The quantity #, can be expressed in terms of €.
The amplifier output (steady state)} is

VePt = v, (p)e = Y, (p) €,eP?

This is, however, the imput to the moter, so

divide by eo(p)ept and multiply by k to obtain the ratio of the voltage fed
back to the differsntisl to the output from the differential:
kGY, (p)

K6,

o

o PRlr * 1

‘Then since €, = ¥; - kb,

kGY, (p)
__eplpT + 1)
, kG¥, (p)

17
pp(p7 *+ 1)

or

by * = - ¥y
L+ pplpT * 1)
KGY,, (p}

‘In many practical eases it is possible.to.make-Yé(p) approximate a large

positive constant A.. Then:
. o e
(B) Gy = = k7Y
1+ peplpr *+ 1)
kGA




Congider the case p .~ jug when p is small the cutput is thus. proportional
to V;. When p becomes large, the second term in the denominator ~ « and
the output vanishes. Thus the system bshaves in general like a low pass

© filter. The sarvo mechanism will reproduce G{t) satisfactorily .as long as
the important Fouriericomponents of G(t) are in the freguency range in which
kGA >> pp(p7 + 1) , ;

To see another festure of the simple serve mechanism which is
common to the c¢lass, set ' :

kGY . : :
\§(p} # Yy {p). Then Equation B becomes
pplpT + 1)
Y (p)
by = Y
1+ Yu (p)

Yy {p) bers is the transfer function from.the amplifier input around the

loop to the differential. We have direcﬂiy

90 ~ Yulp) i 1
k“lfvi‘ 1+ Yulp) 1% Ya(p)

Thus for any value of p for which.?gﬂp) >> 1, 6, departs from its pro-
portionality to V; by a fractional amount ~ |1/Yalp) v Thus we need not
make Yu(p) any special function to approach the ideal condition.” Also,
consider the sensitivity of the system to variations in Yu{p):

Thus, as long as Yulp) iz large, slight variations in the amplifier due to
tube and component sging and smgll changes in motor torque due to heéting'
of -windings will not affect the system performence appreciably. Contrast

the difficulties in an open cycle system,



IIb.

Analysis of & Simple Servo-Mechanism

We here treat the Gii} servo mechaniem in the differentisl analyser.:

The motor used in this example is a Bodine NUO-12 compound wound motor recon-

neeted to be used with separate field excitation with its armature driven from
the plate of one half of g 6A37 and the cathode of another.  The relevant data

are:

Kp = 1.10 x 10" dyne em/ma. ~Torque constant
ngn = g.37 X 107% volts/rpm : Generated voltage const,:
Marmature = Bad gm om® ’ .Armature‘moment of inertisa
R, = 860.{1 ¥ armature cireuit equiv. resistance
Tm o 08 sec T measured motor time constant

{See Fig. 3] The gear reduction is used to make possible the precise positioning

.of the potentiometer arm in spite of ths tendercy of the motor to slot-lock at

12 positions per rotation. This tendency would be greatly reduced in a motor

degigned for servo applications by skewing the armature slots.  The reflscted

inertia of‘the gear train and potentiometer arm will be assumed negligible. We

assume the voltage at the potentiowmeter arym to vary in an ideally linear manner

with motor armature rotation——perfect couplings, zero backlasgh in the gsur ifrain,

and linear resistance vs. rotation characteristic for the potentiometer.

or,

The differential equabion of the sysiem can be written at once:r

&

.e » fk‘,’? - K ené}} :
ME - RE = K ,WMﬁmms for the motor
& ¥V = Ae
oo [ By o Eq¥ -
ME + R ¥ et 0 F e R = viszous damping cosf,
a | 8 '

~ But from Fig. 3

voE A [V (8] - k6]

v o Kpho
ME + pb f:~_§_-w v, (¢} ~ w61

) or
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It must be recalled at all times that the information to be obtained
by solving the differential squation is no better than the information put into

‘the equation. The equation should describe the system as used as accurately as

one can manage without msking the equation uSeLaEs by produ01ng one that is not
ageessible to solution.

1. Try a step input 25 S(t ). The output will be of the form:

waeﬁgiijﬁfsin Bt + B cos Bt)
A B{ER + B

Set the amplifier gsin at &3.4. With the gear reduction sbove and
4.

the indicated angle of rptation of the potzmtiometer, k - 0191,v01t/radian at
the motor.: ‘

K * ha
@ s -Tm‘
5 = Kghis
R;BM
Kk
o5 17 = 28 v 1410
R, M

The transisut is demped with s time constant twice that of the
motor. The angular frequency of the oscillatory component of the output is
15.2 radians/sec or 2.42 cps-—pretty slow. After the transient has finally
died, the motor shaft will bhave roitsted throvgh 130.5 radians and the potent-
iometer armjthrough 0. 658 radians or 78%, The constants of the system are so
thoroughly mixed up in the solutiom that, although this solution tells all
one can hope to find oub about the response to the given isput, the differ-
ential squation gives little help in an attempt to improve the system.

Supposs we incrsuse the ampil?ipr gain t¢ 280 instead of 63.4.
fB}'nOW becomes 34 radians/see. The demping consteut remeins unchangsd, So
does the steady state regponss, bul now the transient oscillstion iz truly

5 . -

R e



horrifying. This was hardly a profitable way to improve the situation.
transients are plotted in Fig. 9, parts one and two.

The

ITe. Steady State Analysis—The Nyquist and Bode Diagrams

The theoretical resulis in this ssction logically belong in the
. segction on mathematiecal results but are presented here because the meaning is

very simply seen when applied to a2 concrete sxample.

Consider a system being subjected to a harmonically varying input
signal of consiant samplitude and angulsr freguency .

In the steady state,
tbhe guantities of interest will sll vary harmonieally.

One can then writse:
e (¢ = (’Qoef)wt
Substituting in the differential squation:

Kiph

2 KR O 4 T £ B
SR G e 1 - N e v
R il R M
or, in terms of the error voltage (V - kf,)
- KTA:
2 P L
~w O b T el €
o m 4*Yo B il
So that,
60 = K’I.A @ 1 sl TmKTA - l
€ RgM jaﬁ?&f Gy R M Jwl{l * jory)

In the above expression we have a relation between the steady

-state amplitude of the osecillations of the motor shafi position and the

~error signal amplitude in terms of constanis of the differential equation
—and the angular fregueney of the oscillation.

Here ds a gimple case for the
application of the Nyguist test for stability.

In the Nyoguist diasgrem Fig. 4
this ecomplex function is plotied on the Argsnd disgram.. The circles on the







disgram centered at the ovigin are curves of constant loop gain {ratio of
voltage fed bagk to the srror deteétimg devige to the error voltage)b The
locus of Yulp)-—the loop gain~-is plotted with p©jw.  The numbers associ-
ated with points on the locus are the walues of the angular frequency at
which Ym(jwj takes on the plotted values. Curves a and b are to be studied
and compared with the transisnts plotied in Fig. 9. Curxve { corresponds to
a-situation which will be discusised later.’ The dotted lines asgscviated with
M values are curves of counstant over-sll gystem gain which is the retis of
ocutput voltage (a mesasure of controlled shaft position) applied to the dif-
ferential to the input volitage amplitude.  The magnificetisy by the system
becomes infinite as the loeus of Yauri~1,0} 8s iz indicated clearly by the
contour map of system gain. Physically, the system waintains oscillations
at zere ipput. It will be noted ihat in both cases, 3 and b, the sngular
freqguency of the ocseciliatory component of ihe transient is in the frequency
region at which the transfer lscus cuts its highest valued M contour. Also,
the curve culting the higher M wonbtour corrssponds to the case of the great-
er overshoot and poorer damping of the trensisnt. If the amplifier gain :
were further increased, the omcillstion would grow worse for gystems of this
type.  Evidently, it would be a sound idea to keep the locus of ¥Talje} az
well away from the -1807 phase region sz feasille in the neighborheod of the
fregquency at which it crosses the cirvele of loop-gain unity (feed-back crogse-
over]. The angle messured from the negative real axis to the vector joining
the origin to a peint on the lwmeus is calied the phase margin corvesponding
to that point on the locus. The phase margin is positive 1f the phase is
less negative than -1807%.

The Nyguist eriterdion is stated in terms of the magis point. -1,0.

I the point is enclossd by the loows, ithe systsm {s ustable. Otherwise:

8y
the system is stable. This is true in the mathematical sense bul is of

“#imited practical interest. The plot, including the contours of system ampli-

fication, shows clearly the menner in which the desigs approaches the wn-
acceptable as 1% is changed %o bring the locus of the lowp itransfer charso-
teristic closer to ithe Nyguist oriticak point.

H., W. Bode iz responsible Tor a highly perspicucus mode of presen-
tation of ‘that information included in the Nygquist diagram. Congider now the
loop transfer charssieristic oblained for cur ingirumeny servo:

L

G GonSty
R 4 A
J e D8




Take the logarithm

- PR S
in Ywijw

These may be plotted separately against & logarithmic  fragusney scale. The
f the magnitude of Yg mdl the imeginary part

Z & {

1
ted is 20 logs | Voliwdl-~the floop o

&)

real part is the log
phase. The quantity uswpally
ation {or gain) in dzeibels. Recsll that for the mindmum phase slass of

transfer functions the attemusiion is sompletely determined by the phasse
characteristic and vice wersa. This fact can be used to reduce the lasbor of
eapecially for

constructing a db-log fregusony snd phess-
‘complex systems mince the stienuabion ourves can pe very simply comstrucied,
The saving is leszs iwpressive for s singls loop aystem like this but is asill

useful. We have

A= K+ 20 logo Koo 20 loge [dwl - 80 loge |1 i Ome)

A is the loop gain in db.

3
The first contributio: B represeats & veritical displacement of the
e 203 i LIt
=20 g:@ T4 .08 dis

T

~& dh/octeave.  This quant-

omithad.

whole curve and is her
has a slope of ~& db/foctavs.
zero at w << 1. When @ ¥
ity is approximated by B0 Tegmet 3 0Pt at large o This ssympiobic form goes
to zero atwaSw-ﬁ 1. Thus the asymptodic reprasseniation of the type nuanitity
=20 logxﬁl + j'GDSwE is a lios of
at the radien freguency LW

intarsecting o -6 db/octave lipe

hed (motor) Sime oon:
vZ,

cnly 3 db ak

the

in this case. The
break point from the ssymptotisc ocorws and the depariure is redoeed o 1 db at
The phase of a type fagtor

ong octave to either zide tie

sr negabive as the factor appsars

(1 + jx) is evidently tan™"

in numerator or dewsmiaatoy. . Figs D shows and arg Yaije: Yor the ins
LGl curve ig reflectsad in the 70 db lins

% o

strument servo-meshscism.  The Y
at w2 B20C. If one sels the phase margin
fent of 1/0%1 0 3. 080 i must be sueh that the loop galn

sl fwedmbaak-ﬁwossu”veﬂ at 40°%, one

gees that the coelific
is @ db st w ¥ 1, &ince the ourve | s3ten 87 4b from
the time the loop phasze mergin has fal to 4% I ong
phase margin ab feedback oross-over o i :

ite value gt

gain at @ = 1 to 40 dbh.



MIT DL alLiFIEL Dr 6327

Li

0 UNCORRECTED MOTOR : INSTRUMENT SERVO - 0
-% — 20
, 4.83 RAD./SEG.
-to}— Yi(p) = — 40
Motor PUTH 08p) "~ voLT
-i5io — 60
-20~ — 80
\

o301 — i20
'\U

3 ~35(- — 40

> -40}—(-100) e g ( S —] 160

, j0 (.08 jw+h j03 (.08 jW+1)

-454—(-95) T — 180

-50}(-90) / — 200

-55]—(-85) / —{ 220

~60}—(-80) / — 240

-650—(-75) / — 280

-70 I L1 / I Lt 280

| 0 100 1000

Y, (iw)
Negative)

Arg

(Degrees —



The effect of these gain settings on the over-all frequency re-
sponse of the system can be found far more readily by graphical mesns than
by apalytical evaluation of Yuljw)/1 *+ Yaljw). A convenient method of do-
ing this is to find the contours of constant over-all system gain and system
phase on a coordinate system of loop gain as ordinate and loop phase or
phase margin as abscissa.* By this mesns the frequency responses shown in
Fig. 6 were obtained. By some coincidence they show resonances at the fre-
quencies 1nalcated on the Nyquist disgram and in the transient responses.

The lead circuit (so called, strangely enough, because it produces
e phase lead) has the transfer characteristic

; 17 7yp | ¢
Yip) = Ky

L+ e 1

I e L ; > v,

Rs

where 71 © RiC E R,
Ey 7 Rs (Rs + Ra), which becomes in the steady harmonic~
oscillation state

Loegeny

Y{jw) T Ky :
1+ JK}"T l&)ﬁ

'The filter constants that were chosen to improve the system per-
formance are Ky # 1/10, T T 005, In Fig. 7 are shown the attenuatlon and
phase charscteristics of the filter w1th the attenuation curve at an arbi~

tray level. ‘These curves wers added to the respective attenuation and phase

*The contours of constant system scalar magﬁ1f1cat10n M are given by

cos ¢dJCOa ¢+ MF .

§

1Yl 20 logw
ab DN

and phase

$#

|Yulgp = 80 loge tsin [ ~ yl/sin ¢)
¢ and ¢ are respsctively Arg Yu and Arg ¥,.
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curves of the unegualized systém to yield the loop characieristies plotted‘
on the figure. We now choose gain cross-over at the point of local maxi-

. maum phase'margin@. This places feedback erossm-over at « % 6800 radisns/sec
and‘makes loop,gaih at w = 1 about 80 db,  In Pig. 8 is shown the effect of
inereaging the freguency of.feeaback erosgeover to a point at which phase
margin is reduced to 40Y instead of 557, and of decreasing system'gain to a
point at whiech the phase margin at feedback,crossmover is 33°. . In both cases
there is a definite increase in the height of the resonance response. But
the system is still stable over this wide range of amprifier pain. ~Note that
the gystem speed has been increased by a Yasior of approximately 58 by this
simple filter. The curve  on the Nyoulst disgram iz for this equaiized 5Y5=
tem. - The résponae to a step input for ihe equalized system iz shown in Fng g,

6.

The above example is not to be baken as an example of how readily
one c¢an iriumph-over a recalcitrant servo. Inthe first place, we have ne-
glected non-linearities due to Coulomb frichtion, bascklash, saturation of the
ampllfler and motor. There will be time delays also in the amplifier and .
usually equivalent time delays in the motor will show up at higher frequencies.
Some . of these problems will be indicated in the discussicun of the lares systém'
which is described Ister in the report. In any case, this exsmple was shosen~  t
tn’show rather graphically what one would like t¢o do to a system and how ous
goes about doing it.

JYII.- The Pile Regulstion Problem

In report Mon P-271 by H. W. Newson, it iz shown thab the pile will
~return to level in a wsll demped mesnner following g digturbance, provided that
a regulating rod is moved at s rate proportionsl o a linear combination of
the instantaneous desparture of the powsy from the degired opsrating level snd
the logarithmic:-tims derivative of the pile fiuvx. This congideration dictated
the type of control whose development is described in this asetion.
The gquantity whose variatiom is tu be controlled Is in principle
- dk/dt, where k is the reactivity repressnted by the gbsorption 1n a rod referre&
'ta the abgorption when the rod is at.an abefrar iy defined zero-pomition. Ths
'3,QQant1ty actually controlled by the servo ystem ig the spred of vertical trans-
- lation of & rod whxch is inserted inte the reflestor at the sdge of the active
' gl‘tt;ceé Binee the statlatlcal weight Vdrlﬁ us cos® across the hazght of the
=, the effectlveness of & given inorement of absorber varies with fthe dis-

'ta;de from the median planpkat_whlch_the absorber is plaved. This fact causes
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the sensitivity of the regulating rod to vary with the position of the rod

in its stroke along the pile height. In normal cperation the tip of the reg-
ulating rod never departs from the region limited by the points +h below the
top of the lattice and 3h above the bottom of the lattice where h is the lat-
tice height. In this region the rod sensitivity chahges onlylby & factor of
two. This variation of sensitivity doss not affect the system performance
appreciablym The servo continues $o operate in a manner such that it reduces
toward zero the departure of pile level from the prescribed level even thongh"
the sensitivity of the system varies steadily with rod position.

First consider the general nature of a system which will produce a
velocity at the output member which is closely proportional to a voltage sig~
nal applied {see Fig. 10}. This figure will be shown to represent a system
which in principle will produce a rate of rotation of the output shaft (éo)
proportional to the input signal ¥;.

' The forward loop includes an amplifier with corrective filters which
operate on the error signal, €, which is the differsnce between the input ¥V,
and the signal fed back by the tachomster, a'generator whose voltage output;is ‘
proportional to the angular rate of the output shaft. The amplifier output
is applied to the motor, producing av angular rate of its shaft, é' The
meaning of the transfer functions associated with various blocks in the diggram
will be recalled from section II of this rsport.

In. the steady state:

80 = YAM(pff
€ % Vi = aéo

1

Substituting:

a¥ por (p)

1+ o¥uyip) ««g—» (p) *a
- aM

Thus for signals, V;. whose importent frequency components. lie in
the renge in which YAM(p}'¥> 1. we have the approximste relation:
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This is the desired functionsl relation between output rate and input signal.
The actual application of a regulating rod to the proposed pile
represents an operation on the engineering scale. It is necessary to control
a motor which is ¢speble of developing approximately one horsepower. The
motors in this powsr range will nob "mix™ well with hard thermionic tubes with
comparable power handling capabilities. Bince 1t has been implicitly indi-
cated above that the most rapid possible

=3
e

sponse 1s desired. 60 cycle A G,
motor control Was~rejeﬂted?A’If an electric mobor is o be used, il is nuecessary

to use a diveect current amplifier with larger power capacity and lowsxr output
impedance than wacuwum tube amplifiers will conweniently yield. One such dewice
that is available is the emplidyne; msaufachured by the G.E. Company. The el-

ementary theory of the amplidyne is given im the appendix with that title.

IIIs. Components Used in the Velocity Servo Mechanism

The equipment used in this system is indicated in Fig. 1L
Amplidyne—Model SAM7BAB7S Y :
Motor--Model SBBY79AB7 - |
Tachometer Elinco FB-84C

The amplidyne is rated 1500 W at 280 volts. The drive motor is a

On loan from U350

3 phase 440 .V 3.6A induction motor which affords execellent speed regulation.
The zero load hysteresis curve of the amplidyne iz shown in Pig. 18, Fig. 13
is for a resistive load equal, ab vrated terminal voliage. to the machine’'s
rating, Figures 14 and 15 show the voliage emplituede vs. angular freguency
of output for sine inputs to the power amplifier which drives the amplidyne
fields with no load and rated resistive Ioad spplied o the amplidyne term-
inals, respectively. ‘

Figures 16 and 17 show the torgue characteristic, the speed-voliage
echaracteristic, and the speed-power characieristic for the 1 horsepowsr motor
with no external load. The exesllent linesrity of the motor torque character-
istic is dus to the heavy compenmaiting fields required by the use of = perma-
nent magnet field. The tachometer has a nominal rating of 7.5 volbs per 100
Tpm, : '

Pig. 11 is evidenbtly a more dstailed example of Fig. 10, a veloaity
sarvo~mechanism.

RN
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Set
g P) *
Yezpipd # Y{ p} volbs/vwolt

mpL et 3 paivolt
Yowr amp (p} = &y ’mJ.l.i._am b /x ol¥
The product of these will yield the signel [unbalanced miiliasmperes} applied
to the amplidyns fields per volt of errsr signal, ¢, applied to the input of
the amplifier. :
‘ Bet

16T 1V

AOA" A Then
o ‘ milliampere
Yoo dp) X Yeoq{pl X ¥ oipd TAYeipY 7 e
amp P il ~9»’ pwr P A £ip4 wolt

Reference to Figures 12 and 13 will shoe that a reasonsble Linesr approximation
to the statie amplidyne charscteristic is 27 5 Volta/milliamuerao Bvddently
there is going to be troubls sooner or later with linear approximations being
made so freely, but lets see how far we can go With them,  The amplitude ve.
angular fﬁequency charseteristic of the amplidyne iz sbown at both no losd snd
rated D.C., load in Figures 14 aod 15, Ounly the freguency éepénﬁenﬁe has sige
nificance in these figures; abzolobe magoituds is modified by the amplifier gain
chosen. Figq 14 is shown with aun mplc1 ude funciion supearimposed on the experi-
mental curve. This yields sn approximste transfer characteristic for the ampli-
dyne with one time delay which the simple thacry of the machine does not predict.
We adopt provisionally: 3

Yamplidyﬁe(jw‘ x £7.% volis/ma,
1§ .U4AGe L b § L 0000

Thus, the voltage applisd

wh
o

the motor srmabure psr volt of error signal can

02

PAFTOINRN
BB

i1

be written for the sisady siate sinuscidal lnput

2?5 X gk # Y{:» -‘JZLJLF

{1oF 3L 0406 (L ¥ 5. 0558w

S,
B




Fig. 17 shows motor speed at no load vs. applied voltags, and the motor speed
at no load ve. input power. There is a computed curve for speed vs. inputb
power assuming a viscous friction acting on the motor. Evidently this assumption
of s viseous friection is not a very adequate description of what is going on.
Actually the situstion would be far better described as Coulomb friction. This
regretable fact will be disregarded for the present,

From the known armature resistence of 7.9 ohms and the speed-~loss and

spesd-applied volitege curves of Fig. 17 one obilains the generated voltage con-
stant of the motor, .CO305 V/rps. k ’

The manufacturer supplied'ﬁhe information that the moment of inertia of
the motor srmature is 41.2 in’ib, This is 1.20% x 10° gm cm%f In the appli-
cation here contemplated the effective mass of the load is small compared to
the srmsture inertia so the moment of inertia of the moving system will be taken
as 1.2 x 10° gm cm”. ; E ‘

One can estimate the torque consihani of the motor from the shot-gun
pattern of Fig. 16. The slope of the torque-gurrent curve 1is given as 1. 368
£t. 1b/amp. In our units this is 1.35 X 107 dyne-cm/emp.

IIIb.  Steady State Analysis of ihe Linearized System

From the elementary discussion of the amplidyne-motor system one ob-
tains the differential equation of the motor:

K
p’g = . By
L+ pTy, . D&
Kop
¢ K = -
K, 7 FIE, T Ty
with ;
, . . TRy + Byl
I‘ . s
. M. A e e .
L Kplly © PRy -+ Ryt

Ay the quantities‘appearing in these recipes are known after one
measures the armature resistance of the amplidyne as 3.8 (4 k
Substitution of the known guantities ylelds:
K = 8,85 rad/sec/volt

Ty, a. = .081 sec.

o Bt



The measured tachometer voltage rate is B.D vo fsfioﬁ rpm.  This becomes

2.26 % 1077 volts/rad/sec.

k Finally one has sn explicit exprassion for the loop gain,  The

loop gain is the voliage fed bsck to the differsn tim) per volt of error sig-
23

nal at the input to the applifier in uhd stesdy oscillatory state.

27.3 , £. 85 -
AY ¢ (juw) X : X 2 X 2.

(14§ .oalw! {1+ 3 . 0055 (1t § L 061w

) P s D
4. 28 % LO

(1 + j:.0a0w) {1+ § 0088801 (1 + § . 061w

: To see what the design problem here amounts to, this sharacteristic
_has been plotted on a Bode diagram { iyl db ve. log o« snd loop plwse vs.
log w) in Fig. 18 with Teljo] & 1o No correcehion iz applied by s filter. The

4

numerical factors in the numsraisr have been ne glected sinece they will produce

only a translation of the whale by curve parallel to the y axis.

For the system %o be stablie it is necespary for the transfer locus
to avoid the neighbovhood of the mystic point -1, 0) in the Nyguist disgram.

(jeo] is less negative

This will usually be moanaged sati

then -~150° when the loop gain has fal?en +o unity ., which is the zero d.b. point

or "Feedbsck cross-over ¥ As the value of frg Yalje) ~ ~120° at fesdback cross.

»

over, the sy~+em becomes progressively betisr damped and mey usually be expected

to be over-damped when Arg ¥ alj
at.feedback;crossmovar

Take something like the limiting sase: 35° phese n g at feedback
cross-over. Fig. 18 sbows this scours at o ® 22 radisns per second.  Ab this

angular frequency one sess the Yulje) cueve has fallen about 12 db. from its

value at 1 radian/second. Wo choose this Trequency for Fesdbask cross-over snd

the amplifier’'s gain cosstant is then automatically set eo the pumerator of e
guation & is 12 dh.

iz 807 or more positive with respsct o - 1807

The curve y-clept ¥, (jw] wepresents the over-all characteristic of the

system with the amplifier just chosen and feedbask cruoss-over at 28 radians/sec.

The response level is down £ db. at low frequescies and rised to ¥6 db at the
resonance {larger phase margin ab feadback cross-over would haﬁe”redueed this
resonance) in the neighborhood of 4 oyoies/sec.  Thus, the system will not re-
spond to & step input signal in s menolone mapner buk will show a few damped

ogcillations. :

o s
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 The system oulpus wvelscity will build up from

1/10 te 9/10 of the
final veloecity in a

time spproximately given by

: This performance is distinetly w

mpre A corrective filter
should be capable of improving this. What is requirved is 2 cireait which
will produce & large phase advance at high

freguency. A circuit which has this
property is indicated below.

—é p

fuds

Ly =t DG atten.
ks + ;
R, 7R, wetion

This eircuit will introduge

o )

sdvancs at the cost of

in berms of low frequency abtenusti

to be pretty steep when the phase advance reguired becomes large.

frequency attenuation. The bHill

Here is &

case in which division of

Two of these circuits will
be used in cascade, with an Pnt

interposed.  The resuliing
filter characteristic hecomos

{8 x K{ x

In the steedy hammonic-sscillation state p © jw and one has

/3 TR
2 o ST

T 0

LA o




This characteristic is plotted on a Bode disgram in Fig. 19 for the case
Ky = 1/10 and 77 = .02. Ths constant multiplisr is again omitted.

Fig. 20 shows the result of applying this correction to the sys-
tem here being studied. The resultant phass characteristic of the loop now
falls to -150° at o = 210 redisns/sec instead of 2% radians/sec. Agein we
choose as the phase margin at feedback cross-over the value 3%°. The loop
phase lag reaches ~145° at o = 180 radiens/sec.  This choice of feedback
eross—-over establishes the product

4.22 % 1% A x K] 7 A

We see A’ db = 37. Contrmst this with 12 db allowable before.

The other aurve ou the figure shows the over-all frequency char-
acteristic of the system. The resonaunce pesk is now only 4 db.  The system
will show over-shoot (ses Fig. 21}, Again, considering that components in
the frequency range where the system respomse is down more than 6 db, fail
to contribute semsibly to the response, we find the 10% to 90% response time
for a sfep input. ‘

Ty, & 1/1280%.008{3}) sec.

This is a reasonable improvement in speed over the uncorrected system. In
addition the system is far stiffgf* as well ag very considerably better ‘
damped. The design problem is solved. If one had been interssted in a
somewhat more slowly responding system thea this one, say of the order of
10 cps at feedback cuto f£*% the shorter time delay in the amplidyne could
have been neglected and a procedere similar to that followed in this papér
up 10 now could have been used to design the system. This figure of 10 c¢ps
at feedback cutoff is usunlly wonsidered as representing a fast system.

*¥The system corrects an ervor signal much better and prevents torques
applied to the output member from producing ss large an undesired oubtputb.

*ADefingd—the frequency at which ths overall sysiem response is down G\Qb'

from its value s} low frequencies-—sbove which no sensible contribution

to the system rsspoenss can HGeur. ) ”

e 38
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I1Ic¢.  Experimentsl System’'s Performane

53

There is one slight diffisulty; the system does nobl behave as
described above., Fig. 22 shows s set of experimental points carefully
taken with an uneqﬁalized amplifier driving the amplidyne Tields. The
plotted points give the ratioc of tachometar voitage bto the input signal
voltage at the amplifier. The sbzolute msgnitude on the db secale is sgain
not significant. Measurements were csrried out o fraquenciss where jhe
tachometer voliage readings became o smeli they were unrelisble. A curve

of the type:

jay]

i 3 3 ,
1 I L i ‘ < .

f e B b e i owas fitted to these poinis,
Lot Jw/R0 1L Lt e/E0G )

‘The phase charasteristic which is plotted corresponds 1o the
above function. Here the Bode aﬁtenuationmphase!rhift vheoren was applied,
assuming ne other time constanis offextive in the sysisem. ‘

- Several things appear here which ace at first sight a2 biy discon~
certing.  First, the time constants compubed for the amplidyns-moitor system
have been replaced by sxperimental values in the transfer function. This
is based on the assumption ihst fthe experimental points accurately represent
the system performance, a point o be discussad in bhe section on axperi-
mental technique in determining the transfer function. UOpe Fits & curve o
the points and does not worry ioo much sbout the feilure of the £it near
e = 20. It is asssuomed thal the sbove funcilon represents. the tramsfer func-
tion fo};all frequsncies frowm zerc to infinity. The phase characteristic
ean then be directly caleulated. Evidently. this cannot be exsot since there
is no trace of the time constant mssociated with bhe apmplidyne eontrol-field
and output tubs plate resistance. & compuiation of this time constent shows

thet its contribution ieo the phase shiflt et o * 500 is negligible.  There is
& Feature of resl physical significance which does entar here, THE SYSTEM

I8 PUNDAMENTALLY NON-LINBEAR. This sbows wp in 3l curving sharacteristic

of the tubes in the amplifier.  Thiz iz, howevsr, not seriocus since sll tubes:
operate on a nearly linear portion of their sharacieristics well bayond the
point st which the amplidyne characteristic bszoomes markedly bent: Here is
one esgential non-linsarity of the aystes saturshion of the emplidyne. Also,
the voltage oubpul of the amplidyne is s hazily defined function of the con-
trel field ourrent, da?éﬁding on ke past hisvory of the wachine and the ‘
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present laad,an'ito“Tha torgue characteristic of the motor is sensibly
linear far beyond ‘the normel range of current supplied by the amplidyne.-
The speed-voltage characteristic is slso linesr  The reader probably shud-

dered at fitting & parabola to the speed-loss curve. This was done for the

imnocent purpose. of obiaining an eguivalent viscous friction coefficient for
the machine. &5 menticoned earlier, Coulomb friction would represent rather
better the loss fumction of the motor. This loss is due to the water seals
“on the motor shaft, and is‘truly scandalous.  The fact must be faced that
this is a lerge and stricily non=linesr effect.
One now proceeds on the basis that the analysis of an equivalent
Iinear system is a fiction which may yield valuable suggestions iﬂ the design
but will not be too upset when he {inds divergencess between theory and ex-
perimental results. ‘
One tries for a 35” phase margin at fesdback cross-over. Since
dual lead circuits did such wonders for the simplified case, he tries theb
same»magic agaiﬁ@‘ Fig. 23 is a Bode disgram of the transfer characteristic

to be used now., It will be noted that hers something new has been added in
the form of an integral circuit® which costs a trifling amount of phase lag
in the neighborhood where phase sdvance is meeded, about 3%, It costs a max~
imum of about 84" in phase lag at low freguencies where there is phase margin
to throw away. Why throw away any of the hard-bought phase margin at high
frequency? The answer is & compelling one-~to make the system go. Without
the'integrél cireuit (low frequency build-up} the cost of the two lead cir-
euits, which, as has been indicated, make possible feedback cross-over at a
frequency almost 10 times that attainable without equslization, would be a
murderous 40 db of low freguency atienuvation with respect to the high fre-
qgéncy amplification shesd of the amplidype. Any sttempt to make the'ampii~
fier gain high enough [in the absenaos of the integral circuit) for the gystém

*Integral Circuit,

s VO {p} ) o 1+ 'fip
‘ , "*“”**T' = Yi(P) =
PSRRIV VY Y VO : P : :
T : % Ra _ K. = Ry * Ry
Vi i Yo i Re.
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to fespond to a low freguency sigual rmsudde dv shutting the amplidyns down
completely due to high fraguensy nolsse ' % I ‘

Fig. 24 shows the transfer char stic computed for the loop
assoviated with,ﬁhe differentisnl and ths s ia¥ed computed phas ¥y i
the ealenlated valus of the avew“aii pain of Lhe system. The system vresponss
is down 6 db at w & 280 radiang/sep. The resonant peak amounte to s little

less than 6 db which is scosptable. The loop gain at o 1 razdian per second

is.caleulated st B ﬁby 8

Vig. 2% shows the

in behavior at ithe high

squalized as indicated in Fi
hand of the sysiam ann that compuitsd is due to the

frequency edge of 4the pa
setﬁihg of loop geig wh & valus which seamps & it on the phase margin ab

feedback cut-off, Compare Fig 28 which shown the compuied over-all gain,
ST at ZHY. 0 The 26Y curve

with phase margin at fesdback cub-olf mat st
agrees quite reasoaably-with the measured points of Fig. 23, At values of w

, C
g towar valus of !Y}ﬁ than

which are less than 20 the measured poini

is ecalculated from the unsorrecisd loop plus the kaswn correstive fille

fioultres in meastring €, hub the moasured

characteristics, ﬁr@uahL' due o g1l

¥
value of iY@J Hesy w T zero agrees with the computed value of 684 .db.

This esssentisliy completes ihe design problem from the point of view

rara and w

psual eondition for the

of steady state analysis.

system to operate in the stute.  The wisbed for normal sits

uation is for the pile le &t oooms waluae &0 the ssrvy rate

zerwo. The pile may bs sy oF LERs rare and moerd or 3o
lent disturbances. . Then the ssrw :y.zkAzﬂ in s cbramsient shate Tor e shery

period and lapwes iplo INDOCBOUE studd. Thos, although the L vohss bean

carried out by and large dn tewms ol the :ifnxu ztate regponss, £ reai nroot
of the sysiem lies in ids brangie S Ths =t type of wEmntastrophe
one ecan readily imsgine iz for the slow Yiax o the pils to show a step increase.

latzd for the walue of Y corre~

Y _ s : 5 3 oym
the gervo system hss been il

The “resgpongs of

sponding to Big. 24 = croscahightly differi £ doop Bain. The oom=
puted transients ars & ;

N

Miscelleneous: The amplifier o be used w hh svaten hag eeach-gain stage

in the form of a long-tailed pair except the powsr atage w 5 hes some cathode
feedback.  The '
‘make gimpler

plled to indi
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recording of the error if necessary. In addition, a time dependent torque
limiter controlled by'the voltage drop across a low resistance in the amm-
ature eirecuit of the motor supplies a degenerative feedback o the power
stage when the current through the motor reaches values st which the motor
torque might damege the system. This will normally not come into operation,
but will prohaﬁly function only in case of a mechanical interference.  The
servo system will have to function . in ecnjunctidn with the shim rods. A re-
lay interlock system desensitizes tbe_amplif;qp at the end of the regulating

rods normal stroke. This applies only to signals indicating further motion
of the r@d tip away from the mid-stroks position. The system maintains
sensitivity for signals which tend to drive theyrod tip toward the mid-gtroke
position. The shim rods are interlocked to the servo system so they automat-
ieally move to reﬁenter the regulating rod tip when the regulating rod %$ip has
réached a predetermined distance from center position. When the regulating
rod has withdrawn to the end of its normal stroks, the amplidyne excitation
is removed and the motor is dynamically braked by the amplidyne armature cir-
cuit., If this fails to stop the rod, mechanical shock absorbers do so. Then
the regulating rod is ready for the gignal to center the tip With respect to
the pile. The motion of the shim aﬁtomatically stops when the regulating rod
has recentered. Control of the shim rods by the regulating rod will be modi~
fied.as dictated by safety comnsiderations.' Fig. 27 is & schematic diagrem
showing the basic circuits. '

Festures to Be Considered in the Development of Any Servo Mechanism

There are several sources of difficulty that plague the designer of
aservosystem. Back-lash in gearing combined with static friction will limit
the accuracy of a system. It may produse a viclous type of oscillstion if i3
ocours between the motor and the sensing element. In the case of a high gain
system, it may produce a high fregquency oscillation of limited amplitude which
hes as one effect, the wearing oul of the gear train. Friction will waste
motor torgue and degrade system performandce even when it produces the above
effects to a limited extent.: o

When the driven element can gain enough kinetic energy to bresk gear

~ teeth on sudden gstopping, irreversible gear trains are to be avoided as the
piague.' They rarely help system performence snyway when plsced in the power
train since they behave .in an equivalent non-linear menner,

Elastic yield in the power gear train will introduce new frequency
sensitive elements into the servo lvop whose presence muyst be explicit in the
form of the transfer characteristic. They rarely improve system performence.

o B
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They may be made more or less innocuous by ratsing their resonant freguencies
well beyond the required response band of the syétamg '

A very fine scurce of difficulty is the use of a serve so that it de
essentially a sub~loop in a larger system. Process delays in the over-all
system which results will normally tend teo produce instability in this larger

system. All such delays must be analysed to find their effect on the stability
of the system.

I11d. Suggested Modifications of the Velocity Servo-Mechanism

Improving the Corrective Networks in the dmplifier

It is possible to reduce the number of stages used in ths amplifier
by combining the integral cireuit with one of the lead circuits., The combined
transfer function for thess circuits isolatsd and cascaded is:

(L + 7yp) Ltorp

-1

Ky

, The high freguency atienustion of the integral circuit execeeds the
low frequency attenvation of the lemd cireuii.  The circuit below has & transe
fer function of the type:

a Pl

KD , : far:p v 1) {vep * 1) + Breplrap + 1)

R

(72p + 1) {amsp + 1}

where

: ) : Ty oo F@Cw ‘ al = .-” i
\L ; Ca , ' ; R4

.- vy ® RpCs B =

= : e

=t

ot

tv—w SITTUY Ve

«d

]

o]

<
+
jead

}

The conztants cap be adjusted o make this function show the same
funetional dependence on p as dosz the combined characteristic shove, One

even has an extra variable Pree. This may be used 1o set Ry g0 the impedance

level is satisfactory and the condensers are of reasonable zize.  This is to

be included in the final version of the smplifier.

o
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The curves showing the way the pile res sponds o & disturbance
while the servo is controlling it demons atrate that the servo is adgguate
at least to regulate the simulator. The following discussion w1ll indi-
cate a msmmer in which the servo pel +formence might be jmproved. If the
fluctuations of the pile level inciude components which demand continual
rapid,readjustments of the regulating rod, usnsxde*atlon@ of Life of the
mechanical'elements of the systam may dictats a parrowing of the band of
freguencies passed by the servo. Thg toop tramsfer oharactefistic Yy higs

been shown to approximabe:

._..........———-u-n—-—-‘ i

OOlpi

?"J

Suppose the gystem is mo gified by msking 2 subﬂiéiﬂry loop a# indicated in
Fig. 28.° ‘Here a subsidiary lO0P *hrouﬁh the filter and Znd differential has
been included. Opening the subsxdla ry lowp at its inpub %o Hlfxer“nﬁ181<@9
reduces the system to the o sriginel ons. To writs the equations pi the new

system, one defines:

o

= in@ut signal ¥ Uy
P © taéhometer voltsge © kp 9,

p8,, = output angular velocity at motor shaft v gqusmtity to be controlled

filters in the smplifier, ampiidyne and motor

(

Yy * comblned transfer eharaﬁuerzsizv of the voltage and powsT amplifier,

Yp = yransfer characteristic ot feedbaék filter and associated amplifier,

1t any
Ytach_::k volts/Tadian per second.

Then from the figure:
€+ gy F U
er * Yybgee = O

(bb“*kYAe " B O

] iminate €2 betwsen the last two sgquations snd obtain
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In principle ¢, is an instanteneous measurs of
the output member. The above expression is ths open lnop transfer char-
acteristic of the new system in berms of the open loop transfer cheracter-
istic of the single lcop system and the transfer characteristic of the

feedback filter. The variable guand

ity in the denon

»d

wshor is actusily the
transfer characteristic of the loop sssoziated with the second differential.

One can substiteiz the sbove expression in the Firat eguation for
the loop and obiain the over-all transfer characterisiie:

roes or polss in the gh half-plane,

~iherion as readily to the Z-loop syslem
as to the single lcop system. Ye alraaﬁy know kY, =zatisfies this condition,
We need only study (1 + £Y 5 ¥y

To study ths open lovp transfer characteristic it is convenlent
to write it: |

The latter m#ﬁ%ﬁﬂ off the oxpre on iz most readily evaluats

j&h

by
ter mentioned.  Graphizal subtraction of the log

the graphical methods =

plot of Yy from this yields the loop trausfer chsrasteristic which can then

be readily converted indo the clos

& adt
procedure. For sxampls, & szimple HC seieristic

(1 + pr)~t whera = = RO, will

),

afford exiva phase margiﬁ at High freguencies
& simple high pas i

to increase the spezd of system

D
transfear chiarascisristic
hd

Vi

back loop will reduce but afford more open loop gain

at low frequency.
Reference to Fig. 30 Sﬁmvx i the nolas present in the tachometer
output makes it clear thai diff&p
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into the amplifier is not likely Yo produce results which are too easily pre-

dietable.  To reduce these effects a tachometer, Weston Type No. 724 Bpecinl
has been ordered snd will be studied. Tt is zpegified to produce & good deal
smaller ripple component (shout 1%} in its oulpub.  As insurance, another
tachometer is being studied by B.P. Fpler which, taking advantage of the lim-
ited travel of the controlled element, avoids all commutator noise, This
result is obtained by driving an oversizs meier movement¥® by s mechaniszm of

the type indicated in Fig. 29. The sylphon coupling introduces no ambiguity

in the angular position of the screw with reapeai %o the motor shaft. The screw
thread is held to close toleranses sad the screw is wounted in angular contact
bearings which define the longitudinal position of the serew precisely. The
nut is split and fitted tw the screw, It is constrained against rotation. The
coil rotates aboudl a veriical axis, being driven by a radisl arm whose outer
end carries a bearing which is one pivot for ithe link which is pivoied at its
other end on a precision bearing carried by the nut. The tangential error in
this drive is negligible over the range of rod position sucountered in normal
use. Care has besn taken to remove all back-lash from the drive so no spurious
variations in tachometer volbtage can be fed back into the system. The prelim-
inary model of’the tachometer obhains its magnetic field from an electromagnet
which could be replaced by s pzomanent magnet field siruecturs if the design isg
standardlzed ‘

1V, Berformance

a.  Notes on Performance of ths Iscisted Servo~Mechanism

Figures A through 1 show the rasponse of the system to step inputs of
different megnitudes which correspond to changes of veloeity from zero Lo ‘gevs
- eral terminal velocities and from these respective velocities to zero again.
Although these transients were rm with ne rod driven by the gear box, they
reprosent adeguately the expected performance of the system sinte the reflected
inertia of the rod will be small encugh compared to the armature moment of 1n~
fertla that the motor-amplidyne iLime cousbsant will not be sensxbly affectad,

*The test m,&el has & coil of 084 turns with = wzndmw of effeetlve length 44"
long b 1g~§?16" wide. The coil is free to raiaﬁe Lhron h a2 total of ap groxlu
mately 120 radial field of about 10F oerate % ag the rod travels 3 foot.
In.normal operation the full sircke of the rod only one fpot. This unlt will
producs at 1ts terminals 16 Volts at ratod speed. The internal impedance isg
about 100 ohme and the signal is readily haken with respect 1o graund;




Data for Recerds &, A’ Through L, L’
Tronsient and Quaszi-Steady Servo Error Signal and Output

Chart Speed is 12.5 cm. Per Becond

Tachomater

Record of: : %g??t o Wghar}‘ | ' bg a
itm ali. V/mm be Volits (measured]

A Error/20 -~ 001 L0001
A’ Dutput 0.1 .01 i 0.1
B Error/20 2.0 0. 01
B’ Output 2.0 0.2 2.04
¢ Error/20 4.0 0. 02
o Output 4.0 1.0 4.5
D Error/20 o 8.0 o 0.02
D’ Oubput - 8.0 1O 8.3
B Error/20 80 008
E? Cutput 8.0 1.0 8.8
b Error/20 + 18,0 0.1
b Output + 6.0 2.0 168
G Error/20 + 3R 0 0.2
¢’ Output e 3R0 10.0 5. 7
H Brror/20 4D 0.2
K Output 6.0 10,0 86, .
1 Error/20 +100. 0 Lo -
1’ Oubput F100.0 20,0 154
J Error/20 138, LG
b Output ; $1TE. 0 20,0 141
K Brror/20 FITEO 1.0

Outpub 1750 20,0 176

Error/20 208G 1.0

Output =808 0 20,0 187

=













bf.ihé recordsr

‘idatéé“fbr éach figuonf :f -V; 17 te S  in§ﬁt is-reaor&aﬁ-an&5théu
"acﬁual tachamater d. c¢5l'_f_7“' ﬁ-ut is indicated. All records were run at
: T : __-ale dis 040 sec per lelSlGﬂ,_ The dis-

crepanczes batween the nomlnal valuas of output vcltage and those derlve& - :
.frmm ‘the recorded values are to be fe&ﬂl*‘ﬁzln favor of the former since he"
calibration is anly approx1mateA Since the error signal and the output v

were recorded 1nde§en&ently; the time base ZEToes of a yazr of curvss for
game input signal are nolb related.

The measured output constant of the tachometer used in these x
8.8 volts per 100 rpm.  In principle, the meximum value of the arrnr sign

:'recaré is a messure of the step input smplitude which rednces tow'“
;ha 3erTY0 comes inta-operatione The part of the reeorﬁvat-whlah-th
record is eééenﬁially noizesfree corregponds ito the quiescent‘gdn‘__f'
system. : | -
Flgures D and E show the responsze of the systﬁm to a demand for equal
"_,s,ep changes in velocity in opposite directions. The system is thus raasonab
: slfferent to the sense of the demand signal.,

Correspandang to B step change of 200 rpm or more, as Flgures F’an
those following show, the syetem is damped lesz adeguately, due to saturat‘ it
Fig. I corresponds to a demand velocity step of 1200 rpm{which is the rate

motor speed}  The speed of response is down appreczably from its value fo
emall signals, but is still fa;rly respecteble. By the time thst the demand
: spa&& step is 2360 rpm, the poor amplxdyne Has given up, as witnesa the ve
: ilarge SYTOY s1gnal which persists in the systemq The system will fallaw’r
-sﬂnably well down to motor speeds of about 1 rpm.
The amplifier gain is linear ae a funotzon of 31gnal input up to s
nal amplztudas which badly saturate the ampdeynao On closed loop the s‘
‘the oulput plate enrrents drop 88 the signal increases, due to noise from

:.Ztachcmetere Carrespondlng to Flgo;ﬁ the sum of the plate cnrrants ‘has dr g”
“‘}frem abmuh 72 ma to about 36 ma.
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motion in which the resgulating rod scls independently of the shims in nor-
mal operation. The rod would move at a maximum terminal rste in Akeff of

2. 9%/sec under extreme provocation although the rated motor speed would
produce a rate of 1;6%/S€C in Akeffi The gear ratio in the rod drive will
be modified to make aveilable about 2.5% Nk pe/sec at about 1500 rpm.

- A11 these tfaces were tsken at a chart spsed such :
on the time base represents .040 seconds. The €0 cycle ripple emounts to
sbout 28 millivolts~peak to peak snd comes from the simulator. It is not
particularly significent as the servo mechenism response is down appreciably
at this fregquency and in addition, the coandition of the gear box and the
Akeff petentiometer drive at the time Lhese data were taken were such thaﬁ
practically no steady‘state 60 cps correction would be afforded. ‘

Traces a are records of ithe quantity @75(naNb) where n is the in-

stantanebus neutron level and N, the desired level {(with the simulator

operating at 50 volts cutput}. The chart scale is 2 mv/mm. Thus the worst
departure from the sverage runs about .07% of level. In the periods of best
operation represented by the first curve of Fig. o the departures from de-

“* of the desired level.

sired level run about 3 % I
The remainder of the figures are psired. The upper figure presents

the departure (multiﬁlied by .75} of the simulator level from that desired

(850v). The lower shows ihe errorisignal in the servo amplifier. Conditione

for which these curves were obtained ars tabulated.

Figures Step in k7 Voltage Seales (volts/mm)
‘ ﬁ 75 {n-Ny) Error/20

By B - 012 T Y

Y&y 012 | .1 | .02

5g 8 _ -, 025 o1 .02

€ & €' +. 025 : ' s 1 - OR

L& l’ : ~, 0B . 8 : 8

& " 05 J ; .2 : .2

g g 6 -0 : ‘ 1o 1.

i & &' 03 : 1. , 1.

K & K’ -y 23 1. 1.

A& A LK : ' 1. 1.

The difference betweeﬁfthe response to positive and negative
steps is primarily due to the difference in tranzient response or the pile;
some very slighi difference, shoWing up mainly in the overshoot, ism due %o
the weight of the rod reacting on the servo-motor. '

e RN



These represent the average TESpONSes to the above guoted step
changes in reactivity. They were all obiained with the rod starting from
the position with the tip at the pile’s mid-height. If the rod were positioned
so it had more than the half-stroke availsble, it:could handle: somewhat larger

steps in'Akeff without activating a shim rod and conversely smaller if there
were less then the half stroke available. ‘

Va. ZFxperimental Methods

The steady-state study of the servo sysbtem requires a low impedance
source of a.c. of controllable amplitud& which eaﬁ be adiusted to any fre-
quency from the neighborheood of zeroc to at least 100 cycles a second. In the
measurements made here a Hewlett-Packard type 202ZB low frequency oscillator
was used. It covers the range from:mﬁ to 1000 cps, and will supply 10V across
a 1K load with less than 1%,distortian from 1 to 1000 cps. ‘

It is convenient to use a;recording instrument which presents a high

impedance to the system. The recordsr need only be reasonably flat in response

from O to about 100 eps. A Brush type BL201 pen writer with é Brush BL@13 am-
plifier to drive it has been used in taking the data. ,

At each point the Hewlett-Packard oseillator is set at the desired
frequency and, for open-loop transfer charactesristic determinations, its output
is applied as the amplifier input signel. The input signal is recorded. The
tachometer output voltage 1s also recorded.  Im principle the tachometer volt-
ege is a measure of the instantansous rate of the motor driving the regulating
rod. There are difficulties. There is hash from the commutator segments.
There is ripple in the output of the tachometer while being driven at a conmstant
rate due to the finite number of armature slints.: Also, the tachometer armature
will in general be magnetically unbalanced. Out of this mess the amplitude of
the compoﬁent with frequency egual Ho that applied by the Hewletthackard :
oseillator must be extracted and measured. Ab each frequency several runs must
be made with different “error"™ amplitudes to make certain that the loop as a
whole is operating in %he equivaleni linear part of its range. In the low fre-
guency range Coulomb friction is an imporitani contributor to non-linear be-
havior. At the high frequency end of the range the most important source of
non~linearity is saturation of the amplidyne. In any case, any extra care ex-
pended in meking sure of linear behavior of the system at each experimental
point is well worth while; it will save much grief. '

=~ Ghw~



It will be noted $hat polynomisnls have been fitted to the ob--
served transfer amplitudes , snd the corresponding phase chafacteristics
were then caleculated. If a great deal of man-power is available for a
system which is to go into production it mignt be worth-while to make de-
tailed studies of the exach trapsisr characteristic, both in emplitude and
phase, experimentaliy sand theorstically, to determine the effect of ex- '
pected manufacturing toleranc Pa"Heﬁﬁ the plan has been to describe the
observed attenuuaticn-Irequency Phara, eristic in the analytic expressions
and. see whether they suffice to explain the ph&“a shift demmnstrated by
the maximum atiainable frequsncy of fesdback cot-off with system stability.
This number-like approach is jusbifisd in this ceze as a net time saver in

d

view of the difficultiss in a direst determination of ibe phase-freguency

characteristic.
One must bear in min ,h largs ran&e over which the ratio of
tachometer voltage to siror Jaz,dge varies and that all the hash in the

tachometer signal appears in the error signal when the loop is closed. A
little consideration will satisfy
phase of the fundamental component ot the
signal is diffieult {&f not u

back cut~off., In this vegion

small value, and the pursnit of the phase relations to higher frequencies

O
utterly impozsible in the neigbborhood of feed-
%

ental component falls to a fairly

is inecreasingly thankless sinece a small error in the measured guantities
a

SO

]
3
]
<
&

x.

ghi. The over-all reliabilily
ig about 2 db.

The 5ysiem response Lo step inpuis was delermipned over a wide

can completely mask the phass

of a measurement of Y« at 8 p

range of step inputs and the final sysi

e
i
o
@
=

@
o
faat
£
o
os]
o
ot
g

; adjusting for a
reasonably smooth sod rapid app roach o demand veloﬁityg' Pigures A through

L’ show the resulis of such messuremer The final test of the gystem is,

«

of course, the guality of its conbrol of pile level in the steady state and
under transient conditions. The best that csn be doge presently in this
direction is to study the pile simulator when controlled by'the servoe system.
Figures a through A’ show vecords of the devietion of pile simulator level

from desirved level when regulsted by the serve system.

Vb.  Elementary Theory of the Smpiidyme

Fig. 3L will indicets the esssentisl features of the amplidyne’s

operaflon neglecting among things ferro-magnetic maturation. The

most notable features, on first ivuspsetion, of sn amplidyne sre the small
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excitation supplied to the contrel field end ihe shortwcircuit applied to
the armature. The inner ring of condustors reprssents the current dis-
tribution in the armature due to load eurrent. Aetuslly the conductors
are not separasted as indivaited here and the resvlitant of the two sets of
currents flows in one mat of armeiure conduntors,

Suppose the control field is excited from an exiernal source. The

armature is driven ot a constant rets by cinted derive motor. The

short cirecuit in the asrmatere rssults in g large « vvﬂn***in& current whiech,
since the short cirveuit brushes ers fized in apave, produces the usual crogse

magnetizing fiseld of mmmsbure E equivaient to a coil

wound in the quadraturs axi esultant flux ég 5 is

a direct function of Lhe sontrs] Py p produses s current

distribution, when thes luad shown in the sketch,

The flux dus to ths lopd ouvry angies to the field causing

3

it.  The gense of the m.a £ to that of the control

field.. To reduce the msalign bure reaction, windings
are placed in the stator shrusiy they produce an m.m. £,

approximately equal to byt opposi mom T They are commected

in series with the axrn ar less independent

crefsse in both resisix

[N
e

of load current. The charge

ance and inductance of the armature ol crs than the former

50 the armature tims

Pp.a, T
N delay hers sxoept
Ie = current in conirel Tisid

ergted vollage

By p, ~ KeBop Beya

3

machine

EQ,AQ' K:Kz8Lg ‘ 57 ogpeed of

Since the'armatur% nayg tanee Foand inds

Ly the sguation for the

{4‘
3

quadrature axis current

EQFA:,“ BIQOQF frfe

,
%7
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| K:K.S
: Eoon R .
Q.A.‘ R.f..pL‘ l+p__%’_’ T

Thus there ig a time constant L/R assorlated with growth of IQ 5, after a
change in Igo As in the control field, the only delay between IQ 4. and
¢Q &, is due to hysteresis.. We neglect it

K1KKs
; = Kelp 5 | = o I
PR.A C Belg a7 , f
QA Q.A T am

Apply the usual generator equation to this to find the generated voltage in
the direct axis.- :

Ep s, = KB

Thus Coe
K1K2KaKeS
Ep = s Ig
: R

1+pL/R

Thus there is a single time delay, associated with the quadrature axis, be-
tween the application of a current to the control field and the development

of a voltege in the direct axis of the machine,

In machines of this type the control field 1nductance is of the
order of 100 henries and its reszstance iz of the order of 1000 ohms. The
control field is driven by pentodes for which 1K<<Rp Thus the equivalent
circuit is that shown. Then the current varlatlon in the control field is
given by |




.
Evidently the use of a pentode reduces the time constant between the grid of
the power tube and the growth of field current to something between 107 and
107* sea, much less then the value of Ty a which runs from 1/5 to approxi-
mately 1/30 sec. for most amplidynes.

The above analysis assmed perfect brush settlngs,‘no component of
¢D a, in the gquedrature axis and vice versa, Due lo the high gain of the
machzne, it is very sensitive to the brush setting. Shifting the brushes off
elsctr1ca1 center in the direction of rotation inecreases the gain and spoils
the regulation, I the brushes are shifted too far the other way, +he machine
becomes regenerative and will hunt steadily. The regulation curves of the
machine change slope with increasing Tg due 30 saturation of the pole salients.
Brushes sre made narrow to reluce their effective shift with wear.

Among the effects neglected above are cross talk between axes, sPFed
regu‘atlon of the drive motor and time delays in the control system. This
sehematic description does, however, bring out imporiant features of the machine,

There is snother time delay which is important to consider.

Ra = resigtance of amplidyne armature

Rm % pegistance of motor armature circuit

pd = motor speed
Neglact inductance of armature cirecuits of motor and amplidyne. Then
By A K,pf + (By * Byl Ip,a, | Kp = motor torque constant

KpIp a ~ ¥pf + Jp?é Assuming pure viscous friction with coefficient ¥
J © inertia of motor snd load '

F
K6 + (Ry * Ry) (e PO ¥ e 70)
K. K
T T
F(Ry + Rp) (Ry * Ry)J
= pb | K, b op

Thern:

Kpl, + PRy * Ry) Do KEp, a,

TRy * Ry) 1t pTy g
KgK, + F{Ry *+ By

71 R

1l +yp




specified input.

where: : S KT

| Kpy * F(Ry * R

IRy ¥ Rm)

KK, F(Ry *+ Ry

Ky * motpr torgue vonst.
K, 7 generated voltage const. of motor

Ty a. — cannot be neglected

Ve, Some Mathematical Results

Since, as shown in Section II, a servo mechanism behsves like z low
pass filter, the muliitude of results which have been obtained in the study of
filters offers a rich field of recipes which may be applied to the study of
servo mechanisms. Soms of these results will be presented rather then demon~
strated in thisz section. :

The mathematical description of an N mesh linear filter is usually
given as a set of integro-differential equations. These can be reduced to an

eguation of the type below in the output voltsge E. znd the input voltage E.

e
d"E, @ Ig | d"E,
Looa e, =L agE, 7 b =+ b SR
i} qen 11 gym1 s Poto il 440 o1

The a's and ks are constants and m,: 1 % ZN where N eguals the number of in-

dependent loops including ons through the source but none through the oulput
cireuit, '

Eg{t} depends on % {t} and the constants in the general sclution of
the associatved homogeneous equation. The constants of the solution are de-

termingd by the initial conditions. When the filter starts from rest as the

i

e

input is initially applisd, the output is termed the normal raspouse e the

£




The filter oud tput when £y (t} has become constant g the sum of
g [eodl . W, 3
By ® b,/a, By ang

m

suitable so*ution of the azsoniated homogeneous. cquatlon
{transient regponse to the eariier hiztory of the filter}., The genersl
golution of the associated homogenesus equation is a linea r combination of

]
the normal mades of the filter of the form:

II. By ity = pletd

1 is 2 real constent and ps iw a general complex constant. The general form
of @olut;on ime ‘
I1T. E. % ¢.h

. H
(] EE

cohie (B} + . L L L epky,

the o) ars adjusted to the imitial conditions.

If p; is resl,

Cow o1 %t : ﬁ
g it = gled a; iz real.

$t
il
foin

54 is complex, itz sonjugate also yields a selution of the
squation and the noImal mode doiutl ong dp:ear in pairs vielding resl tran 1Pnt
; ﬁ( cos w« t

sin wﬂt
A

; kfi\
solutions of form e

-t

P, has a negative real part the normal mode solution approaches
Zeroy otherwiss, the svluviion incrsazes or may increase ind efinitely The
filter is unstshle. } «

Az here defined, a linear fiiter has lumped elemsnts constant in

time and has a vormal TESPONgs, which? in the methematinal B8nse, is a linear

tunetion of the inpub voliage and de spends only on the pasi hz‘ Lory of the
Tilter.

The Wsighting Function

The nommal rewponse of a linear £ii+ ver to om ounit

impulse st % 5 g
is represented as Wit! which is nalleg the weighting functien
e

for reasons ta

12

sem w8 {t),

be seen later. Wit may be disrontivuous or may include a
The normal rezponse of a linear lumped comstant filier to an impulse

can be determinsd from the differential squation 1. After the impulse
‘ : %
EI 0 so Wit} must be a solution of the assncisted homogeneous differential

fquation, s linevar combinatiog of pormal modes of the Pilter. 4t the moment.
of the impulse Wit}

.

;omay be discontinuous and ineluds a &t
& term in the putput proportional to the input,

(-

if the Tilter has

=i
&)




Experimentally it is sometimes practicable to obtain the weight-
ing function by recording the response of the filter to a suddenly applied
and removed input which does not overload thezsystem. When this is attemphed,

one must have At << any natural period of the filter:
aw (t)
t

At << Wit)

The normal response of a filter to a bounded well behaved input
\ Ei(t) can be expressed in terms of its response to a unit impulse input.:
- t ' ‘ '
(t) = [ arEp(t - 7) W(r)

DM :
Eere is the normal response to an arbitrary input as an integral

V. By,

over paét values of the input, eaéh past value weighted by the filter re-
sponse to a unit impulse. | ’ , :

The weighting function fepresents the “memory™ of the filter, the
extent to which the distant past affects the filter output.’ The filtexr
output reproduces well inputs varying little within the memory and smoothes
out changes that take much less time than the filter memory. The filter
response to a sudden change comes only after a lag determined by the width
of the wéighting function. . k

The step function is defined:

S{t) =0 t <0
, 5(¢) =1 t 20
Normal response to unit step: N
| 8{t) = [ arw(r)
Q...

As the unit step is the integral of the unit impulse, so the re-
spoOnse to a unit step is the integral of the respouse 1o & unit impulse
function{ The weighting function ean in principle be determined experimentally
as ‘the derivative of the response to a anit step input.

In the case Ep(t) and W{t) are both well behaved functions with
Ey(t} jumping from § to Ey{0) et t = 0, integration of eguation IV yields:
4+

B (t) # Bp(o) 8(t) + [ ataBp(ta) S(8 - ta)
] :




the prime represents differentistion with respect to ti. Here we hava
represented the output as & sum of responses to step inputs into which

the arbitrary input can be resolved, a Tinite step Ey{0) &t t+ = 0 and a

continuous distribution of infinitesimal steps aggregating'Ei(ti)Ati in

the interval Oty at Bie ,

So far there has been no distinction between stable and unstable
filters. This procedure has been possible because we have considered in-
put functions differing from zero only for some finite time. A stable Pilter
is one which produces a finite output for svery bounded inﬁut. An unstable
filter will produce an unbounded output for some particular bounded input.

, : - o
A linear filter is stable if and only if [ at |W{t)| is finite.
. O”

The relation of this to the earlier discussion is that the weight-
ing function of a linear filter is a linear combination of its normal mode
functions : :

W(t] = 0 8(t) + Cshalt) *+ eshal(t) + . . . . .cph (6) L

: o
the h*s have been given above.  Certainly f Ihi(t)[dt does not converge for

, 0 ‘
323
any hy for which a; > 0. Thus [ |[W(t)]| dt will converge if and only if the
Ow ;

weighting function 'includes no normal mode funbtions with a; > 0. If all the
as are negative, the filter stability is assured.. The filter may be stable
even when there are undamped normal modes provided they do not appear in the
weighting Tunction, i.e., they are not excited by an impulsé input. As any
input can be eapressed in terms of impulse inputs, this means no undamped modes
can be exeited by any input. Thus convergence of ?HLIW{t)jdt offers a means
, 0=~
of determining what normal modes of filter can be excited. We have egquation IV

for a bounded input EI(t} vanishing for t < 0. If Ey does ﬁot vanish for

t < 0, one must extend the upper limit of integration, and if EI‘began in the
indefinitely distant past, ~

®: ; '
V. Ey(t) = [ Ep{t - 7} Wirjar .
o~ »
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For a stable filter this converges for any bounded Ey(t). The integral need
not converge for an unstable filter. Accordingly one can apply equation V

only to stable filters =mnd ome can apply IV in general and for unstable filters
in particular. |

The Preguency Response Function. This is a quantity which characterizes
the response of any stable Filter to a pure sinusoid input.

Take as the sinuscid input to a stable filter

B () = AP . Then by eguation V
© ) :

Bo(t) = AL ared@ltThy(r)
O

tl

Aed®t [ i(T)e”I%Tar
: O“‘

where W(7v) is the filter weighting function.

Define:

: © |
ey = [ Wryed®ar
A

)

Then

By (8) = AT {juw)ed®®
Y{je) does not converge for unstable filters. As a function of anguler
frequency Y(j®) is called the frequency response function. It gives the
amplitude ratio and phase of the output referred to the inpﬁt sinusoid for
a stable filter. This quantity is readily available experimentally by
observations on the system in the steady state.

= giwt

If one sets

=y (joo) 0@

into equation I. and carries out the differentiations, he obtains:

7




'bmijagm * bmwlij“%mmi'é woe s e %-bo:

Yi{jw) = ; ; :
ay [jow) +’an$1}jaﬁnM L L Ty

the ratio of 2 polynomials in {je} with coefficients that appear in the

differential eguation.

Since Wir) 7 0, ¥ ¥ 0, one may rewrite the definition
B @ . .
; o T e
VII. Y{jw) = 1 dre” Wi
; - <

The frequency fesponse of a stable filter is the Fourler {rans-
form of the weighting function. The integral in VII does not exist for un-
stable filters. The relsbtion inverse to VII is

o .
WieYy o= 1 3 T j&)'b
Wit} 5= jm dwY {jw)e

which mskes possible an evaluation of W(t) for a stable filter from a
knowledge of Y{jw).

The Fourier transform methods here indicated are limited in

application since mamy funections. Lack Pourier travsforms, e.g., bthe weighting
function of an unstable filter, the sinuscid input, the step functicn, the
inereasing exponsntisl.

E]

The transfer function of a Tilter is the Laplace transform of its

weighting function
s p . - | @ % :
vipy = Liwitil = [ witie Plas .
DO

the normal rssponse of a lipmear fTilter to an imput EI(t) can be written

Bty = [ Belt - v} W) odr o,
(s '

the convolution of the input -and the weighting function. Thus, when the

Laplace transforms exis

o
ot

P




The transfer funciion of a [ilter is the ratio of the Laplace transtform of
any normal response and the usorresponding input, a generalization of the
frequency responde. funeticon defined for unstable as well as steble filters
and defined for general complex waluss of p aud not only pure imaginary ones.
When the freguensy response functinn sxishs it can bs obtained from the
transfer fumeiion by replasing v by jew.  The walues of the freguency response

function are the walues of the transfer funcetion on the imaginary axis in the

p plane.

Dne obits

on metting up equation I transforms of the ftwo sides and

sething L B ltl )]s vip
In many problems one can desl with trensfer Punchions and Laplace

transforms of inpubs and oulputs exclusively, exoept in the final intsrpretation

the transform inve Tunstions of tims, g reduses to & formally simple

e
Giffgrentisl eguations of the system. Thig typs

treatment thao the use
of manipulation mskes 1% simple te prove that the transfer Punction of 2
filters in

Lhedr individusl transfer functions.

ore gensrally useful in filter discuszions

G

. ‘ e . .
Lumped constent filder the tranagfer

2

soverning differentisl

an hhe denominator ind,
the vesolution in

the

partial fraction tavms in positive powers of poand
Wikl

one less than the maximum posihi

ires of the input up to. ordsr

p in this resolution. ’Thus W{t}

o funnti

inelude:

D
o

verge and tha
stant filters

degree equal to or grester than

that of numersior, weighting Dunstion will inslude an undsmped normal

mode only if sl frastions yields 8 ps. with a
X b Py

non-negative raal parts In may s%ill be stable (by chance]
b3

if the facior (p ~ p,

seneeisd by an sgual factor in




the nmumerator of Yip;. A smsll change in the b's, {i.e., filter constants)}
will ruin the stability, so donﬁi try to use this result.
No p's with non-npegative real perts appear in the resclution of
Y(p) into partisl frastions if and only if Y(p} has no poles outside the
left half plame. WNore genersily, if Y{p) is anelytic in the right half plane.
and on the imaginery axis, the Pi3ter iz stable. This does not settle the

ease where there are g rgu*ar1+1e% other thse poles on the imaginary axis.
This criterion is adeguate for most practical cases since filters with lumped

elements have iransfer funstions retlona] and analytie excspt for poles
¥ 3

System with Feodback

A serve system iz a fescback system in which the actual output is
compared with the

1 (i e., desired ouiput) eand a function of the differsnce
{error} activates the driving element. ¥Fig., 32 shows the essenlial connections.
The error is given by 1

and controls the systsm through an amplifier and motor included im ths box

Y{p) which, for s linear system, descrives the system performance. In terms
of Laplace tranmforms

(8) 8,00t = Yip} €(p}

Y{p) is the feedback transfor function deseribing the loop transmisszicn from
output of the il

farential®™ back through the system cutput and into the !
"differential™ agsin. : ‘

The system performance is deseribsd by an over-all transfer fumcilon

from (A}

from {Bi, (£} =nd (D)

(E) Yoipd # ¥ipi/1 * Y{p}

5

Thig is one of the fundswental equations of the theory. It is walid Por any

gystem for which =quation B is valid but iz.nol vwalid when the serve oubpul

undergoes further fl;uwrxrg in the feedback loop., .8, ses Fig. 35

7 e



Yip) T =%

FIG. 32

Y| {p) b \:-eo

FIG. 33

Yilp)

Y, (p)




kWith,ﬁhewlocp tfans£éf;functioﬁ?~v

‘Ylfp)'t.Yi(P) YQ(P)
‘here equation E does. not huldg But;we still have the feature which is ‘
gensrally present that. Y {p) is ¢ le‘ag a~fraction with denominator .

‘equal to one plus the laﬂpatrans v ion;‘ For a system to have zerc
statlc error Yo lp ) must always have the same aSymptctic respcnge to a step.

system;_SEe_Figq:B4x An 1nner loop“_s~u5ed ta mﬂﬁlfy the characterlstxcs of
the driving element.

264%@3%@)
90£p) x’¥:(p)§

Thus defining ¥(p) =

” Y(p)

14YE) 14N *Ylp) Yalp)

Tolp) =

Yb{p) is the transfer funetzon nf~th‘ servo mechanism regarded as a filter.




The loop transfer function of a lumped constant serve can be
writien

With 1 an integer and kq a constant, Q, and P are polynomials of degree m
and n respactively, The coefficient of p® is unity in both cases.’ ky, the
£8in, is defined:
1

B g oslmp gy

1 being chosen to meke the limit finite and non-vanishing. The valus of 1
iz fundemental in the servo performance. Prom equations C and D we have
1
e{p] = e 9I(P)
1+ Y(p)
For a given,QI, from equation H and the theory of Laplace transform we can'
find the limit of e(t) as t~@. Teke 67(t) = S{t);

O¢(p) = Yp. Then

Thug, the servo will remove the error if and only if I > 1. For a constant

velocity imput, 8, (p) = ¢ By a similar computation, one chtains for

P

| 1
the asymptotic value of €(%) the value ==
, Ky

- when | is set at 1 for the system.

~BDe




The feedback transfer funet ion describes ccmpleteiy the servo system, It
ig 8 complex snalytic tunctlon.af pe It is completely determined by its
valugs élong 2 ourvé The Lmaginary axis is of special interest since
Y{ga&e3a* is the stﬁaﬁy‘state Tesponse sf the feedback }oop to the input
edott Y {jw) iz available expermmentallyl The plot of Y{jw} in the Y plane
for a1l real wois the feedbaak-transfer locus or Nyqulot &1agnam, which
supplies 8 convenient Way to determine the stability and perfmrménce of &
servo system. Sinse the coefficients of the differentisl egquation of the
syatem are real, Y fgwi = ¥{~jw). The real part is an even function. Thus

the transfer loeus is ojmmgtrjc thb rogspect to the real axis, and nsed be
plotied only for positive @,

For & system of zero static eyyor, the tresnafer function has &

pole at p = 0. For & pole of order I, at p = 0, Y{jw} becomes infinite a-
long a line at the engle {17/2] to the real asxis. Also as o begomes infinite

ks b : .
¥ip) = 4 » wher&~bm and &, are the coefficients of the highest
pl B3t s a, :

order terms in the respéctive polynomials. The locus of Y{p} approaches ¢

along s line =t the emgle {avg'il +n - ml} to the positive real axis,

In casg bhe feedha@k'funcﬁion bas poles at other pointe an the
imaginary axis than the origin, the iransfer Toeus will have discontinuities
A8 p passss through these péiﬁts@ Then we modify the definition of the trans-
fér'locusy Take ns the conbour in the p plans s path on the imagivary sxis
deformed io péss along & small semicirele to the right of ssch singular point
on the axis and a,semigircl& incthe vight half plene jvining lavge negative
16 large p@sitiVQ-values'nf 3&g The radius of the semicirele must be large
enough to Enciose‘all‘zerées and poles of the ratiopal Tunction Y{p} in the
right half plane. The map of ﬁhis‘paih'in the ¥ plene ig the transfer locus
¥{p}. This loéua nan be e&pprimentally determined. The mapping of the path
for non-singular points ig ab+d1neﬂ from the steady state response to
 sinuseidal inputs. For a pole of order_k& the corresponding curve “in the ¥
plane 15 883@nt18¢ly an‘p ¢ af a_gircla in the counter nlockwise sense traced

' ar the pole ¥ ~ const/(p w-pi}k',‘ Thus it

5 corresponding o singularities. For the

o= i 1tnemp

plimem




and Y{p} traces a cireular arc of small vadius through the angle - (1tn-m}w
gorresponding to the Jarge semicircls, hiug the feedbsck transfer function
maps the clogsed path in the p plens into 5 closed path C in bhe Y plane. If
Y(p} equals minus nne at sny point in the vight balf of the p plens, C en-
closes (~1,0). Buk the aystem iz siable urlg iF Y{” # ~1 at any point in

tha right half plaﬁe o ankthé 1maglna"y . Thug bhe transfer locus yields

For purpose we nsed a thsorem Prom

e worabios Function of g I p deserdbers g closed

contour k in the positive ssnwe, the point Gip) in the ! e deseribes a
curve C in the G Plane. 1Y k eoclosss, in & positive s Z zerpes and p
poles, s8ch ocounted as 3 number to : l@ipliaity$ the curve O en-
cireles the origin in a positive senss ‘
L . Z- 7 nombar of zeroes
= P times, where ‘ .

PF mumber of poles

Appiy tiis 4o the fun on Gipl * 1+ Yip}. The map of & contour
in the p plave onto the ¥ plane iz obtained by shifting to the left I unit
the correspending conbour in the G plane. Thus the sowtour drswn in the

pomitive semse dp the p plane meps into the Y plaue as & contour ensl

{~1,0) in a positive zs Zo» P otimes. The transfer losus {a curve of
type mapping a 5 ¢ pléne which encloses-all maepes and pole

1+ Yipl that lie the right half of the p plams) trus encircles (1.0
number of times sgual to the diffsrence of the numbar of zeross and poles
1+ Y(p) in the right half p plene. Oince o system is etable only if ther
are no geroes of 1+ Yipgo e right hadf plan this wrezult zan be u
in disecussing the ztability of g serv The theorem of Hygquish epplies
o systems whose fesdback Tenciion is thet of 3 passive network. The presence
of & motor introduves g pole mi the origin. However, v large class of singls
loop servo systems have no polas ingids the right half of the p plune. For
these we have 4

The uzcesgary and sufficient bt e serve systemiibe stable
k.isvthat the fesdback tﬁgn sfer function locus does nobt psss through or snclose

the point {~1,0) iri the ¥

“poles tnithe right haif ploans. T8 vhe dinner loops is
B
unatable. Then recourse nust ol mapping




theorem. It remains Lrue that the system‘is stable if and only if 1 + Y(p)
has no zeroes in the right half plane; but here the feedback transfer locus
encircles the psint {~1 0} a number of times equal the number of zerces
minus the number of pclase An independent determination of the number of

pelea inside the rlghﬁ half of the p plane must be made after whlch the num-
ber of gerces eap be obtained from the transfer locus and refersnce to the
‘mapping theorem. k

Attenuatlon Pﬁake Relatlunsths

This subject will not be itreated in any detail here. See Bode's
book for the clininal detasils. What is sai& Lere may apply to the transfer
function of a aarrec%iQe-filter, aﬁ‘cverwall loop transfer or a subsidisry
loop trensfer funetion. We treat the log of the funetion, the real part being
aﬁtenu&tion and the imaginary part the phase, What is aboul 1o be said applies
enly to these transgfer funeti@nsg‘Yip)b which have no poles or zerces in the
right half of the p plans, minimum phase functions. The majority of functions

used in servo theory fall into this class. They have the property that if
Ales), the real part of log f&w}, is known for all o, this alone defines com-
. pletely ¢{w}, the phase. Ths sonverse theorem holds also. The formula for
the minimum phase asgociated with a given atienuation characteristin can be
wrikten:

%ln;ccth {;:~}j

by

where g = ln‘wfwbw Thus the phsse in radians at frequency wy is given in terms
of the slope of the attenuation diagram and e weighting function. dA/de is the
slope of the attenuation diagram'in deaibelg per vcetave.  The weighting functiOn;
o ecoth I#/ef-has a Yotsl weight with‘rQSPect téyintegration over i egual to
unity and falls off fapidly as @ departs from w,. It is seen that~a«constant
attenuztion slope of 6n db. per octave ig accompanied by a'phase of w/2. Also
'the phase changse most repidly neer changes'in sttenuation slope and it is
appr601ably af?eeted at any fraquency oy'changes in attenuation slope near that

- frequency. The formula abo"e?ls tﬂa much 'f a mess for practical use, but it
is-éasy to use cer’v;n procadufes developed bj/Bode in estimating the phase cor-

fcharaatarxst;c&» Some ¢f these methods were in-




used as a model in the discussion. It is to be emphasized that the "prof—
cedures here mentioned cannot be applied bl indly to given attenuation
characteristics without in&-e-sti;gati@n to make certain that they arise from

minimum phase sysiems.






