e

B-16 . o -
» DO NOT REMOVE THIS PAGE : . REPOKT NO. Mo £ / / 9 ?/
¢ ) : ) This documg;ﬂ” contains
f Pages of Te%g and Ve kages
¥ of Flgures. o)
' This is copy@ Qﬁgcf b { Series ﬂ
\A

ISSUED TO :

3 o
A k Y 7y
1. gecg p \‘,
23 t ‘ 3. '\é @o
Oy <3 an _unautfiiorize %‘/@,
2,
materlal on thls subgect cr permission rrmst be obtaln@dromt‘he'
Dlrect,or or the Dlrector of the .Lnformatlon Departmcnt, or througn an app—
3.
j -
'havmg the dLSlgng 1on
secret report Other nctes must be avo:Lded but 11" made must be dore in a .
5.
6.
7.

.Route to Read by . Date . Koute tc. Re.éd by. Date . Rhoute to. m,ad by ., Date .

Classification changed to: : j /\“{l’bél@l[}]lﬁ@__
. ok
lx BYAUK’I’W’L"’QM' I T/.D’///ﬂ’ .
'. Y.12 Technical Library Date: FEB 8%y -
7 | BY —ocument Keferonts Socton ares x
v X-906 Buildjﬁ}q 97111
W ‘ v
AN ' 4& .
1) — T




‘a

K

Mon P-198

CRITICAL SIZE AND BREEDING GAIN OF RESONANCE PILES

Datoe

Written by:

"F. L. Priedman and M. L.‘Goldberger,

Issued by:

A. M. Weinberg
November 1, 1946

lseued: 11/2/46 Date Received: 11/1/46



‘a

u-.. .

CRITICA' 25 AND B‘V‘“DITG GAII OFF RZSINAICL PILES

F. L, Friadman and 'l L. Joldborger

1075 : (The following report was writton in winter of 1946; its
publication was delaysd because the authors lsft the project
befors it was completed. It 1is being published no. novertiieless
because there are several important methods of caleulation
deseribed in it. A sories of numerical culculations,umainly on
Beryllium systems have becen carried out to illus trate the srin-
ciples described here. lormally these nuwanerical recsults would
have been included as part of thia report. Ilowcvor, since this
was found to be unicasible, we simply give tho {ollowing list of
monthly reports in which the numerical computations are sumuarized):

(1) lon 5-124, pgs. 42-43"
(2) CF-3490, Part I, pgs., 50-3%
(3) CF-3352

A R .‘l'u

I. Critical Size
(a) Wé shall consider the problem of critical size and‘
breeding gein calculations on the‘basis,df the theory develop-
ed by Friedman and onk in CF-2881. If the Fermi %heory of
slowing dovn is applicable, the negative Laplacian ﬁ

determined by

(”:’ had 'T:‘ ).'Hg = .dUa_P.(.,:;g _.3_~):',‘ - i/‘ - o\ :
f(--’) "'{’ ’ﬁ. -'dJ (la)

where . 1is the "age" of the neutrons/taken to bszero at

thermal energiles), f?(77 is the numbcre of neutrons produced




i,
2 .
per absorption of g?y kind at age T, (7 1s the normalized
fission spectrum (5 £(CYaT= 1), P({1.,7) is the probability
that a neutron of gge h escape resonénce capture in slowing
down to age 77, e have assumed that all neutrons are cap-
~ tured before becoming thormal. (€f. CF-2881, eq. 5, P({V, 0)
= 0,) _
To solve (1) for 3?2, we expand tho exponential and
integrate,termﬁise. In ordézﬂﬁgﬂgot better convergence, we
first take out the factor a"'t 7t where 7 is a mean age from

fission to capture, averaged over reproduction. Ve shall see

how to choose © shortly. We are left then with

_ . . ‘= Yo 4
L+]7T - m,a};ra (Z-0-n"5 -]

L

It is reasonable to choose ¢ in such a way that on integrat—
ing termwise, the second term vanishes. Ve also note that if
the reactor is infinite, we may deflne an average multiplica-

tion constant k:

Q0 .
7(0)3 £(77) dpf;j“ atiat  (3a)
Y ,

ot

Our T, chosen as indicated above 1is given by

® @©
g ‘(f) 5 (7t -2} £(7") gf-é-z-;—,——ldﬁdﬁ‘
. 3 |




5
e also define Tz » the mean square age, similarly: .

®
5 .? ("’) 3 (Z-g 'T) f(Z') M d/'dZV
s} T

(S - (5a)
7 k .
~ Viith these- dofinitions we may write eq. (3) as
= e
-z -

1l = o a’r 12‘*0*1"‘(2 "'_? )"’ DOJ ® (63)

% } 2 | .
10 & - 7 is not too large, we may take for our [irst
approximation

THE ok o sta.,—{’-’-z;g—-

A better approximation will be

w2  fnE | Wn [1 - (fa E)B,éf]

Wer T T
with '
S

Sincs we expect  bto be small, we may use

-2  fnE ;.
()J.:L--u ; 1 +,d/(nf:'j = 0 [l-r/K/nE’J. (7a)

A‘f'!e note that the first approximmtion Mo is the result

one would get if 7 were the exact age from fission to capture:
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for ezxample., if therc were a Single fission energy and a
single capture encrgy. The 7 that is actually used 1ia
an avsrage over the ages from'fission %o capture for the
various possible ways a neutron may go in the actual sysﬁem;
In this average tie 7 at capture is a weignt function. ??
-inéludes the "prerature capture corredtion"_considcred by
Ueinberg in CF-2840 X (Eq. 6). We shall discuss this relation-
ship more fully in the next section. The correction term Z4n K
arises from'the higierlmoments of the fission to capture,péth
distribution. It ccrresponds to the spectral corrections con-
sidered in CF-2831 (»n. 15). |

(b) Ve 3nh¢ll ncw give the resuits of the preceeding
séction under tie sirplifying asswaption that there exists a
definite fission energy; i.e., f(Zﬁ @ ;E(Z‘- te). Tho équation

corresponding to eq. (la) of section (a) will be numbered (1lb),

etc. 7
N C- )%
(-G, ’
1 - S n(De £ dP(ij%:Z“) az (1b)

d?(’-’i},"(/_v)

y - O\ 7(2’) L az | | (5b)
' IRV > = B
' g Koy =8 —gg— 94" (4h)
_/[j a U . —
(" k
{ 2 apllp, T) .~
g 37(“(@}“?) T al -
/Z" = Q@ ) . (5b)
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_ ——p
The approximate equation for 4] (ea. 7a) remains unchanged

r
Z, 72

in form; onec mercly uses X, 7 as defined hero in place

‘of the previously defined ones.

Lot us now make a comparisbn bétween oq. (7a) and the
corresponding one in CF-20848 X (eq. 5). In our notation the

latter eQuatibn becomes (Hf is leinberg's second approxima-
W _

‘tion for the Laplacian.)

To - T
e fnk : ' L
¥ = S (1 sw) with W e . (6b)
On the othor hand since & = Z}(l - i)
. i
P Al n X (7o)
o STl e )

L

[
i

Therefore our first'approximation, > is largef than liein-

bergts second By the amount

——r . jn‘E‘ w) '
$ - 7 - mE (ab),
.9 w £ 1 - W
g <2
and the ratio o / ;ﬁ Iszs
O W
= E— 1. (%9b)

< W ) »




We also nobte that our sccond appx»oximacion is larger than

our first: 1.e.. that

Il—‘-f":-z [

2} 1 1+ 4 45 o~ . )
oYy LE 7 1o (10b)
e L :

Since tne correctlon term in our faecond approximationn name-=
?‘f /5 is always positive; t:hx.s follows from the
S : :
fact that ? A ‘
In one case considered in CF‘-284=8 X, s 0,40, Neglectm
.ing w /‘Lm w 1in such a case causes a 18% error in a/’ In
most of the pileg considered thn,r-e, &J is much smaller and the
‘ ‘ error 1s only a faw percent, In general the ratio be tween

)Js and >;§ increases' as the 7~ decreases; that is, as
) “
the concentra ion increases or the slowing down power deécreases.
. {¢} In CP-288l1 consideration was given to a model in
which absorption took place in narrow energy bunds --the dise
crete level model. For this model the squations (-1)5 (3), (4)

and (5) becone

Ta | 3
1=2_ 7, (1 - 2y) Z 53 @‘Tf‘“’ff(mau T
T j=l AQE k=il
| {ic)

where Pj( 1s the ,Jrobability that a neutron escapa capture in

" ne «Q level on slowing down mmough the enexfgy charactoric-




i?

tic of tho lﬂvel Qk is thc number 6£ noutrons produced per

‘neutron captured in the,e 1evel,enu1?2‘is the age &t the

th
,( level;
_ : J“il 3
EeZkiwith kiu»?il»Pi) >_ év 'f( AV Pk (5c)
i C
‘ J=1 j kel+l

7./
T = Zr{i(l - Py ) Z ,u\ '(’Z'- ”:)f(md’G ™ P (4c)
3 j=1 ¢ . ke=i+l '

[N

i |
/72 j* - 1
L Z 7 (1 = Py L (’51 ¢ £ 1 pJSE .
. , J=1 k=i+l
. {5¢)

18*

s
S

If we speciallze further for the moment, so that £(Z) ¥ 0

only when ¢ 2 any ?jj these equations simplify to
o -

Lagdf L {, -

e ko é = e (lc*)
L o - 4 - .

% 21: kys By ), (1 - P1) 1;”;1 Py {3c1)

| o _
-— s 2 . )
A Z L ) (C- 27 £(@) aT /% . (5c1)
i 5 - ’ .
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In CP-2881; (lc’) was treated by substituting e for

@R . TNWe : )

LB Wf(?)d@' where _'i'f; w T Zlf(()cl'&“ .
G v 5}

The solution of '

1o 2 X -5, "?@W

i i. s} (].C‘v")'

is used there as the basic approximation for A" . Corrections

are made by using better ap‘proxiniations for-

@ -
S ' fa{zf('mdzj o
y .
This method of CF-2881i %he‘ng uses a dif'ferent sorles of approxi-
mations from that in the preéerit paper. |
(d) The method of CP~2881 ¢an alsbd be applied in ho case
of eontimiocus absorption under the assumption that £(2) = 0

only for z suf?iciéhtly large that dp/dZ = 0. Then eq. (1)

becomes
ci? 2 ¢ T
v u a7 dP -~
J ’7 (Z)e K i ar S ‘e £ )dZ‘? |
° 0 (19)
and the basic approximetion gives
| % ar . FW :
S (A2 7 ate : (1a1)
o .

Unlike the parallel equation in the discrete level case (1d?)

is not easily solvable,and approximate solution of (1d!) leads
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leads back to the general results of this report. 7o sse the

relation easily we note that the equivalent first approkimation

for , .
R * | A A
R ar TyE 1 3
v (% ) a7 is o k
0
whe re
0
dp .
5 Z%(?ﬂ -3z 4%
7 - =

It is also easily verified that T e 77'» Zi-. Consequeng-
0 . , 1

ly we obtain -

i}
- df“ ‘
1 = ke . (14™)

as in our gsnarai trestment in section (a).
It is, of coursas. possible to obtain the successive

‘approximations to the

~ ) £(D)e aT

o

2 o

just as in CP-2831 and similarly to get higher approximations

to

@ D2 gp |
j nwe © 3 S ez
0

The corrections are then separated into those arising from the

higher moments of the fission spectrum and those arising from

the moments of the absorption spectrun. The angwor 1ls subsumed
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" in the general resuit already glven, but the scparation
is possible here because the fission and absorption spectra

are assumed not to overlap.

(¢) In carrying out the calculation of the critical size
or "Laplacian" we need to have at our disposal £(T), P(ZV, 7))
and 7 (). Eor the determination of f(@j: vwe enploy the fig~-
sion spectrum as given in LA-200. This spectrum is for the
fast fission of U235, 5ut we use it here for all energies of
incident neutrons and7fqr pusS9 nersly because we have no better
information and some indications that ﬁhe fissiou spectra are |
very similar (cf. LA«84). For & Be moderated s&stem ve have
used the age—energﬁ relation_coﬁputed fron roéént cross seétion
data. (See forthooﬁing memorandum by li. L. Goldborger). Li-200
;lves the fission épectrum in tho form f(E); the nﬁmﬁer of neu-
troﬁs in'unit energy interval about I, versus I, .To transform
to £(T), the number of neutrons in unit age interval about T,

we use the following relation:

£(T) = £(E) % o £(E)E [5 o- (0= ¢ )‘] (1e)

whereFCF%P is the transport cross section per om®, 0;}'the
scattering cross section per'cm5, and § » the average logsarith-
mic decrement per collision. Im Fig. 1 r(?j is plotted ag a
function of the Be age. | ‘

Vigner (C=~l, CP-G68) givés for the resonance escapa pro-
/

bability., P(2", ), ' ( ?
T e n @
P(Z T eXp L BS(Og)err O—tr d’Z’} (2o}
_ ~ _
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) '( ) . Ta
whore (7o) e ® 3§75 O;/O‘e’.

gsection per em3. It follows that dP(Z",Z‘)/d?f is giwven by

and O; is the absorption cross

dp(Z5 7))
av

~

= 3(0g)gpr Tgp P22 {8e)

It is through (G;)eff that the effect of wvarlsus concentra-
tions of fissionable isotopes in the reactor enbters the caleu-

lation. As an example, consider Pu diluted in Be.
L Be Pu : (O__Be +CT§ : |
Op = N, 7 * Np,0n = HpalTy =g

Bs . U

Ce . n

Pu
o . N, O n, (o-B° T
= Vpe s Pula = Up\T, *"m )

where O;i, O‘;ai are the scatterihé ahd absorption cross sec-

tions respectively of "i" atoms, Iii is the pumber of "i" atoms/
Tpe

em’, and m = - (The atom concentration of Pu = l/(_nn-l),)

Nru ¥
. B Ja
- 0% NBG(O; M
(O;)eff 1« %/Oé 1 e ( _moéie' * g’&m ) °

We work normally in the range where O~ Puoim %Be and

mO‘faP’9<< Q‘amc . If these conditions prevaill.

(o Tpo  gmfM . o a5
Taloce m oy, m_%'g.EP%._ 1+ m%:ZEP%
Similarly, : _
e ° ¥pe ‘T'Esze ¥ quug;:“ = NBS(OEPBQ * -@?ﬁ;m)
~I NB@O%’rBa o |
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As the r;eactor is run the fisslon product absorption should

bo included in oy, This consideration 1s postponed until

~ the change in critical size may be compared with that in bresed-

ing gain as the fission products accu.mulat_e.
Perhaps the greatest single indccuracy in the calcula~-

tions of resonance plle performance is the uncertainty oif '('(”:),

the numbsr of neutrons released per éﬁsorp‘cion in Pu®99, )?49\(@ |

may be written as ‘
. o >

(2) = | -

(AT - (o)

vhere Xis the number of ;neutrons released per fission {2.95
for Pu®°°) and o is the ratio of radiative capture to fission
| eross section. The most f'ecent data (LA-'/,266'). seems %o reciuira
‘that Y {(E) be negative for E > 1 ev. Rather than acéebt nege-
tive X wvalues, we decidsd to use the values of « as givan by
‘Welnberg (CF~2848) caleulated from other data; Weinberg assuxﬁed
that when < went negative, it should be taken %to be zero. His
values Qf )? are reproduced in Table 1. llote that for E 7 20,
O( is zero and ?{ s
Now that £{Z}, dP(2+.,T)/da T, and 7 (%) are known func-

tions of _Ts the eritical size caleculation is relatively sinmple.
The calculation of & is particglarly easy 1f the -absox.'ption

spectrum and fission spectrum do not overlap, for iIn this

08885 Z2(20_ev)

P oo ) o
e (52(’5)% ' (AN {1 = P(20 ev)} Yéaxa (‘5®)

D
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Since the absorption is proportional to dP{2V,7)/dZ; the sep-
arability of absorption and fission is, ol couris, apparent_
from the dP(Z?.,7)/da¢ and £(%) values.. In this case, as has
been pointed out previously
| ¥ 7y 3L, o
B (O i+~
.-/Zﬂahf - Q. __" . (66)
o . .

4where Z; is the arithmetic average of the age from fl:sion %o
thermal. Unless the concentrations of metal are qulte .arge

(greater than one atom of Pu to 50 atoms of DBe) separatioa-

~obtalns.

- Detalled dalculationé have been carrised out for Be-?u
systems for three values of m = number Be atoms/numbor ?Pi stoms,.

. * g
The results ars summrized in Table 2. The calculations were

carried out for a bare spherical reactor. Losses to Be were

neglactod.
Breeding Characteristics

{(a) In evaluatiﬁg a plle for the purposes of.produ:ing
new valuable isotopes, or of breeding, we wish to compui¢ the
averaga nunber of extra neutrons produced per destructi:n-of
valuable isotbpe in the pile; l.e., the number of neutfdls avaixe
sble over and above the number needed to make the pile cia;n
reacting. In these consideraﬁions. the number of neutrois produce
ed on the average per absorption and per .destruction of f;ssionu

able isotopz in the reactor play central roles.
Thoe nunmber of neutrons absorbed in age interval ar’ al»ut’

o~ )
U in & bars reactor (i.e., no reflector) is proportional to

% Table 2 is contained in CF-3490, p. 32.




.

14
o .
5 T A')Ye _f_-(‘f"t m al'r, 0 {1a)

T
Then the total number of neutrons produced is proportional

to

@R w2 AP(ZY , 7)) SO
5»(?’) [ o8- 209 gy S epa?. (2a)
0 7 .

and the total -number of absorptions is proportional with the

sane factor to

T ) § e(fz.,z'n?fg ar(zi, &)

£(7) Y azia77  (3a)
o 7 ' :

Thus we have the number of neutrons nroduced on the average

per absorption of any kind 7fi'

® +{(&- T W‘z ; ', " |
?7@5 AL RSO S s RO ppS
0 T o

ae

| }? ® = ' )
| A
| S S s f(Z")_dPéi,:? at 1t
0 7

Using eq. (la) of Section I,
_— .1 o
Y\ - ) — [5) (43)
S “ZQ)W dP(Z/vs/L/) dﬁdzv
az
o : :

i WAD
Similarly, if u(?) is the utilization of those absorbed in

S8
@

aT at Z'in destroying fisSiOnable isotopes, the nuuwber of

neutrons produced on the average per destruction, 572 is
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= | 1
) . .
= ' : ® (5a)
5%} c . .
S (“3 -0 £(2) d*)(g'z:/”) aliat
O .’ .

We ars now in position.yé compute'tha fertility., F, of‘
the system which may be defined as the mumber of new valuable
isotopes producedlper destruction of fissionable isobope in
.the roactor. If 1 4is the average number of new isotopes pro-

o E _ :

duced for each neutron escaping from the reactor, the contribu-

tion to F from outside the reactor is

@ @ _ 4
!'Sb A ’2‘:') ﬁ" .....P(ZJ*‘Lé‘l Y
T maa 125 o T ahy TUgE T el
@ Q ’ )
+ Lo O N P "[/ |
Su(f) & e ;ie £() U arthat”
0 T |

(6a)
This may be rewritten us_ing7 and .;7 as follows: Since

poatriomed

ﬁ no. neutrons absorbsed
]
— no. destructions

{

and 7 « 1 = no. extra nsutrons péoduced per-ébsorptiona

Foailzn mym(? ""1)0 : (78')
It is easily seon that this may be written in the more familiar

form

atrione

F, = %i‘;“(“;“?" -1 =1) (8a)
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whesrs 2

(ALY ap 1:1 LY
o 1 ) u(/] 5 -(Z )35 f(fi) ( 7 ariaz’
/W .

1 ?9 i (Z‘mﬁ),. aP(ZI, &Y
Ju@ Yo 7N gy 5T annar
3

¢« ' (9a)

L is the "perasitic® absorption in the’plle per destruction.

Pbséibly there may be a contribution to F in this absorption

'prévided some valuable absorber be put inside the reactor.

ir up ia the average number of valuable 1so‘opes produced per

parasitic capturs in the reactor

F e P, + EbL
1y e - 1.
T

E;L way bs brought into the gensral schems by

L

= (5 -

&J

® ~ «(zi T
g u, (¢ (1 - uw(2) Eoe f(é‘%) % a1 et
e L e - .
IR SR SR R L ap_ .
| \ u(D) )@ o) 5F amal

Wiﬁh'up(g) the nmumber of‘valuable isotopes produced per para-
sitic absorption at age T .

(b) It 1s appropriate at this point %o say a few words
about the relative magnitudes of the three average "reproduc-

tion factors® k&, 7 > and ( It is obvious from;the definitions

eanisd
rieimig

that 7 >z 7 the equality holding only if u(Z) = 1, I 7(3)

2.
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w—ccim

const = 7 » then & = 7 / g"?’ . On the other hand if
7 is not constant, 77 is a weighted average over )/ including
leakage and ¥ is a weighted average over 7} sxcluding lsal-
ags. Conseguenily, if / increases with energy., //;>ﬁ' and
IZM > ”z’f > ¥ whore Y s is t‘ne_ maxinmm numbsr of neut rons
roleased per absorpticn in the fissionable isotops.

(¢) We shall write down for the cases of monocenergetic

Tigsion neutrons. the discrete level model, and separavle fig-

sion and abscrp ion. The squations analogous to those of (a):
Lo 22 = & 1) )

7+ :

(- €)% _ap(Ze.gd
al’

=]

ar’

. ‘,' N
oty

=2

7

A o |

§ u.(:,:)G(C... Lf)E% ar(Z,. Z)
4) ) : o~ g’z
0 | a7

2. Diserete Level Nodel

. | ,
1

2 Y J
ar ’g T
J _ ' ¥e=l4l
X

:’;"“(Tc,

B (s
%“1(1 SR 2 N et e :
A §ei &3 kei+l
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where u; is the utilization at the 152 1evel.
) o

If £(&) 7 0 only when 7° is greater than any &y

— i

7 = ’ '
= T e ¥ o i
Zia-r) wro N ot F p@iae
i k>1 .
0
7- 1 2
S | L o2 R 0T g
T ougll - Py) WTp o 2 e £()at
i1 1 oysitk :
- 0

3. Continuous absorption. £({)s% 0 only when dP(Z7, 2Y/al = 0

2 4p
§,CJ\’ -
-0

p Y73

0

i .

‘S’
7 - S
: T W S D _ P
| gu“’?a q%%d'g o X rznaw %ou('z")@‘/’ 4247
| (2 A

dae¢

(NOTE: Through the wﬁole of secction II as at present writtenp
the assumption has been that the reactor is ess@ntiaily barej
i.e.; that the blanket in which peripheral production tak@s
place doas not act as a roflector., The modifications which must

be introduced when this blanket is a reflector have been consider-




I1T.
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ed from a maltigroup point of view in $P-2881 but we.have}

currently engaged in some slightly different methods particu-

"larly for the case of & blanket in which slowing down does nob

také placa. Our reéul%s so far are not great of astcunding.
In any mors or leas final version of this report. we expect %o
have something, howsver. which belongs at this point.)

Space Variable Piles

Since heat production is most Intense at the cenber of a
piie, the temperature ﬁise in uniformiy spaced, squal area
cooling channels running parallel to the axis of a cylindri-
cal plls 1s not uniform from center to edge of the pile. Such
an ar?angﬁmant demands mdré Eooiént than is actually necessary
or even deslrable since not only do the losses incresase withl
added coolant but the utilization of the available power is
certainly not very efficient. In addition. it might be desirable
from an sngineering point of view to have the temperature of-thé
coolant uniform ovsr the pile exit cross section.

In order to achievs more efficient performance, it 1is
cloar that the properties of the plle mus ¢ be space varlabdble.
The exact spatisl variations necessary in one case will be
discussed later.  This whole problem is of particular impor-
tance in resonance and fast brseders where onc wishss- to keep
the lossss down and decrease th@ doubling tims. We shall con-
gidsr therefors, a»mﬁthod by which the propertiss of such a

pile may be determined.




Our starting point is the Fermi equation (CP-1662) with
'all'cross sections/cm5 having.spatiai variations over the
pils. e shall aésuma that‘the spatial ?ariation of the slow-
ing dovm power/cm5 is the s&mé-as that of the absorption cross
'section/cmgg the spatial wariation of the transport cross
section {and hencs of the diffusion coofficient) nsed not be
the sams; but the spatial variatioh of all three is independent
of ensrpy.

Written in'its-most genaral form, the Fermi equatioh is

div D grad we ﬁi§ﬁ) ’/a +l—§ [(x'pr)a(x‘,r)7(x')dx] £{x)=0
& | (1)
where.y7u neutron density'times velocihy; X = ln(E/Ethermﬂi)'

a = absorptlon cross section/em5 S a (ZZKi } = slowing

, )i
down power/cm5° D = 1/5>’N10§r ; 77g no. of neutroms released
per absorption of any kind of neutron of energy" x; f{x), is
the normalized fission sp@ctrum (gyf(x)dx @ l)  According %o
our &ssumptions we write '
_.> .

D = Do(x) i (), alxs®) = ag(x) MF). 8 = 85(x) AR

where Alr) and X (r) are dimensionless functions of position.

L
Now let us try a solution (1) of the form ?7== }%(P)X(x)° e
find |

iy | ¥ grad L&gL L 2(K) . 5y . AL o,
N, . DX - pJx Dy DX
o |
where A = 'X X{x') a (x?)?(x')dx°n Sincs the first term is

O

a functionvspace only and the others are funcﬁions of x onl
) of
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we musi? have '
| div[b’-@md gﬂsj + ?2 )\fg = 0 ‘ (3a)

3
2 (8pX) By * Doar
- ¢ ) SoX « Af(x) = 0  (3b)

ox 3o ‘

and

We can easily verify by differéhtiation that the solution of

(3b) is
3:,;8

-
o ( 8glxr) + Do(x11)df

So (X)X = A o % So(x"1)

X

@
£(x1)dx:e.

By nultiplying both sides by 7{:{)&0(::)/80(7:) and integrating

over x, we {ind for the charastéristic equation which deter-

. 2 x!? , ! =2 .
wines :)?J \ ao(x't) ¢ DO(X“)‘){ " (5)
Q@ a, (x) © Y =3 {x") A :
ls X 7}(2’-) S, (%) B@ ® o £{xt}dx'.

If we now dafine

¢ Dglx)
o~ -
¢(x) = 5 SO(X) ax
0
and xt ' .
' ol a ' T"
P(zxt,x) = e;:p{w & “2-4(-3:-,%-— dx"}
% .

ws can easlily transform sq. (5) into

® P O - -~

I (AR ar(tv,7y

1= S >('(-z) T o ( )‘ﬁ PT) T EE “"“")"dZ"d(/ . (8)
0 7 , :
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This equation is formally identical with sq. (la} of section I.
Consequenily, the methods which wore developed there for its
solution may be applled here. We also note 'tha’t T (x} which is
the T employed in eq. (6) is the Fermi age in e medium for which
the ratio ,\/z.’ e L.

Becauss in thse actual plle the appropﬁfia'oe age changes
from point %o point as the ratlo VY changes ., the msaning of
'a-'?'?’ here is 'not thé same as it has been in previous sections of
this réport.{ Proviously the spatial variation of nsutron den=
ity throughout the pile was dei:er-mined from the simple equation

LYo df ¥ =0, In thia section, "'he spatial variation mist

ve determined from the mors nomplicaie-ag equation (3a).

Ve now ask: for what value of Jf used in ths simple
equation we obtain the sans wresulis for critieal size which

are gotten from solving (3a) exactly? This valus oféf in ths

" simple sguation we shall call JTO. Let us write the simple

equation and a sliphtly modified form of (3a). They are

«-»-2 ; \
A(;/)o'* -)5{)0 $Po= O R (7)

- and

Apsgroa dn o+ graa @ + ] 2o, (s
% % ] g% at}

mltiplying eq. (7) by (Ivand eq. (3a') by ¢, and subtracting,

v obtain

div { grad “tow .J gvad ] e Brad aé}n .'f?*’" cgrad we
. (352) \ - "‘”2){ A= 0. . (8

& o S0
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By vector wanipulation of the second tem,v eQ. {(8) may be
modifisd to glve

div [Lf grad y) ?ﬂ grad /o ;ﬂ aﬂgmd /n b’]

{8a)

(‘5""2?‘. ';ﬁ‘z Afn Y~ eras fn Yo gr&d/n;"o)s/ofm 0

By ini:eg,rating eq. {B8a) over the volume of the reasctor and

applying Gasuss' lemma to the first: term, wse obtain fo‘r'}“—fe
' o

372 &(}pojpij-“ : _A,Vna’ gradfn)’ gradﬂx}ﬂcj]dv

since both <,0° and </ are zoro at the sur’face of the reactor.
It is, of course. trus thab. the value of,)f is - mdepanw

dent of. any arbitrary choices which may apparenbly have entoered

the calculation. There ars really only two such cholces whicb_

‘we have made. They are the values picked for D, and 8, at

soms given energy. We wish now to veriflghat the choices of
Do and Sg ‘do not influsnce the value of df aé coniputed in

o (9). In order to do this, wé must show two things; that |
tha grad /f) n ¥ and 37'2 .2‘5? are Ilndependent of our choices.
From the definition of ¥ it follcws that gred £ n X =
grad /Pn D{x,r)s This demonstrates the first of our %wo condi-
tiona. 1In pz‘def'&;o show thatg‘?g %;- is indepéndent of our cholec-

e3, we note that a different choice of ‘.C}O‘/S0 will mersly change

% by & scale factor, say‘» & ., Prom eg. (5), itv then follows

2
that the value of 37 must be multiplied by the factor 1/,
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Consequently., the value of Jf A 1s exactly the same as
before. A
In.order to use 8q. (9) it is necessary to have the funce

tions sﬂo ’and sﬂ . If‘or simple ge-b.metries ;ﬂo, the solution of
oq. (7) is usually well-known. In order to find 2 exactly.,
we would have to solve eq. (5&')° However, to get & first
approximation for the valus of af » we may adopt the usual
psriurbation theory assumpbion that # may be replaced by 4.

' This section was introduead by soms qualitative eonsidera—

tions which pointed ocut the vmlu@ of piles with spacially varying

properties. The spacial variation was introduced to decrease

losses to ths coolant and reduce ths critical mass.

As an axampl@”of'thé'fype 6f ecalculation that would be
necessary for a real pile d@sign,'cgnsider the following situa-
tidne' We shéll 0061 the pile'by msbns of equai diaﬁﬁtér channsla
through which a coolant f?OWS* wé keep ﬁhe'pressuwe drop ths
same over Hhe pile (hence the flow veTOcity in each channel is
the same) and wish to arrange the channels in such a way that

the temperature rise in sach ore is the same. Let -

'CYigs'a volume of voids
volums of solid material

a quantity vhich 1s a measure of the spacing of the channels

over the pile. To kesp the temperature rise the same in all

- streoams, the streams must be spaced so that the coolant volums

Y /(1 + @) be proportional %o the number of fissions per sec
per unit volums. F. Onh the other hand, if the flux is zf P

)
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is proportional to 5.'/“/’(.1 +). Thus we way write

) , h g d
o | ” Aq ¢ where »fc an %

6
s . = . $ = ars the values of
1+ e o 1+ 1+
' ¢ ©  Qand ?Vat the
e 7% . centeyr of the pi;ea

-In practice, in a cylindri;oal pile for example, the fraction

of cooling ducts msy be vér_ie@d as a function of the radial

distance from the axis of the plle but not as a function of

the distance away from the center parallel to the pille axiag,

Conssquently, in pldes of ﬁ( O(c u?ﬁ..&we should use.
c _

& = X ?:eostéx) cﬁ%

(ith the appropriate value of 5, cos (Sx) gives the longi-

‘tudinal varlatlon of y in.e cyiindrical pile.) ;ﬂ is the

radial variation of (/1 normaliﬁ'ed to one om the axisg,
Suppoze we omploy & coolant which does negligible slowing

down and has negliglble absorption but whose scattering croas

secf;ion/cm3 is‘ the same a8 the reat of the reactor m-ateriala

In this case £ is consbtant and

A e 1
5{ 1-:~O§c 97(‘

vhen &?“ iz the nmepative laplacien for & pile with no coolant.

—
Substituting Iin eq. (8) we £ind for ,g)" :
G



26

2.4048 |
\ JO(Z)&Z/(I + Q"c; 502)]; zdz
P T -
2.4048
B J (z)fﬂZ z&z

with y/ ;{Uand 5 =4 4, such thet z = 2.4048 when ¢ = the radlus

of the cylinder. ];f‘CX << 1, we obtain

[T T e Rpettty
° \Io(2) Py 2de

Since (p, > J,(2), if we substitute Jg(z) for ), we over-
estimate ;1‘"; . Physically this follows from the faect that using
Iq (2) intreduces less then the roquisite. amo'unb of cooling into

“the pile. For amall valuss of '>( s however, y —-—)J (z) so

that vzhen 1}’ <( i

.m SLJO(z} 2dz A"'
&f\df[’_ O(SE(JQW — ]

On evealuating the integrals ws obtain

e

pu; @'ﬁ? [1.»9"7250({3»\“05/}

G

If the pile were cooled with the same di'stribuﬁicsn of coolant

everywnerc which is rsequired at the center the walue ofd‘f would
mme .

be, &fc:

JU—p : .
"‘”"’2 - a-f’\ = nln-r? i . .
jf ¢ 5‘;"“‘: ":{ c""‘" a f L}. - c ¥ oo :‘]

ov—
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On the other handa the averags densi tg of standard reactor

material in the space variabls plle is

2.4048
2 %z
8 . .
4
(2.4048) E) ’ 1- O(G y/z

as compared with 1/{1 ¢0(c) for the uniformly cooled pile so
that the ratlo of standard peactor material in the two cases
is
Ho | .,
“"EI""‘“ o 1 u155 o { cetve00
. e e 8
To the sams approximation

.
- 1 + .658 Q(B

and

N «500 X .

M
Fhysically the reason.thai; ¥, <Y, is that the éoolant which
is éemova_d in the c&s.e. of N, but present for M, acts as a re-
flec“i'.or increasing the efficlency of the central region of the
pile. In M, s.tandard reactor materisl ia, i’.hem@form added to
compensate the refleoctor effset lost on r@ioving the coolant

from the cutside reglems of Myo.

A /10=SL~46
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