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VARIATIONAL )'IETHOD FOR CALCULATIm} PIt:: PROPERTIES 

Continued operation of a pil.e at fluxes noVi contemplated 

will destroy an appreciable amount .01' fissionable material· in a 

relatively short time. For example,. 25 is destroyed at the 

rate 01' 242% per day in a slow-neutron flux of 4 x 1014 cm-2 

sec-I (the maximum flux antioipated in the enriohed pile now 

being desiened)0 After a week or tV/o of operation under such 

conditions the local multiplication constant and the neutron dis

tribution will have ehanged considerably; in fact. the changes 

are so large that first-order perturbation theory,' the r.1Sthemati

cal'to.ol most frequently used tor detailed pile oalculations.t is 

no longer applicable~ Therefore a variational method has been 

applied to oalculations of (i) the effective change in multipli

cation oonstant (Okeff ) and (ii) the importance of higher 

harmonies in the neutron densltyo 

The pile ~quation withvariabla buckl1ng .J 

" 2 <9 + B <\'. l1li 0 (1) 

can be written in the variational form 

b jv f)2 - B ~ 2) dV .. 0 (2 ) 

provided that the buckling B does not depend upon <!f and its 

derivatives. The function cf' • defined more caX"e.tU.lly later, is 
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almost proportional to the slow-neutron density, and the varia

tion b is per~ormed upon the ooe~ficlents a1 ot the harmonics 

<P i in the expans ion of tS? " 
Upon the introduction of a change in multiplication con

stant £> keff which is uniform throughout the pile and 01' such 

magnitude that the slow neutron density'does, not change appreoi~ 

ably during many neutron lifetimes, the ~wo-group pile equation 

may be written 

4 2 [j 1 
- V n •• V C~r + ~.) ns}. k + S ke 1",1" ...:.1:. n ". 0 ( 3 ) 

- Ill
f 

L!2 s s 

Her'e us" L2r" Ls' and k are the th.ermal neutron density, age. 

thermal di£.fusion length, and multiplication constant respective ... 

lyo The last two quantities are related to their values Lso and 

ko at time teO by the equations 

snd 

2 
L so 

I:2; 

t 25 5 ns'v 0-. 
o 

k • 
2 

~e 
L so ko 

- 1 - .953 r 0 {l - e 

rna 
o 

dt' 

va: 25 
a 

(4a) 

, 
dt] .¥ Xe _..3m 'Sm NA~.. +N-0'" a 

+ 
a __ 

• r 

oro;)o i 
(4h) 
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where k ~ fo and (Ue-) are the initnl multiplication con-o . a 0 ' 

stant. thermal utilization, nnd macroscopic absorption cross-

section per unit volume. respectively~ and the. terms vlith 

superscripts Xe and Sm refer to xenon and samarium poisoning. 

The poisoning by fission products other than these two 

is assumed to be fifty barns per rls~1on (private communica

tion, L .. ';1. ;.!arshall to A. ~.:. ':/einberg). It is taken into 

account 1n the numerical coefficlent.933. Finally. it should 

be noted that at the-high neutron fluxes now contemplated the 

term (NXe eJa
Xe ... USm <Tasm) I (No;,>o in (4b) 1s nearly 

constant after steady-state operational conditions are reachedf 

i.ts value is· approxima tely f 0 Y / (1 + q ), in which Y is the 

sum of the fission yields of xenon and samarium { .. 058 + .013). 

N 25/ 25 f:I.nd.,. is the "bra:tl(.!htngratio tt o-r 1Q""".r (0.18).. , 
·4 

Following a suggestion of E .. Greu11ng, vie can replace V ns 

:tn (3) by .6. 1 'f\12 ns 11 in Vlhich A 1 1s the eigenv~lue ~r th~ 
fundamental neutron distribution for the Laplacian operator. This 

approximation leads to the equation 

2 {I 1 J V (~+""2 .... ~l)ns + 
L r L s 

k +·b kart ... 1 _ 
L2 + L2 _ L2 . L2 d r s r s 1 

• 

{(~ + 21 - lll)n 1 .... 0 
·L .r L s S) (5) 
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The 1"'-:;1.:1<) t ion 0( and the buckling D in a·qua tion (1) above c&.n 

nmv 1:.0 dei'ined l1101"a carefully by comparison with (5J 0 . J.i'u.rth.t:H'

mere, before actually per£orm1ng the variation indicated in (2) 

it is advisable to multiply by L2 t (a constant) and to use thH 

relatlonsh19 

) 25 
~. e. K 

in . ';vl~lch V 25 
" 

L2 r B "" b keff ... 1 + 

m2 - L2 ~ ko (1 -

m2 + L2 t 

J25 t p 

• 9:53 

.. 

(6) 

L2 so (l..;L2 f.61 ) (bksl'r-1 ) 

- 1) 

c and p are the averagd number of ~eutrons per 

25 1';;,.,81.on. tas!.'; ei'!'ect, and resonance escape probability :,... ... aspectl

vely (the la st -two being very close to un1ty in th1s case). and 

m2 ",. L2 f: + L2 ~w - L2 f L2 so 4 1 " The quant1ty L2 so/LZ s - 1 must' 

'be c~.lculated .from equation '(4b) using a su1tabily chosen a'1t'r9ge 

f'lu':ll: ,~s v in the exponential term for the variation '.j,s r:.ot to be 

per<t'0!'·'nted up-:>n the buckling itsel£. Equation, un remair.lB vaIS.d. 

evol:' 3. widel' l"allge ot opera tine nond1 tiona if Y is replaced by' 

(1 .', 9 ) 0-1':13 O"'axe + Will 0"'. sm)/ fa (n 0-:) f) 

.80 

To illustr~te the aethod. calculations will be made £or a 

spheri\;al. pile ot radius Ho Equation (2) then beoome3 

This document contains informatioh afl'ectihg the nlltlc)ual defense 
of the United Sts. tea \,/ithin the °m,eaning of the Espionage 1i.c t, USC 

• 50,l> 31 and 32 ~ Its trD,l1smissl.on or the reVA 1a tion of i.ts contents' 
in any manner to an u.nauthorized pernon is ';:lrohibited by law .. 
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b r {L2r (Vi(»2 - L2 r B ~ 2 J4ft' r2 dr· 0 (2a) 

n 

w1th ~ · L' 8J ' 
a111 J 1'r r/!! 

j fr' r/R 
j • 1 

(1j' ) 

~quation (2a) can be transro~ed into 

6{L2rA1La~ (1-7) 'Lr~j akQ. Jk] .. 0 

(8) 

2 f t"\._ 
in vJhieb -! jk 1$ ..... kj 1l'Jk 

11\ f sin 
o 

j "I [L2 t B • L2r A:JS1n)C1 d"l 

The single variational equat1on(8) 1s equivalent to a set 

of homogeneous linear equations 

L2 A (1 - .1;...) 8j + r 1 jG ~ Qjk 8 k • O. j • 1. 
k-l 

The sol.ut ion in 1'lrst approximation 1s 

I 

2 1 
a .1/8 1 .. Q .11 / L r 1:>.1 (l - 7 ) and 

Q 11 !ill "11 (b kerr' T) • 0 .. ' 

0 .... ' n 

(9) 
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6. 

Numerical results for-the case to • 0.65. central £lux 

4 x 1014 cm-2 sec-1 • are 

a2/a~ - -00014 TI. 8 3/a1 ~ + 000005 T; 

bkeff/k c .. 0092 T + 6.3 x 10-5 T2 

where T 1s the time of operat1on1n days .. 
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