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PREFACE 

"Principles of Nucleo.r Power" is intended 1'¥nen complete to be a 
text book suitable for use i:1 their 7Jnr work by memoers of tho Plutonitm 
Project who have hnd a year of post-graduate work.ln physics or in 
physical chemistry. It contains three types of material: 

1. Geneml bo.ck:rounc r-utcrial on the project such as hils boen 
presented to TWX personnel in Wilmington in introductory lectures. 

2. FundnlOlontnl pri:1c':"plos of nuclear phy5ics. availublo here and 
there foZ" ':he r:1cst pc rt in tho ::)Ublished literature, but not assembled 
so far in n .:·onr. adapted to project purposes. 

J 

3, Priu('\iplos of tho chnin reacti...,n and related phenomena. To 
develop inforr.a tion of this type is the function of the Metallurgical 
lJiborntory. r..nd its suc';oss to date is sho\'IIll by the contents of'more" 
than 1700 Chicago reports. The present Manual seeks to present in a 
clear cut form .suitable for purposes of resea.rch and desi~n those find­
in;~ of the laborator~r which Sore dir0ct::.y rolated to :1uclea.r physics. 

Pre~~arat;'on ora Manua.l sUl.,;:.f,rizinGI the principles of a nuclear 
c:1'lin reac'tion wns cor..1:.cnccd in 1941 -:.-hille the writer was a consultant 
to Section S-l uf the Xationu1 D'Ofcr~se Research COImr.ittee at Princeton 
\}Uive!"'sity. A survey report ... o.s issued from Princeton and later 
n:"ridgcd nne. !"'ols:';'Jod by tile i.:ctdlurGical !.:l:' 0 ru. tory as CP-293. 

On 1,)4.2 .. Tanunry h. Dr. A. H. Conpton. Director of the newly con­
stituted l~tallurG:cal Laboratory, asked tho vrricer to continue prepara­
tion of the proposed Uanua 1 as rar)idly as pos3ible consistent with those 
~rts of his \,;or).: wl:ich rated hit:;hor priority. During the period of 
mer..:'ers'hip in the Metallurt;ical Laboratory the following sections of the 
text were issued by tile Cl!icaE;O Inform£l.tion Office as individual reports: 

Present Crapter 
classification 

Chapter 1 
C:-.£..~, ter ~ 

C:lAjtor 5 

CllApter,6 

Cr-.apter '2L~ 
Chs.pter 2j 
C~ • ..,ter :3 

(Prolir:".illary Edi tlon) 

Title of report Chicaeo nur.bering 

. "status of A toruic Power" 
";.1.:C' oar :jat; :'~r and L::':iUid Drop 

~odel" 
"S.lUn.t!J.IH:h}US Transfor;;;a tior.. of 

Nucleus lt 

t1I":ttodu~tion to Study ,,1' rJuclear 
Transi'or:n.ations lt I 

"Extractiop.. of ?roduct::;" 
"Sect: r;:1 Or' fis:don produ(.;ts II 
in ~rt. in report of A. H. Conpton 

~0r~oJ endin~ July. 1942. 

CP-2;i3 

hlemo. 2l. 

:·~erno. 22. 

C-'. 

C-7 
CC-lll 

for 6 r.o!1th 

TLe wrl1;;er ?8-rt,~ci::::nted in de::;icn ';:01'];: at \;:il,:~i:lf:ton to an increas­
in.::; extent be3i:1nin~ i'1 Kovereber,l)4.2 a.nd ',\"3S eventually tro.r.sferred by 
th.e N.etallur r,ica.l laboratory to the du Pont COI:lpany on 19~) March 1 for 

.tr1fJ 

"-'. ~ ...... ~- -.- ._ .... 

.I 
,~ ; 

:' ' 
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work 011 the Hanford pro jeot. A. t the time 01' trana1'er it .. s agreed 
that preparation of the Manual should continue in 80 fa.r as consistent 
with more pressing work. Bene1'its of this policy to the Hanford project 
were expected nne have so 1'ar been realized - text material has been 
used for,reference by men engaged in design work, figures drawn for 
"Principles of Nuclear Power" Mve appeared also in the Hanford Technical 
lknual, and the actual preparation of material for writing has provided 
a systematic means to check over certain aspects of desi~. 

The present chapter is one of those completed at Wilmington. Like 
other sections of the ~~nual it is however duplicat~d and distributed 
by the Metallurgical Laboratory. 

On sections of the Man~l so far completed help has been reoeived 
1'ram A. T. Monk, M. H. Foss. K. ,.y, and P. P. Gast. Drafting has been 
done by H. L. Conyers, and at various times G. Nissenbaum, M. Anderson, 
and R. H. Zipse have given secrotarial assistance. 

John A. Wheeler 
Wilmi::lbton . 
1944 J;.ui.O 12. , 
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CHAPTER 22. CO"TROL 

22.1 
22.2 
22., 
22.4 
22., 
22.6 
22.·7 
22.0 

FUnction of control 
Oocas ions for control 
Survey of control theory 
Effective radius of control rods 
Effectiveness of control rods 
Heating of controls. 
Speed of control 
Mechanism of control 
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FUNCTION OF CONTROL 

22.1 FUNCTION OF CONTROL 

To expect a cP~in reacting pile to continue at a constant level of 
operation without nttention would be gambling on ~ great scale. A 
sudden change in condition of operation suoh as an alteration of atmos­
pheriC pressure 'or a decrease in the flow of cooling fluid could make 
the multiplication factor exceed unity. Then the level of the reaction 
might rise to the point where the structure would be damaged beyond the 
point of further usefulnes~. Moreover, oonstruction of a pile for 
operation without any control would call for an extraordinary niceness 
of adjustment. One carbon block too many or too few would spell the 
differenoe between a divergent or a oonvergent ohain reaotion. The 
poisoning of the chain reaction by the fission products fo~ed or the 
promotion of the ohain reaction by the newly synthesized plutonium would 
have had to have been automatically compensated with high accuraoy in 
order that the pile could oontinue to function at a oonstant rate as 
these changes went on. Far more practioal than any such close-out 
design has proved the plan of building a pile oversize and introducing 
neutron absorbent materials in controllable amounts into the pile struc­
ture. The exoess size allows ~eeway against the self-poisoning tendency 
of the chain reaction and against the generally unfavorable effect on 
the nultiplication factor of temperature and of deposits from the cool­
ing fluid. 

Development to date of the use of controls made of neutron absorb~ 
ent materials has led to the recognition of three functions for these 
controls, known respectively as shim, fine control and safety. The size 
of.the pile is generally so much in excess of that actually required for 
operation that a' considerable amount of absorbent ~Aterial must be intro­
duced to bring the pile to the point of steady operation. This material 
is known as the shim control. As operation goes on, small changes in 
temperature, pressure, flaw of cooling fluid and other variables take 
place from mln~te to minute which could be compensated by moving in or 
out of the pile structure the whole mass of neutron absorbent material. 
It has proved simpler, however, to move in and out fron minute to minute 
as these changes take place, only a small portion of the Whole of the 
control material. 'his portion is known as the fine control. In case 
something unexpected should occur during the operation which resulted in 
a sudden large increa~e in the multiplication factor, it would be neces­
sary to insert suddenly into the pile a large additional amount of 
absorbing material. 'his material is known as the safety control. 

The 8ubject of controls falls under the following major headings: 

( 1) 
(2) 

I 

(3) 

What signals that the control should be applied? (22.2) 
Row may absorbent material best be disposed in the 

pile to achieve this control? (22.3) 
Haw much absorbent is required to compensate a given 

excess multiplication factor? (22~ and 22.5) 

1~ 

22.1 

22.1.1 
Need for 
control 

22.1.2 
Shim, fine 
control, and 
safety 

22·1.3 
roblems of 
ontrol 

July, 1943 
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FURCTIOB OF CONTROL 

(4) How much heat will be generated in the absorbent? (22.6) 
(5) How quickly does the pile respond to control? (22.7) 
(6) How may controls conveniently be operated? (22.8) 

We limit the present discussion of control in two respects. Firat, 
we assume that we always compensate the excess mUltiplication factor by 
introduoing neutron absorbing material in the pile. Indeed, considera­
tions of mechanical simplicity have so far favored control of the pile 
by a number of bars sliding in and out of the structure through relative­
ly small channels. In contrast is the early proposal. to regulate the 
chnin reaction by altering the disposition of uranium and moderator. 
Construct the pile in two halves. Place eaoh on rollers - separate the 
~~o or move them together according as it is desired to decrease or in­
crease the reactivity. This is a scheme whose chances for adoption 
have become less and less as the technical difficulties of designing 
even a fixed pile structure have become more apparent. Only if we were 
considering the problem of initiating an explosive chain reaction would 
we >~t to go in detail into this type of control. 

The other omission from the present discussion is the influence of 
contro Is on the distribution of heat production in the pile. To neglect 
such an effect due to the regulating oontro'l is reasonable because this 
device has a relatively small effect on the multiplication factor. Even 
less i~portant is tho influence of the safety controls on the spacial 
distribution of power, because these mechanisms act only in case of 
emergency. In contrast, the shim control will generally be expected to 
exert a relatively large effect on the distribution of, heat production. 
Part of the multiplication factor to be compensated in this way will 
chnnge with time and must therefore be balanced by an easily adjustable 
device, the true shim control. The remainder of the excess mul tiplica;.. 
tion factor will however be used to permit changes in the pattern in 
which the uranium is loaded and thereby to allow more efficient removal 
of heat from the pile. The possibilities in this direction are quite 
important and have been described in Chapter 21. One or another of 
the methods for adjustment of the loading at periodiC intervals will 
take up the important part of the excess multiplication factor. accord­
inG to present indiCations. The true shim control will therefore have 
relatively so little to do that it, like the other controls. is expected 
to have no significant influence on the distr,ibution of power release. 

*H. Halban and L. Kowarski, CPB-28. Technological Aspects of Re­
act:'..ons Psed as a Source of Power (October. 1941) 

fCJ 

22.1.3 

22.1.4 
Exclude 
split piles 

22·1.5 
NeGlect 
effect of 
controls on 
power dis­
tributian 
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OCCU IORS FOR COJrtROL 

22.2 OCCASIONS FOR CONTROL 

. The type ot oontrol s1mpleat in ita des1gn 1a the shim control. It 
las to take care ot the tollow1ng situations. -

(1) The plle le too large and contain. too muoh uranium. It 11 
deoided not to bring the multiplicat.10n 1'&otor down to t.he operatin3 
value by rano",ln& metal from the pile. A Ihim oontrol mUlt theretore 
be inaerted in the plle to oompensate the exoe •• mult.iplication 1'&otor 
which would otherwise exiat. This shim cont.rol 1. lett in the pile 
throughout ita operation. However, ita position rsay be altered sUghtly 
trom day to day or trom week to week to oompensate oertain slow ol'anges 
in re&otiv1 t.y, as to 110 ... a 

(2) The pile 1s operated in the beginning at a low level ot inten­
sity. As the auccess of the operation becomes more and more apparent, 
the level ot intensity 18 increased and the temperature of the uranium 
in the pile rises. On this account, the multiplication factor deoreases 
Some ot the shim oontrol must therefore be removed trom the pl1e tc per· 
mit operation at the increased rate. This adjustment ls carried out 
gradually. EVidently the power output oa.n be oaUbrated in terms of the 
position of the oontrol. The shim control will correspond to the 
throttle on an engine. 

(3) The poisoning of the chain reaction by the newly tonned fission 
products and the improvement in the reaotivlty due to the newly fonned 
plutonium are slow chanbes which wor~ against each other. \Vh1ch domi­
nates can not be said at present. Reasonable estimates indicate t}~t ~t 
a rate of operation as great as 250 megawatts. the resultant of the two 
efteots together will probably not chan&e the exoess multiplication 
£aotor more than Ii' in 1·, month. This rate of ohange has to be oompen­
sated by 8. oorrespondiJlgly slow. adjustment in th.e position of the shim 
control. 

(4) Gradual deposit of chemicals from the coolinG fluid in the pile 
structure will lower the faotor of reproduction. This prooess should 
occur very slowly. To the extent to which it 1s appreoiable, it will be 
necessary upon this account also to readjust !'rom time to time the posi­
tion of the shim control. 

22.2 

22.2.1 
Shim oompen­
la tea Ixolea 
una.niwn 

22.2.2 
Adjuated 
aocording to 
temperature 

22.2.3 
Compensate 
poisoning 

22.2.4 
Compensate 
absorption 
by scalo 

The regulatinb control or fine control of the pile has to take oare

1 
22.2.5 

of changes iii the faotor of ml1ltipl1catlon whioh on the one hand are oon FUnotion 01' 
aiderably smaller than those compensated by the shim oontrol but .whioh on fina oontrol 
the other ha.nd take place with much more rapidity. Changes of this type 
are the followinga 

(1) The temperature of the cooling fluid may change from instant to 22.2.6 
instant. This change will alter the temperature of the pile and thereby Temperature 
its reproduction factor. The alteration in reaotivity of the pile on fluctuations 

98 
July. 1943 
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OCCAS IUdS f Olt COrlTROL 

this account deptmds consldertl.bl;,: upon the desi,s11 of the pile but is of 
tile orotlr of' 1!lf:l.I;nltude--4 x. W-:;110S8 in multiplication factor per 0C. 
rise ill tompereture. 

(2) 'fhe preolSura lave.! ut ~lIich t.ho coolinl~ !'lulu 1s circulated uny 
iluctUh to i'rum moment to mumont timl th'Jreuy 15l1:jhtly affect the 1'11" 
tllr.lO!lslunu. Or t.J.U III.lJWWlt ell: oooliu,; fluid within tho atructure 'lmY 
ollLl.nl~tJ. ounsuquautly u!'l'octln/S tile r.:ulU"liootlon .c'lc1;or. 

(j) A Graphit.fj-uMi.tilum plld to tt16 ;Jorc~ vf whioh tho "tnlO8phtJre 
ha3 fHJOtll3H 8uf.£'or .. a louD In rtlprudu!;t.1ull l'~(Jt,ur vropart.1.onal to the 
nlt:rop;en (JontWlt 01.' the struoture. Oil ttlh acoount, all 3,HCrDaie 111 tho 
baromat.rlc prelUJure IJ:! .1 uu;. u1' U/e '"F,ur', .!owtlrtl the .cuetor 01' mult1pllca­
tion tJy e.n 6,.wuunt rouishly"""" lJ x lU-:;. ,,*roJnetrl0 (Jilb.t1(Su" ot' oo,,.lder­
able ma(',n1.tude mAy ooour 1n '" 6P&C4I tU ul1<Jrt Gill Mtl hour. Comvt'fUlat,llJll 
of thes6 chAnl~e8 18 thoreL'oru O/IU cd th~ i.'jJn~tlona of th~ fin., c()tltrol. 

(4) Tilu ree.otlv1t.y /JJ.' a pile 11 .1Jn/Jrovea oy ,,18.o1~ ,..,f18owrl 
e.bout 1 t. The apl!roMch 01' an 1fullvldual to a "l1ewUl vroduee ~ 8UO­
aunt!al inoreaoe 1n Uu 1'aotol' at' lfIult1pl1.Oj,tJ.on unleu. the pUe b 
vary well ah101decJ. Unexgt1ctoo Ohb.nt~fla (If til1i l-.:1nd have to be cOMp,m­
aatfJd 1J;y tiltt nne aontl'ol. 

The safety oontrol hal to t&k~ ca,.. ot .uc1cwn change. in tM condi­
tlon of operation 'ill doe. tM t'1n6 eotltrol but chanf$e. at an onier at 
m&KOltuc:1e .0 lnU"h ~r_tfJr that it .11 nut .af. or even pt"actical to rely 
upon the flno contra', to oonrf)ttn •• ~ ttl8l1l. p,.u.r, funotlcln of tne 
.af.ty control 18 tfl ItoI' t,j§ ct.1n ,..-etlon with the utmo.t reliability 
Tne lUI.tety oont,..,l mu.t fUlwt10n qu!"kly and mu.t tlYe a large reduct10n 
in tho ~otor of reproduction 1'0,. th~ fol1owln~ reason.s 

. (1) T.tI. OOQlinPj fluid III&Y .uc1dcmly e8cape fro. the pile and thereby 
18(\0 to " "ub.tant1,.l increaue in tIle tactQr ot reproduction. In one 
dolJ1(91 at' ~ _tor 0(1018(1 911e, J'or eA&SlIplt/_ removal ot all tile _ter 
1'&11." th8 taotor ()t JriUltipl1cation 2.4%~ 

(~) Sudcion ohan;~ J:'I'Wl an ofJ8r.,.t~ p11e to an inactive pile may be 
a8loc1&t.C1 w1 th Ii relAthel), r6l.pw drop 1n the tanperature of the ura­
n1wn. Till. cl.or ..... in temperature will_ 1n g6m.8ral. bring about a r18. 
in the taotor ot 'I'e~rociuet1on. TnJij rb. TJl.ay_ under certA1n circum­
.tanoe._ b. a. &r_t a. 1>'. 'file .&rety oontrol alit be able to over­
oompenaat. th1l 'I'1Ie. 

(,) A catA.trophe lIlAy .wielenly haYe ejected the tine control and 
the .him oontrol fro. the p1le .tnaoture wi tbout duag1ng the pU. 
1 t.elf • On tb1I aooount_ there will t)e & .widen inor_a. in the p11e 
r.ot1v1ty. 

10 fJ 

.~ .... 
~ 

'C::2.2.7 

21: .2.7 
F'luctue.tlon. 
.in ['lutd 
Jrf3/11.,ure 

22.2.U 
.tlOO' phene 
··h&nljo. 

2'2.2.1 
etlection 
t neutrOl1l 

22.2.10 
rge 8ai'ety 
ntrol 

22.2.11 

22.2.12 
emperatu'l'. 
'l'Op 

22.2.13 
al1b1e 
11uJ'8 of 
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O~('ASlvi,S i': tl Cv.::ROL 22.2.14 

Taken altogether. the potisibilities for loss in coolinG fluid. 22.2.14 
suaden drop in teD:!perature .. ena for lotis oi· all other controls. indicate Control must 
that the safety control itself should be capable of decreasing the be swift 
factor of multiplication by a large amount of the order of 4% or 
possi oIl' more. l'he safety CGntrol shou.1e also be capaole of making this 
change in u.1.11tiplics.tion factor with ~res.t rapidity. {'or the i'ollol'ling 
reasons: 

(1) With an u.'lcompensated multiplication factor as great as 2%. the 
level of power output of the vpe~tin,:: pile will increasfJ ut first very 
n:.piclly ane b ... en by a factor-dU:; eVI:tt"J seconQ until either the tempe 
ture rise com.pensates the excess multiplication factor or the pile 
structure is physically destroyed. 

(2) QUite apart froul soma unaxpected .chl.t.nle in the multiplication 
factor which rrAy demand a quick stopping oJ.' the chain reaction, aome 
mechanical failure may call for an equally rapid stoPP1nf~ of the pUe. 
A stoppage of the flow of cool1n;1;. fluid thro1.1gh f1 lurrall portion of the 
pile. for example. woulu in tt.e c.el:.innin€; have relaUlleJ.:! little effect 
on tne reactivity 01' tr,e pilt;! as a whole. It' this nonciU;lon were 
allowed to continue for even 8, f'e".\' {:Iinutes, however, the .tructure of 
the pile ml~~ht be damaged to such an extent that Its£Urthor lit'e would 
be seriously limited. on this account provision has to be made to 
detect the StOppaC:;6 of flow or (.Ither failUre in the tubelll of a wator 
cooled pile. 

(.5) Accidental ejection of' some of the activat.eu materlo.l from the 
pile into the worklYlf, space inllled',ately arnUtid it may tid-vo away those 
oversee1n~ the operation "i' tt.16 pIle. In thiH ca.e, the l'ulura sa.fety 
of" the pile could not oe ~?Jo.ranteed unleu it were quickly out of!'. 

(4) -.lUick stoppage of t)w cMitl reaction 11 a proper r06(10nSO to 
almost any k1nd ')1' Galiotage of' tlt~ p1le I,r its acc0880rloa. The greats 
catastrophe wnlch can (;e vhual1z~d (see ~:hapt~r 23) is oombustion of 
toe activated uranlun. and r~l(:1ase ~,f t.ho 1'is810n products from it to the 

- atmosphore with the possiolO cuntf.l.minatioT} of' many miles of tt~rritory. 
The !'irst 3t'3i; to pr"vol.t Gl.IC'1 curr"A.u,tit)Yl 18 to k.eep tho temptH'r:d .. ura of. 
the uraniUlL low. Tl1is conditiol1 re'~uirelJ thut th~ production ot' furthor 
heat from fission 00 atop;ed £41; vne". 'fllO heat au lsequtjntly given out 
oy the radioactiv1t;.l i'onnod durin..:, the previous oper&.tion 18 small 
enou~h that circulation of' cool1n.~ f'luid at a reducod rate will suf.f.ice 
to prevent ovcrr.eatinf; 01' too urll.niwn. I!:ven if tho oatD.strophe is 60 

great that further circulation 01' tne cooling fluid is entirely 
imposslo1o. tho rise in tomtJeruture of the b.ctlva.ted unm1wn will take 
place at a rato 8ufficiently reduced 80 that there may be time to flood 
the pilA and t.ooreoy 6uarantee that the uruniwo will not cutch on fire. 
Without a rapid aafet:! control. howaver. it could well be that the tem­
perature qf the uraniwn mig;ht rise to values 80 high that flooding of 
the pne ~uld not prevent a catastrophe. 1"or all the foreb0lng reasotla 
the reliability and rapid insertion of safety 'controls is one of the 
most important requirements in the de&1gn of the pUe. 

II~ 
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SURV'BY OF eOB'l'ROL 'l'BBORT 22.3 

22.3 SURVEY OF emmOL THEORY 

The theory of controls is a special case of the problem of pile re- 22.3.1 
activity - more oomplicated but 1n some way more illuminating. The pile Complementar;y 
theory • familiar from Chapters 14, 15. and 16, views the oentral ooncepts methods of 
of multiplication factor and buckling of the neutron density as two quite descr1bing 
different aspects of the propagation of a chain reaction. However. the oontrol 
complexnentary nature of the two ideas becomes evident on e::Blllining 't~" 
mode of actiun of various fonns of control. 

As one extreme case. consider ~ pile - cylindrical for simplicity -
along the axis of wr.ich we insert a ver:/ large cadmit.'IIl rod. The neutron 
densi ty extrapolatos to l'.ero at the effective boundary of the pile both 
before and after entrruH;') of the carimiltIIJ.' When the rod is in place, the 
concentrutlon of neutrons also extra?olates to zero near the surface of t 
ab:;orber. Tho bucklinG of the neutro;. density is evidently greater after 
insertion than before. More neutrons leak to the outside. A consider­
able number of neutrons also migrate to the new L"lternal boundary and are 
absorbed there. Both effects lowor the overall multiplication factor 
and cause the pOVier output to fall if it was originally stationary. The 
action of the cuntrol ap?ears 0..$ n chanr;e in boundary oonditions without 

_ any alteration in local multiplication factor. 

In thE'! oPi'osita c~~trome case ";0 control the pile by pumping into its 
pores a uni1'orm ooncantration of boron-containing gas. This prooedure 
decreases the local multiplication factor and thereby reduces the overall 
multiplication fuctor but does not affect the buckling of the neutron 
den&ity at all. 

L"ltennediate between these two extremes is a case where we introduce 
into the pile a number of rods~ wires, or ltL~ps of absorbing material. 
we have two alternative ways of describing the aotion of such controls. 
On the one hand we can say that they introduce internal- boundaries into 
the pile. In this sense they do not affect the l~cal multiplication 
factor of the medium at all. Their sole action is to increase the 
buckling of the neutron d~"lsity and thus to produce both an extra leakage 
to the outside and a migration of neutrons to the absorber itself. On 
the other hand we can view scattered lumps of cadmium or other highly 
absorbent mate~1al as giant nuclei whose_pross sections are to be measure 
in units of am rather than in units 1O-C4 times smaller. We can deter­
mine the effect of these "nuolei" in the same way in which we estimate 
the absorption by the boron gas. The cadmium Is'considered to alter the 
local multiplication factor but not the buckling of the neutron density. 
For effective value of the buckling, we take the same value which pre­
va:led before the co~trols entered. In other words. we look at the gross 
everall variation of the neutron density and look a~rt Ir~ its~~or 
irregularities. This procedure is c.onsistent with: that followe<l In 

analyzing the effect of boron itself, where we look apart from the de­
crease in neutron density in the immediate vicinity of each absorbent 
nucleus. We conclude from this discussion that it is often purely a 
matter of convenionce wlwther we shall describe the effect of controls 
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in terms of an alteration in boundary oonditions. or a change in local 
multiplication factor. 

22.,.4 

22.'.5 The possibility of describing the effect of absorbers in two oomple­
mental")" -.ys oonstitutoa a fundamental principle in the developnent of 
the theory of controls. lIore speoifically. we may formula.te the follow­
ing "Prinoiple of Equivalenoe": "The absorbent, together with the 
:aterial dispersed symmetrically around it. is equivalent to a hamogeneou 
multiplying medium of the same volume with a n~ :'IluH:iplicll.tion faotor 
and a new migration area". this principle i8 very similar to that used 
in analyzing the properties of the pile itself. In determining the 
faotor of reproduotion tor the lattice, we havo to apply oertain oon­
ditions to the neutron density and its derivative at the boundal")" between 

he prinoiple 
of equivalence 

the m~uerator and tho fissionab:e material. The results ~f this 
analysis are ho~ver ~~~~rizod in torr..s of a nultiplication faotor for 
the pile medium as a Whole, regarded as equivalent to a homogoneous sub­
stanoe. 

The application of the principle of equivale.noe may be illustrated. 
by an example. A rod of ca~~i~ is passed throu~h a pile. We wish to 
deter.nlne the effect of this rod upon the overall multiplication factor 
of the pile. We consider together the control rod and a·circumscribed 
cyl!.ndrics.l portion of the pile structure having, for example, a radius 
of 50 om. We t.ltink of this oombination as a lattioe unit possessing a 
definite mult~.plioation factor and migration area. In this way we 
translate the original problem. into two simpler problema. Of these the 
first is one of pure lattioe theory whioh may be solved by the m~thods 
already at our disposal. Procedures for finding the local reactivity 
are developed with special reference to control rods in Sections 22.4 
and 22.5. Then our problem is to determine the reactivity of a ~ile 
which contains a coro 50 em in radius with slightly different multiplying 
properties than the rust of the structure. this question is treated 
wi th the method 9f statistical weights outlined in the remain·ier of the 
Fresent section. This trea.tment allows us to detennine with oonsider­
able accuracy the effeot on the overall reactivity of the pile of a 
change in tne local multiplication faotor in one portion of the structure 

The division of the control problem into two parts owes its con­
venience to the. fact that the two pnrts are nearly independent of each 
other. For example. it does not matter L'1 our example whether the con­
trol rod and the surrounding core pass thro'.:.~h the center or the pile or 
near its fringe. It does not matter whether the gradient of theneutron 

. density is greater in the direction of the rod or aoross the direction 
of the rodi In either oase, the basis of our' analysis is the s~e; we 
determine the 100&1 multiplication factor and the migration area. once 
and for all for the co~binntion of rod and core. Just at what point. 
the division of the cO'ltrol problem into two parts will be made is a 
matter of ohoice. In the exa.mpls, the core could have been taken to 
have a. radius of 100 em instead of the chosen 50 em. In this case the 
local tt.ultiplication factor of the combLmtion ot core and oontrol rod 
would be different from the value ascrIbed to the smaller unit. The 
result of the ~vo methods of analyzing the control probl6m will however 
be the same within the limits of accuracy of the prinoiple of equivalence 

13 r;, 
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wha t has been said here of freedom in choosing the size of the region I 22.,.8 
of equivalence ap[Jlies equally well to our liberty in choice of its shape.Local k 10-
Consider, : .... or eXl\:-~:11e. t;h(. case in ..."hich we are analyzinc the effective-
ness of j)arallel control rods spuced in rectangular array. In this case 
\'/8 w: 11 natura lly take the reGion assoda ted with one rod to be a square 
centered O~ that rod. On the other hand the region will be taken to be 
a hexagon when the rods are located on a triangular pattern. ~~en we 
cone to the ::>oint of dete~jning the 10S5 in local multiplication factor 
ind'.lced by th9 In:.:crt~.(;:1 of a cO:1trol rod into a. region of one or another 
sil:l.i.)l€l i:,;eometricnl form, we sha~l1 treat the region as equivalent to a 
cyli:1der of the same cross sectional area. This is the procedure which 
we have already followed in the development of lattice theory 10 Chapters 
15 and 16. 

Certain l~itations apply to the principle of equivalence just as 
there are certain lirnits to tho accuracy with vrhich a heterogeneous pile 
can be de:;cri':>od 0..:; a. homogenoous !:1odium. In tho eX1illlple of control rod 
an~ coro, ~t ~s obviously nocossnry for the control rod to be surrounded 
by several lattice units in ordor to justify treating tho core as a 
u:liform multiplying medium. In other words, the radius of the core 
should cQrtainly tjlxcaod a. lnttice unit. Difficulty also occurs if the 
re~ion·associated with onc control rod is comparable in size with the 
pile itself. Then it Is no longer quite accurate to express the equiva-
lenoe between cylindrical and square regions in tems of area. On this 
account we shall 6enerally limit our applications to the principle of 
equiV&l~nce to cases where the size of the zone associated with one con­
trol rod is intemediate in order of !ua~itude between the lattice spaci 
and thO width of the pile itself. A further limitation on the prinoiple 
of equivalence will be apparent on considering as means of control an 
opaque sheet of cadmium passed through the pile. We might be inclined 
to consider this sheet, together with a layer ot the pile medium on 
either side of it, as equivalent to a homogeneous multiplying medium with 
a new multipUcation faotor arul migration area. If' this view were 
oorrect, the variation of neutron density in on£ portion of the medium 
should have an effect on the distribution of neutrons 1n the other part 
of the medlwn. But the disturbe.nce obviously cannot propagate itself 
through the cadmium •. Generalizing from this instanoe, we can say that 
the principle of equivalence does not apply when the width of the zone 
of control is comparable with the width ot the opaque neutron absorbent 
contained within it. 

A further limitation of the principle of equivalenoe i8 apparent 
freln the fact th&.t it attempts to describe all the properties of the 
J!\ultiplying medium in terms ot t!J8 two quantities. local multiplication 
faotor and migration area. This description overlooks the faot that 
two media may bnve very difterent thermal .m.1gratlon a,.. and Ter:/ d1.t­
ferent moderation areaa and yet lave thIt -.me total JD.1.&ratiGD ar .. aDd. 
the same local multiplication 1'aotor. .As a -tter 01' 1'aot bc:IIInrrer the 
cU.f'terence 1D thAI belavior of t.st neutrou aDd. .law D.lJUtrou 1D41v1d:ual-
17 is of little consequence to the equi_lence pr1nciple. Bal"d17 &'IV 
two media cou14 be .ore d1.tferent in their "lattYe e1'1'eot em 1'ut aDd 
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slow nlJutrons than a typical pile and ,.the surrounding graphite reflector. 
yet the theory of reflector effectiveness, outlined in Chapter 16, which 
takes into account only the mi';r&.tion area and r:lultiplication factor in 
the two media, gives results ... dcll differ relatively little fron those of 
a more complete theory which allows for the differc~ce in behavior of 
fast and slow neutrons. 

Apart from the few cases where the principle of equivalence is 
ooviously unsuitable for use, it i'urnisnes a convenient lntlans for dividing 
the proolem of control into two parts so that one can analyze separately 
the effectiveness of control rod as a control rod and the effectiveness 
which it derives on account of its location L~the pile. The followin~ 
table lists the mB.Gl1ituae of' the depression in the local lr.u.ltiplication 
factor set up in the typical pile by the .insertion of certain sir.1ple 
for,ns of control. 

Table 22.3.12. EFFECT ON LOCAL UUL1'IPLlCA-
TION FACTOR OF TYPICAL TYPES OF CONTROL 

Figures refer only to graphi te-uranhm. piles wl.ose desie;ns resemble 
that assumed in calculations. Reference is therefore madtl here to 
Section 22.5 for the precise details' of absorber and pile assumed in ea.ch 
case. Radius of zone of equivalence denoted by ~. magnituue of effec-
tive crange of local multiplication factor in this zone by fiklocal" 

I t. -;;d~~"-~-l~:n I 
uill.v ()1' ZOllO 

control material of e Clulvl:I.lunco j 
R ok local R SkIoool 

Three boron coated tubes 
~hich together make black 
to neutrons a cross section-' 
a1 area...:.3 3j8" x 7;8" or 
8.6 em x 2.2 em 61.3 em 0 .. 031 

Cadu.ium rod 0.3 em in radius 30 CJ:'l 0.051 . 

ca.dI::ium cylinder 30 em in 
radius 300 em 0.0083 

BF in pores of graphite at 
;lifoo utr::osphere pr03l.iUre 0.021 

81.3 em 

81.3 em 

81.3 om 

----~ 

0.031 

0.007 

0.1 

0.021 

After this stmJ.~r'y of tho local tlfi'ect of various types of absorber, 
it remains to analyze the influonce on overall reactivity duo to the lo­
cation of the control. The effect of location ca."l be treated with high 
accuracy only 1 by quite complicated rr.athsmatical techniques for many dis-
positions of absorber in the pile which are of practical interest. Such 
.is the case of a single control rod passed through e. cylindrical pile 
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paralhl to 1 ts axis but located off center. A centrally located reel 
or whole group of rods inserted pe.rt .. -y into a pile furnish another 
example of the same kind. It is helpful In such cases to rave as a. 
&uide the following General principle of analysis: The value of the 
neutron density at a Given point is the quantity whioh governs the 
effectiveness of a control located at that point. 

It 1s necessary to be more speoifio in speaking of neutron density 
as dete~iner of effectiveness of control. The properties of the pile 
may vary from place to place in such a way that point P has a higher 
density of fast neutrons and yet a lower density of 610:- neutrons than 
point Q in the structure. The density of neither special variety of 
neutron interests us here so l:!uch a.s a quantity which we shall call the 
"virtual neutron density". This quantity. denoted here by n, is defined 
completely except for an arbitrary multiplicative constant by the follow­
ing three conditions: 

(1) n vanish<;s at the offective boun~aries of the pile, 

(2) n is positive throughout the interior of the pile. 

(3) n satisfies the fundamental bu'cklinr; equation: 

,,2n/ax2 + -a2n/ay2 + ';)2n/3z2 + Bn = 0 

4 

(22.3.14.a) 

Here the buckling, B, is considered to be a known function of poaition 
in the pile. This '1.,:antity, when multiplH)d by the migration area, 1s 
~qual under steady state conditions to the difference between the local 
lllultiplication fo.ctor and unity. Knowing the shape of the pile I..Il.d ~he 
local rr.ultiplication factor. which is often nearly constant over the pile, 
we !~ve in (22.3.14.a) a relatively sL~ple means to find how the virtual 
neutron density varies from point to point. Illustrative examples have 
appeared in Chapters 14 and 16. 

Let us now investigate the quantitative relationship between pile 
reactivity and the value of the virtual neutron density as just defined. 
We use the quantity,' B. to represent the buckling of the neutron density 
in the pile before the control is introduced. We designate by n the 
virtual neutron density in this pile. The corresponding quantities 
after insertion of the control are denoted by B. and n.. Here n. 
satisfies the equation: 

2 2 2 2 2 2 a n ... fox +~ n*py + CJ n*;?z + I B*n* = o. (22.3. 15.0.) 

We wish to, compare conditions before and after the cpange. We ~ultiply 
(22.3.15.0.) by n, (22.3.14.0.) by n., and subtract. The differencewa 
integrate over the entire volume interior to the pile, A term of the 
character 

2 2 2 k. 2 (n. (7 n/ax - n'3 n*r"'x ) (22.3.15.b) 

gives on integration with respect to x an expression of the fo~: 
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(n. a~z _ IlCtn.,9x) \ upper l1m1t of x 
lower l~lt of x 

(~.;.l5.c) 

~h1. ezpre •• ion T&D.1ahes at both l~ita because the neutron density ex­
trapolates to aero at the etfecti"f'8 aurface of the pile. Ukewiae, the 
terms oonta1ning derhatlves ot neutron density wIth respect to y and I: 
give aero oontribution aner integratIon., OUr aeries ot mathematical 
ope ratlons there fore tinally l_ves u. with only ODe term: 

J n n- (D- - D) d (YOlume) = 0 (22.;.15.d) 

In words" the average value of the buckling of tho neutron density haa 
the $W1le value bef'ore and after the introduction of the oontrol" , provided 
that the average is taken with respect to the produot of original and 
final virtual neutron density as weight faotor. 

From the simple prinoiple ot averaging just derived follow some use­
ful results. We shall examine the applicatiolm under one ,or another of 
two heada aooording as the oontrols do or do not oonsiderably ohange the 
distribution of neutron density throughout the pile. When the variation 
of activity through tlle pile is little affected by the absorber we are 
able to obtain fram the averagtng prinoiple a simple and fairly oomplete 
account of eff'ectiveness of control as inf'luenced by position and'degree 
of insertion. 'the situation is ordinarily muoh more complicated when 
the controls produoe large ohan&es in local reactivity over extended 
portions of the pile. However. we obtain relatively s~ple results in 
this case too, provided that the absorbent or the oontrol rods are to be 
disposed 80 as to have max~um effectiveness. 

In the first group of applications of' the averaging principle the 
alteration in neutron density by the oontrols Is slight. Then the dif­
.ference between the buokling before and a£'ter the change. D. - B. is a 
small quantity of the' .first order. The tem n n. may be written as the 
sum o.f two contributions of whioh the f'lrst is the square" n2. of the 
original neutron density and the second is a correction tenD.n (n. - n). 
of the first order. The produot of two tems of the first order will 
give a ter.m of the second order which for our purpose 1s to be neglected. 
In this approximation we find the equation: 

~n2 (B. - B) d (volume) = 0 (22.3.l7.a) 

]At control materia! be spread at a low density in a small volume" VI. of 

22.;.15 

22.,.16 
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of averaging 
theoraa. 
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propgrtional 
to D.~ , 

the whole structure. In this region the buckling drops by an amount c5B l • 
In the rest of the pile the buckling must therefore increase. The 
magnitude of this increase c5Bav is evidently obtained f'rom Eq. (22.3.17.a) 
and is 

2 V , 
°1 1 oB 

dBav =JIt!- d (volume) 1 (22.3.17·b) }.tt. Y , 1944 
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Put in other terms, this equation states that a alight overall inorease 
in the reactivity of the pile by the amount .. oBav • may be oompensated 
through controls by a lar~er chanbe in reactivity over a limited portion 
of the pile. The effoctiveness of this localized change in reactivity 
is proportional to (1) the volume of the region of control and (2) the 
square of the neutron density, n12 ,at the point of action. 

The pro?o'rtionality between degree of control and square of the 
neutron density can be stated in several equivalent fonns, whose relative 
usefulness depends upon the circumstances of the problem under considera­
tion. In this connection the relat_ion between buokling and looal multi­
plication factor can for most purposes be taken to be strai&ht proportion­
ality, as the migration area usually chang~s relatively little fram one 
region of the pile to another. Thus we translate (22.3.17.b)as follows: 

(

Overall loss in k due to aD 
control which does not great-
ly distort the general dis­

tribution of neutron density 
in the pile 

Integral of square ot Orig1nal) 
expression tor virtual neutron 
density, multiplied by ohange 

= .in local multiplication factor 

(

Reduction in local k in zone ot) = equivalence inscribed about con­
trol rod or other absorber 

(

Integra 1 of square ot ) 
virtual neutron density 

over Whole pile 

(22.3.18.a) 

(

Integral of square ot ) 
virtual neutron density 
over zone ot equivalence 

(

Integral or square ot ~ 
virtual neutron density 

~ over whol~ pl1e ) 
V 

This ratio Is termed the 
"weight ractorW ot 

the zone ot equivalence 
(22.3.18.b) 

f 
Value ot square ot virtual ) 

Volume ot zone neutron density averaged over 

( 
Reduotion 1D ) (or eqUiValence) zone o£ equivalence 

• local k insane 1: 1 t ) (va.lue ot square ot virtual ) 
ot equivalcoe (w~l':" 1°la neutron density averaged oYer 

\. P J l whole pile I 
v y 

Jitlductlon in k which would re- 'fbi. rat10 1a kn01ll1 as ftpoaition 
suIt it an equivalent amount tactor" and measures the relative 

ot boroD were distrIbuted. ettectivenea. ot the control rod 
over the whol. pile or other absorber due to ita 

speoial looation in the pile 

(22.,.18.0) 

It f1J 
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The position factor a8 just defined measures the extra effectiveness to 
be gained by putting the control material in a region of high neutron 
density. Its value is essentially independent of the size which we 
choose to attribute to the zone of equivalence circucscribed about the 
control rod. On the other hand the weight factor depends on the exten­
sion of this zono a6 well as on its location. The reduction in overall 
multiplication factor is of course indspendent of the size of the zone 
of equivalence in either case • 

Proportiona.litY of control, not to the first power of the neutron 
density but to its square, seems at first sight paradoxical. Consider 
for e:x.artple a spherical pile. At its center the square of the neutron 
density is Greater by a factor 6.580 than the average value of the 
squa~ taken over the whole structure. However, the neutron density 
its~lt at the oenter of the pile BX.ceeds ita average value only by a 
factor 3.290. '1'his granted, we unclertake two hypothetical experiments. 
In the first one we spray unifonnly throu,hout the' pile enou~ boron to 
absorb same given soall fraction, say lO-~, of the thermal neutrons. 
Then the overall multiplication factor will be reduced by 10-5. In the 
second experiment we use the ~e amount of boron but spread it over a 
region about the center ot the 
pile. In this case we have 
to expect a reduction in over­
all ~ultiplicatlon factor equU 
to 6.6 x 10-5, according to Bq. 
(22.,.16.c) • Yet the boron 
will abzorb only the fraction 
,., x 10-5 of the neutrone. 
How does the paJ'8.4oxical result 
come about that control material 
located where it will absorb 
three times as r-.a.ny neutrons 
gives s1:% tilr.es as much control' 
A clue to the answer comes from. 
a look at the neutron distribu­
tion in a pile containing absorb. 
ent at its center (see diagram 

t 
NEUTRON 
DENSITY 

01.11 ward leglta.f'!!q/ 
neutrons aj1~1" //1sprli(), 
0/ ~onlro/ rod is s(t't;/J11y 
It-ss Ihol? be/on> Iif' 
ol1solule va/tit' ovl 
ct;l?sia'erob/y' f/rt?o~r L 
tllon ,befol'f re/olivt:><o 
tolo/ ot/nlbercf' /rt!t' 
I7d'V I ron.s. 

at right). '1'm, neutron density I -' - r.... "-
is buckled. more strongly than 
it was in the absence of the 
absorber. Consequently, the gradient of the neutron density at the 
surface ot the plle is inoreased over its normal value. Thus the outward 
tluz of neutrons bls been raised above its old level. In other words 
the control takes neutrons away fram the chain reaction by two mechanisms: 
by direct absorption and ~ stimulating leakage to the outside. The dis­
crepancy between the factor 6.58 for effectiveness in control and the 
tactor '.29 for eftectiveness in absorbing neutrons has therefore .. simple 
ezplanatlon. 'or flVery neutron taken up in the control in the speoial 
ezample. two' neutron. are lost to the ohain reaction. the one absorbed 
and the other toroecl out ot the surfaoe of the pile by increased leakace. 

/1 fd 
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SURVEY OF CONmOL 'l'BBORT 

What has been said of the extra efficienoy of & oontrol at the 
oenter of the pile applies just the other wa.y around to a control near 
the surface of the reactor. Let the absorbent, f'or eu.m.ple. be put in 
a region where the neutron density is one tenth the average value. It 
will absorb only one tenth as many neutrons as it would if it were 
unirormly dispersed through the structure. At this point in a typical 
pile the square of tee neutron density will have rallen to a fraction of 
the order of 6 x 10-'. of the average squared value. The drop in multi­
plication factor will therefore be only -6 :It lO-'timea &8 great .. rather 
than one tenth as great, as that observed in the case. of unlfonn distri­
bution. This lower officiency is to be understood in the rollowing way. 
Roughly 94 percent of the neutrons absorbed in the control material would 
have leaked out of the pile anyway and only the remaining 6 percent 
represent increased loss of noutrons due to the new absorbent. Like a 
lightning rod, the object concentrates upon itselr the already existing 
flux load. without very much increasing the total magnitude of that flux. 
To locate controls near the surface or a pile is evidently inef'ficient 
practice. 

Following this general picture of the effect of pos! tion on ·control. 
.-e may nake a quantitative study of the magnitude of the position faotor 
in cases·of special interest. This quantity is'expressed in terms of 
the virtual neutron density, n, and volume il'ltegration over the pile by 
the formu 1a : 

position faotor 
= n2~d (volume) 

f n2 d (volume) 
(22.3.21.&.) 

Table 22.3.22 lists expressions for position factor and weight factor in 
tne cases of spllerical. cylindrical and rectangular pilus. Some ex­
amples will illustrate the use"of ~le table. 

EXAMPLE. A cylindrioal pile contains 50 .. 000 uranium slugs. The 
32 slugs most centrally located have a multiplication factor 1 peroent 
lower than normal. How much is the multiplication factor of tho whole 
structure lowered on this accou."lt? From the table we find that the 
posi tion factor 8.t the center is 7.42. Accordingly, the overall re- 5 
duction in multiplication factor is 7.42 x 0.01 (32/50000) = 4.7 x 10- • 
If the slugs had been distrioutcd along the whole longth of the axis or 
the pile, the position factor ""ould have been only ,.71 and the loss in 
k would ha ... e been :2.4 x 10-5. 

EXAMPIE. A cylindrical graphite-uranium pile has e.nJ effeotive 
radius, R, of 510 em. A cadmium rod 0.3 em in radius 1s thrust Com­
pletely thrcuCh the pile parallel to its axis. How much is the loss in 
k when the rod lies (8.) on the axis? (b) 255 en away? This rod produces 
a drop of 0.051 in local multiplication factor within a zone of equiva­
lence 30 em in radius, according to the sumuary in Table 22.,.12 of re­
sults derived in Section 22.5. The position factor for &. rod thrust 
completely through the pile depends only on distanc~r,fram the axis and 
according to Table 22.,.22 is ).710 J o

2 (2.4048 r!R). When the rod 11es 

2..oJS 
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Table 22.,.22 POSITION FACTORS ABD WEIGHT FACTORS POR 1lBlI COBTROLS OR O'lIIIR ABSOm. IA)­
CATED IN PIIBS OF SlMPllI OEOMETRICAL PO.. Emct 0' RlrtlC!OR lilY BI DIll utO ACComrr 
BY ADDING TO DIMENSIONS OF ACTIVE ZONE THE EFFECTIVE CONTRIButIOI UlDI BY TBB IIrtlC!OI. 

Shape of pile 

Bffective dimensions 
Coordinates with origin 
. at geometrio oenter 
Virtual neutron density 

relative to average value 
This ratio ut oenter 
Position factor, squure or 

neutron density relative 
to average square 

Bpsition factor at center 

Sphere Cylinder 

radius,R radius R, length h 

2 . r . r, • 
("If ~)(R/"" r)s1n(-Kr/R) 2.3163 J o(2.4a4B r/ll}· 

( ... /2) 008 ( .,.' z;h) 
(,12/5) a 3.290 . 2.3163 "IT ;2 ,. 3.639 

(2~/3)(R/~r)28in2~r/R13.710 J o
2(2.404B r/R)' 

2 I 2 ooa2 ( 11 z;h) 
(211 /3) = 6.500 7.420 

Jteotan&ular prl_ 

dimensions a, b, 0 

x, 7. I 

(11/2)008 (17X/.) (11/2) 008 (111tb) 
,(17/2)008 ( •• /o) 

( .,.;2) ='.675 
2 oo.2('1Ix/a~2 ooa2 (." y/b) 

2· 001 ('f I/O) 
8 

Limits of a ooncentrioally 
·looated volume for whioh from 0 to R' from 0 to It Il x from ... ·Aa to a'Az 
weight factor is readily I from -h';2 to h';2 y from -b'/2 to b'~ 

- oaloulated 2r.2 I fram. -o.~ to 0'/2 
weight factor for this (R'/R)-(1;21f)sin(21fR'/R) 3.11B(R'/R) t:'o (2~RtM(a'AL +11:1 81nYa'lll)-

volume (see 'ig.22.3.}6 + Jl.. (2.4'if R'/I)] (b'fb +.". sin-tb'/b)· 
for graphical evaluation) (h'/h +.,,- .1n1l n'/h) (0'/0 + ,,-1 sin- 0'/0) 

,Position faotor for absorbe j(sin u/u)3 u
2
du t1mus [f .. ~ u elu/elu J' 

distributed over the pile (s1n u/u)2 u2elu 1 615 (4 h) = 2 234 .raiZ( u du/ain u elu 
with ooncentration at 2 • {;J. . , 

every point proportional Ju elu 4!";:":" • (4/.1) = 2.371 
to neutron dene1ty at that j(dn u/u) u du 
point 3L2l = 0·9705(~ = 2.033 

Ratio of ne~tron-effeot1ve 
temperature to oentral . 
temperature when tempera­
ture rise is proportional 
to neutron dons1 ty. 

( 7f /2)11' 

0.6111 0.6139 

I 
(81311' )3 = 0.6116 

/ 
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SURVEY OF CONTROL THEORY 

along the axis, the loss in overall multiplication factor is therefore 
3.710 (il 302/115102) 0.051 = 0.00066. At a point half way out from the 
axis to the surface of the ?ile the square of the Bessel function has 
the value J 0

2 = 0.449. The loss in overall,reactivity is now 0.00066 x 
0.449 = 0.OJ029. 

EXAMPLE. How effective are the various control rods in the Hanford 
pile? This structure with 2004 tubes loaded with rnetal is approximately 
equivalent to a bare pile of dhT.ensior.s, a = 1060 em. b= 1060 em, 
c = 760 co. The control rods are 9 in number. They move parallel to 
the x-axis and are located on a square lattice at the points y = 0.+ 126 
em, z = 0, ± 162 em. ~ch rod ~ay be cons10ered to act in the sense of 
the principle of equivalence on a zone of cross section 128 em x 162 em. 
The ir.dividual rods are so constructed that each reduces the local multi­
plication factor vrithin the zone of action by the amount c5k 1 cal = 0.031. 
as indicated in the first entry of Table 22.3.12. We are in~erested in 
knowing the effect on the overall multiplication factor of insertion of 
the central rod alone; of pushing in only one of the corner rods; and. 
if possible, the control obtained by driving in all rods to~ether. Each 
rod may be considered to act in the sense of the principle of equivalence 
on a zone of cross section 126 cm x 162 em. This zone is sufficiently 
large in comparison with the size of the pile that it does not appear 
entirely reasonable to apply the concept of'position factor. Instead 
we calculate the weight factor of each zone in order to estimate the 
effectiveness of the rod contained within that zone. 

Effect of Central Rod 

0.239. 

0.402, 

integral of cos2 
jj y/b from y = -64 em to y = + ~ em relative 

to value of same integral over whole range, 1060 QI;l. of y 
(y component of weight factor). 

intogral of 008
2 

jj" z/c frOl:1 z = -81 em to z = + 81 em relative 
to value of S8r.le integral over whole range, 760 em, of z 
(z component of weight factor). ' 

0.098, produot of factors so far gives weight factor ot zone of 
equivalence of central rod. 

0.031, reduction of local multiplicp.tion faotor in this zone accord­
ing toZ2.3.12. 

0.0030. product, reduction in overall multiplication faotor of pile 
due to complete insertion of central rod. 

'-:1- 13 
'.,,,,,~; , ~ 
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SURVEY OF CON'l'ROL THEORY 

Effectiveness of Corner Control Rod 

0.206. integral of cos2 from y = 64 em to y = 192 em relative to 
integral over whole range of y (y component o£ weight factor). 

0.259, integral of C082 from z = 81 co to % = 243 em relative to 
integral over whole range of z (z component o£ weight factor). 

0~053, product of prec~ding t.ro quantities represents \¥eight factor 
of zonO of action of corner control rod. 

0.031, total reduction of local multiplication factor within zone 
of action. 

0.0016. product, reduction in overall multiplication factor due to 
conplete insertion of corner control rod. 

Effectiveness of All Rods 

Proceeding in the manner just described, we find the effectivenesn of 
each of the control rods ncting individually: 

number! . F~;veness of 
of rods: Locat1on one such rod 

Total effect i£ 
~.,ction.:; :';ore additive _. -

I 
; 

central .:. ')030 0.0030 
I 4 corner 0.0016 0.0066 

2 I Z = O. I o~oo26 0.0053 
j y = .! 128 
I 2 . y=O 0.0019 0.0038 . , 
I Z =.:::!:. 162 I 

, 

I 
-

9 0.019 

, 

I 

i 

When we insert into the pile 9 rods as absorbent as those just considered, 
we alter so mu~h the distribution of neutron density that we are no longer 
entitled to use the method of analysis just described. The action cannot 
be taken as proportional to the square of the original value of the 
virtual neutron density. A"more complete analysis is necessary and is 
presented later in this section. The total loss in k in introducing all 
~ne rods together is there estimated to be 0.017. The small difference 
between this figure apdthe total effect, 0.019, of the rods taken 10-
'.vidually provides a measure of the so-called "shadowing effect" exerted 

. ~ by one rod or another. This effect is discussed in further detail below. 

:e 

Aside from such fine details of control theory we are evidently in a 
satisfactory position to calculate the offectiveness of individual control 
rods thrust completely through a pile. 

Partial insertion of a control rod into a pile provides the moat 
practical means yet discovered to obtain fine control of the chain re­
action. The preCision of control is especially good when the regulating 
rod enters only a small distance, s, into the effective portion of the 

C:. ~313 
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SURVSY OF CONTROL THEORY 

struoture. The neutron density vanishes at the effeotive surfaoe of 
the pile and reaches at the tip of tho rod 0. value approxir..ntcly pro-
Dortional to the dintanco, s. The square of the neutron density goes as 
~2. The inte.:;n.\l of this q~~antity ulcnc; tho in:;orted loncth of the rod 
is therofore ~ro;'Qr'tionD.l to s3. Thu contrel CAn bo rrdlc!o o.rbitrnrily 
fino by T'Aklni: :: !:;'.l.:'t.icio::tly ~all. 

For a nore precise ecti::.nte of tho d()i~rOO of control in the CB.CQ of 
partial insertion, consider the ca:;c of 0. bo.r of nl>sorbont substance in­
serted to a depth, ,c, 11.101"'.(; the dill.I..otvr of n cylindricnl.pile of heiGht. 
h. The position .:'nctor for er:..ch inf1.ni tcsiF.!nl elcnent o,f the rod is 
obtained from the fifth row of 'ruble 22.3.22. Hare the Bossel ftmction 
is to be evaluated at tho point r = I R - s/. We suppose' that the zone 
of equivalence of the bar has been chosen to be small in comparison with 
the size of the pile. Then the weit;ht factor of this zone is 

22.3.26 

Z!.3.Zl 
Partial in­
sertion along 
diameter 

VO(Ur.l

1 
-ftuhw' -10 C<:IM veA-

s 2 cross section of _ t!Jr;:j{-;c ~du f6 
2 cos

2
( ~ ./h) 0.7101 J o ,ds) (zone of equivalence)~ l' WOl"! d" 

(22.3.27.0.) 
and the loss in overall multi?lication factor is 

8k 
cross section of ) 

= 7 .L;20 ok (zone of equivalence 
2.4oJ48r. local Rh I

x = 2.404D 

cos2 (1izjh) J
0

2
(x) dx 

= 2·4048 (l-s!R) 

(22·'·Zl.b) 

Here x is an abbreviation for the argur.ent. 2.4046 r/R, of the Bessel 
function. The lower limit in the ir.teGro.l applies waon the rod comes 
short of reaching the axis of the pile. Vihen it penetrates be;;rond this 
point, the inter;ral r:1ust be changed in an obvious marmer. Vb-lues of 
the intogral may be read directly from Fig. 22.3.28. 

EXAMPlE. The cadr::ium rod of example (22.3.24) reduced the overall 
multiplication factor by 0.00066 when inserted along the axis of a 
cylindrical pilo 510 co in radius. We now insert the same rod along a 
dia.ceter lyin.:; in the ned ian plane of the pile. T,t1e effective height 
of the cylinder, which previously made no difference, is now taken to be 
760 em, correcponding to. the desig."led loadin:.; of the nanford piles. How 
I:luch is ";;;~lC loss :.n overal1 ;;:r..lltiplication factor due to (a) complete 
L"lsortion of the rod? (0) insertion by lao em? (0) increase of insertion 
from 500 ~ to 520 em? The rod reduces the local multiplication factor 
by O.J31 in a zone of eq~ivalence 30 em in radius. Therofore, the 
ovenalk lvss in k is 

. ok;:: 7 ~420 0.051 11 (30 cn)2 JJ
o 
2 dx 

2.4048-.; , 510 am 760 am 

-4 I.. 2 ( = 3·65 x 10 JJo dx 22.3.29.a) 

2.Jf-S 

.., 

22.3·29 
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T:da fon:mla is ovalua ted with thu u.id of Fie. 22.3.20: 

#--=-r"::;:·:~::":;;;'::--~&,,~·~~!;-~l'·;;':·~.J::.~;;":'~---~i"";''L;;'''''';:'·''''l 

Instlrtion' Rance (.)f x ./Jo 2(x)dx 8k 

1'.0. If way ,0 to 2.404e .. 1.139 4.15 x 10-4 i 
'j cOI1;?lete 2.;:77 13.30 x 10-4 ; 

100 em 2.h04O(1-lOO/510)to 2.4048 1.139-1.129 3.6 x 10-6 1 

/' ...... ". 

e 

500cm to 520cm -'-tv:ico from,O to .2-404B(1q..510)1 0.094 ,1 3•4 x 10-5 j 

Two features of the results deserve notice. First» 20 em of motion of 
the rod with tip ncar the center of the pile are roughly ten times as 
effective 0.3 the initial 100 em of travel. Second, the effoct of com­
plete dia..t1ctral insertion"O.3 x 10-4 , ls greater than that of complete 
axial ins~rtion, 6.6 x 10-4 , for a pile of the Given shape. A closer 
examination of th:.s ?oiat shows that tho relu.tive effectiveness of the 
two ?ositions is the other ~uy ar~und for a cylindrical pile when the 
ratio of heilht to diameter exceeds 2.277/2.4048 = 0.945. 

Partial introduction of a control rod parallel to the axis of a 
cylindrical reactor, or parallel to any axis of a rectangular pile,alters 
the multiplication factor by an easily calculated amount. The virtual 
neutron density varies with distance of insertion,s, in proportion with 
the expression sin .... 8/h. The effectivoness varios in proportion to the~ 
integral of the square of this expression. HotinG thatf sin2xdx = ir -~ 
sin 21. we have the result: 

(effectiveness of ) 
',partial insertion 

(
effectiveness of ) 

complete insertion 
= (s/h) - (1/2'11) sin (2-r.s/h) (22.3.30 .&) . 

The expression on the right hand side of this equation is plotted in 
Fig. 22.3.31 and illustrates in gra?hic form the variation of control 
power over the range of motion of a rod. 

In evaluating the effectiveness of control rods we have thus far 
continually used the prinoiple of proportionality with the square of 
the neutron density. An interesting check on this point is provided by 
unpublished work of llurray.. He has computed by the method of infinite 
series the effectiveness of an ideal control rod and 1 ts dependence upon 
distance of insertion. His results are plotted 1n Fig. 22.3.31 and 
show on the whole a good agreement with the approximate theory of 22.'.30. 

.t.tter from P. H. MurJ'IL7 numbered WC-Jll-3. dated l~ -7 18. 

'-~13 
"" 

't 
:. --

22.~.29 

22.'.30 
partial in-
sertion 
parallel 
to axis 

22·'·32 
heck on 
pprox1mato 

lculatioDa 

JaLy,l~ 

l 

j 
j 



. : 

e 

e 

• j 

i.f)Z: 
z­
- w 
...;1-

SECRET FIGURE -22.3.'31 

rillJml~1m~w~~~;, ~ ~!~1 ::tm~~~ ~c: ;;;; ~UI~ ~ _ PA RT I ALI HS E-RT ION ~q:~ ~::I:~~ ~J~~~~ :~~h~~~~ ~~i~~~; ~~~E 
:::::::::!::::::~:~I~~~~~~~ ::~~g:~~ ~~:~;~::~ ~~~'~~: ~.~~ ~~~~ ~~:: ~~:: :~i= § 
E:"~:""""I"""'" OF CONTROL ROD ~~='=""""'T"""""""""" ::::::::::;::::::::1::::::':-;: 11 :::":::: ::::r·: :::: :::: :::: :::: :::: ~;::: :::c :::: 
~~~:(;:i~~::~:~t:~~'~::~i::~~ ~:~t~~ ~~~I~~~ ~:~: ~~~~ ~~g n~ y i:':: :~~: ;;r 
: ........ 1 ..... · .. · .... - .. PARALLEL TO AXIS OF CYLINDRICAL PILE ........... ··1 .... ':::1:::: :::: _.: .c:::::: :::: :.;:: :::::::;:!::::;:::':':::::i : . . ~.. ::::::,,: ::::;:::: :::: :::: :::: :::: :::: :::: :::: :::: 
•....... _ •............ ,_. -~_ - -_ ....... _- ...•..... ____ t_·· •....•.......••........•........•.......................... '-._ .. _ .. _.... ....•.... .... . .•.• 

I 0.1 O.Z 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 
I ~ _ DISTANCE OF INSERTION 

SECRET n - EFFECTIVE HEIGHT OF PILE - J.A.W.,U04.,IUC .. 7 /'7 /~, 

1713 



e 

'. 

e 

:t.1. 

fIIIIIIIIIII!I! 
SURVEY OF COIJ'l'ROL THEORY 

Whether the acourate curve for control rod effectiveness will lie 
above the approximate curve. as in Fig. 22.3.31, or below it, depends 
entirely on the relationship between the size of the control rod and the 
radius and height of the pile. In either case the inaccuracy of the 
approximate theory is due to the distortion of the original neutron dis-
tribution by the nbsorbent. Consider first tho case where the length 
of tl~ cylinder is great in comparison with its diameter. Insertion of 
the rod half way into the pile lowers tho neutron density in the first 
half of the cylinder relative to its value in the second half. Movement 
of the rod the rest of the way into the reactor will therefore lower k 
More than the first part of tho stroke. This case 1s opposite to the 
one considered by MUrray. There the diwneter of the cylinder is i;reat 
in comparison with the length. The partial entrance of the rod pushes 
the maximum of the neutron distribution out to a ring far a_y from. the 
axis of the pile. As the rod executes the last half of its motion, it 
therefore finds itself in a zone of lowered neutron density. Ho formula 

, is available for the general cnse •. Howevor, the results shown in 
Fig. 22.3.31 are sufficient to permit an estimate of the order of magnitud 
of the effect in cases of interest. 

Useful in designinG the control system. of a pile, tho theory .just . 
described shows also thut tile actual functioninG of the rods will be com­
plicated by effects such as the shadowing of one absorbent by another 
or, as in tho precedinG paracrnph, the interaction between different 
portivns of the samo rod. In nddition we have to oxpect slight fluctua­
tions in effectiveness due to the lattice structure of the pile itself. 
The lO!ldi!l~; of an opera.ting pile will also ordinarily deviate from an 
ideal 6oor .. etrical pattern. Pred se doterminntion of the relation be-
t."et;;lI: roactivi ty aLd control rod ilosl tioll in an o~eratinG pile is there­
fan: ,:;e:1er!.111y done o;>trlori!:.entally alon~ tho lines described in Chapter 14 
The f~w absolute comparisons so far made between theory and experiment El.re 
:n reasonable nccord (22.5). 

L~ addition to control rods, certnin other neutron absorbing materia 
exert a smllll enoubh effoct on the neutron distribution so that they can 
be studied by the fo1'6;:oin..; ai1proxlJ:\l', to methods. One instance is the 
im;:l\.n'i ty whi ch nnke!> 0nc brand of graphi to better thAn another. There 
are obvious advallte.ccs in putt-in;:; the bettor Grnphi te into parts of' the 
?ilt; where it will do the most good. The magnitude of the gain can be 
calculated in a nu.'7lber of' simple cases by the curves of Fig. 22.3.36, due 
to !.:crriso:t, Stei1r.0I1;Son a.nd ~·itd.nbeI·g.. Al illustrntive e:xa.mple is given 
in the caption. 

Initial poisonin;; or solf-?rol.10tion of the chain reaction by the 
products of neutron ca:1ture is another instance where \','0 can neglect the 
distortion in the :19utron distribution produced by the cr.a.nGe. The 
magnitude of the 10(:a1 cilan,::e in rea.ct.i.v j ty is proportional to the ncutro 
dens:ty. anc. the ;)~..>.:.tion factor 5,s ~)roportional to t!1C squa.re of the 
neutron den:.;ity. CO:1sequently. the overall effect on k is measured by 

------------------------------------------------------~ 
.P. Morrison, J. Stephenson and 

Varying Materials, 1943 July 6. 
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roR ABSORBm DISfI:nnrrzo 09!R A CORI COIIC'llftR!C 
WITH'm PIta .urn GEODTRlCALLT SDlIUR '1'0 It. 

Applicable .bln proport! •• 01' core &Dd pile are lutrlclently .~l~r that 
dlatr1lNtiOil 01' neutron elm.tty 1a onlJ .11,htly lIod1tle4. CUrTe. 'dapted tram 
IIorrllon. Stephaneon and 1Jelnber&. Cp..16l. 

GB:IfERA~ E~UATIOIl FOR OVERALL IFnC'I.'IV! I 
local k) oTarlll etteoth.\ (oorreapondlQ& ) (Oritical bUCII::Hng~ 
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SURVEY OF CONTROL THEORY 

the volu:::c inbJ'~ral of the tl.ird. ?o\,;cr of the nC'.ltro::l dC:1::; it:r: 

Effect un ov(:rall ..,.,.!lti~lication \ 
factor due to reaction prouuct~ 
as actuallz._~istributed in pile I = 
E!'fect on overall multiplication 
fuetor due to GW':U 0: .aunt of re­
action QJ:"oducts if Usy we~e dis-

'tributec.· ur. :formly throur;h the 'i,Hel 

fn3d (vol) 

7nd {vol) 

(22.3.37·0.) 

The post !:.ion factor on the riGht hand side vf this equatlon appears in 
Table 22.3.22 for piles of simple EoometriCQl fonn. For example. we 
find that the fission products produced in a bare rectangular pile are 
2.37 tiJ:!es us ef.fective in lowering the tLultiplication factor as they 
wV...Ila te if distributed unifonnlj" tr.rouch tr.e reactor. 

vur last instance of an influence on roactivity distributed tl~ough 
the pile is the telIij>era ture effect. Under most circumstances the rise 
in temperature of the metal in an operating pile can be taken as pro­
portional to the power output or neutron density at the point in question. 
Then the overall loss in reactivity due to heating of the metal can be 
expressed in terms of the temperature coefficient of the multiplication 
factor and the temperature of the pilo at the point of maximum power out­
put in the following way: 

(Loss in multipl1ca tion factor) 
due to temperature elevntion = 
\ of metal 

! Temperature elevation of metal \ 
',at point of maximum power output) 

(
Change in multiplication ) 

factor per unit temperature 
\' rise in metal 

The product of the two expressions in the last line uay be called the 
"neutron-effective temperature rise" of the metal. The ratio of neutron­
effective temperature to central temperature is given in Table 22.3.22 
for piles of simple form. For example. let a rectangular pile run with-
out control to the point where the central metal temperature bas risen 
by lOOoC. This operation will lower the reactivity by the same amount 
as uni..form heating ot the metal through 610 C. 

we 18ve so far consid.ered absorbers which might be located anywhere 
1D' the pile .. and whioh did not greatly distort the distribution ot 
neutron density. Then .e could treat the ettect ot the absorbent as 
proportional to the squareot the orig1Dal value or the neutron densl't7. 
Bow we investigate control. which have a large effect on the reactivity 
ot the pile, and' which d.o not allow that 81mple prinoiple ot caloulation. 
An e.ll8mple is a aatety system designed to lower the overall multiplication 
factor 2 or .3 percent. we will not go into the dittioult general ca.e 
where strong oontroIa are dJ..posed through the pile in arbItrary locations 
Inatead we &ball &ll&l,.e lwre the case ot greatest Japortanoe" where the 
aa.te't7 rods are put 1D positiol18 ot _x,.- ettectITene... In th1. 

3.cffi 

22.3.37 

22·3.38 
"Neutron -
effective 
to!:'lperatur~rr 

22·'.39 
Contrast 

ale a.n4 
8trong 
controls 
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SURVEY OF CONTROL THEORY . 

special case the theory of control a~in takes a relatively simple form. 

Granted tr~t a definite lowering of the multiplication factor is to 
be achieved, how should controls. be disposed in the pile so as to accom­
plish this result most economically? A discussion of this question is 
most easily opened by considering the neutron absorbing material to be 
in the for.m of a fine powder, such as boron. The effect of a snaIl 
amount of boron on the reactivity of ~he pile will be proportional to the 
square of the neutron density at the point where this absorbent is intro­
duced~ Therefore, the first'dose of neutron absorbing material will 
best be put at the center of the pile .If more control is desired, more 
boron will be located near this point. Soon the amount of boron will be 
sufficient appreciably to lower the neutron density at the center of the 
pile. F,nough boron must, however, not be introduced at the center of 
the pile to lower the neutron density there i.n comparison to its value in 
the immediately surrounding region. In fact, the boron must always be 
introduced in such a ~y as to caintain the neutron density constant over 
the region which it occupies. If for any reaeon the neutron density 
should vary over the poisoned portion of the structure, then a more effec­
tive control will result from slight redistribution of boron in which 
some of it is taken out of the reGion or lovrer neutron density and put 
into the reGion of higher neutron density. This principle of dispositi 
evidently applies no matter how Great is tho desired degree of control. 

We arrive at the following picture of the distribution of neutrons 
and neutron absorbing material in a pile wl~se multiplying properties 
were originally everywhere the srulle. The neutron density vanishes at 
the surface of the pile and increases as one goes inward, reaching at a 
certain surface a limiting value. l!."'Verywhere inside this surface the 
neutron density is constant. All the boron lies within this zone to 
which we therefore give the name "region of most effective control fl

• In 
this region of control the neutron density is not buckled at all. Con­
sequently, the local multiplication factor tlwre has a C<Jnstant value. 
Before int'roduction of the boron the local k: t.hroughout the major portion 
of the pile will generally also have he.d a constant value. Thus the 
change in local multiplication factor Will be constant through the region 
of contrel, and the boron will be unifor.mly distributed in this zone. 
Both the concentration of boron a.."d the site of the optimum region of 
control will dopond upon tho wnou.nt of reactivit;l to bo compensated. 

When a large number of fine wires or rods take the place of the 
boron, then for mintmumcons~ption of material they should likewise be 
limited to the region ot most effective control and should be uniformly 
spaced within it. If instead we pierce the whole structure with rods, 
we will require a greater amount of neutron absorbent material to get 
the same degree of control. 

3.1 ~ 

v+--

22.}.39 

22.3.40 
optimum dis­
position of 
absorbent 

22.3.41 
"Region of 
control" 

22.3·42 
Concept 
applies also 
to rods 

ltl. Y • 19Ld. 
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SURVEY OP CONTROL THEORY 

The SiZ8 of the optimum region of oontrol and the proper ooncen­
tratiQn of absorbent material within it are found along the lines indi­
cated in the following diagram: 

D8sir.ed loss 1n overall reactivity. 
A question of safety requirements 
and of the spe~ of shutdown which 
is desired. Pigs. 22.7.33 and 34. 

-----

-----Loss in local k in Buckling of neutron den-
region of control. sity outsido region of 

Table 22.3.La4 , control. Table 22.3.44 . 

r 
Concentration of boron Size of opticum region of 

or spacinG between rods. control. Table 22.3.49 
Section 22.5 and Figs. 22.3.54.55.& 56 

------=::.. .-

Total amount of boron or total 
number of oontrol rods obtained 

by simple multiplication 

The first ttfO stops in the analysis are determination ·of the loss in 
local k within the region of control and the buckling of the neutron 
density outside the reGion of control, as described in the follOWing 
table. 

~J.~ 

22.3.43 

22.3.43 
tl1ne 

olution of 
roblem of 
ptimum oon­
rol 

Mly. 1944 
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SUR1BT 0' COIftOL !HBOJlY 22.3.44 

table 22.~.44 SURVKY OP REQUIRBIIERTS FOR REGIO!" OF CONTROL 22.3.44-

Undesired reactivity to be oampenaated by absorbers looated inside a 
certain portion or the pile kno.n a8 the region or oontrol. 

Requirements 
for region 
of control 

~hls survey analyzes various situations which may occur into tems ot 
(1) local k to be compensated within region or c,ontrol and (2) buckling 
which remains outside region ot oontrol. 

Prom (1) deduoe (3) the ooncentration ot boron required within the 
region of control (Eq. 22.5.lB,d), or the required spacing between control 
rods in this portion of the pIle (F1~res 22.5.2;). 

From (2) deduce (4) the required size of the region of contrul with 
the aid of Figures 22.~.54, 22.;.55. and 22.;.56. 

From (3) and (4) together determine (5) either the total mass ot boron 
required. or the total number of' oontrol rods. 

Notation used in this summary 

~ctor of' multiplication in one generation 
Buckling of' neutron density betore absorbent 

enters. a quantity completely determined 
by dimensions or pile 

Buokling within region of oontrol after ab­
sorbent enters 

Buokling outside region or control atter 
absorbent enters 

Area of migration of neutrons in on~ genera­
tion 

k 

Bo 

o 

Bl 

A 

CASE I. Pile in steady operation without controls. 

Fraction of neutrons lost by leakage 
Value of overall multiplication factor 
Therefore value of local multiplication 

factor is 

A Bo 
1 

1 + A Bo 

CASB II. Reactivity changes by ~e amount in all parts of pile due to 
loss of cooling fluid. decrease of barometric pressure or similar effec",. 

'Controls do not enter yet. Denote increase in local k by 8 klocab 
increase in migration area by 0 A. 

Value of local Qultiplication factor 
after change ' 

Fracti~n of neutrons lost by leakage 
Value of overall k for pile after change 

1 + A Bo + 8klocal 
. (A + SA) B o 
1+ 8klocal - Bo 8A 

'3"S .s 
L~y,1944 
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i 

~aole 22.~.h~ - :on'd. 

Excess k available for continually in­
c rens ing pov/ar 

Growth of power output as function of ke 
ke = Skbcnl - Bo SA 
Fie;. 22.7.34 

CASE III. Unifo~ increase in reactivity followed by injection into 
whole pile of unifo~ concentration of absorbing material just suf­
ficient to keep reaction at constant le·vel. Procedure> ine.fficient 
because absorbent near· fringes ot pile has little.e.ffect on react;vity. 

Required concentration of absorbing 
material expressed as number of boron 
nuclei per unit volume or number of 
control rods per square meter or in 
other suitable units 

Change in local multiplication factor 
per unit change in concentration o~ 
absorbent, ~s obtained from 8q.22.5.l8.d 
or Figure 22.5.23. (a ne~-
tive quandty) 

Change in migration area per unit change 
,in concentration of Ilbscrbent. 

Value of local multiplication faotor after 
unifor.m change in reactivity and subse­
quent insertion of absorbent 

Fractions of neutrons lost by leakage 
under same conditions 

Overall excess multiplication factor,. to 
be adjusted to zero by suitable choice 
of concentration 

Expression for required concentration of 
absorbent. In many piles the buckling 
is suffici~tly small that the terms 
containing Bo may be neglected 

c 

dk loca1 
dC 

ciA 
Qc 

1 + ABo + 8 k looa1 + c dklocal 
de 

ciA 
(A + 8 A + c To) Bo 

(8klocal-BJA)+ C(·dklocal -Bo~) 
dc C 

o == (Sklocal - BoSA) 
Qk, 

(_ 10cal+8 dA) 
do ado 

CASH IV. Unit'orm inorease in reaotivity followed by.1nsertion into 
region at' control at' absorbent material just suffioient in amount to 
maintain reaotion at steac:ly level. 

Value at' local k in region of control 
after 108S at' coolant or similar oha.D.ge 
and subsequent insertioD o~ absorbent 1 

Depression in local k requIred of absorb-
ent 8kab ... A Bo + Gk10aal 

Conoen:tratlon o~ boron or spaoing between 
oontrol rod. 1n region of oontrol de­
tel'll1ned by 4kaba 

.~;: -~;;~~\ . ~~'J 
.~ 

'I 
-..,.-

Bq. 2'2.5 .. 18.d and Figure 
22.5.23· 

3J.f~ 

22.3.44 
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SURVEY OF CONTROL 'THEORY 

Table 22.3.L4 - Conla. 

Migration area in region of control is 
altered but precise value is irreleyant 
because no leakage occurs from region 
of constant buckling 

Value of local k outside region of control 

Leakage factor outside region of control 

Buckling of neutron density outside region 
of control 

Recuired size of region of control com­
pletely determined by Bl and dimensions 
of pile 

1 + A Bo + ok
local 

+ 8k A Bo local 

A B + Gk10ca1 o 
Bl = A + oA 

Figt:ret$ 22.3.54 
22·3·55 
22.3·56 

CAS~ V. Uniform increase in reactivity followed by insertion into region 
of control of absorbent material just sufficient in amount to leave 
overall excess multiplication factor equal to ke • In the case of 
practical importance, ke is to be negative, of the order of -0.5% or 
-1.0%. to guarantee quick shutdown of pile_ Rate of shutdown given 
in terms of ke by Fig. 22.7.34. 

Average value of buckling in region of con­
trol for case of optimum disposition of 
absorbent 

Value of migration area in re6ion of con­
trol 

Leakage of .neutrons from region of control 
Value of local k desired in region of con~ 

trol after loss of water and subsequent 
insertion of absorbent 

Depression in local k in region of control 
required from absorbing material. 

Concentration of boron or spacing between 
control rods determined by 0kabs 

Fraotion of neutrons available for leakage 
in portions of pile outside zone of con­
trol 

Migration area outside zone of control 
Buckling of neutron density outside the 

zone of control 

Required size of region of ,control Com­
pletely deterrr.ined by Bl and d~ensions 
ot pile 

o 

Irrelevant 
o 

ke 

Skabs = A Bo + Sk10ca1 - ke 

Figure 22.5.23 

A Bo + Sklocal - ke 
A + 8.-

B :.: A Bo of S k 1oca1 - ke 
1 A + SA 

Figures 22.3.54 
22 .3. 55 
22.3·56 

~~ .IS 

22.3.44 
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SURVEY OF CONTROL THEORY 

7nbl~ 22.3.44 -Con!c __ . __________________________________________________ ~ 

CASE VI. How much overall excess multiplication factor will result 
for an arbitrary size and shape of the region of control and an 
arbitrary - uut con£tant - concentratiun of absorbers in this region. 
No r.:eneral sc.h:.tj.m of thls problem is available, but the problem it 
oalf can be translatod into e purely r..athematical form as follows. 

Local multiplication factor and mibrn­
tion area outside zone of control do­
tarnined by properties of ?ile. 
Chapt6rs 15 and 16. 

Local multiplication factor and migra­
tion area inside zone of control 
determined by properties of pile and 
concentration of boron or spacing be­
tween control rods. Eq. 22.5.lB.dor 
Figures 22.5.23. 

OVerall excess multiplication factor to 
be found in terms of above four quanti­
ties, dUr.ensions of pile, and dimen­
sions of region of control 

Buckling of neutron densi~ outside 
Tablon of control 

Buckling inside region of control 

k' At 
local' 

kif A" 
local' 

ke 
B = Bf= k'local - 1 - ke 

At 

B = B": k"local - 1 - ke 
Aft 

Conditions determining variation of 
neutron density throuGh pile. These 
conditions can be satisfied all at 
onca only when ke has one particular 
value. Dete~ination of this value 
solves the problem 

2 2 
(a)~ +~ + 

ax 0:,2-
,32 
::.:::n + an = 0 
oz2 

Growth of ?ower outp~t ~iven as a 
fUllction of ke 

(b) 
( c) 

n = 0 at boundaries of pile 
n positive throughout in­
terior of pile 

Fig. 22.7.34 

~~8 

22.,.41+ 
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SURVBY or C05!'ROL !BBORT 

u..ving determined as indicated 1n the preoeding table tlw required 
10s8 of local multiplication factor within the zone of oontrol, we are in 
a position to deduoe the neoessary concentration of boron or the proper 
spaoing between oontrol rods. For a qualitative treatment of this point 
it is sufficient to inspect the survey of typical control devices pre­
sented in ~able 22.3.12. A more detailed analysis may be carried out 
by the methods of Seotions 22.4 and 22.5~ 

22.3.45 

22.3.45 
Conc('3ntration 
of absorbent 
or of rods 

The optimum size of the region of oontrol is not given directly in 22.3~ 
survey Table 22.3..44 but follows f'rom the value given there f'or the Peripheral 
buokling~ BII of the neutron density outside this region. This quantity, buckling 
together with the dimensions of the pile, allows us to find the proper determines 
size for the region of' oontrol. Table 22.3.49 and. Figures 22.3.55 and 56 size of region 
give the relationship between these two quantities in cases where the of control 
mathematical analysis may be carried through without undue complications. 

~he connection between peripheral buokling, BI , and required size 
of the region of' control follows in a strai~t-f'orward way from these 
prinCiples: 

(1) The neutron density vaniahes at the effective- boundaries of 
the pile. 

(2) The ne~tron density is positive everywhere within the pile. 

(3) The neutron density has a constant magnitude within the 
region of control. 

(4) The ne~tron density and its first derivative are continuous 
throughout the pile. 

(5) The neutron density satisfies outside the region of' control 
the equations . 

() 2n/~x2 + ~Cb/o? + 02n/o z2 + BIn = 0 (22.3..41·a ) 

Only for one very particular size and shape of the region of control is 
it possible to obtain a representation of the neutron donsity which will 
satisfy these conditions. In other words they determine not only the 
neutron denal ty itself but also the size and shape of the reg'ion of con-
trol. . 

22.3.41 
PrinCiples 
of determina­
tion 

The solution of the mathematical problem just formulated is relative- 22.3.48 
1y simple when the pile has a form of a sphere or of a oylinder infinite. Size of region 
~long the axis or of a slab infinite in two directions. Symmetry ~ives for simple 
tr~ shape of the region of control in this instance and only the size geometries 
remains to be found by application of the stated principles. The mathe-
~~tical details are presented in brief form in Table 22.3.49· 

"~ 
May. 1944 
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Table 22.3.49. EXACT CALCULATIONS OF SIZE 
Aim SHAPE OF OPTIMUM REGION OF CONTROL 

Size depends on: 

.,' '"\ BQ' bucklin:; of n:<lutron de!'lsity throuc;hout pile before control is a?pl1ed. 

e 

Bo is fixed by dimensions of pile. 

Bl • bucklinG outside region of control after sufficient absorbent is 
introduced inside to reduce to zero the buckling there. The circum­
stances of control determine the required value of Bl as indicated in 
Table 22.3.44. 

Basis of calculations in text, paragraphs 22.3.47 to 22.3.48. 

Application of calculations to spherical pile in Fig. 22.3.55. to 
cylindrical pile in PiG_ 22.3.56. 

/J trut~ I I~ensity I 

o TC R 
distance from center of pile ..... 

Shape of pile 
Slab infinite I cylinder in­

in two directions finl te in one 
direction 

Dimension of pile 
Dimension of region or 

control 

half thickness R 

laIr thickness r c 
Neutron density before 

absorbent enters 
Buckling Bo throughout 

cos( "IT r/2R) 

pile berore absorbent I 2 
enters (1.5708/1) 

Buckling iliside region 
or control &f'ter ab-
sorbent enters 

Neutron density inside 
region 01' control atter 
absorbent eutera 

Buokling B1 outsido 
region of oontrolattex 
absorbent enters de-
termiDe4 as indicated 
in table 22.'.lJ+. Pol' 
OOJIVen1enoe in oaloul&­
t1on8"we de.t1D.e a a.1 
00Datant b in tezu o£ 
81 ' I 

o 

I 

b2 = 81 

radius a 

radius 1'0 

J o (2.4al.B ria) 

(2.404B/I)2 

0 

1 

b
2 

D Bl 

31a 

Sphere 

radius R 

radius 1'0 

'OV'lI'r) (sin'll'r/R) 

(3.1416/1)2 

0 

1 

b2 ::z 81 

22.3·49 

22.3.49 
Solution 
for size in 
simple cases 

lILy.l9la4 
I 

'I 
-*-1. 
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SURVEY OF CONTROL THEORY 

Expression for neutron 
density outside re~ 
of control which has 
buckling b2 and has 
zero slope and unit 
~~gnitude at r = rc 

Condition that neutro~ 
density vanish at bound­
ary of pile gives equa­
tion from which to find 
the radius rc of region 
of control in tenns of 
the dinensions of the 
pile and the known quan­
tity b2 = B1. 

Graphic presentation of 
solution 

cos b (r -
(.~rc*l(brO>No(br) (lfor)[sin b(r-ro) 

rc.~ -Nl(brc)Jo(br)] + brc oos b(r-rcJ 

brc = bR _'ii 
Jl(brc) Jo(bR) 

~ 1 (br cr No (bR) 

brc=tan(brc-bR) 
(; tan e.· .... here e 
is a convenient 
jrnrruneter in 
iterms of which to 
do calculations) 

Not ~iven Fig. 22.3.55 Fig. 22.3.56 

22.3.49 

In cases where the shape of the region of control is not determined 22.3.50 
by symmetry considerations, the purely mathematical problem of finding the Two methods 
size and form of this zone is in general quite complicated. It is there- of approxima­
fore fortunate that two methods of approximation exist, one of which gives tion in 
a relatively accurate determination of the required size of the rcgion general case 
of control witrlOut a precise limit of error, \it.ilst the other givc.::; 0. 

qui to certaiIl upper limit to the size. Both methods are studied nost 
easily by considering a specifio example. A pile having the shape of a 
rectangular pri~ is to be controlled by dropping into it absorbent rods 
which will pass completely throueh the structure from top to bottom. 'the 
yertical variation of'the neutron density is represented by a cosine 
function with the &&me ar~ent after the introduction of the control rods 
as before. The buckling of the neutron density in the vertical direction 
1s una'ltered. We have therefore only to consider a two dimensional 
problem: .to doscribe the shape of the region of control by a curve drawn 
in a horizontal plane. wp.en a la.ree a:r.ount of control is desired this 
curve includes nearly the whole oi' the pile and. has the shape of a reo-
tanlle only slilhtly rounded at the corners. In the opposite case vmere 
only a slight degree of control is required the region of optimum dispo-
sition is evidently one on which the neutron density has nearly its 
~ximum value, an ellipse. It ic difficult to find a set of curves 
~hich form .the proper transition between the small ellipse and the large 
pseudo-rectangle. We therefore approx1ma te the region of control by a 
rectangle. Between it and the boundaries of the pile is a band of con-
stant width. A region of control of this shape is not quite the optimum. 
Consequently, the area of this rectangle must evidently be somewhat larger 
than the surface of the proper zone of control. Within the inner rec-
tangle we reduce the buckling of the neutron density to zero by insertion I May, 1944 
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SURVEY OF CONTROL THEORY 

of a sufficient concentration of absorbent material. By the line of 
reasoninG outlined in Table 22.3~ we k~ow tho buckling, Bl_ outside 
this region. Let us take the width of this band to be "V/2B1ft. We shall 
see that this choIce guara."ltetls that the region 01' control will be big 
enoubh • 

To prove that v.-e have a certain upper lL-nit to the size of t.lte 
region of control, we shall show that the pile requires internal sources 
of neutrons to keep it operating. We shall locate these sources along 
the four diagonal lines which ru.TJ. from tJach corner of the rectan£le 01' 
control to tl:e correspondinG .comer of the pile. Everywhere within the 
pile except on theso lines the neutron density will satis1'y the conditions 
of 22.3.47. provided we write: 

(1) 

(2) 

n = 1 within inner re~tan$le. 

- - [B! (perpendicular distance fran)] tth~ 
n - Sln 1 nearest boundary of pile W • 

band. 

peripheral 

Even at the diagonals themselves the expressions 1'or tho neutron density 
in difforent regions join together continuously. Only the first 
derivative is discontinuous. Here is the important point. The sense 
of the discontinuities in the nonnal derivative of the neutron density is 
s~lch as to indicate a net outwa.rd flux of neutrons from these diae;onals. 
We concluc.e that sources are required to make the pile i'unution. In the 
aosence bf such sourc..,)s 've therofore hAva a. certain upper limit 1'or the 
size of the region of control required to shut do'Ml the pile. 

Wiener- has ge:'lorali%ed the f'oree;oing method of guaranteeing a safe 
size for the region of control. The pile is divided up into regions in 
each one of which the neutron dend ty is represented by an expression 
tr'At satisfies the conditions of 22.}.47. The expressions must be such 
that the boundary conditions at each line of. join of two regions can only 
be satisfied by placing there a ~ource 01' neutrons. Then it is certain 
that the pile will not function l'lith a reGion of control 01' the selected 
size anc. sl~pe. If it is impossi~le to chooso the r0gio~s and to set up 
the solutions in such a way as to evade sinks at one or f4~other boundary 
line. then the region of control is not bie enough to insure safety and 
must be enlarged. By follawin!; cut in detail this procedure of iiigner t s 
it is possible in lJrinciple to inlt}rOVO to an urbitrary degre(;l of preCision 
on the rectan~ular approximation to the r~gion of control. However. for 
present purposes the rectangular approximation will suf1'ice. 

WhtJn a rE:lasonably accurate ides. 01' the size of tho ree:,ion of control 
is preferred to a certa.in upper ::.iwit to its Ir./lgnitude. then another 
Ir.etr.oc of analyt:is uff",l-:> ittielf. To develop tLis method we go back to 
the [unda.rr.~ntal ",quation for the ·dr1..uff.l neutron donsi ty: 

73~/ox2 +'02n/'J'; +:3~/oz:2 + Bn = 0 (22.3.53.a) 

"E.?- Wilner, private co:m:::u:1ication of unpublished work. 
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SURVBY or COBftOL 'l'HBORY 

Here the buckling. B. is aero within the region of control and equal to 
81 outside. we multiply the equation through by n and integrate by 
parts. obtaining the relation: 

j.l'hOlO [~rllVa x)2 + (0 n/-o y)2 + ~n/o z)2Jd (vol) 
Bl = I n2d (vol) 

peripheral (22.3.53.b) 
region 

It will be noted that the nwnerator on the right hand side does not 
explicitly contain any referenoe to the size of the region of oontrol 
while the denominator oontains this mae;nitude in a quite evident way. 
Imagine therefore that we know the proper expression for the 11outron 
density or a good approximation to it. Then Eq. (22.3.53.b) provides a 
means to evaluata tho required size of a region of control of any select­
ed shape. Naturally. the better chosen the approx1;nate expression 1'or 
the neutron density and the more reasonable the assumed shape, the more 
accurate will be the size 01' the region of control calculated fram in 
this way. To employ the present method of approximation to the Greatest 
advantage" it is desirable that the assumed expression for the neutron 
density should have disoontinuities neither in its functional value nor 
in its first derivative. Such a function is readily developed in our 
exa~ple of a reotangular, pile with n rectangular region of control sur­
rounded by a border of constant width, w. The approximate function, n. 
is chosen as follows: ' 

(1) n = 1 wi thin in."'1cr roctangle. 

( _ 1-:_ /0. perpendicular distance from 1 .. . 
2) 11 - sin L(" t .... •v) r nearest boundary of' pile )J Wl.thl.n por1pheral 

band, except in corners. 

(3) n = in [(1i;2w) (?erpendicular distance f'rom)J 
s nearest bo~dnry of pile ~ 

. r perpendicular distance f'rom)l 
sl.n~II/2w) ( nearest boundary of' pile J in COlner soctions 

of peripheral band. 

It is evident that tilis choice for the fu.'1ction, n. sa.tisfies our con­
ditions of continuity. The inteGral (22.3.53.b ) is now easily evaluated 
to give a relation between peripheral buckline and size o~ the region of 
control. Tho size calculated from this relation is eenerally srualler 
th~'1 t:>at deduced by the more conservative ~ethod described in the 
previous para~ra.ph. This point is illustrated by reference to Fig. 
22.3.54 w::'ere there 3:re biven in graphical f'onn results of the calcula­
tions just outlined. Accurate calculations i'or the cases of sphere and 
cylinder along the lines of Table 22.3.49 are likewise presented in 
Fi~s. 22.3.55 and 22.3.56. We conclude that we possess adequate means 
to determine the size of the region of control in problems of practical 
interest. 

lflS' 

22.3·53 
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SUJm!iY OF COlftOL mBOllY 

It may provide a. belpf'ul SUIlIIIIIlry of the considerations in this 
section to outline their application to the problem of quiok shutdown ot 
the Bant'ord. water cooled pile. Experimental results available at the 
t1me ot design indicated that 10S8 of 'Water by piping failure or other­
wise would cause an inorease in the local mult1plication faotor about 
2.5 percent. It was considered necessary to be able to over-oompensate 
suoh an increase in k with enou6h ~ontrol material to give an overall 
multiplIcation factor less th&n unity by about 1.0 peroent. Such a 
deficit. according to the curve of Fig. 22.7.}4, will cause the fission 
power output to fall to 5'percent of its original value in 80 seconds. 
It was not oertain at the time of design whether the pile would contain 
1500 tubes' or 2\Xl4 tubes. The larger number of tubes would oall for a 
larger region of control but no greater or less concentration of absorbent 
within the region of control. The control system 1IJD.S therefore designed 
on the basis of 2004 tubes loading. Correoted for the contribution of 
the 'graphite reflector. the effective dimensions of th~ pile could he 
considered in a certain approximation to be those of a reotane;ular prism 
}O + 700 + 30 = 76iJ 0111 long and 41 + we + 41 = 1060 om square. The 
reaotivity was assumed to be the same throughout the struoture, with no 
allo~oe for central poisoning which might be introduoedto giv~ more 
nearly uniform ?O~~r distribution. The control rods'completely penetrat 
the pile. Therefore, the vertical component of the buckling remains 
unchanged and we have to consider only the horizontnl components of the 
b\lckling. 

We model our analysis of the Hanford safety control syst~m alon~ the 
pattern of Table 22.3.44, CASE IV, as follows: 

22·'.57 

22.' .. 57 
safety oon­
trol of 
Hanford pile 
as e:xample 

22.}·58 
First step 
in analysis 

"" 

. ~ 10f safety . Quantl ty l!Ar;:J.i tude system 
Buckling. (/(/760)2 + 2( .. /1060)2. of neutron l~ lxlcr6+ 17.6x10 

density bofore absor'uent ~ntors = 34 .. 7 x 10-6cm-2 
tU£,rntion area 587 cr;J.2 
Local k before loss of ~uter (proJuct of 

last two items plus unity; 
Assumed gain in local k on loss of water 
Local k assumed after loss of water 
Uigration area aft~r this loss 
Vertical co~ponent of bucklinb 
F:-action of nO'..ltrons 'lost b:r leakage out of 

top Ilnd bottom of pile, ?roduct of last 
two quanti tie::. 

Excess of local 1: over this leal:a~e factor 
Overall ~ulti?lication factor for wholo pile 

to quick shutdown 
, I~cal k to be compensated within region of 

contro::'; given by difference 
Transverse leaka&c factor required in peri­

pheral zone 
}.~igration ar:ea there 
Transverse buckling of neutron qensity requir­

ed outside zone of control. (quotient of 
last two items) 

Transverse buckling before entrance of con­
trols or loss of water 

1f51jJ 

1.0204 
0.0250 
1.0454 2 

607 ~6 -2 
8.8 x 10 cr.. 

0.0053 
1.0401 

0.9900 

0.0501 

0.0501 '2 
Wlam 

82.6 x 10-6cm-2 , 

25.9 x 10-60111-2i 
May, 1944 
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SURVEY OF CONTROL THEORY 

Tho ~ize of the region of control is set by the transverse buckling 
in the peripheral portion of the pile. 6 Accordine to the table, tr~s 
quantity has the value, Bl = ~2.6 x 10- , as com~~red to the orig~al 
value of the transverse buckllng. Bo = 25.9 x 10 • For the rat~o, 
Bo/BI' we have the number 0.313. This is one of the quantities we re­
:juire in order to .use Fig. 22.3.54. The othei·, the ratio 1060/760 = 1.3' 
of pile lengt~ and width, falls between the values given in the chart 
in qu~stion. We therefore interpolate. and find for dimensions of the 
re6ion of control the values listed below: 

Fll11y loadod I Dimensions I Dimensions of region 
Hanford pile of pile,em ontrol em 

Probable;UppEn limit 

Width 760 0.512 0.545 389 41.4 
Length 1060 0.650 0.672 689 714 
Area 18.05xlc9cm2 12.68xl@J 2.c;6xl05cm2 

The layout of the safety system as finally designed 1s illustrated 
in the following diac;ram, dravm to 1/100 of full size. The outline of 
the pattern deviates sliGhtly from a rectangle in the direction to be 
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SURVEY OF CONTROL T.dEOKY 

expected from a more accurate calculation of the shape of the region of 
control. The 29 rods each have a zone of action sQ;n x 32" or 
127.5 om x 81.3 c::m, comprising an area of 1.037 x ).O~2. The area of 
the region of control is therefore 29 x 1.037 x 104 = 3.01 x 105~. very 
slightly in excess of the maximum requirement listed in the above table, 
~d 12 percent above the probablo needed area. 

In addition to an adequate size, the final safety sy~tam l~s more 
than enough local oontrol power. Tile required reduction in local re­
production factor in the reeion of oontrol is 0.0501, aocordinb to the 
analysis of 22.3.58. This ~s ~o be accor.:plished by rods enol-> of which 
acts Ion a zone of 1.037 x l~c::;m , equivalent in area to a ~ircle "with 
radiusR = 57.5 am. The rods as finally designed aro steel tubes, 2; ~ches in out~ide diameter, with 3/16 inch wall thicknoss, and contain 
l~ percent of boron by weight. A rod of this design, acting in a zone 
of the given size, is calculated in 22.5 to lower the local ~ultiplication 
factbr by 0.0605.'1 percent more than the required amount. We conolude 
that the Hanford system of emergency control,under the ~3sumed conditions 
of o~peration. has a considerable margin of safety. 

, 
, 
I tie have completed the discussion of rods located in an opti:mun 

reg~on of control a.."ld rr.o.y now discuss briefly the ::luch more complicated 
cas~ of strong absorbers disposod in some othor pattorn. Consider as a 
simp,le example the interaction between two control rods. Insertion of 
the ;first one lowers the relative value of tho" neutron density nearby .. 
raises it farther a~.y. The second oontrol rod will therefore exert 
lea~ effect than before if it is close to the first rod, more effect if 

.at some distance~' The shadowing effect of one rod on a neighbor is 
il14strated by experiments of Zinn and Anderson. on the first chain re­
act~g pile built at Chicago. 'l'he controls wera two strips of cadmium 
8 feet long and 2 inches wide. Tho effect of either ~lone was enough 
to depress the reactivity below tho critical level. Consequently, a 
spedial procedure was employed to meaGure the effects of the rods in­
dlv~dually and in combination. With both removed, the overall multipli­
cat~on factor of the pUe 1I8.s adjusted exactly to unity by means of 
sup~lementary controle. Then the desired strip waa inserted and a read~ 
log ~8 obtained from a galvanometer connected to an ionization chamber 
in tpe pile. The reading furnished a measure of the neutron density 
which in turn was inversely proportional to I - k (Chapter 14). The 
loss! in reactivity CQuld therefore be measured up to an unknown constant 
of p~oportionallty. This constant drops out when the shadowing effect 
is eyal,uated percentage-wiae .. as in the following table. Here the in­
fluence on the shadowing effect due to separation of the controls is 
qultb apparent. 

I 

, .W. H. Zinn and H. L. Anderson, CP-5ID. Physics Research for Month 
Endl~g 1943 Maroh 6. 
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SURVEY OF CONTROL 'l'HEORY 

First Chicago chain-re- Second rod 45 inches Second rod 90 inohes 
aoting pile. In critical from first rod from fil'st rod 
condi tion with both ex- I Ge.lvaname- ReoiproC?&1 Galvanome- Reciprocal 
perimental rods removed rer reading p~~~~§~n- ter 'reading p~~p~~l~-

Fir3t rod alo:te 
Second rod alone 

\ 6.'Z{ em 
. 4.73 

0.159 
0.211 

6.Z7 CI:l 

6.28 
Sum of individual effects 

, Observed effect of both 
together 2.96 am 

0.370 

0·338 
8.6% 

3.30 am 

0.159 
0.159 
0.318 

0.303 
4.7% Decrease due to, shadowing 

I 

22.3.lR 

An ap?roximate estimate of the ma.gnitude of the shadowing effect is t22•3 •63 
of some interest in the case of the Hani'ord regulating and shim oontrol gnitude 
system. The sum of the effects on k of the 9 rods,considered individual or Banfor4 
ly, aoounts to 0.019, accordine to the analysis of 22.3.25. The actual ontrol 
effect of all the rods inserted together may in prinCiple be detenmined ystam 
alone the lines sketched in Table 22.3.44, CASE VI. We have to choose 
by trial and error such a value of the deficit, - ke' in overall repro-
duction factor, that wo can just satisfy conditions 22.3.47 on the neutroIl 
density. Specifically, we have to solve the fun~arnental buckling 
equation 22.3.14.a in a two-dimensional reGion 760 em x 1060 em. In the 
inner portion of this region, a space 487 em x 383 em, the buckling is 
less than outside by an aoount which is the product of the migration aren 
and the loss in local k due to the controls. To make this problem mathe-
l:".atically rr.B.nageable, we replace che i:mer reGion by u. cylinder of the 
same cross se'ctian, and the rectangular pile by a cylindrical reactor of 
the same transverse buckling. The radii of the two cylinders are re-
spectively 244 em and 474 cm. In each the neutron density is representee 
by eo Bessel function, tho argument in which depends on the local buckling. 
The two functions oust he.ve the same value and slope at r = 244 em. This 
condi tion fixes the value of the buckling in each region. Comparing the 
value in the outer region with the value before' insertion of the 9 con-
trols, we have a measure of their total effect. We multiply the crange 
in buckling by the migration are& and find for loss in k the figure 
0.017 :t 0.001. liera the unco~inty arises from the imperfect equiva-
lence between cylinders and rectangles. The difference between the 
total drop in k and the sum, 0.019, or the individual decrements is 
0.002.! C.OOl, a r.:easure of the shadovline; effect in the Hanford control 
system. In macnitude this effect is comparable to that of 1 of the 9 
rods. 

t.~t of }'ig. 22.3.65, it is again possible to calculate their combined iog of 
-"nen a n'.l.'!!oer of rods enter [1' cylindrical pile in a pattern like e 22.3.64 

effect by an application of the properties of Bessel functions. However, ontrol rods 
we srail do no more with this case than to refer to contour diagram which 
shows how the distribution of neutron density is affected by the control 
rods, lILy,l944 
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SURVEY OF CONTROL THEORY 

We conclude the survey of control theory presented in this B.ection 
by considering briefly sheet absorbers, a type of control whioh bas so 
far not fOWld application. study of the nechanlsm of action of this 
type of control.nill permit us to ~lve a simplified aocount of the effect 
of control rods tha:nselves. and thus prepare the way for tho more nearly 
cacplete theory of rods given i~ Sections 22.4 and 22.5· 

The effect on the react1 vi t;,. of a pile due to a sheet at mn tarial 
opaque to neutrons is most simply considered as an alteration in bouridary 
c(":ldltions, 'l"tith no change at all in local reproduction factor. rho 
presence of the sheet buckles the neutron density morc Iltrongl;y than 
before. Thus more neutrons escape by migration to the outside or to the 
new absorber. !he produot or the increase in buokling and the nigration 
area gives the 108s in overall multiplication faotor: 

ok = A SB (22.3.67.a) 

The actual evaluation of the incr_se in buckling due to control 
sheets ot arbitrary torm 18 ... oomplicated mathematical problem. For 
certain simple types of geometry. however. the solution may be found by 
the method of sepa.ration of variables. Fig. 22.3.t::I? illustrates the 
case of a cylindrical pile. In this figure all the examples represent 
instances where the neutron density can be expressecl in the torm ot a 
product at functions, eaoh ot which depends on only one ot the three 
cylindrical ooordinates: 

r.. d1stall.C8 frc:an the axis. 
z, distance frca the median plane. 
e, angle ot rotatiOD about the axis. 

'flm. 'W have 

where 

D - ooa r. (a - .~) 008 n8 In(br) (22.3.66.a) 

n i. an intecer. O. 1. 2. • • • 
b 1. a 'oonstant so oboseD aa to nake the .neutron denait;y 

"IaDiah at the proper 'VILlue ot r. 
, and .~Lare ccmatant. 80 obosen as to -.ke the neutrGD 

dca1V WD1ah at the proper ft.lues o~ ... 

!be e~teot ot the sheet Gontrols 1. anaqaed. as 1"011-. i 

LoDcltud.1M.l lNokl1ng ot (22.,.68._). Jl. 
IJ.'rarumtrn buokl1n&. ;Z •. 
Bu.okling before .heet. _tere4. ex-

pres.ed in teras o~ "bolpt. h. o~ 2 2 
oyliDdar aDd it. ra41u. a. (1r/h) + (2~;') 

GlaDe- 111 anall aultlpl1_tJ.ca 
taotor due 'to abee1:a. 

6'k - A (~ + 11".. 1(2/11- - 2_ /aa, (22.3M.b) 

/[)cia 

22.,.66 

22.3.66 
Sheet 
absorbers 

22.3.67 
Sheet. change 
boundar;y 
oond1tions 

22.3.66 
lb8mple o~ . 
sheet 
ooutrola 
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80lmn OP COftllOL !HBOJl'f 

Bvaluatlon of thIs tormula In Pig. 22.}.69 for the case ot a pUe 700 aD 
high and 500 em in racllus glves an impression ot the relatlYe effeotive­
ness ot various tOr.m8 ot absorbent sheets. ~ ettioienoy ot con­
trol evidently results when the pUe 18 subdivided into portions ot 00Il­

parable size. !'he controlia no sater than its weakest link - the re­
duotion in overall 1c in the largest subdivision ot the pile. 

As tinal ancl moat ~portant ezample ot a sheet control,we consider 
a large cylinder ot neutron absorbing material passed through a oylindri­
cal pile along its axis. We simplify in tour respects as compared with 
the fuller theory ot oontrol rods: 

(1) 
(2) 
(}) 

(4) 

The rod is at the center of the pile. 
The pile is cylindrical. 
We assume the rod is opaque to both fast and 

thermal neutrons. 
We assume that the neutron density falls to zero 

at the surt'aoe of the rod. 

The longi tudinal ~c1cling ot the neutron density has the same value, 
(" /height of pilef, before and after the rod. ellters. Consequently, we 
need only consider the effect of the rod on the transverse variation ot 
neutron d.ensity. !'his variation Ml.S originally described by the Bess'el 
funotion, Jo(2~a4B rIa), where R is the radius of the pile (see Pig. 
22.}.71) • After the absorbent oylinder enters, the racl1a1 variation 
ot the neutron dand ty is described, outside the cylinder by a linear 
cambination of the regular and irrebular Bessel functions of order zero, 
whioh correspond. to the sine and cosine functions of trigonometrical 
analysisz 

n = t Jo(br) + g .o(br). (22.}.70.&) 

Hore f and g are numerical coefficients and the square of the quantIty,b, 
represents the radial buckling of the neutron density. This quantity 
can be oonsidered to be known it we presoribe in advanoe haw muoh the 
rod is to lower the overall multiplication faotor: 

b2 == (original buckling) + (change in buckling) 

= (2.4048/R)2 + (cSk/A) (22.3.70.b) 

We find the size of oylinder required to procluoe the presoribed 
change in k by the following reasoning: 

(1) The neutron density vanishes at the surfaoe of the pile. 
Hence -glf = J o (bR)1 Bo(hR). 

(2) The neutron density vanishes at the surface, r = r o ' of , 
the cylindrical control. Consequently, -&If = Jo(brJ!Wo(bro) 

(3) Quantities equal to the same quantity are equal to eaoh other: 

Jo(bro)!Bo(bro) = Jo(bK)/loCbK) (22.3.72.&) 

5"15 

22.,.68 

22.}.70 
Idealised. 
cylindrIcal 
oontrol rod 

22·}.72 
Solution tor 
radius ot rod 

May, 1944, 
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SURVEY OF CONTROL THEORY 

The last equation Gives the unknown radius, ro. in tu~s of the two 
known quantities, the radius. R, of the pile and the final value of the 
trans~erse buckling, b2. The relation is readily applied, either by a 
process of trial and error with the aid of a table of Bessel functions, 
or direct1;/ b;,' use of the outer nomographic spiral in Fig. 22.5.23· 

22.;.72 

EXAMPLE. The overall ~ultiplication factor is to be reduced by 22.;.7; 
1.5 percent in an operating cylindrioal ~ile 500 em in radius where the Diffioulty 
neutrons have a mi~ration area of 700 em. How big a cylindrical oon- of strong 
trol should be i~serted along the ~is? The ori:>'inal tra.iJ.8Verse buokling oontrol with 
was (2.4048",00) = 2~1 x lO-6em-. The requir~ gain in buckling is a single rod 
O.Ot5/1~ = 2l~ x 10 ,making the total transverse bu9k1ing b2 = 44.5 x 
10- em-. Thill quantity. b, has the value 6.68 x lO-;om-l and the 
variable. bR = 6.68 x 10-3 x 500 = 3-34. We solve (22.;.72.a) for bro 
with the aid of the outer spiral in Fig'322.~.23, finding bro = O.}4. 
Dividing this quantity by b = 6.68 x 10- cm- • we obtain for the required 
radius of the absorbent oylinder the figure r 0 = 52 am. In this instanoe 
the radius is suffioiently large in oomparison with the square root of 
the migration area to make the present approximate theory reasonably re-
liable. It is apparent fram the result how difficult it Is to obtain a 
laree amo~t of control with a single control rod. A n~ber of smaller 
rods are ~uch more oonvenient. Their effect on the loc~1 multiplication 
factor cannot however be esttoated reliably with the present simplified 
form of control rod theory. 

the survey ot control theory presented in this seotion began by 
distinguishing two .factors in the action of an absorbent. '!'he first of 
these, the reduction in local multiplication faotor. was brie.fly dis­
cussed and will be e:l&mlned in more detail in Seotion 22.5. the seoond. 
faotor, the influence ot the location of the control on the overall multl­
plica. tion factor. was analy!.ed in detail both .for ind.i vidual rods in 
arbitrary locations and for groups of rods disposed in patterns of 
optimum e.f.feotiveness. Finally. a disCUSSion of sheet controls has led. 
to a simplified aocount of the aotion o.f a large control rod. and bas pre­
pared the way for the tu.ller theory of control rod.a presented. in the next 
two sections. 

51f~ 

22.3.74 
Recapi tula­
tion 
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EFFECT IVE RADIUS OF CONTROL BAR 22.4 

22~ EFFECTIVE RADIUS OF CONTROL BAR 

The ideal control bar Is a perfect absorber of neutrons of all ene, 22.4.1 
giee and reduces to zero the density of neutrons of every velocity at 1 Actual vs. 
surface. An actual control bar differs from an ideal control bar in ideal control 
three respeots: it doos not have equal action on neutrons of all ener- bars 
gies, it is not a perfect absorber of neutrons', and the neutron density 
outside the control bar does not extrapolate to I'8ro at the surface of 
the bar. Let us consider each of these complications in turn. 

The action of the control substance on fast neutrons will, in genera 22.4.2 
be neGliGible in comparison with its power of absorbing thermal neutrons ppreclable 
A fast neutron reacts with a nucleus with an effective cross-section at absorption 
most of the ordor of magnitude of t~ geometrical cross-section 01' the o~ly for 
nucleus. itself, i.e •• roughly~lO-24 cm2 • On this account, one sub- thermal 
stance has little to recommend it as compared to any other substance for neutrons 
use as absorbent of fast neutrons. The cross-section of the control bar 
material for slow neutrons. however, will nortlally be very large in orde 
to allow the bar to take up the least possible space in the pile. The 
cross-section for thermal neutron capture in boron and mercury being of 
the order of magnItude of 10-21 Ctn2 and that in cadmium and gadolinium 
belng eyen larger, the control bar will ordinarily absorb to an importan 
extent only those neutrons whioh have reached thermal energy. We sl~ll 
therefore ha va to define the effective radius of the control bar only 
for neutrons of t.hermal energy. 

The control bars of interest will have cross-sectional dimensions 22.4.3 
small in cOl:iparison with the size of the pile and even small in compaTi- Dofint tion of 
son to the s;;acing between bars. This circumstance simplifies the' effective 
definition of the effective radius of the bar for interaction with ther~ radius 
mal neutrons •. With the center line of the bar as axis, describe about 
the bar a cylinder whose radius, r. is considerably larger than the 
width of the bar. At the same time we require r to be small in compari-
son with the spacing between bars. Thus the volume of' pile proper to 
one control bar bears to the volume within the cylinder a ratio of the 
order of (spacing between ba.rs/r)2. or (radius of piJ.e/r)2. a ratio· 
which is very large relative to unity. Consequently, we may neglect in 
comparison to the total neutron output of the pile the absorpti'on' and 
production of neutrons in that portion of the structure which is com-
prised between the surface of t}~ bar and the cylinder. The absorption 
of neutrons by the bar will therefore be measured by the net flux of 
neutrons throubh the surface of the cylinder. The surface of tho 
cylinder is proportional to 21Tr. The net flow in across unit area of 
the cylincier is proportional to 3 (neutron density)/~r. The flux depends 
on the proptlrties of tria bar but is independent of the radius of the 
cylinder. Consequently we PAve the relation, 

r o(neutron density)/ar = constant (22.4.3.a) 

55fJ 
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EFFr;CTlVE RADIUS OI<' CONTROL BAR 

Integrating, we find the general behavior of the neutron density: 

neutron density • constant In (r/reff), (22.4.3. b) 

for values of r which are at the same time large in comparison with the 
size of the bar and small in comparison with the spacinz between bars. 
The first constant depends upon the power output of the pile and is of 
no concern here. The constant of inte~ration, reff, however, is com­
pletely determined by the size, shape, and material of the control bar. 
It defines the effectiYe radius of the bar. How to detennine the effec­
tive radius of a control bar is the subject of the followi~ paragraphs. 
The subsequent section, 22.5, then develops the relationship between the 
effective radius and the actual degree of control exerted by the bar. 

r 

An ideal control rod may be considered to be a cylindrical adsorber 
at the surface of which the neutron denSity vanishes. The neutron popu­
lation in the neighborhood of such a bar of radius, r o , will vary as 
In (r/ro). Comparing this expression with (22.4.3.b), we conclude that 
the effective radius of a control bar of any cross-section is equal to 
the radius of that ideal control rod whic~ will have the same effect on 
the neutron density. 

No actual control rod reduces to 2Bro the density of neutrons at i 
surrace. At the face of a perfect absorber the neutron population, n, 
satisfies not the cO!ldition n = 0, but rather the relationship 

n (1\131) a n;3(normai) (22.4.5.a ) 

where A. is the mean free path of a neutroz;l in the enveloping moderator 
(cf. Chap. 11). The neutron density evidently extrapolates to :zrero only 
some distance within the absorber. To find the effective radius of the 
rod, we insert the expression, n = constant In (r/ref!), into (22.4.5.a) 
aud evaluate the normal derivative of the neutron density at the actual 
radius, r o , of the rod: 

In (ro/reff) a (lV3~ro) (22.4·5.b) 

Wf1 solve this equation for the effective radius of the rod and find 
J. 

reff = ro exp(-;t!3~ ro) (22.4.5.e) 

When the I"'l-:iUb of the rod is large in com:;s.rison with the mean free pat 
of neutrons in th~ surroundinG moderator, we have the approximate result, 

reff = ro -A/3i (22.4.5·d ) 

This limitinG formula confo~·to the observation that the neutron den­
sity extrapolates to zero ..:L/3:a em inside the surface of a flat piece of 
cadmium. Equation (22.4.5.e) is presented in graphical fonn in Fig. 
22.4.6. 

5k~ 

22.4.4 

22.4.4 
Ideal control 
rod 

22.4·5 
Completely 
absorbing rod 
embedded in 
moderator 

Aug, 194.3 

I 
_J 

" 



~ '\ 

e 

\, 

... " 

) 

~ 
:< 
I' 

e 1: ;.. 

r 
..;; 
:. 
'" . .... 
a. 

ref,. 
15.0 

10.0 

8.0 

6.0 

4.0 

3.0 

2.0 

1.5 

1.0 

0.8 

• CIRCULAR CONTROL ROD • 
EFFECTIVE RADIUS' OF A COMPLETELY 

ABSORBEHT COHTROL ROD IMBEDDED '" 
A MODERATOR 

,/ 

_ ...bI..­

reH.:' roe 3tro 

./ 

/~ 

/ 

/" 

3.0 

/~, 

2.0 

I.S 

0.6 -1'i' /' 

~/' 
1"":\ 
"j.~ 

NOMOGRAPHIC PEIERMINII.I1T 

3.9'3;" 0 

0.4 -Lg 
. /10: 

..J 
0 

0.3 -:If: 
z 
0 
u ... 
0 

D.t ., 'g 
a « 
cr 

0.151 ~ 
u .... ... ... ..... 

0.10 

0.011 

0.06 

0.04 

~o. 
~() 

(). -b 
~ 'Vo . ;:.l 

"'0 

'" ~o. 
."" .. 

EXAMPLE 

A.= 2.7 OIl. (GRAPHITE) 
tOO 

ro = '2 = 1.27 tM. 

r" •. =0.37 eM. 
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Ili'ICT IV! RADIUS OF C01I'l'ROL BAR 22-4.1 

1 
BlAllPUh A oa4a1ua rod l.Z1 011 in radio 1. pa ••• d uto a graphite- 22.4.1 

ul'&D.lua pile through a .D.Ug bol.. The.-.n tree path. of th.nal neutroua BUmple ot 
in tha aoc:lerator 18 2.1 am. Bow much 1. the .ffectl .... radio of the rod' imbedded rod 
Prom Fig. 22.4.6 we tiDd rert • 0.'1 0IIl. .. "" .. ...~ 

ne .urroundl~ mod.rator haa an Influenoe, on the etreot! ve radiua I 22 -4.6 
ot a oontrol roc:l, .. 1. apparent In the preoeding example. The _teat ot! Rod In caTlty 
~e intluenoe become. clearer when the moderatln& ... ter1al 1. out _.y 
from the ismedlate neighborhood ot the rod. Tbu.., let a cadmium rod ot 
radiu8, ro. be inaerted Into 8. hole ot conaiderably greater radiu8, rt. 
In the moderator the neutron denai ty will be repreaented by the expre.-
&ion n = Do In (r/rett). In the cavity, a~ in a hollow .pace rl11ed with 
black-body radiation, the neutron density will be constant except as it 
is depressed in the iulnedlate neighborhood ot the rod. This depreas ion 
w111 show up when we obaerve the- number ot neutrons moving away trom the 
rod, but will be very little apparent In the tlux to the rod. To calcu-
late this tlux we shall theretore adopt tor the neutron density the same 
value, no In(rVret't). whicb pre'V8.Us at the inner surface ot the 
moderator, and. shall multiply this _lue with the factor, (volocity of 
neutrone/4), whioh gives the neutron flow acrOS8 a unit of area. On 
this baeis we tind that a unit of length or the cont"l rod absorbs 
neutrons at the rate 

211"'r o.(v;4).no In(ri/reft} (22-4.8.&) 

per second.. These neutrons are supplied by diffusion in through the 
moderator. The dif1\1a1on coetficient is viV3 (Chap. 11). '!'he net flow 
illll8.rd acroas 1 em. of length 0 l' tile coy linder is &i ven by the product 

(surtaoe).(dlffusion ooet£lclent).(denslty gradient) 

• 2'1fr • (v¥.5) • (no/r). 2ft"'(v~)no (22.4.6.b) 

Equating the absorption (22.4.8.a) to the net inward tlow (22.4.8.b). we 
obtain a ralation giving the effective radius ot the oontrol rod, 

reff = r1 exp(~~ ro) , (22.4.8.c) 

It 1s apparent from the mathematical fom of the relationship that the 
effectiVeness of a control is increased by a surrounding ~p. Neutrons 
reach the rod wi th greater ease when we remove the moderator which blocks 

( their way .. 

e 

A bar of arbitrary cwoss-section passing through a considerably 
larger hole in the moderator acts on the same principles as the rod just 
disouseed. The fact that the rod was circular affeoted only the calcula 
tion of the absorbi~ surface per unit of length of the rod. 2 "'ro. We 
have now only to replace this figure by the correspondin~ figure, 8, for 

.s'/J 

22.4.9 
Bar of any 
shape in 
large hole 
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EFFEG'.i:' IVE RADIUS OF CONTROL BAH 

tho perimeter of a bar of the cross-section in question. In this way we 
obtain the result 

ref! • rt. exp(-811"A/3s) (22.4.9.0.) 

This relation appears in graphical fo~ in Fig. 22.4.10. The figure 
illustrates that the perimeter 18 to be determined by putting a measuring 
tape once about the bar. A, neutron whioh once orosses the line of the 
tape wi 11 be absorbed, whether or not cadmium touohes the tape at that 
point. 

EW:PLE: Through II. graphite-uranium plle passes a hole 17.7 om 
square for the insertion of a control bar. The bar is located nearly 
centrally in the hole. It 18 made by creasing a long strip of cadmium 
2.94 em wide along its oooter' line and banding it into a right angle. 
nbat 1s the affective radius of the control bar! T~e perlreeter 1s 
s = 1.47 40 1-47 40 ~ % 1-47 II 5 cm. ,The square cavity 'l!JIrJ be taken with, 
sufflchmt aocuracy 2 to be equlva1ent to a oircular hole of the sU!e 
cross-section: 'f( rl = (17.7 om)2. from which r.f • 10 Cl:l. The mean free 
path of neutror~ in the graphite is 2.7 cm. Ecploying the nomograph of 
Fig. 22.4.10, we find from these numbers that the effective radius of tb 
bar is 0.11 em • 

When a. oontrol bar is anall in oomparison to a mean free path, the 
population of neutrons in its neighborhood is little affected by its 
presence. Tho neutron de~8ity varies as 

n • no In(r/retf) = no[l~(r/JU'" In(lIre,ff~ (22.4.12.a) 

Wo oonclude that the constant term in the dansity, 1n(a{reff). 15 large 
in o01l1pariaon with the variable term, In(r/A). This conolusion haa two 
oonsequences. First the ratio. 'Irefi' • exp lnWrett), must be exceed­
ingly great and therefore the effeotive radius of the bar must be very 
small in comparison with the mean tree path. Second, it wl1l be suffi-

I 

oiently acourate for a first approximation to neglect the variable part 
ot the neutron deIlJl1ty. / Then the flux into a unit length ot the oontrol 
bar wl1l be given by the produot ' 

(neutron den81ty).(veloclty/4).(perimeter of bar defined as'in 

• 
Figure 224o.JO) = no In(A/refl) (vs/4) (22.4.l2.b) 

Bquat1ng the rate of loa. ot neutrons to the net dlf1'ualon inward throu 
the moderator, al given by equation 22.4.8.b. we obtain an approx1mate 
relation tor the ,ettective n.dlu of a bar .hole width 1a 8-.11 in CGWl­

parilon 1d.th a mean free path, 

rett"'" A. exp (- S-MI) (22.4.12.0) 

GoA 

22.h.ll 

22.4.11 
Example of bar 
in hole 

22-4.12 
Sr.all bar 
imbedded 
in medera tor 
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bb:'.:..(;,rIVE i...'.J)E'S OE COr::TROL BAR 

A more det;:.iled calculation can be made along the same line of reasoning 
used in the derivutlon 01' Fick's law (Chap. 11). The result i:1Volves 
Euler's c::>nstant, Y= 1.781: 

refr ... ( e'i A/2.r) exp (-8ii~/3s) 
0.462 ~ exp (-8 .. N'3s). ( :::2.4.12.d) 

This expression for the effective radius of a fine uontrol bar imbedded 
1n a moderator can be ev&luated 'n1th the aid of Fig. 22.4.10. It 1s 
only necessary to repl&ce the value of the radius of the cavity by the 
value, 0.462(neutron' 8 mean .free path). which a;>pears in E'!. (22.4.12.d.) 
The discrepancy by a factor more than 2 between the appro:rl.mate fonnula 
(22.4.12.c) and the more nearly accurate Eq. (22.4.12.d) 1s not a cause 
for concern: the degree of control exerted by a bar is more nearly 
proportional to the logarithm,of' its affective rudius than to the radius 
itself. In other words, the important part of ex~ression8 (22.4.12.c) 
and (22.4.12.d) is the quantity in the exponent, which agrees in the two 
casss. This agreement em::.:husizes that the effectiveness of a fine con­
trol bar depends only UP0!l its p·erimeter, as defined in 1'~1g. 22.4.10 and 
1& otherwise independent of its shape. 

&,.J ,,' 

:~2.4.12 

Considerable practical interest attacnes to a control having the I 22.4.13 
form of a long thin strip_ (1) uhen such a strip is il'llI!!ersed in the ~trip control 
moderator, and has a width small in com~jarison with a.mean free path, 
its effective radiuB will depend only Oll its perimeter and will be given 
by Eq. (22.4.12.d) o. t 2) 'IIben the strip passes through the pile in a 
cavity large in comparison with its ovm width, then, whether wide or 
narrow, it has an effective radius given by Eq. 22.4.9.8 and Fig. 22.4.10! 
In both these cases.an ant crawling around the strip will find himself 
bombarded at every point wi th the same neutron flux, and underfoot the 
rate of heat production will not vary fram place to place on his circuit. 
The situation is different when the strip 1s imbedded in the moderator 
and when 1. ts width is comparable with or larger than a mean free path. 
Onder these conditions neutrons arrive at the edges of the strip con-
siderably more frequently than they hit i tscenter. The problem 1s 
closely related to one of electrost&tics. A charge g1 ven to a long th1 
electrical conductor of Ylidth.. ~;ill..,distri bute itself wi th a surface 
denSity proportional to I/tl - (2x/W)')t , where x is the distance from 
the center line. The concentration of charge at the two edges of the 
etrip 1s ;.ui te·marked. The correspondence between the neutron problEm 
and the electrostatic problem ie further apparent from the follOwing 
tab ls: 

b//lJ 
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E:JiHCTIVE E/illIUS 01:0' CON'rHOL Bt.R 

bllSis of 
como'lri son 

Differe:ltial e·--iu::.ttion 
valid at dlst"ln:::es small 
in comparison wi th spacing 
of control rods 

Cor.ditio~ at surf3ce of 
strip 

Heutron 
density. n 

d 2n + .a::::n - 0 

J x::. iJ y2 

n = ~ #n 
:3 i ~ (noI1llcl.) 

Uectricel. 
potential ...... V 

7J2v 

dX)... 
+ 71'2v - 0 

'37 

v "" 0 

-------II - --4,---

Varietion some distance 
from strip of 'nidth w n -In (r/r eff) V-ln (4r/w) 

-----------:-----\----------1-------------------+ 
Coordinate nOl'l:1al to 
:.:lane of strip 

Coordinate in ?lane of 
strip mef.lsured in normal -
direction fr~m center 11ne 

Dei'1::1 tion of t: new complex 
v·~ric:.ble. 9, in tet~s of 
~hich the desired funetlon haa 
a relati vely simple fOlm. 
'l~th of st~ip s w. 

~e function itself is 
given 1n the region outside 
the rod by be real purt of 
the expresslon listed 

y 

x 

x + 1y ". 2:. ws in9 
G 

n + iI:l =- c-19 
<::P 

... ..2ck exp (2i.k'9) 
1'('"-" I 

y 

x 

x + 1y .: i. wsin 9 

v + 1U .. 19 

--\---- -----+--
The boundary cO:1di tion ex­
pressed in tenns of the new 
variable, 9. Equation 

applies only at surface of 
strip 

nl cos 9\ -zit ._ d m 
:3tw"(f1r' 

''-S 

V:rO 

22.4.]; 
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EF.F:::GTIVE HiJ):US Or' CON'ffiOL BAR 

Vr'hen the mean l"ree path of the neutrons is very s:::lIul in compurison 
to the dimensions of the control, then the difforence between the 
boundary conditions of the two ,;Jro,blems can be neglected. Under these 
conditions the effective radlus of the strip will be the same for the 
two problems. Referring to line 3 of the preceding table, ~/e find the 
liei t1ng formula for strips large in, cOlU~JI.!!"l son with a mean free path, 

reff ...........-.- ""1.dth /4 ( 22.4.13.a) 

The error in this limiting formulb. will be of the order ai' a mean l~ree 

ptlth and will be appreciable \Jhen the \' .. idth of the strip 1 tself 1& of 
the s~~e c::de::' of :m;;.g.:i tude. Then a more complete tretJ.tmont i 6 re­
~ui:;:·ed. Such un en3.1ysls has ':Juon given by K. V.r-.:.y. P. F~ Gabt, €lnd 
John ;.. ••• hecl.er, •. hose results' are presented here for the first time. 
'l'!:e oathod of trentment is outlined bl:1'efly in the following t[.ble and 
t!10 conclusions e.re present.ed in g1' "phi cul form in F1g. ",<::.4.15. 

':;:'..::.Jie 22.4.14. ~rJ':..LL.~, J .... ~ .. n;J':'IO.i·J 01' 
,2:·,O:.J...i.: J!. S'l.'!.!? L0h';hOL 

P·-.: ::1:.:u ('ontent I :,:E:therr.a thal l'ormulution ------. -----t----- -_ .. --;;;;;----
ress::..v:, o:t' wun:lury c::>n- I A. 2. 

diti:>r' :'01" ne~tron je;:;.:;it,f in (I -
k ::= 1 

Ck 2k: cos t.; k,Q) 
cP te:rn:.s 0!' 7:..:ridr c;)ei'::'i'::lE::nts 

c !~:ld ~k· 

De!:=!~i): :)f ~ new U~­
lC::OWll 1"..lr .. :"':lon 

~.~ ,: .. i ~:. ~ ......... '. -: !:l'~ ):l 0.: k!1;)ViI: 
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-0 
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k = 1 
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k 

a -':os ::'kG 
.t!. "" 1 

l~ ~I:i:: l~ - ~I) I 
+00 
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EFFECTIVE RADIUS OF CONTROL BAR 

Integral equation for f (g) 
derived from boundary condition 
line 1 

Solve for t (g) by recursion 
process 

Define average value for an 
arbitrary periodic function, 
g (0) 

Average value of f (Q) follows 

r;.:(g) :0 

3. Icos g I (0 + L [reg) 1) 
~ -

r (g)/c = 3a. (cos g l 
~ 

+ (k->2 Ivos Q;x. : cosg : 

+(~iw)3IcOS g: L ,cos g,L ,cosg j 

-r 

'·/2 
_ (l!,,--)""" b (Q) dQ 

- - .';2 
g~~) 

from definition of f (g), line I r[d} = 1-
2 

Ap?lying concH tion in ?Z'oced­
inr; line ,to t:olution already 
obtained for f (g), line 6 

As~nptotic fq~ of neutron 
density at considerable 
distance from control strip 

Val~~ of uffective ~~dius of 
strir 

, 
3~ A 

l/C : ~. 
j 

,3--';,: 2 
T ~~), -c-o-s-g"'--,'L ( co s ~. 

In (r/rcff) ~r: T'eal part of (c - i;;i) 

-real yurt of (c-i a.r~ sin 2 (x r:'~':/w) 

I-

!.. 1 " I \ '4 C I) -L-"l e -- r. ,4r 'Wi = J.n \ 'e r/W 

''to .. /' -c 
\ ... , ~fe 

------t-------.-------- ------
Series for value of c used 'in 
Cvr:::truction of Fig. 22.4.15 

------------. 

,'t t 2 :: 
l/e = (3-.dwf~ ) -. 3:"'wl f ) I .... -c: 1:12) 

j'. • . \-

'3' I ,J,. 2) 
- • ""'-:, ", J .' In ln2 - 'r, ' " 

" I' \ I 

- ~ ~ '-I :(2 I) - _ __ _ _ 

------------------ -------_ ... ~ ----

"'JfI3 

.... 

j 
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EFFECTIVE RADIUS OF OPAQUE 

STRIP OR CBOSS CONTROL 
IMBEDDED IN MODERATOR 

-I--W ---l 

~ ~i 
~~-+ 

w -1 
f"eff = 4 exp t) (i)2 l,tW)31!-4;"";'" 

IF') 1"+--+-4--' --"'--''"1 (~t -0.11)7 ;)( +o.,0480\i7).. 

. . . . , . . ~ . 

EXAMPLE ~ 
EACH STROKE OF CR05S \0 eM 'WIDE; 
IMBEDDED 11'1 GRAPHITE:)...:: 2.7CM 
W= 21 tlO::. 1'l.l'leM. (W/'A.)::: 5.24 
FROM CURVE. (r'eH/W) = 0. 185) 
THUS r eH.:: 0.16S i 1"'.14 = 2.102 eM. 

2 4 G 

WIDTH OF STRIP /NEUTRONIC ME~N FREE PATH = w / "k. P.F.G.'K:~.-J.A.W. 8/lS/4~ 
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!.)1'~W::: ?lu£. siS~., +, ,):'e'': ctroke?f ' .. ;"-:i::n "'.Z::' lL:lf:t'!1. t. From 
f. ":;j!'l' ,)1' t'lls fih::.pe .d.ll be (::,:t.l'uced ~! L!T' ..,,:-ic:' h::.s ~o::tic€-!,·_tlp \'":~ue 
u t ': f':::lt:rol. It ro(~t.;i:'E:;L for its rrntio:;. or..ly a sr.:all 8-;''-I.::e in the pile. 
~ie r;r.d:;~l t~e the eifer.;ti ve l'auiue:.. cf o'..t~h f.t b&T the vdue 0:' ~hE' cf:'ec'tl-;e 
, - d I 
l':dius for <. strip of '::idth w:::: 2.2t. Jr- t!:is busis we 2.l"e :..c.J.e to 7'e~ I 

oft' tho effective rr!:h:.s from }:'lG;. ::'2.4.1:::. T:-,18 ap~roy..imp.te pro.:(-".ure I 

is justified) not by '~!l ::,,::.;curute' '::'L.lustion of the e1'fc~tive ::'~!d.iU8, '".'lich: 
v.oulcl bt"l l.n':';O"tous, hut by i ts cO'{'reet:i~SS in the follo"'ling lUni i.:l::g ~t.ses:; 

( u) -';hen tho dimensions emall i n ~O;,1; :._'1 son '.:i tL .', me ;.;n f:'ee pu t'h) 
':;'1{' t;hf.: blcrs oro imbedded in;· the l:lode:-;.t.oryt~e effe::tive ::;:..,;:i\.'5 1s de­
te:r1"l1.ned 601ely by the perlmeter, f.5 aer'ined 111 .Hr;. 2r~.4.10. 'Ine purl- I 

mete,'s \\·j.J.l be €H:Ulll f,')1' the two sh~~lJes .'.tten %:t t :: '11. (b) ~':.e s!.:'TIle is .: 
';l'ue f'O:~ b~~re 'Of' [;re,\ tel' dimens)'o-Is ;:hen vi~ey :'·1'e passed in 1;urn t~!'Ough 
t~ c:lvity <J:tose ope:1ing is seve:::-cl Umas t:-.e size o~' tht;.! 08.:-'·S. (cj •. '·cn 
the tW() b:.!i~s ere w1.de in compa.:'lson · ... 1 th A !lle~.Jl I'ree iHtU; '_nd (~:,e im'Ledded: 
j n tho mo,1erl.ttor the results of' electrost':1:ic theory C~ be l:ppli(;c. (:s I 

in (;?2.4.13.6). The electricel pot;::;tle.l of :: c~:.:rged strip v::r1es (:t 

(;on~i.derablc t:1is~'nce:: ~.S ln (~, ri":)' Ttl'? ;Jotentici 0:' ,the .:xt::udec br.r 
hc!;) tho dS;"1:'lptotlc . .Il:>:rro, In (4r/2 t). The t .... o nill the::.'efore hl-:.vo the 
SEl!~e effect when 212 t = .~. 

~'·.t..l : 

22.4.16 
E:::.r · ... 1 th 
c!'Oss section 
of 0 Dlus 
sign . 

A bar of rectangular cross section has an effl.:lctive raQiU5 whose I 22.4.17 
value is readily estimated in the following specia.l cases: ~L.!he bar is iHectangular 
jr'!~)edded in the moderator and is srnall in comparison with a !:lean free po.th~ba.r 
Its effect.iveness de?ends only on its perimeter. We UREJ Eq.(22.4.l2.d) 
and Fig. 22.4.10. (b) The bar is passed through f.\ hole whose radius is 
considerably larger than the dimensions of the bar. The perinleter is age.' 
daten.ining. Eq. (22.4.9.a) and Fig. 22.4.10 apply. (c) The bar is 
imbedded in the moderator and is larg;e in comparison with a mean frp<;J path 
One C!'l'l a!:>ply electrostatic theory. as in 22.4.13. Professor E. p. Adams. 
of Princeton UniverSity, !~S kindly investigated this problam and coo- I 
mUllicated his results in the f'orm of a letter. . He finds that the effecti '\lie 
radius of the bar is con:lected with its width and thickness by the para-
metric relations 

width .. E (sin 8) - cos28 K (sin e) 
4 effectivo radius 

thickness 2 ,. 
• E (cos e) - sin e K ,cos el, 

h afrecti va radius 
( 22 .4 . 17 .a) 

"thero E a.nd K are the cOITl.?lete elliptic inte3ralf'. Theso relations are 
presented in convenient graphical form in Fig. 22.4.18. There an attanpt 
is made to correct for the finite mean free path of the noutrons by 
diminishing t~e dimensions of the bar 'on eaoh sido and each face by the 
distance i\. /32 • This procedure is only reasonable when the din:ensions are 
large in comparison with the moan free path. For the case when they are 
of the same order of ma~litude as the moan free path. accurate values ot 
the effective radius are not available. 

(PhS 
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BFPBC!IVB RADIUS OF COBTaOL BAR 

In oontrast to all the control bars 80 tar considered in this 
seotion 1. the oase ot .. partially absorbent rod. Let us tint con-
slder rods .nose 'absorbing power is very small, .so that a neutron has a 
high probabil1ty to go through the rod without capture. Denote by rav 
the value ot the distance trom the axis to the point where the a.verage 
neutron absorbed. in the rod Day be considered to have started its last 
tl1ght. The number ot neutrons absorbed in un! t length ot the control 
18 than given by the produot, 

absorbentnuolei cross seotion, v neat' ray) (22.4.18.a) 
{

number, Ii, ot } {absorption } 

per om otlangtb a, per nuoleus 
ot control 

The number absorbed will be replaced by an equal number diffusing in 
through the moderator, 

21Y r. (v ~ /;). do/dr. (22.4.18.b) 

Expressing the neutron density in tho form n(r) • no In (r/re;.+'f)Jffl put 
the toregoing equality in the terms: 

lla In (rav/ref'f') :: 2'1"r'j\!3. (22.4.18.0) 

Fron:. this equation tollows the of'!'eotivo radhs oJ: e. weakly absorbing baz 

reff = rav exp (-2'1r' ..A./3Na) / (22.4.l8.d) 

The applications o!' this equation are listed in the J:oll~Wing table: 

~eakly absorbinc con­
trol bar with absorption 
cross section No. per 
unit length 

Bar o!' an;:.' cross section­
al shape 1s imbedded in 
noderator and its girth 
is sreall in comparison 
with a mean free path 

9ar of any cross st;}ction­
a1 shape passed tllrou6h 
the centero!' a hole of 
radius r 1 

Expression f'or 
effective radius 
of bar 

O.!I62 A. exp( -2,..,.A!3Ka) 

r,. exp( -2'IY ').,I3Na) 

l:, 71:3 

Reference !'or 
value of rav 
inserted in 
22.4.18.d 

(22.4.12.d) 

(22.4.8.c) 

22.4.17 

22.4.18 
,'eakly absorb­
ing bar 

Aug. 1943 
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In'IC'!'m R&DIUS or .. FIGURE-22.4.18 . 

QPAQUE RECTANGULAR CONTROL ROD 
WHICH IS LdD D C<*PWSOI WITR 'MIl IIIAlI PRII Pi'l'B, A • 0' fBI IfIIJTR(IfS III 1HZ SURROUJrDIJO mDBRAfOR 

r----
RXDtuST \ ."""m_~-' r!2 ---;---.----- -----,---

~~ I f J J ~oi: 

I ~~,---~/-~---- .. -----~;-
_ ____ _ : '--- ' _____ L __ 
.~ UFECTlVE 1fIDTH ----! 

ItU.IIPLE 

.l boron "'"1 b<\r 9 ea. by 12~~£aph1te 

A. 2.~ ca •• V.;t", 1.48 ea. 1 t.ws t.he .ttect.1~ t.hickness 18 S.04 ca, and t.be .tfecti".. 

widt.h 11 9.04 cat. Tbt ratio t. O.5S8 (point ~ on the charll. By -..na ot Hoe 1-0 find 

point. ! and read .Uect1".. w1.dtb/ .tteet.h., radiua = 2.19. The .ttective radius 11 4.13 cm, 
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EFFECTIVE RADIUS OF CONTROL BAR 

Circular bar of radius 
ro, or n'early circular ro exp (-21YA/3Na) 
bar of srune averat;o radius, 
imbedded in moderator 

(22.4.5. c ) 

Dxa.u.ple: An aluminum rod C.3 em in radius, ot density 2.1 pn/cm3• 
passes through a hole 5 em square in a graphite uranium pile. What 1s 
the effective rag,ius of the r~~? Aluminum of ~e given density con­
mini (2.1 gm/em-') (6.02 x 10 /Zl ,gm) • 6 x 10 nuolE[)'- per cc'. each 
with thennal absorption cross section about 0.22 x 10-24om2. ,A neutron 
which ~verses a di~eter will be captured with a probability 
6 x 10 x 0.22 x 10-~ 0.6 • 0.79 x 10-2 • The rod may therefore be 
considered to be weakly absorbing. We apply the second line of the pre­
ceding table. We find the equivalent radius of the hole from the 
equation ~ ri2 = (5 om)2, rl : 2.62 em. The mean free path ot neutrons 
in gra?hite is 2.1_co. The absorbtion cross section per unit lenGth ot 
the rod is 6 x loCc:!cm-3"h" (0.3 cr::.)20 •22 x lO-24J . 3.73 x 1O-3cm • The 
effective radius ot the c~~trol rod is therefore retf - 2.82

6
cm exp 

(-21"r' x 2.7/3 x 3.73 x 10 ). 2.tl2 om cxp (-1517) _ 3 x 10- 58am • This 
number appears ridiculously small until one recalls that prirAry phlsical 
significance attaches to the neutron density. constant times In (r/retf), 
rather than to the affentive rarliHs itself. ThUG, we find that the 
neutron population varies as 1511 + In (r/2.82 em). The value increases 
by 1 part in 1517 when r goes from 2.82 em to 2.118 x 2.82 am. 1.66 cm. 
This variation is perfeotly; reasonable in view of the small absorbing 
power of the aluminum. Uor~over, as we shall see in 22.5. the rod will 

, produce an observable deficit in the reproduction factor ot a pile. 

Whe:l the abeorption of neutrons iil a control rod is neither very 
great nor very small, a mo·re detailed trea:br.ent is required in order to 
obtain the eftective radius. The neutron density varies within the rod 
as the Bessel function, J o (ilt r) (cf. Chap. 14). Here J{ is the 
~cro8copic coefficient of absorption of neutrons in the material of the 
rod (ct. Chap_ 11). The true absorption coetficient is given by the 
product of the concentration, .c, and the absorption cross section, a. 
From the absorption ooetficient we can find the number of neutrons absorb 
ed per em of length of the rod.: 

number ot neutrons 
. absorbed per em of 
length per second 
aenrity of neutrons 
at surfaoe of rod 

- iro 
ca~ Jo(i X r) 2.,....rdr 

Jo · (lJt ro) 

= - 21t" r ol JI(l~ roY cay /;/ J o (iJt ro) (22.4.20.a) 

22.4.18 

22.4.19 
Example ot 
Weakly absorb­
ing rod' 

22.4.20 
Rod of inter­
mediate absorb 
lng power 

!he absorption will be balanced by the flux of neutrons diffusing inward e through the moderator: I Aug. 1943 
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EF'F'ECTlVE RADIUS OF CONTROL BAR 

nll.'llber of noutrons 
diffus.ir.g in per em 
of lenGth per second 
densi ty 0;.' neutrons 
at in,-or ~nce of 
n:cdern tor 

= 2 '1'r' r .(v ).. /3). (l/r) 

In (rl/reff) 
(22.4.20.b) 

For the problems of interest it will generally be a sufficient 
ap;)rox.l.::l8.ti.:m tu oquatc tho donsity of neutrons at tho surface of the rod 
to the ";'~:1si·ty at tho inner i'ace of the moderator. This will certainly 
be the ...:~,sc ·:oi.un tilL two nrc i:1 CO:1tact. We therefore equate ex?res­
sions (n) aud (b) und solve for the effoctive radius of the control rod, 
introd~cin& tho quantity N to represent the n~ber of absorbinG nuclei po 
uni t length of the lAI.r: . 

ref~ =!'" exp _{_2 1""( A. i>( ro J o (i X r o )} (22.4.20.c) 
1 i 3 Xa 2J 1 ( 1}f r 0 ) 

The second frs.ction in the exponer,t is plotted as a function of >f ro in 
Chap. 15. It represents the ratio between the neutron density at the 
s"..lrfa.cc of the rod and the 2.vernge density throubh the intorior of the 
rod. Excc{)t for this factor,our rGs~llt a::reos with that dorived in 
(22.4.l8.d~ for a weakly absorbinG bar. 

Examp Ie: For a str~ctu~l ?:u"pose, a!1 a luminum rod 5 cn in radius 
is ?assed throll~h a snu[, hole in a Graphite ul'anium 1)ilo. Re;;arded as 
a cO:1trol rod, the aluminum has what effective Dldius? For absorpt.ion 
cross se.::-:'io.:1 of t~ alw.inwn we use ().22 x 10-di-cm2; and for~otalcl:oss 
section, 1.G x 10- cm2 • The nuclea.r c.:oncentrotion is 6 x 10 '-10m?-
For val·.lG of ~ho n;acroscopic absorptlon

1
co,.;';:-':'··ic.:ient (Chap. 11) \'10 find 

>l = (; x J02c:. x 10-24 (3 x 1.6 x 0.22):': (1 - 2 x 0.22/5 x 1.6) = 5.8 x 
1O-2 cm- l . ,!,l1us +.he product)€ ro is 0.29. F!'"om the proper 6ro.ph in. 
Chap. 15 we fL'1d that the' ratio of cie!1sity at the face of the rod to 
a.~race defisity throu;;h its interior is 1.0~1: The absorption cross . 
se.:::tion per Wlit of le!1sth is No. :; 'T'r' (3cm) b x l022cm-3 0.22 x 10-24 

cr;-,2 :: 1.:'3 cm. The effective ruLiius of the rod is Teff = :;; cm exp 
~-21'r' x 2.7 CI:. x 1.011/3 x 1.03 or::) = 0.020 cr:.. 

The !'orer;oine; discussion overlooks a nU!!lber of conceivable types o~ 
cv!1trol oar. nowev.:r, almost an! case to be anticipated can be treated 
witI. s .. ff~cient ap .. Jrox~u8.tion by comparison with a known case. For ex­
a!:.ple, ti<ero:: passes t!:rout;h a sn".lg hole in a ~raphito-uranium pile a long 
stri~ of c!1d::ium bent into the form vf a.n equilateral tf'ia.nglo. It will 
·he reasonb.ole to ta~:e the efftlctive radius of this bar to be equal to the 
effective radius of a circular rod having· the same cross sectional area. 
Upper ~ld lower limits on the correct fie;ure can be obtained by compari­
son with rods whose bounding circles will either just circumscribe or jus 

'be circ~scribed by the tri~lgle. If the moderator is not in contact 
with the bar, one can calculate its e~fective radius 0!1 the two extreme 
!1ss;lrr.ptions that (a.) the cavity is large in comparison with the size of 
the bar or (b) the moderator fills the cavity. It is then possible,with 
a little judgment, to est~ate the position of the actual effective radiu 

7D~ 
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22 .4.20 

22.4.21 
Example of rod 
of intermediate 
a.bsorption 

22.4.22 
Types o~ bar 
not considered 
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EFFECTIVE RADIUS OF CONTROL BAR 

in r'elation to the two extreme figures. Finally it is to be recalled 
that the deficit in reproduction factor caused by a centrol roc is more 
closely related to the l06ari thin of the effective ra.dius tr,an to the 
effective radius i taclf. so truit an error of small percentaC;G in the 
effective radius will not significantly affect the ,final conclusions. 

22.4.22 

Table 22.4.23. Comparison of various control bars r~~inG the 
same effective radius. 

22.4.23 
Comparative 
survey of 

============~=======r==================================~~============~lsha.pes of con­

Design of control 
bar 

ApproxiwAte dimonsicns required to give 

cadmium rod imbedded 
in i5raphite 

cadmium rod in hole 

reff = 0.05 am 

1.12 am radius (22.4.12.d) 
0.62 cm radius (22.4.5.c). 

10 cmsquare through 10.76 cm radius (22.4.9.a) 
graphite 

cadmiwn strip in hole 
10 em square through 12.4 cm wide 
graphite 

ca~ium strip imbedd1 3.5 em wide 
io Graphite, 2.2 em wide 

(22.4.9.3 ) 
\ 

(22.4.12.d) 
(22·4.15) 

cadmium extruded in 
form of plus sign im­
bedded in graphite 

maxinum dinens ion 

Same in hole 10 em 
square 

Aluminum rod imbedded 

1.6 em (22.4.16) 

1.7 Ct:I (22.4.16) 

in graphite 15.4 em radius (22.4.20.c) 

:.."eff = 5 CJ:1. 

6.3 Ct:I ra.dius.(22.4.5.c 

23 cm w:ide (22.4.15) 

maximum dimension 
16 em (22.4.16) 

Sole in graphite. fills: 
with water 14.(3 em radius (22.4.20.0) I 14 em radius(22.4.?O.c 

Bollow iron pipe 5 em t wall thickness 
10 rad.ius. imbedded in 0.23 em (22.4.18.d; 
graphite 

-the upper figure 18 more nearly correct. as is evident 00 compari­
son wi. th the CAse dlreitly below. '1'he fIgure 0.62 em Is derived on the 
... aumptiod that ( 1./3~) (dn/dr) • n at the boundary. This result of 

trol bars 

... d.1.t.twslon theory is not ~a:lld tor very small control rods. The derIva-
'., tlon of (22.4.12.d) 1s tree of thi. a86L111lptloo. I Ava_ 11 '1-3 
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EFFECTIVENESS OF COBTROL RODS 

22.5 EFFECTIVENESS Oll' CONTROL RODS 

The ll:.ost satisfactory mothod of evaluating the effectiveness of 
control rods is that due to ','tigner, Weinberg and Williamson. and 
su.tlntarized in n:athematical form by Sq. (22.5.12.a) below. In this 
section we shall outline the derivation of the formula, show that it is 
physically reasonable. describe methods for using it, and check it acainst 
some of the available experimental material. This done we shall have 
completed the last step in presentinb the theory of control rods in a 
useable form along the lines discussed in Section 22.3 and especially in 
t:1S pro;;ram laid down in Table 22.3-44. 

It is fortunate that the treatn:ont of Wigner, Weinberg. and William­
son r;i Yes fairly accurate results because all other practical known 
rle'thods of appro;'i.mntion te!1.d to over-estimnte the, nction of So control 
rod. The only approxilr.a tions rer.:nining; in the present theory are be-
lieved to influence but little tile accuracy of the results: the pile, 
apart from the control rods themselves, is treated as a tomoceneous 
medium, and the moderation of neutrons in this medium is described by 
sirr:plified r;:udol. Apart from these deficiencies the theory takes into 
account the followill~; factors: (1) A difference exists bet\',reen t.'"le 
actual radius of the rod and t:16 rudius which is effective in the (lction 
of the rod on thermal neutrons. The relationship bet"leen the effective 
ra.dius and the actual constitution of the rod has been analyzed in detail 
in the precedinG section. (2) The lo'l'leri.'1G of the density of thermal 
n'eutrcnc 3.:1 the !1.ei,-hborhood of the .·od is treated bv tho standard n:.cthods 
of diff-.,lsion tj,aory~ (3) It is taken into account that few fast !1.eutrons 
are· produced ::'11 regions ',-ihuro t~e thcnnal nDutron d~nsity is :ow. The rod 
is assU!T!ed to ~~ve no direct ".ction on the fast mmtrons. Find.ing a 
si.r:lple way to take this fact into e.ccount WD.S the principal advance made 
by the tr.eory of 'tieinberg t ~iiibner. and Williamson on previous \'Iork. 
:~urray .. had evaluated with hi;;n accuracy the effectiveness of control 
rods in certain Si)ecial cases of im;erest, but the method of calculation 
was too complicated for quick and general application. Plass ..... had 
applied to the problem of safety control of the Hanford pile the standard 
10. t'tice theory desc:ribed in ,Chapter 15. addin~ however a correction for 
tnta non-uniforr.l distribution of nascent ,t:tero.al neutrons. Here again 
the tr'fJ!'. t.":lent ~';as accurb.te but cocplicated 3,S compared to that wh!ich is 
now ava:'lc.ble • 

• E. P. 71i bne!", A. M. Weinberg, and R. R. ''ii11 iamson, CP-1461 nnd 
Err--t'..;..-::., E':'~:'':'ci,J''-':y 0;: 8ontrol Rods wi-.ich Ab~orb only Tb.H7i\£l1 ::Vcutrons, 
1):';. Fe b ':-.l!l r:r 21.+. 

uF. H. 1.:-':::-ray, CP-742 , The Critical Value of the Reproduction Con­
stant k :'Or' a Cylir.drical Pile with e. control Rod which Abs~rbs only 
Tr.e:'!!lB.l Ne',; 1:0:r.5. ::;11..3 June 22. 

·*.Gilbert Plass, CP-964 t Physios Research Report for Month ending 
Ij~3 September 25. 
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EFFECTIVEHESS OF COlr.i'ROL RODS 

~/~en a co~trol rod acts aprreciably on fast neutrons, it~ c~fective­
:'lOSS C~.:l :c ;:~:c""llnted in n ~;trn:~ht-for\Vard vray by sinple I:ot.:':'f:.cation 
o~ t~e t~ecry to be presented bel~r. In this case the contro~ rod has 
to ~u dO~G ... ·:'·)ut. by tv/o ef':cctivc r'ldi:l., OT'9 for f~5t :luut.l'Ollr> .• ml "the 
'. :;,er ::'C1' -:~:e~c.l n.n.;trons. [owuve:-, unloss the rod ''::.H'~.~l·.I.Z ~\ 1aro:e 
;.,J \., ~'I'L .f \'; t to" vI" ether ,:->owcrful lTudera tor. its ef!'oct on l'u;:;t nO'ltrons 
:.5 urd:.n<:..ri:y negliGi~le. It is therefore .oore 0. natter of Il;-actical 
Ll'~iaty t l l.8.ll 0::' r.a.than:at:cc.l difflc~lty when we Ibiit the folloViine; dis­
C'I.; ssion to rvds ...... ;Li.ch not only on tl-ermal neutrons. 

Ir. ..I.c:...)rdunce \',ith t:-:o princi:::le of o:i,tiva.l·::nce of Section 22.3. W0 

si::~l:::' btl intl:rvsted in ";hc cf!'ective roductjon in local multiplication 
factor· ind~eed bj' the rod in a rezion of the pile symmetrically cireum-
scribt1d o,!"Ol.4nd it. For present ;lUr:!oses, It is sufficient to replnee 
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tilis zone of equivnlence b::{ a 
der a!' tho SIl!1t3 a;-ea, T:'G rc 
;';:112 be-+:wecr. tho rl1.diu::;, R. of "this 
cJl::':-.tdur and the s[J!\cine; bet-'/een 
<.!ontrol rods i::; illustrntcd in the 
uinGrrun at tc.e lef't for two sinple 
.Jor.trol r::ld ~~o.t'tG;-n3.· 1-:: is ::;0[;5-

L'lt: to :.::;c beyond the :n'obler: of 
lucal cff~ctlv<:'les:.; and to ::l: .... ai..~ 
bjt r.etr;ods of ar:-..lysis sic·i luI" to 
t::t..!;\.: :Jelow :;1:e overall ch'\n::;p. ln 
the reactl';ity of a ~ile 0:' cylindri 
l;nl f"JILl, ulan;::; ..... (:0::;0 a:d,D a ci.1.,:;le 
control rod is inserted. Eo .. ;eve;-, 
this cnse possesses such special 
s:Il'::netry that it is o:f little ,?racti 
cal i.!1terest. Moreover, the rc-
~ults thus di;-ectly obtaina.ble for 
s ... ch a specialized :-eor:'.otr:,' fo11O\"[ 
0.180 fram the ,?rinciple of oquiva­
lence as soon ns ono kno-;-,-s the 
equival0nt reduction in local multi­
pliontion factor induced by n contro 
rod of the sama desi~n in the cir­
cunjacent zone of control. It is 
therefore reasonable to limit the 
discussion to the fundamental 
problem of local effectiveness. 

1r.. .the analysis of the control problem we consider neutrons to belone; 
to one or'other of two categories: thermal neutrons nnd rast neutrons. 
Each category is de~cribed by the mean area of migration of a neutron 
during thu interval of time while it remains a member of thnt e;roup. One 
of these areau. the ~oderation area. ~od. will be identified with the 
quantity of the same name familiar from the more detailed account of the 
moderation process given in Chapter 12. The other. the thermal migration 
a.rea., Ath. is the quantity which enters into the standard theory of the 
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BFFECTIVBNBSS OF CONTROL RODS 

pile ot Seotion 15.5. OUr approximation is to assume that we can treat 
the properties of a fast neutron as being invariable over the whole period 
before it is transformed into a t)~nnul neutron. This approximation 
allows us to use for fast neutrons the snme simple type of diffusion 
theory which we are aooustomed to apply to thermal neutrons. 

22·5·5 

We let the fUnction of position, qth' represent the number of thermall 22.5.6 
neutrons absorbed ~3r cm3 ~er second. This quantity will be independent ~Oderation 
of ti=~ in our present application because we are considerin& a pile in nd absorption 
which the neutron output ha5 attained a steady level. A second function ensitie5 
of position, qf. will represent the number of neutrons which leave the 
fast group b~, absorption or by b~cominG thermal in one CI!l3 in the course ! 
of one second. In conformity with pile theory. we denote b;)' p the ratio 
between the number of neutrons which become thermal and the number whioh 
cease to be fast; p represents the probability of escaping resonance ab-
sorption. Just as we are interested in the number, p, of slow neutrons 
per fust neutron so we shall also be concerned with the product, f;, 
which represents the net number of new fast neutrons created in one 
t;enerction per the::-mal neutron absorbed in the preceding &.;meration. 
This product is directly expressible in terms of the local multiplication 
factor, kloc.o..l' of the pile medium and the probability. P,J of escaping 
re sonanCe a bsorpt ion: 

- - k /p f ,( c.. - local (22.5.6.a) 

:;:r: tl st<l tiona,r;- state \;'e have fo:' each Erou? of neutrons an equation 
of the form: 

22.5.7 
onditions 

nUl.:ber of neutrons of' I nu.>n'bor of neutrons of \ 
one t:,'ne destroyed per, = that type. diffusing intc: + 

for stationary 
nU!:1ber of neu'~rons \Istate 

cnP per second that em;) per second .I 
of that type created 
per cm3 per second I 

(22.5.7.a ) 

We note that the rate of diffusion of neutrons is directly proportio~l 
to the product of t~e buckling of the neutron densit) and '~e migration 
area. Thus we obtain a straight-forward mathematical expression of the 
above equation: 

( ~ 2 /-::. 2 . 2 / 2 2 / 2) r-' ~ _) qf = ~od {/ qf (/ x + () qf ? Y +:7 qf ~ z + .I. '1 c qt (22.,.7. b 

- A ,- 2 /-:> 2 2 / 2 2 / 2 qth - th I.. ~ :;/ X T 2J qt ';.) y + ,'=i qt :3 z ) + P qf (22.5.7. c ) 

\/e can obtain & solution of this pair of equa tiona by setting the thermal 
neutrO:1 ca:Jhlre dunsi ty, qth,equal to an arbitrary function, Z. of con-
sta.nt buc:~lin.::;. . 

~2'7/- 2 
'" x T 

.~ 2Z l':Jy2 + ~2Z/-' 1.
2 + (buckling)- Z = D, (22.5.7 .d) 

provided that \'/e take the numerical value of the buckling to be one or 
other of the byo solutions of the quadratic equa.tion: 

7Jf 13 
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BFPBCTlVIRBSS OF COBtROL RODS 

(1 + Atb • buokling) -(k I. 
local' p) 

-p (1 + Amod • buokling 

= 0 (22.5.7.e) 

I A solution of this eqwition r...ay be called a "proper value" of the neutron 
buckling. 

Table 22.5.8. SO~IONS OF fBE QUADRATIC EQ.(22.5.7.e) FOR mE PROPER 
. DUCKLING OF THE IjEUTRorl DEllSlTY IN THE NEIGHBORHOOD OF A CONTROL ROD 

The local multiplication fa.ctor is dose to unity in all our nppli-
catlo~s. Thus, n special degree of accuracy attaches to the aprr~xiPAte 

22.5.7 

22·5·8 
Solutions 
for proper 
buckling 

expressioflS given for the buckling. which v.-e shall thererore Hse hereafter. 

Description 

Accurate expressi0n for solutions 
of ~uadratio equation for 
buckling 

Approxi=ate expressions for the 
b'lo solutio~s 

Abbreviation for this value of 
buckling 

Designation employed for functiow: 
of position having the stated 
buckling 

Physical terminoloGY for function 
of this form in expression for 
neutron density 

~ 

1Vn thet1a tical Expression 

~. (At -1 + Am-I) 

+[A - ... (A -1 + A -1)2 + A -lA -l(k _ IJ~ 
t m t m ~ 

1 
(k \ local -1) /A -(A -1 + A-I) 

t m 

b2 None used 

Z(x,y,z) Z{x.y_ 2.) 

pri:'!cipal term transient term 

The r;Emera1 expression for the neutron density is a 'linear comb~.~­
tLn of two terms which respectively possess the two proper values of 
the buckling: 

qr - -
qth -

gZ - hZ 

pgZ + (phAmod/Ath) Z 
(22.5.9.0.) 

(22.5.9·b ) 

Rere ~ and h are n~~grical coefficiclnts to be chosen to ~ke t~e solu-
tions sati:;fy the boundar~' conditLms. The functions, Z and Z. n::.'I.y be 
considered to de:,Jend only upon the distance, r. from the center of tha 
control rod in the problems of interest. They will therefore be repre­
sented by lineur combi."1ations of rt:-;u1ar and irreGular 808:::e1 fcnction3 J 

the proper 9oobinations also to be detennined by the boundary conditions: 
I 
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\.-. EFFECTIVENESS OF CONTROL RODS 22·5·9 • Z is a li~ear co~~inatiu~ of J c (br) . N una 0 (!:lr); 

l "I. l'rn,!" c"_~'r~~'~~ c~ J (i VAt -: .... 1 
.~ - ... _..... .;.......... "" ~ .. ... c 

a.::d 
, -1 , 

}' (1) 'i "'T".t\n r). . "0 \ 

.. _) Our ~;robleI::. is tu rei.ate tl-.e ef':>;ctivenc:;s 0:' the cOJ"trol rod to t~e ! 22.5.10 
size 0:' t:'e Z'J:.1.C c:~ t!-.c ;ile ;)"1 '.:~:i.ch it :-.!l:; t..: uc";:. :.c 3l-~11 t~:;:o t!'.is '3ro slope 
ZQr.e to ~0 e-;'~iva1en" to Co cy1inj'Jr .r): r:ldiu:J, H, at t:1C ::;urfnce of w!1i.ch t surface 
tl:.e radial sI"lc':'e"'-:3 cf ccn:;itie::; c,:' fast 9.nd slow n~·..ltrons are both zero.,S zone of 
This boundary cone:'.. t:00 for ':if ::- r:.:l ::.m;:>lies t,2.e sar.a bour..dary cor'.- equivalence 

e 

c.:'..-::u:: :..~::- -:;;(; ':;;.;'" c:::r.::;titue::t r'l':: • Z ani Z: 

-tz I,.;.... :::: f'I f't .,. = R "" I....... \,of _.. ... 

dz/dr = 0 at r = R (22.5.10.a) 

We rec'3.12. tb~t the derivative of a Bessel functLm 'Jf order of zero is a 
Bessel f .H:ction cf the scur..e type nne of the first order. We thvs ded'.ICa 
fro:.: (22.5.10.a) the line"'r cor.bi'::.ations.of Ressel f'1I'1ct50ns req1dred to 
:;i'l~ ze:;o :-rpc.:e:'..t at the ',)0l\~dary of the 7.one of cO'1trol: 

z = 

z = 

N1 (bR) 
J l (bR) 

J o (br) - No ~b:;) 

. H(l) ( ... ~l. 
~ 'c ,1 ~ 

-1 R(l)( .. f -1 1 
+ A - _) . 1 ~ V A + A - ) t . - '''1 t~ 

-i J
1 

(iVA -1 + A -lR 
In t) 

(22.5. 10.b) 

,--::,-__ 1 

J 0 (i "/ A;; \ A;l 

(22 .5 .10 • c) 

A furthpr conditio'" on the ('t.:.l.!tron d'J:~sity follow~ fron: our 
assumption that the control rod nas no appreciable action vn fast n~utron 
Th~ density. 'If' r::ust ther~fore behave in a per£;lctly regular \'Ifl.y near 
the point r = O. althoush the fu~ctions. Z and Z. individually both be­
come infinite there:,. 

Z (for SI1'.all r) ~ const.9.nt + (2/ .. ) In (l.l22/br) (22.5.11.a) 

Z (for small r) ~ (2/11) In (l.l22/"iAm- l ;A
t 
=Ir ) + cot:'.stant. 

(22.5 .. 11.b) 

The two functions ~vidently have sin~uluritie.3 of the same maGnitude. 
They must therefore be subtracted to eive an acceptable oxpres~ion for 
the moderation dcncity. qf. ,Ie lu:I.vc therefore to set equal tQ oach othe 
the .cocffichmts, g and h. in the linear combinlltioJ;l of Eq. (22.5.9.&.) 

*Actually the solutions in question are not valid inside the control 
rods. The procedure outlined in (22.5.11) represents an inoorreot but 
nevertheless reasonabll accurate means to express the boundary oonditions 

22·5.11 
Fast neutron 
density 
finite inside 
rod 

for fast neutrons at the surface or the rod. I May. 1944 
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EFFECTIVENESS OF CONTROL RODS 

Our last condition requires that the thermal neutron density, ~h. of 
Sq. (22.5.9.b) should extrapolate to zero at the effective radius, 
r = reff, of the control rod. Into the formul~ for qth' we insert the 
expression (22.5.10.b and 22.5.10.0) for Z and Z, and we divide through 
by 'the C"I:r..on fnctor. pg = ph. In this way we arrive at the fundamental 
equation of hignor. Weinberg and Williamson for the effectiveness of a 
control rod w:1OO a.ctine; on a zone of equivalent radius R. 

[ 

I Nl(bR) ] _ Antod 
No \ breff ) - JICbR) J?(breff ) - Ath [1 Ho(1)(iI/A

m
-1 + A

t
-1 r

eff
) 

ill (1) (1'" Am -IT At -1 R 

Ar--l '-1 
-i J I (iV Am ,+ At R 

V ··1 -1 )1 
J 0 ( i Am + At r eff J 

(22·5·12·aj 

In this oqU.:l. tion we TrAy take as kl''lOwn quanti ties the quantity, R, the 
effeotive radius. r ff' the partial miGration areas. ~pd and Ath, and 
their sum A. Thenewe are in a position to solve for the unknown quantity, 
b, and thus to find the effective orange in the local multiplication 
factor, dklooa1J produced by tho action of tr~ control rod: 

o~ - 2 local - b A. (22.5.12.b) 

That the effective chango in local lQultipIico.tion factor due to a 
control red is properl:,' represented by the last equation follows from a 
cv~parison of conditions before and ~fter insertion. The pile under 
oonsideration had in the beginning a local multiplication factor, k local • 
So fa.r a.s the truly local behavior of the pile is concerned, the same 
VRlue holds after the rod goes in. - But at the bounc1aries of the zone 
of control, the neutron density now has zero radial gradient; nnd the 
longitudinal gradient of the neutron density bas also been taken to be 
zero in our treatment. Cont:equently" the zone of control, from the 
point of view of the sU.t"rounding portions of the pilo, is equivalent to 
a homogeneous medium in which the neutron density is constant. The 
apparent buckling is therefore zero, and the effective local mu1tipli~­
tion f'actor 1a 1. We conclude that the rod bas lowered the ef'fective 
local multiplication factor by the dif'f'e~ce between k100al ~d 1. 
This difference 1s equal to the product b 'A by virtue or our original 
definition of b2 (Table 22.5.6). Consequently, Bq.(22.5.l2.a)for b 
provIdes a straight-forward mean a to. evaluate the effectiveness of a 
control rod under the conditions assU.t:l8d in our treatment. 

We will obtain from Bq.(22.5.12.a and 22.5.12.b) a prcper aocount 
of the effect cf a control rod whether or not the overall variation 01' 
neutron density satisfies the conditions of our derivation. There .. 
considered for sake of convenience a stB.tionarystate" sero longitudinal 
buckling. and zero radial gradient at the boundary of the sone of control. 
But according to the principle ot equivalence of Section 22.3, the value 

.- 'T-

.-S......: 77~ 

22.5·12 
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of the effective chango in local nuitiplication factor will be sub­
stantially the same whether or not there is an appreciable longitud1.na.l 
buckline; of the neutron density, whether or not thure is a radial brudient 
0. t the ooundnry of the zone of control aftor the rod enters and whether 
the !IEmtrO"l activity is'constunt_ ri3in::; or .fullin.::;. Tile'1tUlnti t-J. 
""klo 1- is detorMined by t~lC properties cf t~le control rod and by the 

size ~ tr.o zone of cO!'ltrol but is :i.ndepelldunt of cor.di tions in the rest 
of the pile. 

It is in order to investiGate the reascnableness of the complico.ted 
cor:trol CEq. 22.5.12.a) before proceedinG to aL'?ly H. ,ie shall, th~re­
fore, test .:hothor it gives correct results in t7m siople l:iJ:liting cn.:.os: 
(1) 0. centrol I'od lurt;o in comparison with the squnro root of t.he l'l i rrt:t.­
tie.:} urea; (2) nlCl1Y ve'!"'! small control rode. 

When the control rod and tile size of the zone of uontrol are ~)oth 
lar:;o, we !~ve a slowly varying function of :?osition for tho o.onsity of 
therw~l neutrons, and therefore also for the density of sources of fast 
neutrons, Tho misration of fast neutrons durbe :node ration will ::lOt o.lter 
the essential character of the distribution function. This, bein!; 1-oro 
for therw.al neutrO::1S o.t ·~the effective rad 1'".:s 01' t~u, Gor.trol rod, \,/::1 be 
nearly z.ero for fast neutron::; at the SBJ!l.e }:uint. In this sense t!:e 
effective ra.dius of a larGe control rod cnn be considered as :;rc.ctically 
the same fox' .t'o.::;t o.!1c. slow m:utl'on::l. We cun 'therefore class all neutrons 
tobct:-:cr Et:1d c.e::cribo the!:: 1..:~' a ,;j,nt~le function, n (r). of the form: 

n (r) =: C I J' (br) + 
o~ 

, , (' c for br). 
o 

(22.5 .16.a~ 

In order trl£,t such an expresg:i.on should vanish at r = reff. it is neces­
sary that 

-c'/c' f = No(breff)/Jo (bretf); (22.5 .16. b ) 

and in order for the noutron density to have zero gradient o.t r = R,' it 
is necessary that 

,c'/c" ~ Nl(bR)/J l (bR). (22.5.16.c) 

C!cn.se que::t12, bo~h re.::r ... ::ren:ents will be 'sa tisfied together only when the 
bUCKling, b = k1o(;al/A, r..eets the condition 

N (brefr ) 
o , 

J (breff) o 

Nl (bR) 

J 1 (bR) 
::: O. (22.5. 16•d ) 

'V:i.s si:::.~lifie:: (,.:::.'.1:::.-:.::'0:1 1'or the ef.::'cctivenesz of !l large control rod 1S 
a IDr.itinb case of the general control rod Eq. (22.5.12.a). To see this_ 
it is only nocessary to note that the Hankel functions on the right hand 
side of tha~ e3~jti9~ became exponen~iall~.~ll for large values of their 
arguments. / A + A.. -1 r ff and VA -1 + A -1 R On ne""lectin..,. the m .-,; e m t· c> "" 

7'13 

22.5·14 

22·5·15 
'!'wo reason­

'able tests 

22.5.16 
Liml,ting 
case of 
large rods 

1~y.l944 



~ 

:: ) . - . 

e 

(. (-"')1 
',_t.I 

e 

r1sht haD4 .ide ot the equation. we obtain the relatioD (Z2.5.16.cl) in 
whioh there i. DO reterence to the clifference in properties of fast and. 
.low neut.rcma. we oonolud.e tat we !aTe only_to use. the one-group 
theol"J' of neutron. and simpl,. to treat a larse: rod a. equivalent to an 
intemal boundary ot the pile 1:n order to obtain an adequate acooWlt ot 
the effeotiveness ot the rod.. We ht.ve already applied this prinoiple ot 
ana.lyais in 22.3.72 to the case of a large cylindrical rod on the axis of 
a cylindrioal pile. 

. The opposite limiting case of a pile oontrolled by a large number of 
narrow cadmium strips presents a straight-forward question of utilization 
ot thermal neutrons. Consider a 1 om length of the zone of oontrol ot 
one of these strips. The uranium. or moderator nuolei in this volume in 
the course ot 1 second absorb neutrons to the number 

I number ) (abSorPtIOn) ! denBi t y ) Ivelocl ty ) . 
of nuclei J cross I of of 
per unit section per thermal the.l:1l:lal 

\. vo lume \ nucleus '\ neutroz:us \ neutrons . 
"firil 

where -;; r is the cross aectional area of the zone of control of the 
strip. A 1 ~ length of the strip itself absorbs neutrons at the rate 

(perimeter) t (den:fty ) 
, thermal 
\neutrons 

(Vel~;ity) 
thermal 

" neu trons I • 

the factor ~ taking account of the distribution in direction of neutron 
velocities ?Chapter 11). C~mparing the absorption due to the strip with 
the number ot neutrons available for absorption, we find the loss in local 
multiplication £actor: 

Sklocal 
::; (peri_ter at strip) 

4-;; Il- ( thermal absorption cross section Of) 
\unit volUme of normal pile material. 

(22·5·17.a) 

We can translate this result into terms of the thermal migration area. 
A
th

• and the maan free path, ~ , of a thermal neutron with respect to 
scattering by means of the relationship of Section 15-5: 

A. 
Ath = ,/thermal absorption cross section Of) 

,unit volume of normal pile material. 

(22.5. 17. b) 

The effective~ess of the strip is therefore: 

(perimeter of control) Ath 

4A ;R2 
(22.5.17.c) rlIklocal = 

1-''l$ . 

22.5·16 

22.5·17 
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EFFECTIVENESS OF CONTROL RODS 

We :'lOW test wtethcr tr.e (;eneral fQl"1:'.ula for control rod effective­
ness due to \'iiGner.· tiei.'1berg and Williamson reduces to the above simple 
result in the case of .narrow clos~ly. spaced c~ntrol strips. VIe take 
ac.var.te.n:: of two si::;::olifying factors: .. u • 

(1) The effecti-le racius of a S!;:uJ.ll control is given# according; to 
Eq. ~22.4.12.d) by the expression: 

... . eff = 0.462 A exp (-8 ii A/3 perimeter) (22.5.18.a) 

(2) In all the Bessel functions in the fundamental oontrol equation 
tho arguments are small. so that we can use the approximations: 

J o (breff) ~ 1 

Nl (bR)/J l (DR) ~ -4/-;; b
2

R2 

Ilo(breff) ~ -(2/n) In (l.122/br
ef

f') 

i Ho (1) (i V;:::i~ ~ r eff ~ (2/1f) In (lol22/VAt -1+ ~ -1 r eff') 

• "-~l -1 ) .!. 1 J (i I A + At r ef'f' -: o m 

HI (1) (i ~"i:!-l + ~t -lR)/i J
1 

(i YAm -1+ At -lR) ;.: 4/." (Am -1+ At-I) R2 

(22·5.18.b) 

We enter these expressions into the f~~d~nental co~trol Eq.(22.~.12.a), 
multiply through by the factor 71 Ath/4A. rearrange, 8.:'ld find tlnt the 
chanGe in :nultiplication factor is given by too following equation: 

, ./& 21 2 22 J1 
~Atb' k1oca1 R) + (AtnAmod /A R ) = (4"ii A/3 per1m.eter)iT 

+ (Amod/2A) In (2.43/V~-1 + At-I),.) + (At t/2A) .In (2.43/bA.). 

(22.5.16.c) 

When the caciz:liUlJl strips are quite narrow. then the terms marked with 'ts 
beco~e vory great in comparison with the other terms in this equation. 
Ne&leoting the latter tenns. we ~ind that the general equation reduoes 
to the special o1uation (22.,.17.c) for t~ effectiveness of' narrow 
cadmium strips. We see that the action of a oontrol in this limiting 
o&se reduces to a 3imple matter of utilization of the~l neutrons. having 
nothing to do with the migration which takes place during moderation. 
However. the aocuracy of' our evaluation of' the thennal utilization in 
this limiting case is obviously limited by our assumption that the pile 
can be treated as homogeneous. In a lattice structure a tino oadmlum 
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EFFECTIVENESS OF CONTROL RODS 

strip will actually have a different control power accordinE; as it is 
located Oll. the surface of the uranium or in the moderator midway 1.1tl1.we~n 
lumps of fisnionable material. Therefore, in estimatinb the loss in k 
in an inhomoe;eneous pile due to o.bsorbers fine enough to distort the 
neutron de!1::;i ty only slic;htl:,'. We shall replace the limiting form 
(22.5.17 .c) of the general control equation b:,' the 1'ollowinb !r.ore nearly 
accurate 1'ormula: 

I ~eut:~n) / t of the _ sur1'ace of the absorber. ~f it is \ 
en:J. .. Y opaquej or, i1' it consists of scattered !tuclei.\ 

b Olb the SUJr. of their absorption cross sections I -k _____ ~a~s~o~r __ e_r~ __ . ______________________________________________ __ 
" = 

l average \ 
ncut:-on 

de:::::ity at) 
,urnnium I 

I sum of cross 
. sections of' all) 

urar.iUIIl !1~lcle 1 
• .r> 
J.n zone 0 ... 

. equivalence 

I average \ 
neutron \ 

+ d.onai ty in; 
\ modera tor 

/ sttm. of cross • 
'sections of all \ 
moderator nuclei, 

-in zone of 
equivalence 

(22.5.18.d) 

We have confinmed mathematically the reasonableness of the eeneral 
control equation in the two limitinG cases of very la.~ge and very SL1&ll 
rods, and are now in a position to ~umcarize the basis 01' the check in a 
sil:J.ple physical picture. ,FiC;. 22.5.21 shows the distribution of f'o.st 
and slow neutron transformation densities, q and ~h' in the two extreme 
cases, together with a similar curve ~lI.e to &einberg. \hgner and Ylilliam­
son f'or an interu.odiate case not much different f'rom that realized in 
practice. In the case of the large control rod we see how little dif­
f'erence it makes whether the rod do os or does not act vn f'tist ntlutrons. 
In the case of the very scall rod, however. the situation is quite dif­
ferent. The fast neutron density is practically constant over the w}~le 
of' the zone of' action when the control absorbs only thermal neutrons, and 
the rod is rou~hly only half as effecti va in this case 0.3 it VloulJ. be if' 
it absorbed both fast and slow neutrons. The folloYnn~ table presonts 
in more detail the chief points of interest in the two limiting oascs. 

B'td 
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EFFECTIVENESS OF CONTROL RODS 

Tuble 22.5.20 EFFECTIVEIJESS OF VERY 
SII'ALL A~ID VERY IARGE CONTROL RODS 

The neutron density in the neighborhood of these rods is indi-
cated in Fig.22.5.2l. The following values have been adopted for 
the physical quantities entering int~ these purely 21lustrativeex- ~ 
iip1es. Ml~ration area, A = 662 em • Ath = 331 om , Amod = 331 ami, 

At-1 + Am- = 0.078 em-I. The mean free path of a thermal neutron 
with respect to scattering in the pile medium is taken to be).= 2.7 am. 
The absorption cross section per unit volume of pile medium is siven 
by the o.1:.prossion, ).../3Ath= 2.7 em/3 x 331 c::m,2 = 0.00272 ~/orrY. In­
spection of the vnlues of 8k for the snaIl oontrol rod shows thD.t this 
rod absorbs almost as many neutrons as,it would if the donsity of avail­
able neutrons were not affected by its presence. It is almost exactly 
half as effective as it would be if it absorbed both fast and slaw 
neutrons. For the case of the large rod the situation is quite the 
reverse. The effoctiveness varies little whether the rod absorbs only 
thermal neutrons or fast neutrons as well. In either oase, however, 
the action of the larbe control rod is much diminished by its effeot in 
lowering tho density of neutrons near it. 

I 
I 

characteristios of I Very small rods 1 Very large rods 
limiting cases 

Actual radius of rod 0.30 em 30 em 
Effective radius of control rod 1.25 e-12am 28.4 em 
Radius of zone of control 30 am 300 em 
Thennal neutron absor~tion cross 

section of all the nuclei of 
the pile mediuc containod in n 
unit length of the ~one of con­
trol 

~ periceter of control rod, a 
~easure of the eq~ivalent cross 
section of a unit length of the 
rod with respect to the.t"'lIl8.1 
neutrons 

Ratio of last two quantities gives 
loss in k ~o be oxpected fran 
control ,~od on assumption it ab­
sorbs no fast neutrons and that 
the.t"'lIl8.1 neutron density is con­
stant over zone of control 

Loss in k calculated by accurate 
theory (Eq. 22 .5 .12.s.) 

Loss in k which would be produced 
if rods were black to fast as 
well as to slow neutrons 
(Eq.22.5.16.d) 

7.690m2/om 769 cm
2/ cm 

0.471 crrl-/ am 47.1 om2/ om 

Sk = 0.0613 ok = 0.0613 

Sk = 0.0510 ok = 0.0083 

Sk = 0.1020 ok = 0.0087 

~~13 
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EFFECTIVENESS 
OF CONTROL RODS 

__ TERMINOLOGY ~ 

rerf, 

'th' 
.... 00.. 
... rf! 
"If , 

"rr.otl ..... dIu. of rOIl 
the ..... l .. 1' .... Uon ar .. 
IIOden. t 10n .... -
tau 1 III,,.. tieD "r" 
.,...., ot lone ot action or one con ... 

trol rod 
$lcloo&l '" b2A .ff .. ctl ... roeuetion of 

• 10",,1 multlplltatloll faot" ... It.b­
in the lone ot .. etlan 

ca .. 1 

Gl .. ", b or Slt 

Given r.rr 
Find R 

ca •• (1 ·:::. ... 3 

G1yon r f I (i! •• n B 
Given Ror ~lyon l:> nr Ell. 

I"1nd b. or Ilk Fled r.rr 

I 
Follow procecur. ot OXN:lpl. 

See Illu.t ... tl .. In invorn ord.o". u.ing ",eti'.c<!" 
.xamplA of trial .. no error to f'tnd un­

t 

nAXPl.& 
s&!ety rod Jack to ne~tf'(ma hal radi'.Ja TO :c:: 2.86 = a..nd 
er.terl hole c: ntd!u. r! == 5.~ = ill 6raphite-urani~ p!.lo. 
Witt. .low ne-:;tro!l ~ean .. ree pa.th 1. =:; 2.7 em t!.:tt! !':-a:::. S~e~~'jn 
22 .. 4 e~!e-~~1ve radius Tort = 1...44 ac. <:iiven al.o Ath :: 257 
.",2. A"od = 350 =:f?, A" 607~· Find _;:e.clng be""",,,.,, ~od. 
req.l!'~.G t.o reeuce e!'tectiTe loctt.l multi?liea.~iQn !"ac:tor 6·05"· 
'II Plot 'l~l .. &.th1 "err = 0.0822" 1.44 '" 0.118 ... p<>!!lt S . 
(2) .,,,Ic A...JIA ., 0.423 aa point T on Terti""l ooo.le. 
en '!'l'.rO"&i> S aad 1: draw l~.,e inte~.ecting hori,onta1 ), ... ~ ,,~ (f; 

(4) 3,. -:ef1n!t10n ~" bIc/1. = o.o6f:F;,/607 = 99.6 It 10 "'" 
.. hoence b " 9.96 x 10-;. 

(5) Plot CrefC" 9.98 x 10-; It 1.Ll.." a.oIL:.. at point 'I. 
\6) ;onnect tI and V. Dra .. l~n. penoHel to trY t~.:'o,,,gh C, !!l~.~­

seoting !..=er api,.,.l .. t w. !hu. oa = 0.374. 
(1) RJL41u. required [oS tono or a.ction of O~e rod it b2/b == 

0.574/9.96 x 10- = 57.5 am. . I 
,6) Area o~ Jone of &otion of one rod 11 1{ rI c: l.ci;. x 10'"*=2 t 

e~u1V&lellt to recungle 32" x 521" (opaoing "r .... r .. ty rod. 
in l!ar.ford plle). 

J.A'w., Il.L c., :9'::'::- 5-20 
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BFFBCTIVIBESS 0' COB1'ROL RODS 

IValuation of the loss in k due to a control rod is relatively 
simple when the rod is either very small or very large, so that we can 
employ Ibniting equations (22.5.18.d)or (22.5.l6.d). However. it Is 
usually neoessary to apply the general control equation (22.5.12.a),which 
contains eight different Bessel functions. Fortunately, the second term 
on the right hand side i8 quite negligible in most praotical cases. so 
that three Bessel functions drop out. The recaining equation may then 
be solved by a process of trial and error for whatever quantity happens 
to be the unknown. Alternatively it is possible to express the formula 
in nomographio form, as in Pig. 22.5.2}, and solve graphically for the 
unknown. The example in the figure illustrates the method of solution. 

Having put the theory of controls in a useable for.m, we shall apply 
it to discuss cases of interest. In all of the following examples the 
reactor is constructed of graphite and uranium. The mean free path for 
diffUsion of the~l neutrons in the graphite is taken to be 2.7 am. 
Values of moderatton area and thermal migration area. vary a.ccordinG to 
desien cf pile and presence or absence of coolant. Even for identical 
conditions the adopted values of the miGration areas sometL~es differ 
from one exw:.ple to another, reflectinG the uncerta.in history of a quanti­
ty which has been unusually difficult to calculate reliably. Comparison 
wi th eX?8riment has been made when possible. l):!. ta on the control systems 
of the Clinton operating pile and Hanford test pile have not bean included 
because or the complication of deducinG fram the observed control power 
wi"th the irregular loading pattern the absolute effoctiveness of the rods't 

Safea rods for Ro...'l!'ord oile. Outside diameter 2~ inches, outside 
radius 2. em. walls 3/16 inch thick, contain lii percent of boron by 
weight, cakinG rod effectively opaque to thermal neutrons. Rod enters 
hole in Graphite with diameter of 4 inches, radius 5.08 em. Effectivo 
radius from Eq. (22.4.8.0) is reff = r 1 exp (~kJ3ro) = 5.08 oxp 
(-4 x 2.7/} x 2.06) = 1.44 em. Z~ne 01' action of rod }2 hy 50t inches, 
equivalent in ('.rea to a circle of: rndiu~ R=57.5 om.? Thus bR,/broff = 
57 .5/1,:lJ., = 39.9. ~ioPt ~Q..\= 350 am , ~ = 257 cm-, A :: 6d7 . am2, 
AtriA - o.4Z2, (~. + ~ ) ... ~ 0.0822 an j this times reff GlveR 
0.118. Use underhncd fl';UNS ll1 m.l:.1oti,raph of Fit;'::,22.5.23, finding 
bR = 0.~74. This divided by R ~ives b = 9.98-5 10-~. Loss in local 
multlphcation factor is 8k = b2A = 99.6 Jt 10 x 607 = 0.0605. See 
22.3.57-61 for discussion of overall loss in k due to 29 such rods. 

Si.!::.ul8.ted safety rod. We carry out the follOWing calC· .. llations with 
the idea of COr.:iparin;:; theT.l with ex:-..erinental l'eS',.l,lts reported by r.:orrison 
in CP-l,389 and discu::;sod by I'ti:;ndr, rieinoorg R~ld WilEa::.lson in CF-1461, 
1944 February £4. r:anford lattice &.s in ?recedinG aXflJ:lple. Tube 
covared with cadmiuz:: to .;ive rod a radius r 0 = 2.08 c::l, i:mbedde~ in 
;;rafl!dte. Effective radius by Eq·. (22.4.5.0) is ro ax}? (- A,,;G ro) = 
0.99 em. Wcrk by Placzek a::!d Seidel reporteu i:1. !:tIf-5 w.o ... lld S11G3est a. 
lower fiGure, r exp (-0.710 A/r 0) = 0.83 ce. which we adopt fvr sake o£ 
conservativenesg. The comparison with experiment is ~ost co~ve:liently 
c'ar::-ied out by askin3 how small a ZO:1e of action

2
is re~uired to nake the 

reeuctio~in Jocal k equal to 0.191. } tie
1

l':8.ve b = Ok/A = 0.191/607 = 
315 x 10 em • whence b = 17.8 x 10- cm- and breff = 17.8 x 10-' x 0.83 

-However. a letter [ram P. {. Gast to J. A. WheQler. lQLh .. ..Y 23 
reports 270 ih calculate contro power of upper re&l1J.at}.hg rCia or Crihton 
pile as compared to 272 ih measured by H. Jones (CP-1300). 

. 15~ 

22.5.22 

22·5.22 
thod of 

ppl1cation 
.1' control 
haory 

22.5.24 
E~ples of 
contro:'" rod 
efrecti veness 

22.5·25 
lanrord 
afety rods 

22.5.26 
Simulated 
safety rod 
- theory 
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EF?ECTIVh11ESS OF GmITROL RODS 

= 0 .Jlla . This '1uanti ty. together with Athl'A = 0.422 and (Am -1+ At -:\2 
reff = J.JU22 ~ ~.83 = 0.068 is used in Fig. 22.5.23 to da~uce oR = 0.55· 
Tht:;lr::.C€l ',Ie (.;or~clude that the zone oi' action should 1l8.v6 a radiu3 R = '2i1 ern. 
~7 ":i~"'i;;r, ~ccord';'n::; to tho exr-erir..ents, the rod Gives the desired~ee-
01.' cor::.tr:.>l ,; .. ~.en it acts on C\. zone of radius R = 33 em. Thus the effec­
tive~~ss of the rod is observed to exceed slightly the celculated value, 
:;os::;ib1:t ~.lt'.l.rtly due to absorption of sone resonance neutrons by the 
ca dIni 1J.t:l • 

The figure R = 33 cm for radius oi' zone of action is deduced fram 
!.:orrison t S eX;Jonential experment by reasoning quite independent oi' con­
trol rod theory, as follo~. Square piIg oi' extrapolated side 272.2 em; 
has s~~e transversa buckllng, 266.5 x 10- am-2, as cylindrical pile of 
radius 147.3 CI:l. Equivalence of square to cylinder demonstrated by 
';;igner, Weinberg and ~'/il1iaJnson in cp-146r. Neutron density falls off 
as ionization chamber moves vertically u~~rd in the exponential pile, 
reaching fraction 1/2.71828 oi' original value in 82.7 em when rod is 
absent, in 71.6 cn ~hen rod is ~resent. Hence. longi~~dinal ~kli~ 
chanGed by (1/71.6) - (1/82.7) = (195 - 147) x 10-6 = 48 x 10 cm.-2 • 
Tota~bucklin~ not altere.g. Hence t~nsverse buckling after rod enters 
is b - (266.5 + 481 x 10 = 315 x 10 am-2 • corresponding to a value 
b = 17.8 x 10-}cm-. Radial neutron distributign has stated buckling 
and vanishes at r = 147.} em, or br = 17.8 x 10-' x 147.} = 2.615. It 
is therefore proportional to J (br) - No(br) Jo(2.615)!No(2.615). 
Maximum oi' this i'unction occurg i'or br = 0.583, or r = R = }2.9 em. This 
quantity represents radius of zone oi' control. within which by the prin­
ciple of equivalence the neutron density can be oonsidered to have been 
reduced to ':.:onstancy: ei'fective transverse buckling in thig zone is 
zero; actual transverse buckling in this zone is }15 x 10-; hence 
effectiva reduction in local k is· }15 x 10-6 x 607 = 0.191. 

22.5.26 

22·5.27 
mulated 
fety rod 
experiment 

Poison slugs to flatten neutron distribution over central portion 
of Hanf'ord pile. case where 1500 columns of metal are loaded. e;ivlng 
pile an effective ~adius of 510 am, and resultant overall excess multi­
plication factor 1s 1 percent. Same migration area as in first ezamp1e 
abov~. Transverse buc~ling to be compensated over reg~ of flattening 

22.5·28 
poison slugs 

1& ~ = (2.404B;;10:-g) + (0.01/m1~ration area of f:IJ7 ) = 1 
(22.28 + 16.,46) x 10 ;: 36.7 x lQ-Ocm.-2. firus b = 6.22 x lO-'am- • 
Slugs 10 percent cadmium. 90 percent lead, 1.7 em radius. black to 
thermal neutrons. Bt'fectlve radius calculated as in preceding example, 
neglect1n.e effect of surrounding water film: r9ff = 1.7 em. exp (-0.710 
x 2.7 aavl.7· am) ;: 0.55 am. Thus (Am,-l + At -l)-;a r ff ;: 0.0822 x 0.55 = 
g.~ and brett • ,-42 x 10-'. '!'hese values. to~tller with AtbIA • 

• used in Fig. 22.5.~. Deduce bR - 0~5. Divide by b and obta1D 
R - 76 ~, radius ot zone of action of each oolumn of poison slugs, 
corresponding to an area, nfi!., equal to 1.91 x l(1+J. This area spans 
~ lattioe units. file whole zone of tlattening may be shown to contain 
302 tube.. Benoe '02/1.2 or 7 columns of poison slugs are considered. 
neoessary to aooomplish the flattening. 

'''13 

June, 1944 



"") 

e 

J , , 

e 

EFFECTIVENESS OF CONTROL RODS 22·5.29 

Co~trol rods of Ha:1ford pile. FollowinG calculations nade
2
wlth 22.5.29 

ol~er f~gu~es for l:l~bration ~r~i A::tog =J.."565 cm2. Ath = 295 ClTI • , Hanford 
A - 660 em , AtW'A - 0.447. ,Am + At 1).& = a.n8, am-I. Rod shown III control rods 
Fig. 22.8.10. TWo boron coated tubes 7/8 inch L~ diametor, centers 
so?arated by ~~ inches. Betwean t~ is a third ~nd larger boron coated 
tube which almost completely blocks the interveninG S~CG a~ainst ~ssa6e 
of neutrons. Ccnsequa~t1y; treat rod as having perloeter 2 x 2.5 + ~ 
x 7/8 = 7.75 inch-es or 19.7 em. The rod ".:;.-:lverses a hole in tho craphite 
havi~ a cross section 2 x 4 L~ches, equivalent in area to a cylinder of 
radii.1S 4.05 em. FrOt:l Eq. ~22.4.9.a) obtain ref" = 4i£.5 c.:m exp (-8 .. x 2.7 
~/3 x 19.7) = 1.25 em. Zone of control of one~rod inches by 50t 
inches, equivalent in area to cylinder of radiui ! = 81.3 ClTI. Thus 
bR/breff = 81.3/1.25 = 65.0. Also (An- l + At - r"" r ff'= 0.0783 x 1.25 = 0.0779. Use no~ograph of Fi;. 22.5.23. By tria! and er20r find 
sol~tion bR = 0.557. whence b = 0.557/81.3 = 6.g5 x 10-3, b = 47.0 x 16 
Loss in local reactivity is ok = b2A = 47 x 10- x 61:I:J = 0.031. Loss in 
overull ro~ctivitv evaluated in 22.3.2~ as function of control rod 

" I 
?osition. 

Efftlct of shaDe of rods. ..!o:1..l'1 ~.~rshall has measured and reported 
i:1 CP-7l8 the relative effectiveness of !"ods with the cross seotion of the 
si.:;ns -, + an.d O. All had the sar:Je r:.a:dl:lumextension, 9.05 cm, and went 
t:-..ro'.l::;h a :::'0 Ie 1:1 the Arr;orL"1e &ro.;Jhi te-uranium pile 4 inche::; square 
eq:liyo.le."1t i'C. urea. to fI. cylinder or radius, r, = 5.74 em. rie calculate 
the cff'ec"'..:iva radiul:: from t!-!e formula: r ff' ~ r, exp (-8-;;"/3 permeter). 
The r::eaS·.lre::"!onts of Je:-;roe of Jontrol in {he three cases were esse!1tially 
reletive, so '::e adopt for size of the zone of' equivnlence the arbitrary 
fi,;t:re, R = 100 ~, for co:z::'o!l busis of the three calculations. Also 
a.do?~ yulue~, ,~od = 320 em2 , Ath = 320 cm2 

I A = 640 cz::P., Athl'A = 0.5, 
~Am -.I. T A .... -4..)~. ;:;: 0.0791 era-I. Tr:e cu:c~lla.tions are su:m..~rized bel071 and 
cOlIlFare':'::i ,,::r. t:arsL.c.ll's- cJservat::.ons. The u:::;reer.H-jnt bci;r,'een the "t\vo is 
reasonably ~ood. 

sr.a:.?5 ?ar~e- Effective .!bltio 
of tar i.. ruciius .)R 

bar em in em bref; 

--. r.\ff.... i 
'::> J:!, I3C..,lve- Observed loss 

b .... f' nes;> of , t' 't _rore control. l.n reae lV:;' y 
Pi.::;.lre relative i11 tnhours 
22.5.23 to + bar __ due to 5 foot 

9a1011- Cbset'V- insertion 
..Luted cd 

------
6" 7 - r 6 106 -2 ll.:!. 1·65 _. :n.::'.:. co 0.87 0·90 3::S.2 

-,"' 2;;.6 2.38 ¥!~ . ~ 4~.9 1.:)0 1.00 56.9 
0 2'"' I "'- 2.58 ")8.7 ~.3 1.U} 1.06 }~.l 

----- ----- -- .. -
A 1_ !":: ... ~~ ~ ... :le.~"tor:T ::4 ~!"'E1er·.J!1t rE;:'J.~ ~.tc ")·;nfj~1 .:."fj ·,lve u!J the r:ict'lr..: 0:;: e. 

iutMliza tion \lh~re -,ro 
The r~Gults of this ~l-

J!"&:~ r'O~ ~.!- a It::..r':d h~: E:: ',-~ t,~;r "':: .... 6 CI~]ccitd 

!"~;.:::...~"'O. .t:::~"' '~ .. " ~:.... :"'-:r~..::."':,:~", .... .:1 ~h<;; r .. uG.e:ra tor to 

~ ... Iia. :.:~n ;~::--e. :i..;"':3v. ~<-:o:.1'. 

f'1 fJ 

22·5·30 
Comparison 
of -. +, 0 
rods 

JI:ne, 19Lu, 
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...-
Shape I Jlethod ot Bf'teoti .... Batio bcot'r<lll I If teoUve:neaa ot COD-
ot oaloulation radius b~!tt Plgure trol relative to + bar 
bar ot r err in am. 22·5·~ 

-6- 0.02 Pig.22 .4.15 1.28 78.4 ~.9xlD ClDl 0.90 
+ Pig.22.4.l5 2.24 44.6 40.0 1.00 1.00 

0 Bq.(22.4.5.o) ~.20 ~1.2 46.7 1.17 1.06 

Liquid controls. Weinberg has calculated and reported in CS-1033 
the loss J.n k to be expeoted from pipes 4 inches in diameter and spaced 
on a regular lattioe I> finding 5 percent drop in reproduction hator when 
the pipea contain pure water. and 6 percent 'Then the water carries 8 
grwns of NH3 per liter. Experiments related to this point have been 
perfor.med by Anderson and his associates.. They found that an aluminum 
oylinder 12 feet long, 3 inches in di8r.l.eter. with a' 1/16 inch wall. when' 
filled with a 4.57 percent aqueous solution of NB

3
• out the ,reactivity of 

the Argonne pile half as much as a cadmium strip ot the same length. 
1 7/a 1.."1.OO8s wide. The detailed results follow. No theoretical analy:As 

Inhours converted into 
excess reactivity here 
by factor 2.32 x 10-5 

Critical position I reactivity 
of co.'ltro 1 rod I in inhours 

in meters 

No absorber 3·782 115.68 

105 times I 
cbang(t in I 

overall k : 

Aluminum tube 3.741 113.63 0 
Al tube and cadnium 

strip 2.705 56.08 134 
Al tube and water 3.2l..4 83.83 69.1 
Tube and 3.29% NB.3 solu-

tion 3.170 81.33. 74.9 
~~be and 4.5% ~r.a3 solu-

tion 3.154 80.43\ 77·0 

wi 11 be a ttenpted here. 

Gaseous control. Example of use of Eq.(22.5.18.d) for an absorbent 
Nhose locat:'on in the lattice t.:..."1it influencos its control power. Graphite 
pile so desiBned t}~t this moderator ab~orbs 13 percent of the thermal 
neutrons. Control obtained by filling pores with BF~ at l/JOO ~tmospher 
One ~ of gra',)hi to contains 1.G gre..>ns of carbon a.nd O.Z1 ci:o? 0:: voids. 
We take 4GO Q02 as the cross section of all the boron nuclei in one mole 
or 22,000 em? of BF". The crOS3 soction of 1 bram of graphite for 

*11. L. Anderson, L. Seran, W. Sturm and Vl. E. Boyer, CP-I088. 
P!lysics Rosearch Report for month o':lding 191-1-3 novombor 23. 
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ne"J.trons of tha so..,,:.e velocit~' is t.aken to ~e 2.15 x lO-4cm2. 
;0(" :'055 .~~ ');:.c..: -:·:t::L n:';:"f;!C !',.;.:;!t:>r the res'llt: 

We obtain 

Jk = J . :)1 ~ J • 'Zl cn3 /22~)a J cr::.3) 
1.6 srn (2.15 x lo-4cm2/~) 0.13 = 0.021 (22.5.32.a) 

;lith t:'1.':':; 3U:r'l0Y of typical control devices, we co:c?lete tho 
account of ~he effoctiveness of individual absorbers. This theory. 
-':.oe;ether with the treatment of disposition of controls givon in Soction 
22.3 suffices to analyze the effect of controls on the reactivity of a 
pile. fie ha'le now to study the effect of the pile or. the cont:-ols. 

I' 11 JfJ 
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HEATIT'lG OF CO}:TROLS 

22.6 HEATI~!G OF CONTROLS 

Control rods in a pile of hiGh 0utput absorb nuclear radiations. 
bcccne h~at6d. and have to be cooled. The cooling req~ire~ent is as 
i.!:.po:-tant in the o.usiCn of tli£ rod as it is in the construction of the 
pile ~t3elf. EstirrAtion of the rr.a~itude of the heat produced in the 
rod is the subiect of this section. He shall first 'relate the neutron 
flux into the ;od H::.th the production of neutrons in the neighboring 
portions of the pilo, then ev-aluate the heat production per neutron 
absdrbed. and finally estir~te the total heat production in a rod of 
simple design. This rod, inserted in a pile of Hanford design, develops 
at ~ost about 35~kw of heat. 

The absorption of neutrons by a control r,od is more directly rolated 
to its effect on the local ~ultiplication factor ti~n to its influence 
on the overall reactivity. This conclusion follows from the discussion 
of 22.3.19. There an absorJsr located at the center of a pile vms seen 
to take up only half the proportion of neutrons which'ffiight have been 
expected from its actual effect on k; but when the srune control was 
located near the fringes of the pile, it absorbed a fraction of all the 
neutrons ten tiE.as greater L~ ~gnitude than the depression it caused 
in the overall reprvductiv~ constant. Yet the depression.in local k 
is the same in both cases. This quantity furnishes the simplest start­
ing point for an analysis of· the heating problem. It gives the number 
of neutrons absorbe:d in the rod relative to the llUtllber of neutrons 
generated in the surrounding zone of control. 

Consider for example the central control rod of the Hanford pile, 
already discussed in 22.3.2, and 22.,.29 . The rate of generation of· 
neutrons in the zone of control of the rod is proportional to the heat 
output. The concentration of rower production in tubes ncar the center 
of the pi Ie is limited to 1 lew/cmby reason of corrosion by hot ... ·mter. 
The tubes are spaced on a square lattice with 21.28 em between centers. 
Thus heat is liberated p~r unit volume of the pile a~ !l rate not exceed­
ing (1 kw/cm)/(21.28 em) = 2.21 watts/c:m3 . Each fission which con­
tributes to this, heat output releases about 200 Uev of energy and 2.2 
neutrons, ,signi£ying the gen~ration of.' 1 neutron per 90 Mev of heat. 
Consequently, the n'Ull:bel- of' neutrons gonerated per cm3 of pile material 
per seco04 is at m~st ~yout3(2.21/90) watts}Uev cm?; In absolute ~~its 
this rate is, 1.24 x 10 /cm sec, out left in its present mixed units 
the quantity will be more useable. The zone of control is 126 em x 162 
em in cross section,and tho rod in question absorbs the fraction 0.031 
of the neutrons produced in this region. The rate of absorption ot: 
neljtrons by the rod is therefore 128 em x 162 cm :x 0.031 x (2.21 'Imtts/ 
~)/90 Mev = l420 watts/90 Mev per em of length of" the control. Let E 
be the number of Mev of energy released in the rod per neutron absorbed 
by the rod. Thon the neutronio heating of the central portion of' the 
control is (E Mev/90 Mev) 1.42 kw/c:m.' Other parts of the rod r~celve 
less heat by a factor which on the average is not far' fram 2/". The 
length of the rod in the effective portion of tho pile is 1060 am. 

108 
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HEATmG OF CONTROLS 

Consequently, we take the total heat generated in the control by neutron 
capture to be at most about (E Mev/90 Mev) (2/,,) 1060 x 1.42 = 
(E Mev/90 Mev) 956 kw. We now require 8.."1 estmate of the energy release. 
E-

Neutrons absorbed in the control will cause the liberation of 
energy in the form of kinetic energy of nuclear fragments, beta. rays. 
gamma rays and·neutrinos- The first two radiations are of short range. 
Their heating effect will therefore ordinarily be localized in the con-
trol substance _ Of the ge.mma ray energy only a fraction will ordinarily 
be dissipated 1."1 the rod. And the neutrinos will produce no measurable 
heating effect in the pile. The relative contribution of the three 
radiations of siGIlificant heating povrer depends upon the design of tho 
rod. As illustration, v.-e consider an idealiz.ed version of t.l-t.e Hanford 
control rod of Fig. 22.8.10 . We consider the boron to be distributed 
throughout an alurr.inum rod in the form of a solid solution, to the extent 
of 3 percent by weight. We take the rod to have a dianeter of 3 i."10he5, 
radius of 3.81 em, and to contain a hole for flow of wator 1 inch in 
diameter, 1.27 em ir. radius. From the follow'ing table we deduce an 
enerGY release of E = 2.8 Mev in the rod per ::J.6utron absorbed by the rod. 
:'/13 cun:::lude that neutron absorption produces huat in the rod at the rote 
'~2.8 Mev/90 l~ev) 956 bv = 301m-

Table 22.6.5· HEAT RElEASED PER NEUTRON 
ABSOilBED n~ SII.:PLE FORM OF CONTROL ROD 

Rod 3 ir.chtlS in diar.-.eter, \'Ii th hole 1 inch in dia.-neter inside 
it, ~onta:';;.in.; \'iuter. Co!:!position by \'lOlght: 3% B - 'Yl'fo A1. 
Thi.; oxru:::::-~le i llustra tes how the heat due to the presence of the 
control can be loca.lized ,Ii t.~in tnt: rod itself. It is only necos-
s:1r-, to c::.oose as absorbent an els: .. ent such as boron 'Jr lithiun:. 
\";~:'~h und.er~oe::; fission out has no C;a.I:l.r::Jl. ray 01':11 ttinb fission pro-
duc'ts. In con'trast, a::. ele .. ,ont such a.s ca.dr.iux;: releases the heat. 
c=:' c.)ndo::J.sation of the 'ntlutrons in the form of ';amrr'.a rays. These 
raJiations escape in considerr..ble L.easure from a control rod.· Use 
of a ead!.;iu::r. rod !:11bht therefore l-asult L"1.10ca1 o'lerheating; of 
neii;),1;)ori,!16 portions of the pile_ 

Consti tuent 

Dansity 
Cross $~~tion ?er ~ for ubsor?tion 

uf therLAl neutrons 
~rtial linear ~bsorption coefficient 
?o~l l~near absor2tion co~ffici~nt 
F~ction ~t neutrons absorbod in 

.:;i-;e:-. ele::-.9.'1t 

Order 0: ~~nitude tlstir.ntc of t::.cr~y 
of ~~riivid~l Caol8. rays ~ivon off 
vn ::.e~tron ~pture 

Boron A 1 U1:linurr .. 

0.081 fJIl/crrP 2.6 fJll/c~ 

39 cm2/g;n 0.0051 am.
2 /f!}!l 

302/cm 0.013/cm 
3.21/cm 

:).?96 0.004 

none -- 3 !':ev 

C:;ntir: ..... ed on n(;.:.-.t r:aeo 
'j I F.J 

22.6.3 

22.6..4 

Junc.19~ .. ;~ 
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!able 22.6.5 - Con'd. 

Constituent 

Linear absorption coefficient for 
such gamna rays in Al-B alloy 

Produot of rad1us of rod by total 
absorption ooeffioient 
(l) of gamma rays 
(2) of neutrons 

Fraotion of gamma 'rays absorbed in 
rod deduced from last two quantities 
wi th aid of figure in Section 15.2 
(neglecting effeot of hole through 
rod) 

, 'l'otal gamma ray energy given off as 
result of capture of neutron 

.Utount of this energy released in rod 
(product of last two raws) 

Amount of beta ray energy 1"8 leased in 
rod per neutron captured by given 
element 

Energy of fission 
Energy released within and absorbed 

by rod 
(1) per neutron absorbed in the 

given element I 
(2) per neutron absorbed in rod I 

(product of (1) with figure ': 
above for fractional absorption I 
due to given element) . 

Total energy released within and ab­
sorbed by rod per neutron absorbed 
by rod 

Boron 

none 
2.8 Mev 

2.8 l(.ev 

2.8 Mev 

Aluminum 

0.08/0lIl 

0.30 
12.2 

-- 0·5 

9.7 Mev 

........ 5, .Mev 

-1 Mev 
nonG 

-6 Mev 

0.02 Mev 

E = 2.8 Mev 

To the heat developed in a control rod by neutron capture we have 

. I 

to add trl8.t ciue to moderation of neutrons and absorption of &nmrr..a. .rays 
generated in the surround inc portion of the pile. ,These contributions 
are proportional in l.~gnitucie to the si=.ilar hooting effects which occur 
in the moderator itself. For e~ple. in a typical graphite-uranium . 
pile, gamna ray absorption in the carbon accounts for roughly 4 percent 
of the power, and neutron moderation for about 2 percent. according to 
the discussion of this question in Chapter 19. At the center of the 
Hanford pile the g~Jaa ray heating of~the graphite will amount at most~ 
to about J.04 x 2.21 = 0.088 watts/c~ or (0.088 watts/am3)/(l.6 gm/~)= 
0.055 Ylatts/f'}ll, and the heating by neutron moderation will be hali' as 
great. ' 

'1'-8 

22.6.5 

22.6.6 
oderator as 
tandard ot 
e1'erence 1'0. 

o heating 
1'fects 
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BEATING OF COmROLS 

We will obtain a. conservative account of the effect of gamma rays 
on the control rod if we neglect the shielding of the inner portions of 
the control by its exterior. Also we shall adopt o.s a reasonable 
approx1me.tion for photons in the ener~y range of. importo.nce the assumptio: 
that mass absorption coefficient is independent of atomic numbor. Thus 
we estimate for gamma ray heating per un1 t mass of the central length of 
the rod the same figure which appl1~s 20 the m~e~tor, O.05~we.tts/gm. . 
The ~8s""per unit length i8 Ii (3.81 am: - 1.27 am) 2.7 gm/c + if' 
(1.27 ~) 1 rga/crrJ = 109 + 5 = 114 gm/am. Thus the heat per unit lengt 
is of the order ot (0.055 vatts./I!'}n) x (114 9Dlcm) = 6.; watts/em. 

By a similar procedure ot co~~rison with the graphite we estimate 
the heating inclden~ to moderation of neutrons in the rod: 

Moderator Aluminum Oxygen Hydrogen' 

Average fraction of neutron 
energy lost in elastio encounter 
(a measure of moderating power I 2 2-2 
per nucleus) = 2Jil)f~)(l + ~)2 2 x 27/(28) 2 x 16/(17) 2 x lrc 

~his quantity divided by atomic 
I weight gives a measure of the 2 2 
I moderating power per I!'}n 2/(28) 2/(17) 2t/' 
;Corresponding measure' ot madera t- 2 2 2 

ing ?Ower per gm of C : 2/(13) 2/(1;) 2/13 
'Batio of last two quantities gives'· 
; moderating pO\18r relative to.-
I graphite on a mass, ba.sia , 0.215 0.585 42.2 
I"x~mum bee. t produotion in graphi tl: 
I due to neutron moderation -0.028 watts -0.028 -0.028 
i per ~ 
!Max~ beat production in rod 
I materials d\le to moderation. 
I duct ot last two rern !-0.006 watts -0.016 -1.16 
I per~ 
l.blount ot given element per unit I 
1 length of rod ~09 &m/cm -4.5 -0.56 
Contribution ot indiv1dual element~ 

to beating b)r moderation, per I 
') uni t length ot rod... produot ot 

: _ last two rowe :-o.&; -.tt. 
'I per GIll. -().CY( --0.66 

e, 

fotal heating by moderat1on 111 
oeDtral seotion ot rod -1.4 .. tta/ .. 

It is appareDt in this ___ pIe that the hee.tlng b7 neutrol1 moderatiol1 ia 
-.11 011 t.o oounts. tirst. on17 a relative17 .-.11 traotiol1 ot the 
powr _tput ot the pile aw-ra ... k1raetl0 eMrl7 of l1eutroll8 J &DIl 

'1913 

22..6.7 

22.~.8 
eating 
ncident to 
oderation 
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second, the control rod, ZTaxt for eram, is less effective than the 
0ra?~ite i~ takL~b up this enerey. 

The total heating of the silri;;lified control rod b:,' neutron capture. 
bal:lr.'a ray o.bsor?tion and neutron l:',Odor'oltion together is evaluated in 
-::ne .:;oll:::"l ... ·ir.;:; Sllr-::.lTY: 

Source 
of 

heat 

Par~gruph ~ver central 
in which portlon of 

discussed rod 

Neutron eaptu~ (22.6.4) 
Gamma ray absorption (22.6.7) 
Neutron moderation (22.6.8) 

44 watts/om 
'"';-6.3 watts/am 
...... 1.4 vtatts/cm 

Whole rod 
(preceding column 
time(2j17)lo6o em) 

30 kvl 
--4 kw· 
....... 1 kw 

Total 52 watts/em 35 kw 

It is clear from this table that neutron ca?ture is the major source of 
hea t production in the control. ~Ve were therefore .justified in .',;iving 
a ra'ther crude account of the c-::ntribution f:-om ::am."'.a ray absorption 
and !lcu'tl'on ;1~d(;::":J.ti':)n. A ::7.'_'rc A.ccurate treatr~ent would rlB.VO required 
us to allow for the depression in local neutron density and gamma ray 
production ')ruuGht !l.bout '.Jy the rod in its im:r.1ediate nei3hborhood. 
However, this lowerin;; effect 00< already autornatically been taken into 
accou!'1t in our evall.lutionof the major'part of the hoat production. The 
reduction i!'1 local multiplication factor by the rod and the production 
of heat in the rod are quantities which are affected in the same way by 
alteratio!'1s in the distribution of neutrons near the rod. It follows 
that our estim£:.te of the total heat c.cvolopment in the rod is reasonably 
re liable. Our fi~"Ure of 35 1..1;'1 for oaxirnun out:?ut from a simplified 
version of the central control rod of tho Hanford pile nay bo oompared 
with tho designed flow of 10 gallons of water per minute or 750 cc/second 
through the cooling system of each rod. The temperature rise of the, 
water should therefore go relativoly small, (35000 watts) x (0.24 cal/sec 
v.ratt)/C750 go/sec) = 11 c. 

Partial insertion of a control rod results always 'in a smaller total 
heatinz but sometimes in a greater local heating. The tip of the ab-
sorbent acts -like a 'liGhtning rod and receives a high neutron flux. This 
phenomenon is illustrated in the curves of Figs. 22.6.11 and 22.6.12. 
The local hee.ting a.t the tip is greatest when roughly half the length o£ 
the rod i6 in the pile. The boaring on the design of the rod is twotold. 
First, the local rate of heat transfer to the coolant must be su.ffleient 
to prevent undue temperature rise. Second, the tip ot a cadmium rod 
may rebroadcast in the fonn ot gamma rays to the surrounding pile a too 
high fraction of the heat of condensation of the neutron stream. Slug 
jackets already near the critical temperature for corrosion by hot water 
may become overheated and fail. This possibility 1s an argument against 
use of absorbers which emit gan:ma rays on neutron capture. This point 
and the requirement of hig.h heat transfer rate near the tip were both 
taken into account in the design of the Ranford control rods. 

~ 9Jf-13 

22.6.8 

22.6.9 
Total heat 
release by 
swnmation 

22.6.10 
oncentration 
f heating 
t tip 
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• HEATING, OF RODS • 
.i.JOVJ"-'lfttroD. tlwr. 1» oOBtrol rocl ... oa'lCNlate4 'b, J'. B ......... 7, 
IIJC-JiII-2, tor rod. 1DHr1:ecl .. lODC an. ot0711D.drl_1 pl1. 1:0 traGtl_ 0.2, 
0-4. 0.6. 0.8, 1.0 ot belsbt ot pl1.. "latlTe cU .... l_. - pl1. helpt, 
pl1. ra41... rod. N41"1 I: 17. 15. 1/12. Jlo4 tr.te4 ... !P.!*...fl4! to 'bo'th ' 
.low &lid fait ntna1::rona. Quaatlt7 p10ttecl. bA2wr("a D/b rWJ~ •• 
wbeIl .. ltlpUeel 'b7 D.8\ltl'Ol1 o"tpat ot plle. PTeI t ... otiOD. of .. 11 D.."trO'Da 
1IMob. wo"lel 'be .. 'b.orbecl in tull l-Cth.' h. of rod. 11' eTerp_N 1t 1''' 
oelTed. ... auob. ,flux: ... It eloe ... t th. posJrt in qlM.tloll • 
• u. -..-lntroD. tlwt .. 10Dg az1. ot<oont.rol rod. ....... "reel in Arcozm.e 
Ibre.t pl1e b7 1.-0 Sel'8D.. w. Stunl't w. I. 110781'. Cp..l088. 191&3 lIonabel' 
23. 8.ocl ot 0.020 1noh oadalua, 3 1nobN wiel., 1IlO\lD.te4 OD. board ot .... 
width. Sl1pt ... ,...tr7 in Cliatrl'b"t101l o'b.el"Y8el __ rod. 1. rem.oTecl ia 
elu. to P,..MIlO., 5 t •• t ..... " ot another rod. ••• el to oc.penaa te the aoe •• 
reaotiT1t7 wb1ob. wuld. ot.herwi .. ,...,,It. 
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" 
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e • ~ . 
.... ~-' ... '-. 'OF IU':OF 'RoD' 
• 
;. , w-... ,.. .. Sa 4s..cw- _1_ iDaerted lalt-

..,. alGq db fit q1J.ad.rl-l pl1. -.bo .. n.c11ua 
aM Ialt _t.pt; .... 'botll 100 tIM. tt. n.c11'D. fd 

. 1M -red.- ........ ~lmt to rod _leak .. 'bJ' r. B. 
...... ,. Sa 0 ... l235. l~ .... 1'7 18, OIl .... _"'1_ 
of 'u.l ~ or-que to both flaat u4 .law D8'Qt:roDa. 
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1\ Total neutron absorp-

tion in la.t d1&m.etral 

r \ 
length ot oontrol rod 
caloulated to be 1.9' 
times the neutron ab-

I \ 
sorption in an equal 
le~th ot oontrol rod 
located 90 rod radii 
tram tace ot pile. 
From Seren' 8 de. ta in 

" 

Fig. 22.6. 11 the same 
ratio 1s roughly eati-
mated to be 1.4 

28 
1 blatt ... e value. ot flux or of 

Do,..l gradient 01 neutron density 

t 

. 
Distance from 

axia of rod in 
tenus of rad 1\1. 

a., unit 
I I I 

o 

l ~ 

Distance from 
f&.oe of pUe -
expressed in 

terms of 
radiul of rod -

as unit 

j . 

C){"13 
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SPEED OF CONTROL 

22..7 SPEED OF CONTROL 

The designed apeed of oontrol ia a balanoe between what is desir­
able and what 1s praoticable. ln a pile whioh contains 100 tons of 
uranium and operates at 500 megawatta, the average tamperatl.lre ot the 
metal will rise about 500 C. a. seoond and the temperature at the oenter 
ot the pile willinorease 100oC. 8. seoond. A very tew seoonds of opera­
tion at 8l.loh a level withol.lt oooling will resl.llt in pemanent damage to 
the pile. From the point of' view ot heat tranater. theretore. it ml.lst 
be possible to sbl.lt ott the chain reaotion in a time at most ot the 
order ot a tew seoonds. J'rarn the point ot view ot nuolear phyaios, 
bowever, there exi.t. a stUl more "pressing reql.lirement tor apeed in 
oontrol in a water oooled pile. Sudden loss ot all the water in the 
pile will result in an inorease ot tbe ml.lltiplioation taotor by an 
amount ot the ord.er ot 2%. The rate ot reaotion will then rise by many 
faotors ot ten in a single second. Then .. not only will the usefulness 
ot the pile be deatroyed, but also the possible vaporilation or oombua­
tion of' the aotivated uraniwn will oreate a radioaotive halard ot the 
greateat mapitude. The satety oontrol. JIILl.t, theretore, aot in a t1m.e 
a.hortln oomparison with the period neoessary tor 10 •• ot ... ter trom tb 
pile. 

QUite another order of' speed is desirable tor the tine oontrol ot 
the pile. Thia oontrol oom.penafLtea mom_tary chan,es in the multipl10a 
tion faotor of' the ord.er ot 10-4 and oan at moat produoe a ohange in 
reproduotion faoto,r in' the neighborhood ot 10-3. !p.e epec ot regula­
ting oontrol m&7. th"retore. be ot the order of' 10-4 k unite per .eoond 
u oon~ted. with the .pHd ot the .at.ty rode in the nelghborhood ot 
5 It 10 k UIl1ta per .eooDd. . 

It 1. in orier DOW to oonsider in further detail the faotor. 
relating the nte ot &1'O'Irth or 4e0&7 ot the chain r_otion with the _0 ... or defloit of tbll repl'04uotion Aotor. !be nou. multlpl1aatl 
t'aotor.. k e • 1a detinecl •• the cl1ttenDoe betw_ the .verage local 
reproduotion faotor ..... l1&bl. 1A • pile .truotur. aDd that _11.1. ot the 
rep.rod.uotion faotor.blob would be .1uat .U'tlolent to bap the ohain 
reaction NIU11ng .t a .t-7 1 ..... 1. lor ....,le. l.t the plle be of 
.ucb. a1a. tbat. 100&1- .aalt1pli_tion t,otor ot 1.03 will just balan 
the leaka&. of Q1Itrou troa the etruotur. aD4 -.1ntain the power O1ltpu 
ocmataDt. Let th8 aotual local reproductioD hotor be 1.05. !h._. the 
.soea. l'ep1'041101d.on faotol'. Ita. equala 0.02. an4 1 ...... Uabl. for 
1no .... iDe the ate ot ..... otion. 

an th. reprocluotioa ot Bed .... tak •• plao. &D4 bowtlw poowt.b of 
.. .-tND eont.t or the pile 1a ocma..eote4 w.lth the _ltlplio&tlon 
laotor ......... 411 ••••• 1n a ' ..... ;1 .,. in Clapter 14. the ... It _. 
poJa~ nt that ...... rate ot &nRh 1. attected in an SaportaDt -7 .. 
~ pIa_rroa at 4ela7ed IleilVaD. .... i_. Qt, tJ.' 2.2 .800.&1'7 
~l1"rate4 per ftII.1_ •• tn..u_. t. or .. ol'd.r ot 0.006 

978 
- ..... ~ .... .rH"'''' •• _ ....... ~ .... 1 " .... " '''' ,-
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SPEED OF CONTaOL 

only beoomes free a few seoond.s after the aotual aot of fission. BetoN 
we make a detailed. study of the effeot ot the.e d.el8¥ed neutrons. let 
us exam1ne qualitatively their influenoe upon the .... te of growth or 
decay of the chain reaotion, 

La.rge exoeS8 k 

Consider first the 'O&se where there i. considerable exo... repro­
duction 1'8.otor and the conoentration of ateutrona 1n the pile riaea 
every 8 eoond by a faotor large 1.0 oomparison with un! ty. Under these 
oonditions. the delayed neutron. whioh beoome tree at one inatant have 
originated trom fi8siona whioh took plaoe .everal seoonds earlier. 
Then the rate of reaction was negligible in oomparison with the value 
whioh it has now reached. Consequently. the delayed. neutrons UBy be 
oonsidered to make no appreciable Qontribution" to the chain reaotion. 
We bave therefore to subtraot tram the exoess multiplication faotor, 
k e• the contribution. 1', ot the delayed neutron., in order to t1nd the 
effective exoe8S multiplication faotor, ke - t. It we arbitrarily call 
the neutron ooncentration in the pile unity at the beginning ot one 
generation, then the effeotive concentration at the and of that genera­
tion w11l be 1 + (ke - f). At the end of two generatio~, the conoen­
tration, in the same terminology, will be [1 ... (ke - t)] , and. at the 
end of n generations, [1 + (ke - t51 n. In all the o&ses in which we 
shall be interested, the quantity rke - t) will be small 1n oom~ri80n 
with unity. Consequently, we can write the expression'l • (ke - f) in 
the form exp (ke - t). The neutron concentration at the end of n 
generations will have arisen' above its original -value by the factor 

[exp (ke - f)] n = exp n (ke - t) (22.1-5·a) 

The number of genena.tione will be oonneoted with the time. t" of opera­
tion, and the lifetime, "t', of one generation by the relation 

n = tit' (22.1·5.b) 

We conclude that the rate of reaction rises ~xponentlally with time in 
proportion wi t.h the expression 

exp [(ke - f) tic] (22.7.5.c) 

EXAMPLE. In the water cooled pile desoribed in Chapter 21, the 
lite time of one generation of neutrons i8 1.2 x 10-3 seconds. A group 
of control rods is suddenly removed so that the exoess multipl1cation 
fa,otor, ke' increases trom 0.000 to 0.016. Whati. the approximate rat 
of r1se 01' the neutron activity' 

Taking for the fraction of delayed neutrons the value t = 0.006. 
we have 

ke - l' = 0.010 

EXpression (22.7.5.c) takes the torm 

:\= 'ltl?J 

22.7.5 
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ke • 0.016 
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0.010 t 
exp (1.2 x 10-3) = exp B.2 t 

the reaotl.on there.fore riael by a faotor 

ex~ (B.2) = ~660 
in one second. Under these conditions, the rate of rise of the reac­
tion 1a so great that we a.re antitled to negleott.he. effeot on the reac 
tion at one inatant of the delayed neutrons emitted at an earlier 
instant. all ... bave in fact asaumed. Tbia approx1ma.tlon will be still 
better if the exoess multiplication factor is greater. 

Large deficit in k 

In the opposite extreme O&se. where a pile in steady operation 
suddenly experiences a large loss in multiplication .faotor. the aotivit 
at first taIls off exponentially toward .ero. It does not continue to 
drop 1ndefini~ely at th1. rate. however. The radioaotive nuclei formed 
during the steady operation of the pUe will continue to give off 
neutroM. and these neutrons will be multiplied. Coneequentl)'. the rat 
of drop of aotivity will be Um.1te4 by the aotion of the delayed 
neutrons. In order to give an approzimate disoussion of this et'feot, 
let U8 denote b)' P the I'lL te of production of neutrons during the stead)' 
operation of the pile. 'then in the same terminology the rate of produc 
tion of delayed neutrons will be tp. Since radioactive equilibrium bas 

. been attained, the same rate ot emlssion will apply tor the tirst few 
seconds after the oontrol rod 18 introduced. 'the delayed neutrons. 
after emiSSion. t1nd themselves in a pile whose reproduotion faotor. 
(I • ke), Is less than unity (ke is negative). fhis expression does 
not. however. represent the efteotive multiplication .faotor because it 
assumes that all tission prooe.sea taking place after the insertion ot 
a. oontrol rod. result in inatantaneoua neutrons. Aotually, ot oourse. 
of the neut'rone which reeult trom theae later tission prooes8es. the 
traotion. 1', ie delayed by some seconds and will not oontribute to the 
reproduotion faotor. Conaequently. the etteotive multiplioation faotor 
is 1 + (ke - f) •• s in 22.7.5. ' 

We can n~ sU1llll&r1&e the a1 tuation a second or so attar the 1neer­
tion 01' the oontrol rod in the following terms, Radioaotive nuolei 
ejeot tp neutronaper second into a medium whose e.fteoti .... reproduotion 
faotor. 1 .. (ke - f)" 18 less than unity. Eaoh ot the.e neutrons. 
therefore. produoes a convergent .tamily tree. the total number 01' 
neutron. in whioh 1s 

1 .. (l + ke - t) 2 (1 .. ke - t) + ••••• 
_ 1 

- 1 - (1 + ke - f) + 

• 1 (22.7.9.") (- ~) , r 
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.,. rtrtu. of thla aultlpllaatl" •• f1'eot. the 801U'Oe of,t a..ut .. ou pe .. 
•• oond .... 11 Sl". ri.e to a .ProduotiOD 1D the ae41um flU-it.) + 1'] P 
Dfttrou pe .. secorad. ccmaequ_tq •• e 0Ul .a7 tlat 1D a ""17 abort 
Sat.nal atter the introduotion of .the cODtrol J"Od. the DfttraD aotl"l_ 
tall .. · to the traotlon 1'/r(- ke) + f] 01' 1ta orlg_1 _lue. SUba.· 
quently the aotivity !alta oft .,.el7 -.oh mo ... alc:nrq at a .... te deter­
.ined by the llM1me of the radloaotl'Ye nuol.l reaponslble for delayed 
neutron emisslon. (se~ Pig •• 22.7.10. 22.7.33. and 22.7.34) 

EXA.MPLB. Into a pile are suddenly lnaerted control roc;ls whlch 
lower the .. eproduction faotor from its operating value to a flg\lN 2% 
lower. By what faotor. doe. the note of nsalon drop? 'fILk1Dg to .. the 
f:raotlon of delayed neutrons the value f = O~OO6. w~ conclude tblt the 
rate ot ti8Sion qulckly drops atte .. the in.ertion of a oontrol rod to 
the fraotion 0.006/(0.020 .. 0.0(6). or 2,,, of ita origiDal ..... lu •• and 
then slowly talla off. 

Small _oeS8 k 

contrast with the case of a sudden large change 1D multiplication 
faotor, theai tuation which aris .. on a sudden small change of reao­
tivity in a steadily operating, pile. under this condition. the rat. of 
reaotion will riae only slowly with t1me. Consequently. the neutron 
produotion at one instant of time reoelves an important oontribution 
from the radioaotive tisslon products tonned aeveral seoonds earller 
when the reaotion differed ver,y little in intensity from 1ts present 
'Value. In th~8 _y the past history of the struoture plays an lmportan 
role in governing the fUture development ot a ohain reaction, In con­
trast to the case where the multip11oation faotor rlees by an amount 
large oompared to the contribution of the delayed neutrons. 

It a small and oonstant exoeS8 10 the reproduotion faotor is ma1n­
tained over a long period of time, then the level of the reaotion wIll 
asymptotically approxtmate an exponential rise. represented by an 
expression of the torm eAt. The value of the oonstant .. ;(. is simply 
related to the value. ke. of the exoess multiplioation factor. the valu 
1:', of the mean life of a neutron in the pUe. and the number and decay 
periods of the ra.dioactive nuclei which emit delayed neutrons.. Letth 
deoay oonstant for the radioaotive nuclei in question bel represented by 
A. 80 that the half ·l1fe for emission of tbe del.s.yed neutrons Is 
O.693/A •. Let the number of neutrons present in the pile ata given 
instant ot time arbitrarily be called unity. The number of free 
neutrons in the pile at the end ot tlw subsequent small time interval, 
dt. will be given by the sum of the following contributionst 

-E. P. Wlgner, CP-351. On the Va.riations in the Power Output of a 
. Running P11e. 

'''I /:j 

f2,.7.11 

22.7.11 
!i:Ulple ot 
Budden drop 

22.7.12 
eaee of 
slowlY r1aini 
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22.7.13 
Analysis of 
neutron 
production 

July. 1943 

J 



'\ 

t 

-
,'''" s 

f"""'-~ 

~tf 
~(~·i 

• 

• " 

If I 
i 
I 
I 

I 

'- i . 
, , , ,S~. ,C9NTROL 

1 • (ke - f) (dt/t) 

f (1 - a/A) (dt/tj 

1 + [k. - (Il f'/Atl (dtlt') , 

, seoondary neutrons produoed 1nstanta­
neously by multiplication or neutrons 
present at the beginning ot the time 
interval. The f'raotion, t" of the 
potential new neutrons to~ed 1n the 
given time interval are t1stored" and 
therofore will oontribute to the mul­
tiplication prooess only some seoonds 
later on. They are th~retore not 
included 1n the present figure. How­
ever, the neutrons "stored" ~uring an 

"earlier period ot operation will now 
be making their oontribution and must 
be taken into aooount. 

the number ot "stored" neutrons 
emitted durint; the tme interval, dt, 
and thereafter kept alive by reproduo 
tion. It the pile ware in operatIon 
at a steady rate, this number would 
have the value~ f dt/t'. However, the 
rate of tormation ot nLdloactlve 
nuolei las been inoreasing each seoon' 
by the .t'I'e.otional amount, it , The 
average interval between the t'onnatio 
of &. nLdioaotlve nuoleus and the 
liberatIon of a delayed ueutrop will 
be l/A. Consequently, the rate ot' 
reaotion at the time of formation _II 
lower approximately by the faotor 
(1 - It/A). 

, the total uUIIlber of tree neutrons in 
the pile after the lapse ot the time I. 

dt.· 

It tollow 1" .... thlt 1"ongo1Dg .... qai. tbat the 1'ftotional rate of 
ri.e of' the reaotion in ODe generation is 

k. - it t/A. (22.7·14·a ) 

a:nr .... r.. 1ihe fr'aotio_l ria. SD ate 01" operation . during the ~i1".t1me of 
ODe , .... tion 1"Q'l1cnnl alao ft'GIl t_ orig1Dall.,. .tatecl .zpoaentlal . 
.p ..... l_ tor ~ .. tl ... itJ. aDd 1a it "C. fiaa equt .... lmoeo1" the •• two 
alte,....~". .~p.,...tQD8 tor thlt ria. in tha reaoUon gl .... a condition 
,h,a _lab to ftD.d ~he _1_ ot t_ ,J'IDW'tb ooutant. it • 

,~ - it tlA' = A t' (22.7.14.b) 

' .. 
" t'. 

if· 

10 '-1iJ ' 
S:'~:b~ ... t.,~~.i<I.I.._'::_'~ ~ 
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tie cOl1cludo tr.p.t th0 rate of ~rowth ..,,f a.ct:l.vlty in thE'! rile increases 
e;q,!(.>rlo'ltiLdl~' in ti!:1A ~dth tk: r~ .. ol.;()r:;lf' Llro:1ortif)l1'llity 

/{ k = e 
'Lr(17AT 

(c.2:r .114.<':) 

thus. 

Ac.;tlvi ty -- exp 
ko t ( 22 .7 • 14. d ) 

~f-(T7KJ 

In o'ther words, we ca.n suy tllat tile 4JiII:'HI;));'Wnor of dula~'atl I!<jutron t;luis­
sion effectively inuroaaetl the lifotilre of' one benerc:..tion fr9m "t" to 
1:" + (i/I;.), provided that tllf:l eKcess or deficit ill the rt;production 
factor is small in cODlparison with tho fraction, f, of delayed neutrons. 

Availaule Qxperinitliltal trviticncelO' indicates that there are probably 
four sp6cies of rbdioactive fission products of uMlniUr.i which re;leaae 
neutrons. \\0 have. tilerefore, to expreSS tho total fraction of delayed 
partic:es, ~s the surn, !' = i'l .. f2 4- i) ~ I'll" th~ f~ur contrib~!ticns, 
each ot WH1Ch is describod uy ita ()I''I1I cnaractt:~·l.atlc decay contltant. 
AI_ A2,. A" or 11.4. The gcneralizl.:.1..ion of' t.he a!lOVE:l discussion is· sh.plo 
and l(lt:l.us to the result 

Activity""" exp 
ke t 

(22.7. l 5.a ) 
't ~ t (fi/Ai) 

Expt:l'i.l,1ents with tho cht.t.in reacting pile*4' ha'H~ ve;rifiod U~e exist­
ence of the· predictt:d slow expon~ntial d.so or fall of .f.i.ctivi t]m tt 
time following, shortly aftor (I, Budder, s.lhull increase or docreaGO in the 
multiplication factor. LD.ter work has shown that tlte exponenti~l rise 
or decay factor is directly proport5.onal to t.h<:l exceSS refJroductior:. 
factor when ke is small compared wit.h £. Anderson reports....,. the result 

3.04 x 10-5 (fraotionul rise in I!!.ctivity 
per hour) = ke 

(22.7.lb.,a) 

For exwuI:lle. whtm"thtl exceSS Diul tiplicEi. tion . faL:tor is ke = 1 x 10-5• r.; 

then the fractional rise in activity per hour is (1 x 10-~)/(3.04 x 10-~ 
) • 0.329. Thus, in 1/10 oi' an hOUl' the t.t.ctivity rises by 3.3i~. At the 

*A. 11. Snell. V. A. Nedzel, and H. W. Ibser, C-el, A ,study of the 
Delayed Neutrons Associated with Uranium Fission. 

*.E. Fer.mi. CP-413. Experimental Production of a Divergent Chain 
Reaction. 

••• H. L. Anderson in CS-655. Meeting of Laboratory Counoil. 
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end of one hour, the act1Yity incr .. ses to the taotor ezp 0.'29 :II 1.'9 
"times its origlDal value. 

The observed correlation between the exoess .mult~plication taotor 
and. ra~e of growth of activity gives some information about the magni­
tude of the delayed neutron effect. Comparing tlw theoretical formula 

ke = (t~ r fi/Ai) (fractional rise in activity 
.per hour)/3600 

with the observed result 

(22.7.l7.a) 

ke = 3.04 x 10-5 (t:ractlonalr1se in activity per hour) (22.7.17.b) 

we conclude that for small excess or deficit in the reproduction factor. 
the effective Ilfetk:e of one generation has the value 

1: + r tilAi = 3.04 x 10-5 hours = 0.1095 seconds (22.7.17. c ) 

In contrast, the actual mean life of a neutron in one fom of water 
cooled pile. for example, i. only 1.22 x 10-' seconds. In other words, 
we can say that the delayed neutrons effectively slow down the process 
of growth or decay of the chain reaction by a factor of the order ot 100 
This fact greatly simplifies the problem of control ot a chain reacting 
pile. 

Initial growth of aotivity 
.' 

22.7.17 

22.7.17 
EValuation of • 
litetime 
ettective for 
amall ke 

The di8cu8sion 80 far has ooncerned the rate of growth or decay of '22.7.18 
activity at some time after a sudden change has been made in the repro- Activity 
duction factor, a change which may be either large, as in 22.7.5-11, or immediately 
small, as in . 22.7.11-17. Immediately after the insertion' of a control after ohange 
rod, holl'~ver, the asymptotic formulae for the rate of change 01' aotivity In k 
will not· apply. In oontrast, the rate of fission will inorease or 
decrease by the fraotional amount, ke(t/t'). In thetirst tew generatialS 
immediately after the location of the oontrol rod is altered. In faot, 
durin~ this short time interval, the level of activity will not greatly 
change. Consequently, the delayed neutrons given oft as a result of the 
earlier steady operation of the pile contribute to the development of 
the chain reaction in these first few generations just &8 effectively as 
if they had been given off instantaneously. Thus we are entitled over 
this a('.ort time interval to disregard the delayed character of some ot 
the neutrons and use the simple theory of multiplication, acoording to 
which the neutron a~tivlty will rise with time in proportion with the 
expression e ke t/tt' • 

From what bas just been said. we can make a more detailed picture 
of the reaction just after the control rod is withdrawn slightly i"rom a 
pile operatint,; at a constant level. For example. let the increase be 

IOIf 13 

22.7.19 
Advance warn­
ing of rise 
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ke 1:'1 It 10-5, aDd 1.t tM .-u. 1lt. ot a lleratND 1D ''the pll. be 'r: 
1.22 z 10-' .eooacl.. t'bID.. Sa the fin' "'" • __ ratt_. tbe aoU:tit7 
11111 rlae at tbe traot10111.1 raw~ 8.2 z J.O-',.eo. or 29.5.Au-. !be oWn 
reaotloD 11111 ",1G1r:17 &4jut lta.lt to th .... OODClltlou, bRwt'.r. t'he 
rate ot ri.e will qulokq drop ott u4 appnuh tM uJmPtotl0 _1". 
0.329 per hour. !Ma .• ud.d. Ill ...... in a.eutron aoUYlty.iIl tbe pile 
.tUrDl •• a, It will l?e ae., a kiD40t aclftlloe "l'IliDg ot tbe .1owr but 
iIlexorable riae la'blr 'to take plaoe lt the -.1\18 ot tbe -.;&ltlpl10&'10D 
fa.otor la DOt brought clcnm .. In. Thi ..... m1D& pheD.o:mlmOJi, pouted out 
by WigDer,. 1. a aeOOll4 bl •• aing beatowecl by the ul.t.. .. ot the 
de1ay8cJ. neutr9D 'ettoot. 

Cha' .... oterl.tloa ot Delayed. Neutron Idtt.ra 

22.7.20 

" 

t'he ob.erved rate ot .lcrir rl •• or ~11 ot aotlYlt7 when the UO ••• J 22.7.20 
multlpl1cation faotor 1a very little turnl ••• a .. ana ,to .stlate tbe lfulIlber ot 
absolute number ot delayed neutrona relative to all u8utrona trGm ' delayed 
fi.slon. Snell, .eda.l, alld. lbae"- have ~a8u1'e4 the 4e0&7 ot.8eoonda . neUtrons 
neutron eId.aion. Thoy have 4eoOlllpOae4 the obeer9'ed csurv8 into the torm 
ot tour ezponent1ala. !he perloda ot these tour 4eoay ourve. are 118te4 
in the tollowing table, together with the relatlve '9II.lue. ot the ablm-
clanoe tl ot ee.oh group. HoWever, the difficulty of measuring the total 
number ot neutrona made it po.aible to give only an approzbate figure 
tor the absolute 'VIllue of the aum. 

f = I t i rv 0.01. (22.7.2O.a.) 

However. :from. the experiments on the eneot ot a oontrol rod on a ohain 
reaoting pl1e ( 22.1.16). we obtain a oonslderably more preol.e value, to 
a quantlty 0108ely oonneoted with the number of delayed neutrons, 

!. fl/Ai .. 't = 0.1094 seoonds (22.7.20.b) 

The value of' the mean lite" "t' " of' a neutron in the pl1e in question is 
estimated to be approximately 0.0014 seoond. We conolude that the sum. 
is 

.[ f~Ai • 0.10.8 (22.7.20.c) 

Possession ot this datum makes it possible to readjust the absolute 
values of' the ratios f'i given by Snell. Badzel. and lbaer. a. indicated 
in Table 22..1.21. In'view of' varioua experimental uncertainties, two 
sets of' values are given suoh that the calculated values of z: ti/Ai 
braoket the experimental value • 

• E. P. Wigner, cp-351. On Variations in the Power Output in a 
Running Pile • 

•• Snell. Nedze1, and Ibser, C-81. A Study of' the Delayed Neutrons 
Associated with Uranium Fission. 

/058 July, 1943 



e' 

to' ...... , ' 1 

f \ 1',_ ' 

-

S?E~m ,)F CONTHOL 

Table 22.7.21. :lumber and poriod of hold-up of delayed neutrons. 
The qua,ntities. fi. Giva the number of delayed neutrons relative to the 
total of all neutrons resultin[~ from fission. Each quantity. Ai. repre­
sents the rote of decay (If the rac.loactive fission product responsible 
for the Z1 vene;roup of dtllayed neutrons. Tho absolute values of the Ai 
and the relative :V'cllues of the 1'1 come from the work of SnHll~ Nedze1 ane 
Ibser. Two sets of absolutei:lues of the fi are given, such that the 
calculated values of the sum i fi/Ai bracket the value, 0.108 soc., 
deduced from the curve of response of the chain reaoting pile to a small 
change in multiplication faotor. 

parent Ai half 
i fis8ion in . 11fe, 

product sec- 1 0.693!Al 

1 unknown 
2 unknown 
} unknown 
4 unknown 

0.28 
0.099 
0.029 
0.012 

2.5 
7 

24 
53 

£ • ! £1. When the value of 
ke is large in comparison with 
1', the quantity ke - l' deter­
!mines the asymptotic rate of 
growth of activity 

.r ti/Ai- When the absolute 
value of ke is small in com­
parison with f t the "effactivo 
lifetime" of one generation 
is 1: .. r fi/Ai 

Lfi/A12. Continued steady 
operation followed by a sudden 
small increase of ke leads 
after the lapse of a long time 
to a rate ot f1aa1on greater 
than the original figure by 
the faotor 

{I .. k r t1/;,,2 } 
e (1" .. ! t Ai)2 • 

ke t 
u:p 

(1:' .. L t1/.A1) . 

L t 1 A1. It a sudd~ burst gt 
t1ssion suddenly produces 10 
potentlal •• oondal"1 neutrona. 
then the DUmber 100 t Will be 
dela~ and ot the •• the num­
ber lOO~ti.Aldt will b. re-
1 ... e4 1n Nl 1mmed.1at.e17 1'01-
low1ng II:1II&11 tSme1lltenal. 4t 

values adjusted to 
f = 0.005 

fi filAi fj Ai 

:.dO"'3 x10"'3 x10..t> 

1.69 6.05 473 
1.69 1i.1O 167 
142 40.0 41 
0.19 15·6 2.3 

0.005 

87.6 x 10-3 sec. 

3.43 880.
2 

o~o-3 .eo-1 

values adjusted to 
l' • 0.008 

fi fi/Ai fj Ai 
x10+3 xlo+3 x10..o 

2.71 9.67 760 
2.71 27.4 268 
2.27 78.3 60 
0.30 25·0 3.6 

0.008 

140.4 x 10-3 sec. 

5.09 8eo.2 

1.1Oxl0·3 .eo-1 

22.7·21 
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sudden Burst of Aot1vity 
,,' 

In all oases so far consi,dereel. the ~in rea'otion was" in ~peration 
at a oonstant level up to the moment when the'multiplioation faotor was 
suddenly ohanged. 'In oontr,:a.st. let,-us ask how the aotivity wi;Ll Vary 
following a Budden burst of fission._ Suoh a burst may 0OIl\e about 
through short irradiation of a pile by a oyclotron. Alterriat~vely. a 
water oooledpile may s~ddenly lose its water. The multiplication 
faotor will then' inorease by a considerable amount. the aotivity will 

, ,rise at a rapid rate until ohecked by the sudden entry of, th~ safety,' 
oontrols. If the 'rise' in aotivity 1s sufficiently great in, comparisQn 

" with the origlnali'ate, ,of' operation. the effeot of, this sequenoe of 
: events will be equivalent to a short burst of irradiation. The 'oharac­
',' teristio feature of a ,burst is the abnormally'low peroentage !>f stored 
, nElutrons: relative to ln8tiultaneousneutrons. This oiroumstance bas. as 

a oo~sequenoe. that the effeotiVe multiplioation ?aotor foliow1ngthe 
burst iii! less than the' quantity. ke. by the 8.m.o.t. f. If ke at that 
time is· negative; or is positive but vel"Y. amall~ the.activity will ' 
rapidly de~y atter, the ,burst. This rapid decay will not oontinue 
indefin~tely. however. be~u8e some' of the radioaotivo nuolei tQnRed 

·during the burst will provide a source of neutrons tor s~e seconds 
afterward. ' 

22.·7.22 ' 

22.;1'.22. 
,ctivity'" 
£ter. sudden 

.burst 

, , 

,~ 

The growth and decay ot the neutron-'emitting nuclei oan, be fOllowed~22.7.23 
in more de~ll. L8t 'N potential new neutrons be formed during the' burst pid tall 
Of these the m~ber' Nf Will not be em! tteel at the tUleot the activation toliowed by 
hut only later. Of 'the Nfi:~eutrons "s~redlt 1n: nuolel .. wlth a radio- slow fall or 
aotive decay oonstant', Ai",·the fraotion,· Aldt. will be emlttedln a. slow rise 
small time interval, dt, just subsequent to the burst. Consequently, 
the total :rn te of' rel~se of delayed neutrons just after the burst will 
be N( I':tlAl) per second. Each of' these neutrons will be multiplied into 
a oonvergent chain of noutrons provided that, the effeotive exoess multl­
'plioation to.ctor, ko - f. 18 negative: the total number o,f' neutrons 111. 
one .such ,c~ln will be ~/[( - ke). +. t 1. ',Ta,klng' Into account the';del~Y!l~ 
neutrons themselves and 'the neutrons from 'the t-iSsion. they"produoe.-'we 
can say tl'..a t shortly a~fu~ the end of the burst' the tptB.l rate ot emis-
sion of neutroms will be ,", 

N(}l£iAl) 

(- ke) .. £ 
(22.7.23.a) 

The activity 1r111 oontinue slowly to t'all oft at a rate determined b;y 
theperlod of'the dela;yed neutrons. Eventually. the radloaoti ve nuclei 
formed durj.ng thla sub.equant period ot aotivity w111 themselves begin 
to oontribute an appreoiable number of delayed neutron.. ~t the exce88 
multiplioation faotor 1. slightl;y above un1ty, the •• delayed neutrons 
will be 8uftioient in number gradually to build up the power output at 
an ever inoreasing rate. tending asymptotically to a time dependence 
pr9Portional to the expre •• icn 

-H. W. Ibser, John RIO Manley. and John A. Wheeler, C-65. &trst ' 
Method of Determinlri& Approach to a Self-SUstaining Reaotion. 
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ke t exp _____ -

L + L fi/Ai 

...,,/ (22~7.23.b) 

If, on the other hand, the multiplication faotor is sli&htly less than 
one, tho aotivity will oontinue to decay atter the burst and will be 
represented asymptotically by the same fo~u1a with ke neG&tive.-

l 

i 
,j 

22.7.24 

1 

EXA},~PLE: Sudden loss of _ter trom a 250 mega .... tt water oooled pile 22.7.24 
results in an inorease 0.02 in the axoes. multiplication faotor. Balf a E:Umple ot 
second later, the safety rods have taken etfect and reduoed the exoesssudden burst I 

multiplioation factor to ke = -0.01. To what level 1s the rate of 
fiss Ion carried by t,his sequenoe of events? 

, f 

During the period of rapid rise o£ aotlv1 ty, the effective excess: 
multip11oation faotor 1s approximately 

ke - f = 0.020 - 0.006 • 0.014 (?2.7.24.a ) 

The fractional rate of rise of aotiv! ty per second is- approximately 

(ke - f) 
1:' • 

0.014 

1.22 x 10-3 
= 11.5 sec-l (22.7.24.b) 

The time required for the activity to increase by the factor, 'e, is 
0.OU7 sec. After the tko, t : 0.5 seoonds, the rate of flssi~n has 
risen by a faotor whose value can be obtained from Fig. 22.7.10. The 
factor is 

ke e(ke - 'f)t/C 
nc;-=-rJ' 

f 
(22.7.24.c) 1l'; .... f} 

= 1'.43 x }10 - 0.43 = 443 

Immediately after the insertion of the safety oontrols, the effeotive 
exoess multiplication, fa'otor becollles 

- 0.01 - 0.000 = -0.010' 

The activity ralls off at the r.ra.otional rate" 
~' 

0.016/1.22 x 10-3 sec =13.1 seo~l 

The time required for the activity to decrease by the factor,' e, is 0.07 
second. The mean time durinG which the activity, may be considered to 
have the peak valu~, 443 fold of the original figure, is 

-Curves illustrating; these phenomena are given in the preceding 
reference, C-65. ... 
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SPUD OF COlftROL 

0.087 • 0.076 = 0.163 seo. , 

The number of potential neutron8 fomed. during the b\arst of acUvi ty is 
consequently equal to the n\llllber tormed during operation at the original 
level !'or an interval of 

443 x 0.163 = 12.2 seconds 

. Those amcng these neutrons whioh are delayed .111 be Uberated in the 
period shortly atter the burst at the rate (last line of Table 22.7.21) 

Lfi Ai = 0.82:1t 10-3/seo. (22.7.24.d) 

Theae neutrons are released in a medium whose effeotive exce88 multipli­
cation factor 1s ke - f = 0-0.016. Taking into ao09unt the multiplica­
tion of the delayed neutrons by the medium. we oonolude that the rate ot 
tiss10n shortly atter the oonolus10n ot the burst differs fram the rate 
01' fis8iOn during the original steady operation by the faotor 

72.2 seo. :It 0.ti2 :It 10-3 seo-l 
A Ai2 • 3.7 (22.7.24.e) v.Olb 

in aoqordanoe with Eq. 22.7.2,5.a. In a first approximation we oan, 
therefore, say that the power output rises from 250 megawatts to 110,000 
megawatts at the end of the first half second and then suddenly drops 01' 
as the oontrol rods go in to a level ot 920 megawatts and finally slowly 
deoays. FOr a more precise determination ot the power output at each 
instant. one must, of oourse. take into account the fact that a portion 
of the heat is liberated not s~ultaneously with the act of fission but 
only af,'ter the lapse of some time due to the radioaotive decay of the 
various fission tra~ents and the breakdown of 92-239 and 93-23? This 
effeot produoes a correotion in the foreGoing figures only of the order 
of magui tude of 10;{. 

Theory of Delayed Neutron Effects 

We have seen in a qualitative way the effeot ot the delayed neutron 
in retarding the response ot the chain reacting pUe to a sudden altera­
tion in multiplioation taotor. and the way in whioh they prolong i:;he 
reaotion long atter it would otherwise have been expected to drop to a 
n9g1igi~le level. In order to consider these effects in mora detail, we 
may introduce equations describing quantitatively the change with time 
of the rate of fission and ot the number of "stored" neutrons: 

si 

'C 

= number ot neutrons "stored" in radioactive nuclei with 
the decay constant. Ai. Table 22.7.21 indicates the tour 
radioaotive periods involved. 

= mean lite of a neutron in the pile after the moment of 
emission. 

laf~ 

22.7.25 

22.7.25 
Equations for 
storage and 
release ot 
neutrons 
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SPE:::D JF C NTROL 

F = number of potential new neutrons formed durin~ the mean 
life time. 't" of one generation. 

fi = fraction of these neutrons nstored" in radioactive 
nuclei with the decay constant. Ai-

ke = excess ~ultiplication factor. 

In the small .time interval, dt, the fraction. Ai dt, of the delayed 
neutrons" 5i. will beco~e free. On this account, the number of "stored" 
neutrons will deorease by the amount. siAidt. New stored neutrons will. 
however. be formed durin,: the salae time interval. The number of eenera­
tions Is dt/'t'. In each generation, F potential new n'eutrons are formed, 
of which the fraction, fi. are delayed. The increment in stored neutron 
is. therefore. f1 F (dt/~. BalancinG this new production against the 
loss by decay, we conclude that the number of "stored fI neutrons increase 
by the amount 

dSi = {-AtBi + fi Fl't'} dt (22.7.25.0.) 

In a similar manner" we can caloulate the ohange. dF. in the number~F, 
of potential new neutronB formed per generation. So far as instantaneou 
mUltiplication ot neutrons Is conoerned. the effective reproduction 
faotor is ke - f. In the (dt/'C') generations which occur in the time 
interval, dt, the rate of production of potential new neutrons increases 
on this account by the fractional 8nlOunt (ke - f) (cit/C). In addition. 
the delayed neutrons released during this same time interval produoe 
fission and thereby form additional potential new neutrons to the number 
r 8iAidt. Altogether" we have for the inorease in number of potential 
new neutrons formed per generation tl~ quantity 

dF = {eke - .t)(F/t) + LA18i}dt ,(22.7.25.b) 

Tho equation (22.7.25.b) and the four equations (22.7.25.0.) govern the 
change with time of the five quantities F, 81. 

22.7.26 

We can investi9Lte the equations for neutron storaee by the method 
of characteristic solutions. We can assume as trial 8~lution 

I itIt 
s1 = s1 e (22.7.26.0.) 

22.7.26 
The charac­
teristic 
solutions 

and 

F t I e ;tIt (22.7.26.b) 

where the constants 811 and A I are to be determined by substituting thea 
expressions into the differential equations (22.7.25.0. and b). From 
equations (22.7.25.a), we find 

/Io/a 
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SPEF.D OF CONTROL 

(22.1.26.c) 

InsertinG these values for the quantities si1 and the expression 
(22.1.26.b) for F in the other differential equation (22.1.25.b).we find 
the following relationship cormecting the· fractional rate of growth. a I • 
with the decay periods of the delayed neutrons and tho excess multiplica­
tion factor: 

It I,; + I. .It I fa 
i Ai" I • ke (22.1.26.d) 

From this so-called "characteristic equation" fo11o\"[ the results we 
have already found in the extreme cases of very large and very smaU 
change in reproduction factor. For example. when the rate of growth of 
activity is very small co~pared to the decay periods of the delayed 
neutrons. we find 

1\ (1: + L fi/Ai) = ke (22.1.21.a) 

in agreement with the conSiderations of 22.1.15. On the other band, when 
the ra to of growth, It. is large in comparison with t he decay cons tants, 
Ai_ we obtain the opposite lfmitinb formula 

It 1:' .. f = ke (22.1.21.b) 

Certain accurate and simple relations between the growth constants follow 
from the theory of algebraic equations. When equation (22.i~26.d) is· 
expressed in polynomial form. the coefficients of the various powers of 
A are symmetric functions of the five roots. aI ••••••• ~V. Thus we find 

I II V 
ai-A ~ ........ il = (ke - f) /C - 4 Ai 

1. 
(22.1.21.c) 

1 1 
aI ~ alI + 

1 ....... -- .. 
il V 

1:' + i. fi/Ai _ L .-!.. 
ke i Ai 

(22.1.27 .d) 

;tI ({II Il.III ({IV l II Al A2 A3 A4 kelt 
(22.7.21.e) 

... 
These relations are of service below. 

In the general case of an arbitrary value of excesS multiplication 
factor. ke • the characteristic equation (22.7.26.d) can only be solved by 
numerical or graphical methods. Figure 22.7.29 presents a graph of the 

IJI/J 
,... 

22.7.~ 

22·1·27 
Relations 
for growth 
constant 

22.7.28 

·1 

Five charac~er, 
istic sO£1tions, 

. i 
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CHARACTERISTIC, -.' EXPON ENTS 
IN THE :THEORY" OF 

THE DELAYED NEUTRON EFFECT 
A(A) .. 'K. J t, .. , 'A.y 

: CHARACTERt.STIC EXPONENTS IN SEC' 
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.. 
left-hand side of this equation as a function of a. It will be noted 
that for any given value of ke • we have not one solution but five solu­
tions for a:: (il, IiII, (lIII, /lrr. (tV. In other words J the differentiaJ 
equations (22.7.25.a and b) are satisfied by any one of five independent 
solutions. Of these solutions the fifth, for example, has the fonD. 

F = FV e aVt (22.7.28.a) 

s1 = V a,vt V· aVt 
si 0 = f. F LT: 

1. Ai ... IIY e (22.7.28.b) 

whereFV is an arbitrary numerical constant. It is quito reasonable that 
we should have five independent solutions, each with one arbitrary con­
stant, for we have five differential equations which govern the change 
with time of the number of free neutrons and the number of neutrons 
"stored" with each of the four decay periods. In general, the problem 
which we are conSiderinG can be stated in these tenns: Given the values 
of F and the four quantities s1 at tho time t = 0, to rind the values of 
these five quantities at any later moment. We evidently require all fiVE 
adjustable constants in order to satisri the given five initial condi­
tions. 

22.7·30 

In order to solve the problenl just outlined, we shall DlElke use of l 22.7.30 
the relationship of ".orthogonali. ty" which exists between the cha~cteris Orthogonality 
tic solutions correspondinz to two different growth constants, RlR) and of character-
a (3) :. . istic solut1onfi 

't F(R) F(S) 

~ 2 A(1) 
vani:;hes 
when R = S 

(22.7.30.a) + L. '1:/i s. (R) (5)/ 
i i 1 s~. ~(2) equals 

(F(R) )2d ke/d~(R) 
when R = S 

This orthogo:mlity relation follows on (1) substitution of the two char­
acteristic solutions af the form (22.7.26.a and b) in the basic di·fferen­
tial equat10ns (22.7.25.a and b) and (2) doinG the algebra outlined in 
the following table; 

Differential equations (22.1.25.a and b) 
ae applied to characteristic solutions 

'il (5) peS) '" (ke - f) F(S) /! • L.Ai 51 (5) 

It (S) s1 (8) = 

a(R) F(R) = (ke -

it(R)s1(R) = 

fi F(S) Ir - Ai s 1 (S) 

f) F(R) Ie • rAi s1 (R) 

fiF(R)/t - Ai Bi(R) 

loiultiply 
equation by 

c: F(RL 

(-reAl/fi) si (R) 

_ T'F(S) 

- WAi/t i)SJ,(8) 

1/3/3 
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_ltiplicat1011 ot the equatloDl as 1Ddioat.d and SUllll&tioDII l_d to the 
result 

C it CS) - a ca» (nCa) ,CS).rt;~l 01 Ca) 01 C81 = 0 (22.7.30 •b ) 

When the two oha~oteriatio growth oonatanta are ditterent. the expres­
sion in braoket. ... t endentl1 V&Il1ah. !hue the tirat part(of the(S) 
orthogonaUty relation ie prowcl. OIl the other hanel. when it R • (l , 
then the lett-hand side ot· the orthQg{)DaUty relation recluoea by virtue 
ot (22.7.26.0) to the p~uot ot (1'(&)2 bl the aum 

1: • 1: ,cA'i l tt/C 12 (22.7.30.0) 
i '""1'1 Ii + it CRlf 

!his expression mal be obtained by ditferentiatinG the lett-)hand aide of 
the characteristio equation (~.1.26.d) 1Jith fetapeot to it (R. Conse­
quently it repreaents the derivative d kald a. RJ. !he second part of th 
orthogonality relation is thereby proved. , 

22.7.31 

lie wish to find the state of the pUe at any time when the value of 22.1·31 
the roprod.uction faotor is fixed and when we are given at the in1t1al Oeneral 
instant, t = 0, (1) the number of stored neutrons, si' of each deoay expression 
period and (2) the total number, P, ot potential new neutrons formed per for state 
generation. the solution of this genenLl problem. will be obtained by a of pUe 
superposition of the five oMaraot8ristic solutionsa 

V 
pet) - r peR) 

R-I 
e it (R)t (22.7.31 •a ) 

v 
81Ct) = R~ oCR) • ,,(R)1o c t t'iP(R) It' 

I R=I Ai + (l(R) eit(R)t (22.7.3l •b ) 

We have only to find the five unknown constants, p(R), in order to oom­
plete the solution of the problem. For this purpose we set t = 0 in the 
five equations and apply the ortho~nality relationship as follows. We 
multiply the §frat e~uation by 1rplS) and the other four equations by 
~2 Aj/tj)Sj(S - F S)1rAj/(Aj ~ a(S». We add the results of the 

multiplication, use the orthogonality oondition, and find 

P(S>f't"F(O> t L Sj(O) 1;' Aj 1= (p(S»2 d kald it (s) (22.7.31•c ) 
. . . ~ 

-H. W. !bser, John H. Manley, and Jo~ A. Wheeler, c-65 , Burst 
Method of Deter.minin& APproach to a Self-Sustaining Reaction. The more 
general case wo;here the pOlfer level is law and the contribution of the 
sPontaneous neutrons has to be taken into account is treated by E. P. 
Wigner, CP-35l, On Variations of' the Power Output in a Running Pile. 

~ rl E-- II/f/;J 
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This equation tells the value of the typical unknown constant, F(S). 
Thus we are able to find from the state of the pj,le at the moment t = 0 
the conditions obtaining at any later tbne. Expiioitly, we have the 
result 

F(~) = f {FCO) .;. r. s-\(Q) A;:l ( >} . 
R=I j " A • .;. it R ' 

J 

, J 
(22.7.3l.p) 

r: (ditCR) /d ke) e ;t(R)t 

Stet) = t [F(O) + L "j(O) AjacR)l 
R=I j Aj + ( (22.7.3 l •e)t 

. it(R)t 
f'i (di\.(R) /d ke ) e 

Ai .. ilCR) ,-

22.7.32 

In the case ot greatest interest, the pile baa been in steady opera~ 22.7.32 
tlon at a constant level up to the moment t = 0, when a sudden chance ls Case wbere 
made in the reproduction tactor. Up until the moment ot change, the ctlv1ty MS_ 

'delayed neutrons are in equilibrium with the instantaneous neutrons. een constant 
Quantitatively, this condition means that the number, sl. ot neutrons 
stored with the decay constant, AI, is 

Si(O) = F(C) tVA1 't, (22.7'.32.a) 

as tollows trom (22.7.26.c) or as 1s apparent on a little consideration. 
The expression 

{FCO) Aj } .. £. Sj(O) Aj ~ itCR) (22.1.32.b) 

which appears in (22.7.31.d) will theretore reduce to the to~ 

(F(O)/t) f-r .. [ t.1 ' } 
Aj .. lta) . (22.7.32.c) . 

'!'he braoketed quantity baa the _lUG kelitCR), according to the oban.c­
teriat:\n equ.ation (22.7 .2b.d). We lDI1ke uae ot t!?.,ae reductiou \0 
a1mpl1ty the general equation (22.7.3l.d) tor the rate ot production ot 
neutroDS. We tind a aimple result in the preaent cas •• where the pile 
baa been in operation at a coutant level and where &' sudden ohange baa 
been ... cie in Ice I ' 

...--... ;-' .. 116'8 / 
" 

Jul7, l~ 

" 



\ 

I 
! 
i 

"/ 
; 1 
, ~ 
r; 

,~ 

e 

1 l_ 
l.ot 

FISSION AFTER SUDDI" WITHDRAWAL OF CONTROL 
0.5 PERCEHT Dt:LAYED rtEUTRON5 

------- 0.8 'IRCENT DELAYED H£UTAOHS 

'.0 
TIME IN SECONDS 

'01.0 

e' 
FIGURE 22.7.33 

::a.07 

" C) 
c 
;:0 
rn 

f 
N 
N 

~ tooo.o IN 
(N 

p.~.o. "/6/4, 



I I: ~i 
I I. 
I 

It 

E .. 

~~,.. .;~'*"W't'~'.'-"*"","""'''<r,,.,,.,.,,,,,,,,. ·~'~""--.IIi!'-"' •• SIl.t!!llZ(llla";I'II;!"!l~-II"'!.-'1!!I·--"'--'-111111!.41\1111I1,II¥$I!!1!S",,:lr: .~ 

sowo::ns III 3ViI.1. 



e 

~ 

" ~ 

Fine conlrol rod 
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To slar! Ihe pile loe 
operator Ivrn, on the 

~~o~J~ic:;h 
control rod out ~o 
that h,. IncreoHs 

e~?t°! gofio ~o~l~: 
--r-

7hp power 
ouIp"1 i, f,nt 
delected 015 
.,,,tt •. Tnen 
the operator 
stops tne mohon 

ab&3~" 

When Ihe 
power 'let, 
above Ihe 
lower limit the 
operotor furns 
00 the lower 

111~11' c<;£s8h 
wall, . 

/" 

When the power 
r~oc.he5 the 
upper Itm.1 the 
rod IS moved a 
deflnl;e dtstooce 
onlo Ihe p;le by 

~~~~~I~~t.ilbRc 
'-0.0003). ......;:;:;'--

When the power 
reaches the 
lower hmil Ihe 
rod IS moved 
the ,arne dlSlonce 
0..,1 of the pole by 
on automatIC 
mechonl&.m. (61:1.( 
, +O.OOQ}L 

r:'I~~:~': J~to~:nJ1,"oihthrw"r 
C onfrol rod •• mov"d or bolh. Both 
o~e chof"lged be~ow Seo thaf ike 
power output sto--'ys nearer the 
overoqe le' .... =!.J. Tne following 
automatic operation IS similor 
to the pre'llou!t 0 perofion e:.-.cept 
that 'h" vpp.er !.mtt" 5200 wall, 
the lower 4800 NOli, & A~. -0D00075. 

The operator .huh lhe 
pde down by tvrninq off 
the lower power limd 
and rUl'lninq the cont rol 
rod 011 the woy in. He 
thon turo, off the upp .... 
power hmd control. \. 

----. ..-

'~~: ..!'~!1f·" -- --~ 

.. - /" "'- _ ~s.8 ,:",:OWE~ LIM:!.. _..:. __ _ -.. 

LOWER PO'II!:", LIMIT 

_.,0 ~ ;-,ow. I 
'2 -10.4 ,.; 

! EXU I SS R 
'2-10" 

-'~'IO-' 

·8'10" 

SIMPLEST FORM OF AUTOMATIC POWER CONTROL 
THE COi:'?OL RO) IS SUDDEOlLY DISPLACED INWARD BY A DEFINITE: DISTANCE VIHt:N 

THE POWER REACHES TH£ PREASSIGNED UPP£R LIMIT 

THE CONTROL POD is SUDD£NLY MOVED AN EQUAL DISTANCE OUTWARD WHEN THE 

POW£R REACHES THE PREASSIGNED LOWER LIMIT 

After Ihe insertion 
of Ihe control 
rod. Ihe oclivdy fell, 
off "ilh lime at 0 
role delermined by 
Ih" decoy of thole 
fISSion produch 
wnich release 
delaxed neutrons, 

e. 

FIGUFtE.-2z.7.38 
Fine control rod 
camp,lelly ,,;Ihin 
g.le tI'. ~ -0.001). 
Power oufpui 15 due 
to multipltcal;on of 
neutrons rrom 
~on~sion. 
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. THE OPERATOR MAY CHANGE THE POWER LIMITS AND THE MAGNITUDE OF TH£ ROD DISPLACEMENT 
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Automatic Control 

) 

22.13b 

Bow to keep a pUe rwuU.nC at a nearly constant output is one of .22.7.';6 
the most important problema of control theory. The precise positIon. of FUnction of 
the :control.rod which is required for steady operation w111 not be knoWn automatio 
in adVlllloe, moreover. this positIon. will ohange from time to time as control. 
alt~rationa in temperature, barmnetric pressure. and oontent of cooling 
fluid affect· the multiplication factor. There is. therefore. a need for 
an'automatio meChanism to keep the output constant within oertain pre-
assigned limits. It will be the fine oontrol whose motion will have to 
be governed in such a way as to accomplish this end. 

I . 

. The simplest form of automatic opera.tion is provided by the so­
called limit control. An ionisation chamber or proportional counter in 
the pile is connected to an amplifying circuit. When the current flow-

, ing shows lto below the preassigned value. a relay 1s activated and the 
control rod is pulled out a small distanoe. The multiplication factor, 
therefore. rises slightly. The pile continues to function with the new 
vaiue of the multiplication faotor. If the activity again taIls off 
(see Figure 22.1.38), the.same relay will soon be called to function 
again and the control rod will be pulled out still further. By a series' 
of such operations the fine control will eventually be brought to a posl 
tion corresponding to an effective reproduction factor slightly greater 
than unity. The activity will begin to rise. When it reaches a value 
1;' greater than the preassigned figure, a second relay is activated. 
Thereby. the fine control is pushed into the pi Ie a small dis tance. The 
activity begins to tall. When it gets to 99;' of the preassigned level, 
the lower limit relay again functions. Thus the output of the pile 
oscillates to and fro·as the control rod is moved back and forth between 
two positions relatively close to each other. The time for one cycle of 
this process of rise and raIl depends upon the magnitude of the displace 
ment given to.the control rod by the operation of the relay. Figure 
22.7 • .36 illustrates the si.>tuationin the case where the activation of th 
relay brings about a change in k of 7.5 x 10-:5• It is seen that the 

. power output will fluctuate with a period. depending upon the closeness 
of upper and lower limits •. The period is in the neighborhood of several 
m.inutes in the exampJ,e illus·trated. The limitin;:; type of control evi­
dently provides an effect1 ve means to keep the output of the pile wi thin 
prea~si&ned limits. 

, The development of automatic control.mechanisms for various induS­
trial applications has shown in recent years an increasinG tendency to 
make use of the principle of antiCipation, in contrast to the simpler 
scheme of the limitinz control. The regulating device is governed not 
only by the m&&nitude of the quantity which is to'be controlled but also 
by the rate' of change of this quantity.' Consider a case where the quan­
tity is rising rapidly but has not yet reached the preassigned upper 
limit. In this case the limitini; control does nothing to stop the rise. 
The anticipatory control, however, is governed by the rate of rise. It 
already starts to retard the reaction before the upper limit has been 

1~J8 

22.7·37 
Simplest fOnD: 
limit control 

• 

•• 

22.7·39 
. tic1patory 
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F(t) 
FtOr 

;; 
v t ke d ~(R) ,;t(R)t 

R=I iteR) e d lee 
(2't!!.7 .32 .d) 

v r (d In ~(R)/d In k) ,;t(R)t 
R=I e e 

All the quantities used in this equation can be read off the curves in 
Figure 22.'/.29. An illustrative eXllJllple set forth in the figure shows 
the use of this equation to determine the rate of fission. Typical 
curves for the activity as a iunction of time after the sudden insertion 
or removal of the eontrol rod are presented in Figures 22.7.33 and 
22.7:.34. Similar curves showinG the variation of activity with timo 
after a sudden burst of irradiation have been calculated and are avail­
able in C-65. 

The total nu.r.lber of fissions occurring after the con·trol rods enter 
the pile is a quantity of some importance. It is determined by inte­
gratirig the rate of fission as given by (22.7.;2.d). The result of the 
integration 1s evidently 

r. 
n=I. 

ke d It (R) 

-iteR) d k e 

1 ke d 
i\{R) = d ke 

v 
~ 

R=I -il(RJ 
1 

(22.7.35.a ) 

The last sum is evaluated in equation (22.7 .Z"/.d). We differentiate it 
'as indica.ted and find the retiult. 

f
total number of } 
nautrons .liberated 
after ke drops _ 
---- -b-·· - f potents.aT J -

:formed per 
operation 

ftotal number Of} 
after-fissions _ 

{

original numberl -
of fissions per 

. second .. 

to F{t) dt :: 1:' + [ fi/Ai 
- F(O-)- - ke = 0.11 sec 

- ke 
(22.7.35.b ) 

For example, lot the insertion of tho control make a deficit, - ke = 
~.al, in the reproduction faotor. Then the total number of subsequent 
fission.:> is the same as the number which wf)uld haT"e oocurred 1n 11 more 
seconds of nOl':"I:l&l operation. 

..... -,.,.. - . .. . 
" 
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reaohed. Eleotronio oirouits have been developed by the group working on 
oontrols at the Chica&o Metallur&ical laboratory under thS leadership ot 
V. C. Wilson and W. P. OVerbeck. oirouits which give the control rod a 
motion depending not only upon the level of neutron.aotivity but-also 
upon the rate at which thiB activity is changing with time. The theory 
governing the choice of constants in the electronic oirouits has been 
developed by Christy.. This type of control proves to fUnotion satis-

/--'\ factori Iv ••• 
. I 0# 

", 

TWo features of the operating pil~ stand out fram the foregoing di8~ 
oussion of the t~e dependenoe of aotivity. First. the delayed neutrons 
give the period of' response to oontrol a quite reaaonable magnitude. 
Although the process of f'i88ion occurs in a time of the order·of magni­
tude of 10-21 seoonds, every other atep in the ohain reaotion tends to 

. lengthen the effeotive ttme interval of multiplication: the process of 
moderation extends it to~lO-4 seconds, the process of thermal diffusion 
brings the time up to~lO-; seconds, and the delayed neutrons stretch it 
to--O.l second. Secondly, the oontrol mechanism operates'most conven­
iently not on the temperature of the cooling fluid itself, but on the 
neutron activity, i.e., essentially the rate of rise of temperature. In 
other words, it is possible to correct a sudden rise in neutron activity 
long before the temperature of the emergent water has had an opportunity 
to respond. This feature of a chain reacting pile increases greatly the 
stability of operation. ' 

Subsequent to the writing of the main part of this section. five 
developments have occurred which are connected with the subject of speed 
of control and which may be summarized briefly here: (1) further study 
of delayed neutron emission, (2) more accurate experimental measurement 
of the relation between period and excess reactivity. (;) mO.re complete 
treatment of decay of activity after shutdovm when finite time is re­
quired for entrance of control rods, (1.) treatment of self-stabilization 
of ho!::of!;eneous heavy wat~r pile by rea:;;on of' neb~ltive tf.lmpero.ture co­
efficient, (5) treatment of srune problem for graphite piles. 

Decay of dolo.yed neutron activity following. a one second cyclotron 
irradiation ras been studied with imj?ro',;ed precis::'on by Snell, Sampson, 
and Lavinger.... The counting rote drops sharply in the ini tiul second 
after stoppae;e. of bombardment, thus indicatine; that one emitter has e. 
period less than a second. Inabilit::.r to follow precisely this initial 
docay fortunately does not much affect the accurucy of estir:a.tes of the 
total number of delayed neutrons or the precision of calculations of thei 
effect on the reactivity of e. ·pile. Snell and his associates extrapolat 
the activity back to zero time in a reasonable way and find that it falls 

*R. F. Christy. CP-349. Slow Control of Ii Chnin Re!:',ction • 
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•• w. P. Overbeck, CT-669. Control System for the Argonne Pile. I" 
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***Arthur H. Snell, Milo B. Sampson, and J. S. Lavinger, CP-I014, 

Further Work on the Possible Use of the Delayed Neutrons for Detection 
of Coating Failures in the W Pile. 
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off in re'lative magnitude in proportion with the following expression: 

0.57 exp (-1.38t) + 0.40 exp (-O.154t) 

+ o.o21~ exp (-O.030t) + 0.002 exp (-o.o14t) 
(22.7.42.a) 

The corresponding mean lives aloe 0.1 second, 6.5 seconds, 33 seconds .. and 
12 seconds, and the half lives, also in seconds, are 0.5, 4.5; 23 and 50. 

In other experiments* Snell and his co-workers have identifiod tho 
50 second delayed neutron emitter as a radioactive bromine nuoleus and 
the 23 second source as an iodine activity. The activities were 
generated by brief irradiation of uranium at the Chicag~ cyclotron. The 
lifetime of the two groups in question was sufficient to carry out one 
chemical operation. The reaction chosen could be made sufficiently 
characteristic to lIIAke U.s identifiCation fairly certc.in. Beta ray 
activities ,"lith periods similar to these have been observed by other 
workers. However, it is necessary to be cautious about concluding the 
identity of a known beta ray emitter with a delayed neutron source. The 
latter will lie at or near the head of a fission chain. Ori the other 
hand a beta roy activity of short period is only isolated chemically and 
studied satisfactorily w}~n it is descended from an earlier fission pro­
d¥ct of reasonable lifetime. 

j 

I Combining the new results on decay of sources of del~yed neutrons 
. wi.th observations on the rate of growth of power output of the. Argonne 
pile. P8r.mi**h&s been able to describe the connection between period and 
excess reaotivity with improved precision. He applies relation . 
(22.1.26.4) between growth constant and excess k (1) taking the periods 
and relative strengths of the delayed neutron groups frca:n the work of 
Snell's group, (2) adjusting thB relatIve strength of delayed and in­
stantaneous neutrons to fit the Argonne data .. and (3) eliminating refer­
ence to the absolute value of the multiplication factor because that 
quantit7 cannot at present be measured with a preoision at all approach­
ing the acc~oy of deter.minations of period and of relative changes in 
reaotlvit,.. on this last acoount the experimental results have been 
put 1ntc a form which involves. only relative values of the excess multl­
p1icatioD ~aotor, k.: 

ke (for period of T seoonda) a 

(
limiting value observed in case) 
of very long periods for product 
of period. in houre and excess k 

(eX0888 rea.otivit,. expressed) 
l in "inhours" (definitian) . 

.. ~ + 33 + 1139. + 1193 + 585 
, , + 0.1 T + 6.5 !' + 34 '1' + 83 (22.1.44.&) 

.... Snell. C~96l .. Report for IIOnth endiDg 1943 .. September 25 • 

• .:Per.o-~ oommuni_tlon b)' P. IIorrison of results transmitted by B. 
Pend on 19l14. ..rob. 29. 
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The first term in this formula is a measure of the effeot of the instan­
taneous neutrons. 'I'he relative magnitude of this term will ohan~e 'by an 
amount of the orda:- of m&bIlitude of 30 peroent between &raphlte piles of 
different composition. Such a change will evidently have only little' 
effect on the overall value of the right hand side of the equation. On 
this account Fermi's relations~p between period and relative reactivity <\ should apply to all graphite pi~es w1 th an acouraoy of the order of magni 

' . ...1 tude of I percent for periods of 20 seconds or more. For shorter perio 
on the other hand the di£f'erenoe between one pile and another will inorea 
ingly manifest itself because the first tennin 22.7~.a eventually 
dominates. 

( 

e 

How the shutdown of a pile is influenced by the speed of insertion 
of the oontrol rod is a question of same practical interest whioh has 
been treated by Schwinger.$ Wben the rods enter ins~tly the activity 
falls off with tfme as illustrated in Figs. 22.7.33 andi}4. A~tually 
the safety rods 'of the Banford pile require a period of ' the order of.2to 
21 seconds to fall into position. The events during this time can be 
analyzed by negleoting as in the case of instantaneous insertion (22.7.8) 
the production or decay in the number of neutron emitters which takes 
place in so short an interval. We are then dealing with a constant 
source of neutrons undergoing multiplication in a medium whose reproduo­
tion factor ohanges with time. All other aspects of the delayed neut 
are overlooked.. Schwinger has treated this straight-forward problem of' 
transient equilibrium. He has given the solution in graphical for.m for 
the partioular, case where the control rod crosses the aotive zone of the 
pile in a time of 0.93 seconds. His curves show that the power output , 
haa rallen at the end of half a second to a lovel about lalf -'1' between 
its original figure and the .final value for transient equilibrium with 
rods all the _y in; 1.e." halt way to the fraction O.oo6/(-k + 0.006) 
of the original power. From this result it is a.pparent that the speed 
of shutdown of the Hanford pile during the entrance of the safety rods 
ia limited more by the rate at whioh the controls enter than it is by 
neutronio characteristios of the chain reaction!, 

The oonsiderations on stability of operation and. speed of ~utd.OIIJl 
, so tar developed assume that the multiplication faotor 1s d.etem.1riecl 
entirely by external ooncUt1orrs such as rod movement and. water supply. 
The internal temperature o.f the pUe 1s however an important additional 
faotor in stabilizing its operation. 'lhe coeffioient of the reaotiv1t,' 
with respeot to temperature ohange .ras alread.y been disoussed in Chapter 
16 .for piles of various type.. !he application of these results :tas ao 
far been explored in any detail only for the homogeneous heavy _ter pile 
and. for graphite piles. 

Schwinger has analyzed the behavior to be expected f'r'am • 30 taD. 
pile constituted of IlL homogeneous mixture of baa..,. _ter and uranium. 
!he pile material is oonoeived to be a slUJT7 and is oiroulated by m.e&Da 
of speolal pumpa to heat exoh1ulgel'8 ancl baok to the reaotor. Sobld.npr 

*-1ul1.an SohwiDger II cP-884, 1943 Auguat 16, 'the Bf'teot ot the lJ1-
.ertion ot a 8&f'et,' Control Joel on the Fowr CNtput ot the Pile. 
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oou1der. the ca ........ the p11. 1. operat1Dg at 800 aega-.tt. a.D4 }aU 
the pap equ1paeat euddw7 ta.11e. In tb.l .... the temperature ot the 
.111.1"1'7 r1 ... IUI4 t .. rebJ'deorea ••• the reaotiylty of the .truoture.· 
Be.. take. into aooO\Jllt the efteot of the ohuge in r:_oti vi ty on the 
power output, astlum.iDg that 2/5 pel'08nt of the neutrou given off in each 
generatlon8l'1ae fram. radioaothe fiaslon prociuots IUI4 that 1/5 peroeDt ot 
the neutron. orlg1Date freD the db.ooiation of deuteriUID by pmma l'&)'IIe 
Be oonclud.ea that subsequent to the pump fallure the t8mperature ot the 
slurry will ris. at most by 140 0 ar.d that thi. ri.e will 01)011.1" in a 
period of the order of 47 s.a0n4a. SUb.equently the power output of the 
pile will stabili.e at a new IUI4 lower level. In other worda the 
negative temperature ooeffioient of the oba11l reaction is an importaDt 
factor in the-stabIlity of the proposed alurr:y pl1e. 

e2.7.47 

the llIIportaDt poaition of graphite-uranium pll.s in the· plutonium ~.7 -¥ ! 
projeot givea special interest to the d.iscussion of thelr stability duriDg SeU-st&b1l1~ i 
operation. In this connection we may note the e1mila.rit7 between the uti_ ot I 
Clinton and Hanford struotures as regarde temperature coefficient. lor graphite pl1e. 
both pUee the dCIDlnat1Dg effect is a loss in the reaotivity of 2 x 10-5 
~r 0c rille in the effeotive average tsnperature of the metal. In neit 
of the two rather dlfferent p11.s does the temperature of the graphite 
exert any 1mportant intluence on the reactivity. On this account we can 
say that the tElllperature of the graphite 1'1i11 follow the power outpUt of 
the pUe but will not affeot it. 'this oiroWllstance reduces the al".aI)'Bis 
of the ther.mal stabilisation cf theae piles to a two-fold problem: 
(1) the effect upon the temperature of the metal of unbalance between heat 
production and. cooling and (2) the effect of the temperature of the metal 
by way of the temperature coefficient .upon the rate of change of.' the ~er 
output. A smple mathematical analysis of the interaction of.' these two· 
effects shows that the temperature and. power output of the Clinton pile 
when displaced. fram a atate of equilibrIum oscillate about that· state 
wi th a period ot the order of 17 minutes while a similar disturbanoe in . 
the Hanford pile will be followed by a gradual drift back-to equill~rlum. 1 

I 
I 

We use the following notation to describe the Conditions in the pile a I 22 .. 7-49 - I 
. Bquatlona ,at I 

'1', the value ot the effective average temperature ot the metal in the seU-atabili- \ 
p11e, taken with respect to the inlet temperature ot the coolant as satlon ! 
point ot reference. !he uranium. acts as a thermostat and ult1mately I 
stabilises its power output at a level which will just maintain this f 
temperature elevation at the value'!' = '0. 'the numerical magnitude 
ot '0 depends upon the position at which the'control rods are locked. 

P, power output. In a steady state at the'tsnperature t = '0 the pile 
gives off the power P = Po. 

-the ef.'fect of telIlperature on the reactivity of.' a homogeneous 
uranium-heavy water pile has been treated by Gale Young in CP-8C17, 
1943 August 6. 

•• These results ot Schwinger are briefly summarised 1n the Chicago 
report for Nuclear P~SiC8 Research £or the month ending 1943 October 25, 
CP.1016. 
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B. heat capacity of the uranium. We neglect the transfer of heat 
.from uranium to graphite and via graphi tetothe coolant as baving 
only a small effect on the selt-stabilization of the pile. 

t. elap.ad time. 

S!. d1f"ferenoe betWeen'instantaneous temperature elevation and 8qu!-
librium temperature elevation, "'0. . 

8P. d1f"ferenoe between instantaneous poW8r output and equilibrium power 
output. 

The flow of beat frClll the metal to the coolaDt is proport iora I to the 
temperatura ditference between the two. When the t_perature elew.ticm. 
is To, the rate of flow 1s Po. CQnsequentl,.. _haD thetanperature dif­
fere,nee increases b,. tl8 amoUDt 8,.. the rate of heat tranaf'er will in­
orease by .the amount (Petro) 8!. On the other ~ it wlll tend. to ,.ana 
up due to the inorease. eSP, in the power output ot the metal. the dif­
ferenoe between the two opposing te:n4enoies ia measured. bY the quantity, 
6P - (PoIro) 8,... !his expression represents the exoeaa of _t produc­

tion in,the ....... 1 OYer escape of' heat t'rGm the .etal and theretore de­
tel"JD.1nea. togethar with the hea.t capacity of' ~ metal. the rate of 
w.na1.n,c of' the ~Ulll.1 ' 

4 ',../dt = {eSP - (Pofro) cn-),-it , (22.7 -49.a) 

Ba"'1n& thlls ..... luated the eftect on 1;eperature of olaDgea in power outpu: 
_ bave to f'iD4 the effeot on power outplt due to t..peratur •• ' 1JbeD the 
.. tal -.pia up by the amount. 8f, the reaotivity drop. b,. the am(nmt 
-2 x 10-:1 oy. We 4iv1d.e thia clanp in k b,. ta. etfeotive lifeUme. 0.1 
.. o0n4, of ODe generation of uutrozus (22.7.17.0) in order to obtain the 
t':raotioral 4ev... in power outpu,t 1Ih10h ooova in the oourse of one 
aeooDlS. !'IIwI .. arri .... at the stlOOll4 f'mldNieDtal eq_tion ot tMprobla 
of' .. U-at&biliutiolh ' 

4 8P/dt • -2 z 10-.4 .08,..' (22.7 Js.b) 

In oftler to 'inveat1p.te the' rate ot approach to equiUbri1a after .. 
4iataarbUae in the operatlDJ OOD4itiona of tlul plle .... tIT wbatber _ 
.. _tlal7 eq_tiou 22.7-49 ... &lid Z!.7-49.b b7 a 'ac1ution i4 the t'ona, 

8. • .~ IIEP (It) 
6~ • "'1 Gp (kt) 

(22.7.5O.a) 

%D order to-.k. auoh a aolut1cm at1at7 tbI equatl_ 111 quelltloa. ... 
-7 laft to &1ft ~ a po.itl __ l1ae. %D th1a ___ will OCIDOlDde 

tlat tlw plle 1. \l:Utable __ tU OOIltro11"OCla' are loobcl into po.itl_ 
...... laft ....... "- ... CIOIItnl .olllal_ will )aft to be prcrrid.e4 

, ib. ol'der to p,...at; & .1:aatiro.... Gr& • otJIer __ • U A.. ..an be 
•• UTe 1D ...... to pual' & _1d1_ or tile to. 111 cptatloa. --. tlw 

, p1le will ... ~ to ecpU1111r11a &tter a ~_. fta117., 
, ' 

1'-5 1fJ, 

22.7..49 
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if' k 1s complex we will oonclude that the ttllnperature and power output 
cf the pile will oscillate periodically after a disturbanoe. We sub­
stitute the trial solution (22.7.50.a)' into the dif'f'erential equations 
and discover that it will give a proper account of' a disturbance only it 
the oharacteristic exponent A. is a solution of' the quadratio equation: 

).. 2 It 10-4 P 
o . = 0 (22.1.50.b) 

-lftt J,. + (PoiroB) 

the two charaoteristio roots are theref'ore: 

A. - '-(p0/2 "roB) ± [(P0t2 ToH)2 -(2 x 10-4 P~ 
('22.1.50.0) 

From the nature of the cmracteristio exponents, we conolude t:t.t 
the pile is never unstable and can at most be 08cillat017. Osoillations 
will take place after a disturbance if the quantity within the square 
brackets in 22.7.50.0 is negative. The first term in those brackets 
involves the ratio between the equilibrium power output and tho equi­
librium tcperature. This ratio is indepeDdent of the power output it­
selt and depends only on the type of oooling system in use. The seoond. 
term. however. is directly proport'ional to the power output. Consequent­
ly. for a pile with any fixed rate of ciroulation of ooolant the re&ponse 
to a ther.mal disturbanoe will never be osoillatory if' the power output 1s 
sufficiently low an4 will always be oscillatory if' the power output is 
sufficiently high. 'I'he critical power outpl,lt at whioh the, transition . 
occurs between the one type of' response and the other is given by the 
·equation: 

Pcritioa1 == (12500 0 sec) B (Po/'I'oH)2 (22.7.51.a) 

Adopting the numerical values shown in '!'able 22.7 -52. we f'ind tha.t the 
oritical output of' the Clinton pile f'or osoillation is (l~) meg.a.watt 
and f'or the Hant'ord pile is 400 megawatts. The f'irst f'igure i8 .tar 
below normal operating oonditions at Clinton and the second 1s ccnsider­
ably above the output initially expected at fBiJ:lf'ord. Consequently. 
osoillations of' tamperature and power are to be antioipated. in the one 
pile f'ollowing a disturbance and a s~ple relapse tc normal conditions 
to, be expeoted.in the ot~r case. The quantitative and qualitative 
f'eatures of' the response are presented in f'urther detail in Table, 22.7.52 
and in Fig. ~.7 S~. Qualitative experimental information on the be­
bavior of' the Clinton pile oonfirms in a general --7 the ,conclusions ob­
tained by this simplif'led mathematical analysis. * This cont'irmation of' 
our general method of' apprcaohgives same assurance that the Banford piles 
will show the very smooth and rapid selt-stabilization propertiea pru-

'22.7·50 

22.7.51 
Oscillations 
when power 
exoeeds 
critical vab 

dicted f'or them above and illustrated. in Fig. 22.7.~. :May, 1944 
*Amcre detailed analysis' las sipge been oarried out f'or the Clinton 

pile by L. W. Nordheim. II-CP-1611. 1944 lilly 15- He f'inds satis.factory 
agreanent with observation. A discussion with him of' the corresponding 
lJinf'ord problem indicates that allowance f'or the f'iner details of' the du­
laYad neutron decay and for finite heat conductivity of' the uranium should 
DOttparkedly change the oonclusions reported in Pig. 22.7.53. ' 
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Table 22.1.52. TBERl!AL SBIJP-STABILlZATION OF COOLED PIlES 

Full flow of ooolant maintained and position of oontrol rods kept oon­
stant while temperature and power output of pile approaoh or oscilla.~ about 
a steady state value. Multiplication £aotor assumed to drop 2 x 10-5 per 
°c rise in effective average temperature of metal and. to be praotically un­
affeoted by graphite tanperature. Uranium aots as thermostat and stabilizes 
its power output at a level whioh will just. maintain the temperature required 
to compensate the a'V&.iIable exoess k. Graphite tempera.ture assumed. to .rolldill' 
power output but not to a.ffeot it. Heat capacity of metal 0.030 cal/~oc or 
(1;8) megawatt seo/metric ton °e. Figures belOV'i conventionalized; accurate 
'V&.luea depend upon loading pattern. Conolusions illustrated in Fig. 22.1.53. 

Quaritit:y Symbol Clinton Hanford Hanford 
.. 

Normal ~o.er output Po 1* IMW 250 *' 
Metrio tons of uranium 40 160 160 

Heat capacity of metal H· 5* 8eo;oc 20* 6eo;oC 20Hw S8C;oC 
a.tio of normal power to heat 

I capacity gives initial rate I 

of cooling on shutdown pofH I 
0.2 °C/8ec\0.05 °e/sec 12.5 °e/seo I 

Order of mai!7li tude of menn I 

temperature ele'V&.tion of metal '1'0 
, 

1000e 0.4°e 1000e , 
.1 

Fraotional deorease per second 
i 

in case of shutdown or rise 
per second in case cooling 

pofrrro ! 2xlO-3/seo fails while pile is runnitlg O.l25/eec 0.125/880 
Reoiprocal of last raw defines 

BToIpo 
, 

oooling period in seconds 
, 500 sec 8 sec 8 seo , , 

Cooling medium I air vater -water 

Critical power output ~50 P o2)r Jil 1;1+0 Mw 4OO1b1 4001!W 
! 

,~pera.ture coefficient ot k -2116'5/olc -2:x16'5,JOC -2xlO-5/,C 

' __ perature ooeffioient of growth oon-
-2xlo%ecOC 

-4 0 stant! allowing 0.1 seo effective 
-2xlolraeooC meLn ife per neutron generation 

-2xlO /8eo C 

iJ1te of fall of growth constant with 
2.5xl0'/se02 t1Jne in absence ot co0!m 4xio5/sec

2 10-5/8e02 
(preoeding row ttmea P I 

I 

Continued on next page 
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table 22.7.52 .. GoD'd. 

Quantlt)r Cl1Dtaa ~or4 

Chal"lloterlatl0 ezponents 1D solu-
tion (22.7.C;0.0 ot S~b~tl~ 
probltia .. (p. o).:t (P. 0) 

e.4 row 
81"er et!:nent r~.sents -1 
essential 7 the I"Il at whloh "US .. 0 
uranium t.peratuN a4iust. (reoiprooal 

c .... ltseU to a valu. whl0 will, no is 8 MOO") 
CIUI')' to ooolant tM Mat al r_l 

ot 1 t is pr04uoed apeD-
two 
r_l smaller exponent represent. ent. -5 1 

'~ 
e.sentiall7 the rate at whioh e x 10 a.o-

I ate ower outfit u4 tem~rature (reoiprocal 1. 
I lublequen l! hand-iD-haD4 a4- , 5 hour.) 
I just themee ve. to value at • 

hioh exoe .. k 18 jult oom- I I I en ... tod. , l 
OILse Real part re~reaenta rate ot I ,1 xl 1cr' S!O i 

deO&y ot 010 llatlona ' reo prooa a 
ot I lD.1/f m~te. no 

two Camp lex part g1 ve. oiroular 6 ~ s ~ oomplex; 
oam- frequenoy ot osolllatloDl ~~ .. ooad 
p1es tatter quantl!1 div14ed into 

_poUDte 
.rpm gives perl ot one 01011- lD.14 minute I 
ents lation 

Faotor by whioh a.mpl1tucle ot xp(16.74116·67) 
oaoillation 18 decreased in = 2.13 
one eriod I 

_ral solution or stabilhation rC""":I5lx~t 1.s_P(~t 
problem oontains two arb1trarr oon- 008 6. x 10- +Da:Itp(-8xl t) 
stants, C and D, {or Cand. to (t .. to -226~ 6.P= llxElO 
8P in Mr, 81' 'in °C, t in aooonds ~p{-lxlO',t) exp{-o.125~· 

ooa ·25::dO- -+Da.p(-8xl.(T' t) 
(t - to) 

22.7.52 

BAnford 

.10 .. 0 .. 1 

(reoiprooal 
ls 10 aeOODlla) 

!-2.5 x JIPaeo-l 

!(reoiprocal 18 
I ~ .eooD4a} 
I 

DO 
oOlDpl_ 

expoDeDta 

d!=Cexp (-o.D25~ 
i£'Dexp( -0 • lOOt ) 
8P=2cexp (-O..a?5t 
-t:De7:c> (-0 • loot ) 

"~y ,1944 
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Clinton a1r 
cooled on. 

with contro18 
.t1:ud at 

point sucb 

101°< 

that average 1000 
-tal. ~ 

perature 111.1.1 
ultblateq 
... to equi-
11lr.1._ .t 

lOOOc • 

....... 
?oJ 
'-l) 

~ 

. ~ 

r. 

9BOt 
I 

0·9 

~/' 

" 

t 0.5
0 

IHHIrI I fHJ mntr Ft 
lIe~ t __ 
perature rn:lnu8 
initial coolant 'fIHHHHI 
temperature in 

'1 , 
~ 

0·95 

OC··I 0.4
0 111m __ 1Jfl11 fffj tr~1 . . t . t·. " It" t .1 '·\11 • t '. . l t·t·. 

t 
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THIRMAL 

SELF - STABILIZATION 
or: COOLED PILES 

t I. Intervals of 4 seconds 
• •• Intervals of 100 seconds 
• • •• Intervals of 1 hour 

ADO Pile in equil~briUDl at lower tempero.t'lre has 
rod sudden11 displaced to position correspond­
ing to equilibrium at higher temperature. 

OEFO pjle in equilibrium until rod t. q'llckl7 
moved out and as qulckl, r.,stored, thus sudden-
17 raising heat production. 

ABOO PilA ~n equilibrium at 101ft!llr ~ output 
. until temperature 01 c"olant suddenly drops • 

248 2SOlbr 

Hanford water cooled pile with control. J 
fixed at point corresponding to equilibrium 
elevation ot metal temperature ot <~~:~ 
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J.mCHA lUSH Of CONTROL 

22.8 MECHANISM OF CORTROL 

fhe evolution ot the control mechanism in the hands of the Chicago 
Metallurgical IAboratory and the d.u Pont Campan)" has pa:re.lleled the 
transitIon of the pile .fram.an experimental tool to a produotion unit. 
Control rods ot adequate meohanical strength and neutron absorbing power 
have been developed. Mechanisms to drive the rods have been designed. 
built and found to operate satlatactoril)". The freedom ot operation ot 
these, mechanisms has been limited by automatio circuIt. designed to re­
spond 1mJnecl1ately to ohange's in the condItions within the pile. and to 
gua.rantee that the operation of the pile will meet all agreed-upon 
standa.rds of safety and. good practioe. 

In this section we shall tirst summarize theoonsiderations ot re­
liability and health ha.~rd' whi~h have intluenced the choice ot means of 
oontrol. not only in the Argonne Forest pile and. the Clinton semi-work. 
pile but 'also in the tull scale produotionunit at mmtord. Then we 
shall desoribe the Hantord control system as illustration ot· these prin­
oiples. Next oomes a brie.f aocount how the philosophy o.f control cir­
ouits has oame to depend largely o~ the pile itself for selt-stabllizatio 
in oontrast to the earlier reasoning in favor of oompletely automatio 
regula tion . ot rod. poai tlons. Fins. ll:y a description o.f the Hanf'ord "on-
trol roam, the start-up of the produotion pi!e. its normal operation, and 
its shutdown will complete our discussion o.f the mechanism ot control. 

Induce~ radioaotivity is the .first ot the .factors whic~ influence 
the ohoice between gaseous. ;liquid and solid types of oontrol., ,A sub­
stance whioh reduces the multiplication factor of a 250 megawatt pile by 
1 percent undergoes neutron induced transtonnatlons at & rate eq~l 'to 
the produot o.f the following faotorsl 

0.01 tranStlUltation per neutron 
2.2 -6 neutrons per, fission 
1/20Qxl~6xl0 fissions per erg 
250:1:101;1 . ergs per seoond . 

1_7xl017 nuolear ohanges per seoond, or 0.74 gl'UUi 
atoms per month. ~ rate of transformation 
equal to 4.6 x 10 curie. 

transformation at this rate will induce an intense radioaotivit:y in all 
but a few el-.ents. fo search for a Control material whiob will not 
leove a health hazard' on this soore we inspeot the possible reactions ot 
mtrone under four bead.: 

'(1) lfeutron oapture b)" a stable isotope to form an aotive isotope 
with,DasS number One ,unit higher. Bighradloactlvity will 
result unless the, radiations frOm. the l1fJIr nuoleus have low 

22.8 . 

22.8.1 
eveloPment 
t oontrol 
echanism 

22.8.2 
Outline, 
prinoiples 
of des1PJ 
oonstruction) 
operatIon 

22.8., 
Induoed 
radlcaotlv1t, 
as factor, in 
ohoioe of 
absorbent 

. energy or its lite 'time is _ '9817 long in oCllllpariaon with the 
proposecl time ot use of the oontrol _terial. MODC instances 
of th'~s tJpe noile is Jmaw:ilwbere the 1D.1t1a1 nuoleus laa & hip I June, 1944 
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enough capture oross section to make a sath1ll.0tory absorbent. 

(2) Neutron capture by a stable isotope to tor.m another stable 
isotope would be the pertect reaction if it alone could be 
guaranteed. Dowever, isotope separation at this time is 
neither oheap enough nor oomplete enough to al10w isolation 01' 
isotopes tor oontrol purposes. And amongst the stable isotopes 
will always be one which. 11' it captures neutrons at all, gives 
rise to an aotive nuoleus. we therefore exolude reaotions ot 
type (2) for the same reasons whioh applied to group (1). 

(}) Neutron taken up by fis8ion reaotion, f18sion produots radio­
aotive. !he radioaotivity is too great in the case '01' the 
splitting of U-2}5 and Pu-239. quite apart £ram the absurdity 
of using a neutron multiplier as a oontrol. The other slow 
neutron tission reaotions whioh result in aotive produots, 
N-14 (n, p) c-14 and 0-17 en.oe) c-14, have too low oross 
seotions to supply effective absorption meohanisms. 

(4) tfeutron taken up by f1&81on reaotion. fission produot8 stable. 
Only two known elements, lithium and boron, lead to this type 
ot trans~~tlon, but both pave big enough OroS8 sections, 
90 x 10- 'amf and 700 x 10-24~. to be very effeotive absorbers 
Absenoe of induoed radioaotivity gives them an edge over all 
other elements for use in controls. ' 

Boron and lithium being the only strong absorbers free of induoed 
radioaotivity. and neither of these substanoes being capable of use in 
gaseous form exoept in combination with some other elcent, it follollB 
that a gaseous oontrol will beoane radioaotive. Granted that leaks 1n 
the pile are inevitable. the aotive gas will oreate a problem in whatever 
way it 18 handled. Ir above atmospherio pressure, it will escape to 
same extent a.ll the time and. in case ot meohanical 1lI.ilure will rush out. 
The evident danger to personnel has so far excludod this type of system. 
The other possibility, operation below atmospherio pressure, will draw 
1n all the time a oertain amount of contaminating air. Arrangement bas 
to be made to separate the oontrol gas from the air. Both these gases 
are aotive and they may carry .,ith thsn radioactive oontami~nts from. 
the pile. Dlfriculty under these oonditions ot servicing the separation 
equipment has proved a oonvinoing argument a~inst this alternative 
soheme for using an absorbent ~s. And any for.m of gaseous oontrol pre­
sents not only a radioactive haZArd but also a general menaoe to safety, 
because it may fail to halt the chain reaotion if for any reason the 
manbrane of the pile is ruptured. Both considerations have limited 
attention to liquid and 8011d absorbers. 

Liquid controls bave the same disadvantages as ~seous oontrole. 
Any pump used to adjust the level of the liquid and the 10S8 in mul ti­
plication factor may beoome diffioult to servioe owing to deposited 
radioaotivity_ The more 1mp~rtantobjeotlO1l 1s the ohance of failure 
of the piping. Whether it oorrodes through o'r fails by shook, there 
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reaulu a two-edged daDpr. The absorbent flu14 _y drain a_y to thB 
exterior of the pile or to a point in the refleotor. !hen the POW8I" 
output of the pile will rise out of control. Or the break may oceur in 
the center of the struoture a.nd allow the poison to be sonked up in the 
graphite. In this oaae it _y not be possible to clean out the pile. 
Its usefulness is destroyed. Only if all other emergenoy control de­
vioes have tailed and the pile is on the way to possible self-destruotion 
has it been oonsidered reascmable in designing the Hanford pile to make 
provision for injecting neutron absorbent fluid. On this aocount the 
liquid control 1s known as Ita fi:oal safety device". Such an emergenoy 
control obviously rtJI/iI.y lave to funotion in an overheated. pile. A liquid 
alone might be boiled away. The 1'lu1d in the Hanford 1'1.n&1 safety con­
trol therefore contains dissolved boron. !his absorber will be deposit­
ed out on the walls 01' the tube under boiling conditions. . In this re­
speot the liquid control is reliable only to the extent that it is 
equivalent to a 801id control. 

Piles built to date are controlled by solid absorbers. Rigid 
objects are reliable in action and they coni'ine radioactive lazard to a 
de1'inite region of space. The prinoipal possibilities 1'or solid control 
are sheets. rods. wiree and shot. Choice between these forms has been 
based on a coDlpromise between requirements 01' control theory. protection 
against radioactivity. 14m meohanical silolplicity. A single control rod· 
5 feet ill diameter .bas no more e1'fect on the reactivity of the pile than 
9 control rods 4 inches in diameter. A hole 5 feet in diameter leading 
out from a pile would obviously create very difficult problems of shield­
ing and personnel protection quite apart from the mechanical difficulties 
of operation of a rod of this size. The rods of smaller size are 
evidently muoh the more practical. W'nether the qontrol systems of the 
future will go still further in this direction and opcre.te by mean.s of 
wires drawn in and out of' the pile is a.n open question. The !Ianford 
design did. not go to this extreme partly because experience at the 
Argonne and at Clinton had so far proven only the reliability of large 
oontrol rods and partly also because it was desired not to have too many 
individual units'passing thro\lgh the pile. The 4-3/8 inch space between 
graphite stri~ers set a natul'l;l.l upper limit to the size of control rods. 
It was fortunate thnt with this upper lb.it on din.meter. the required 
number of rods Vias su.fficiuntly ~reat to bU£lrantee satisfactory perform­
ance in case of accidental failure of a s~ngle absorber, yet small enough 
not unduly to complicate the design of the machinery for operation of the 
controls. 

One solution of the control problem along the lines jtlst discussed 
is illustrated by the Hanford system. It consists of two regulating 
rods, 7 shim rods# an additional shim through replacement of uranium 
slugs by poison cylinders, 29 safety rods, and a final safety device 
which injects into the pile a boron-containing solution. The prinCipal 
features of these controls are summarized in Table 22~8.8,and Fig.l.4.8 
shows the l~yout of the rods relative to the pile. A more complete 
description of the mothod of insertion is best combined with an account 
of the internal structure of the rods. 
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'!'he shim and regulating rods are e:aaotly alike and are built as 
shown in Pig. 22.8.10. !he neutron-absorbing element is a fil:m ot boron 
flame-sprayed in the torm 01' an aluminum-boron mixture onto the outside 
01'. three long parallel aluminum tubes bound together as a single unit. 
transmutation 01' the boron by neutrons is ~loulated to weaken the ab­
sorbing power 01' the tUms by' only a fn peroent in the course 01' a year' 
operation. the advantages of' boron from the point of view of heat 
generation have already been reviewed in Section 22.6. Boron does not 
rebroadoa.st the heat of condensation of' the neutrons in the fona. of 
gamma rays. In th18 respect this element is to be preferred, to cadmium. 
It is much easier to remove power liberated in the control rod than it 
is to take oare of surplus heat produoed in the oenter of the pile where 
the normal oooUng means are a.lready loaded to the limit. Furthermore, 
boron remains a so11d at temperatures where cadmium h8.s melted and per­
ha.ps permanently damaged the surrounding reactor. Pinally. the thermal 
output of one boron c'oated rod of Hantord design is at most of the order 
of magnitude of 35 Jar. 

Heat generation in the control 18 kept small and removal of this 
heat is simplitied by the ohosen design. Aluminum is used tor the 
framework of' the rod because of its low neutron absorbing power, which 
prevents significant generation of' nuolear energy, and its low density, 
which reduces the production of' heat via absorption of' ~ raya fram 
the pile. Fram both sources together the boat is only a fraction of 
that generated in the boron itself. Transfer 01' this heat to the coolan' 
is promoted by the intimate contaot between the boron and the underlying 
aluminum tube. '!'he rod. is cooled by water. t~ ga1l9ns flow per 
minute down the central :aluminum tube and return through the two outer 
tubes. This arrangGment minimizes the danger of' warping the rod through 
thermal expansion. Each alwninum tube is about 74 feet long; ·34 feet 
of its course is in the control rod proper and the remainder through a 
40 foot extension on the rod. this extension carries a rack which 
meshes with a driving pinion. The aluminum. tubes are oonnected at the 
end of the combined rod to f'lexible hoses which roll up or unroll fram 
reels accor.ding as the rod is moving out ot or into the pile. 

other features of the ccntrol rod dosign are intended to reduce 
exposure of personnel to sources of radioactivity. The rod moves in an 
aluminum thimble. It prevents the escape f'ram the pile of helium or any 
admixed radioactive gases. this construotion makes it unneoe~sary to 
have gas-tight sliding fits. However. air present in the thimble w111 
be displaced by the entrance of a. cont:-ol rod and create a health hazard. 
For this reason prOVisions are made by whioh carbon dioxide can be intro­
duoed into the th*imble in a cc;intinuous stream~ '1'his gas develops ~ 
activity about one hundred times les8 than that of air. 

Bscape ot radiations from the pile is minimiced by providing tor 
each rod a special passageway through the shield, similar to the arrange­
ment by which the 2octa. water tubes enter the front face of the pUe. 
However, nearly 1/8 inoh clearance 1s allowed to insure freedom of motion 
So much radiation escapes through this crack during the operation of the 
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PurPos. of oontrol device 

• eutron absorbent materu.l 
CUried al 

struotural element 

ok for one rod or tube 

lumber of rods or rubes 

. ($ k tor all rods or tubes 

Out.ide cl1meJlaiOJl8 of mov-
able element or solution 

OUt.id.e dimena10na of Al 
piela 

8pa.o1D& ot rods or tubes 

&tteotive length in pile 

Direotion of introduction 
relative to uranium oolumna 

..thoel of operation 

-.-

Speed. ot travel 

-

~'iiu 

table 22.6.6 aBARlCTERISTICS or COITROL 
SYStBII OF BAlfPOBD WADK-OOOIZD PILI 

Fine oontrol Day-to-day shim tong r:rlod . sh 

boron boron cadmium 
ooating on 3 ooating on 3 10"Od-9O% 
Al tubes Al tubes Pb alloy 
ho 110w Al bar ho 110. Al bar formed into 

slugs 

0.0016 up to 0.0030 up to 0.0025 

1 normal, 7 rods up to 30 of 
1 standby 2004 tubes . 

0.003 0.014 -0.035 

9.2am x 4.45om 9.2am x 4.45 am 1.8om radius 

10.2am x 7.8<111 10.2om x 7.8 am 2.2om radius 

1280m vertioal, 
162<111 horizontal 

1260m vertical, 
162am horizontal 

down to 106 
om by 106 om 

1060 CIII .. 1060 om 760 om 

horizontal, horizontal, horfionta 1, 
perpendicular perpendioular parallel 

d1fferential hydraulio motor same proced-
oo~pledon one clri ven nor.mally ure used for 
end to fast by pump,in emerg· oharfing 
eleotrl.o driVe, ency by aocumu- ~ran um slugs 
on other to .low lator 
electrio drive 
lows~eed adjust 3 1nOhe'tseOOnd !half hour to 
able 0 0.01,0..(2 norma 1 n or out empt~ tube. of 
0.05 or 0.10 mot10n,30 inches, ~ran um slugs 
1noh/.a80 J hig!l seoond for emerg- and reload 
speeel acl)lltibla enoy insertion poison slugs 
to 0.5,10°

117
0 0 

or 3.0 inc 8e~. 
---

., . 
., .: '" r.( 

''''"---'1 e 
' .......... ,/ 

22.S.S 

Normal Extra 
safety safety 

boron boron 

1~5% B in aqueous 
steel solution 

hollow rod thin walled 
Al tube 

up to 0.0031 up to ...... o.oo34 
29 rods 2;t rod wells 

- . 

-0.040 -0·045 

2.86om radiue 4.29cm radius 

!b&b 

4.45om radius 4.45c:m radius 

128am perpendicular to flow, 
610m parallel to flow 

1060 om 1060 om 
-
vertical, vertical, 
perpendicular perpend lcular 

gravity,.hen solution 
deaotivation !driven in by 
of magnetio compressed air 
latoh releases when va 1 ve ia 
cable winoh opened 

1.7 seconds ~ 3~ second. 
for nearly to eg~ t~ 
oom/leta entry, entert;8 ou 10 
O. ' seo. more seo. 0 becQIIle 
for last 5 tt effeotive 
ot travel, 

,. 
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reaso_ble &mO\U1t _y be natrca 10M tollowiDg tabulation ot the type 
ot c_ug •• in k whiah th •• e rod. JIlUst be able to oompensates 

1J::Is. In multiplIcation faotor due to boat1D& 
of pile operat1D& at 500 Ilep_tta -0.004 

Order of _p,Itu4e of ohl.Dge in multIplication 
faotor due to poleon1Dg or selt-pramotIaa 
in 100 days' operation at 250 megawatts -0.010 

Deticit in multiplication factor required tor 
rapid shutdown ot o_in reaoticm -0.005 

OVer and above the shim oontrol due to the 9 control rods an ample 
margin of adjustment tor long period omnges in k is provided by' the 
possibility ot replaoing uranium slugs by poison slugs. !he possibili­
ties thus to improve the power distribution in the pila and to ga1J1 
inoreaaed yield are discussed more tully in Chapter 18. the poison 
slugs tor use in the Bantord pile are made of an all07 ot 10% Cd" 90% P'b 
by weight, plaoed. in alumIllU1D cans similar to those which proteot the 
uranlwn itself trom the oorrosive aotion of water. 'the high cadmium 
content makes the rode effectively opaque to thermal neutrona. A higher 
cadmium oontent would be of 11ttle adw.ntage. On the other hand, a 
lawer proportion of this absorbent would weaken the control pOWBr per 
dug. require more slugs, and therefore cut down the number ot uranium. 
slugs available for plutonium production. 

22.8.16 

22.8.17 
ditional 

shim via 
poison 'sluga 

In contrast to the Hanford controls 80 tar discussed. the 29 safety 22.8.18 
rods enter the pile vertically. they are calculated to reduce the safety 
overall multiplication factor about 4 peroent' accounted tor 8.S follows: oontrol 

Possible increase in multiplioation tactor 
due to complete 10s8 of water 

Defioit in k required tor quick shutda.n 
Extra marg1n of safety in design 

0.02 
0.01 
0.01 

The margin of safety guarantees shutdown C?t the pUe even in caae ot 
failure ot: several of the rods. 

the satety oontrols are holloW' steel rods containuig 1.5 peroent ot 
boron by weight. the wall thickness is 3/16 inoh and the outside 
diameter 1s 2t inohes. Each rod is 40i feet long and weighs 250 Ibs. 
the bollOlf struoture reduces the shock to the overhead baming on suddan 
stoppage ot the rods. 

Ileana }:ave been provided to drop the sat:ety rods into the pile 
qu1ckly and surely. Eaoh safety rod is supported by a steel cable, 
(Fig. 1.4.8). This cable passes over a pulley and around a dl"\Ull. 
The magnetically operated latoh normally prevents rotation of this winch 
under the pull of the rod. When the current taila, ei thor throu&h 
eleotrical breakdown or beoause 8. safety relay has been tripped. then 
the magnetio solenoid releases the latch. the drum starts to turn aDd 
the safety rod talls into the pile through an aluminum guide tube insert­
ed in the graphite. The safety rods can be removed from the pile by 

-- -,... l37/;J 
... 

22-.8.19 
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22 .. 8.20 
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winches. Free fall carries the tip wall past the center of the pile 
in the first 1.7 seconds. The last 1 feet of fall require 0.1 seconds. 
During this perioe. the rotation of the winch is decelerated by a device 
which closes the exit pa~ of a hydraulic pump connected to the swme 
sbaft. A buffer located on the pile itself' (see Fig. 1.4.8) supplies 
another means to stop the rod in case the oable or winch fail. 

22.8.20 

.... i 
',~ Positions of the safety rods intermediato between complete removal 22.8.21 

/: .. _I 

-

and complete insertion have been provided for use in certain tests. An partial 
electrio motor is oonneoted ~ eaoh winoh. The motors are normally used removal 
in withdrawing the safety rods fram the pile and may also be used to possible 
10_r them. Any rod can be stopped at any point in its motion in or 
out by an automatic brw.ke in the motor. But whether the rods are all 
the'way out or only part way out .. they are all released in case of 
emergency and drop to the safe position. 

The arrangements for adjusting the position of the safety rods 
during certain tests in no sence makes these rods equivalent to srum rods 
Bo special cooling provision is made.. During the normal operation of 
the pile every rod must for this reason be in ita up position. Then 
the tip is retracted into the tbermal shield on top of the reaotor to a 
point only slightly above the graphite refleotor. ' 

22.8.22 
50 oooliDc 
of safety 
rode 

'fhree meaSW-8S protect personnel .from health M&ards associated. I 22.8.23 
with the aa.fety'rods: 'irst, like the control rods .. they enter gas ProteotiQll. 
tight thimbles. A oontinuous oiroulation of carbon diox.ide is me.in- aga1.nst 
ta.inad in these wells to prevent t..ir .from entering and becam.lng aotivated radiation 
Seooo4, personnel 1a restrloted tram oom1Dg into direot line with the 
beul of rad1atiQll. which escapes through the annulus a.round the drop 
aa.1"ety rods where they pierce the shield. Fhall)". the bottoma azul tops 
01" the hollow safety rocla are plugged. with steel to prevent escape of 
pile ra~1atioD8 through the controls themselves _hen ~ occupy elther 
the 1n or the out posl tion. Onl)" when' a rod is part1a117 inserted. into 
the reaotor does rad1&tion :ta_ a. tree oourse tlirough ita interior. 
Then the iom&at1on level about the pile greatlyex.ceeds the tolerable 
value. Ho_vor. the period of excess dosage _111 DOnall)" be limited 
to tha 2-4 secoDda while the rods are dropping. , 

In caso of" failure of the safety rods .. the thimbles provld.ed tor 22.e.:24 
til-. are .tl11e4 with an aqu.au .olution oontaining about 1.5 percent Pilal 8&feV 
by wight of ~B4o.,. the solution 1a driven out ot storage tanka dev1ce 
b7 compressed aIr and makes 1t. _y into the pile through sp1ral passages 
out in the shield plug - a ho.lloW' t1tt1ns which guides the _fety rod. 
throup tM biologiaal sMew.. and. .hiob. it.elf' mugq fills a steppe4 
hole in this .hi.ld. !hIt eolutloD ta. an e.t.teot on It oompa.:rabl. to 
tbat 01' the _tety rods ~.l_.. With thi. brief' aooount of the 
tiDal _t.V d..,.108 w oOJllplet. enD" 8\\"417 01' the oonatruotion of' the 
Banford. control .,..t... 

June,l~ 
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MECHANISM OF CONTROL 

pile that individuals are oxoluded fram thB oontrol 9ide of the pile at 
these times. When the reaction is cut off, tho radiation tlwough this 
crack is not sufficient to give a tolerance dose. An additional reason 
for excluding workors from the rod area is the activity of the bars them­
selves as they oome out of an active portion of the pile. The induced 
radioaoti vi ty is suffioient under oertain oond! tiona to produoe one foot 

, away from the rod an loni&8.tion level in the neighborhood of 10,000 
roentgen units per hour. The aluminum activity decays very rapidly. 

h\ After about a week, the rod is calculated to be safe for a.pproaoh to a 
'foot distanoe. Aooess to the rod driving maohinery 18 guaranteed in 
spite of the aotivity of the rods themselves and notwithstanding the 
radiations whioh esoape from the pile. The proteoting element 1s a 
wall, construoted as shown in Flg~ 22.8.10. Through it the rods pass 
in small holes whioh may be olosed by remotely operated lead shields. 
This wall, together with the sp1301al ports through the shield and the 
thimble in the pUe, reduoe the radioao~ive hazard to the point where 
it does not' interfere with the operation of the rods. 

22.8.13 

1he shim and regulating rodo, alike in construction, heat production! ~.8.I4 
and induced radioaotivity, differ only in drive and speed of operation. Eleotric. 
Only one regulating rod is used at a time, the other being maintained as regulating 
a spare'. The acting fine oontrol is oonneoted by raok and pinion to a rod drive 
differential gear. An eleotrio motor ~eared to one side of the differen 
tial drives the rod in or out at one inoh per second. The other side 
of the differentIal meshes with n seoond motor which moves the rod in or 
out at 1/100 inoh per seoond. As experienoe is gained. it ~i11 be easy 
to ohange the gear ratio and to alter the speeds for either Blower or 
faster drive. The operation of the motors is remotely oontrolled by 
switohes on the control panel. The two speed drive ~kes it possible 
to adjust the position of the regulating rod quickly and with oonsider-
able accuraoy. ' 

In oontrast to the regulating rod, shim rod racks and pinions are 22.8.15 
driven in or out by hydra.ulio motors at a speed of 3 inohes Per second. Hydraulio 
the hydraulio motor gets its power from 011 at a pressure about 1000 Ibs shtm rod 
per square inoh. A seleotor switch controls the rate of flaw of the drive 
oil and the direotion of rotation of the motor. Interlooking meohanisms 
guarantee that only one shim rod can be withdrawn from the pile at a time 
This provision minimlus the ohance that the power output of the pile 
.111 inorease at a dangerously high rat.. In ca8e of emergenoy, ho1Iever 
all 7 shim rods are pua.bed. into the pile simultaneously at a speed of 30 
inohes per seoond. Por this purpose a weighted h;ydraul1o acoumulator 
1s provided. It stores under high pressure suffioient oil to drive all 
7 hydraulio motora. Considered a. a safety'devioe, the sh1m. rods 
funotion even in case of failure of electrio poWer.' t-hi. certainty o~ 
operation is the reason for adopting hydraulio drive. 

The regulating and shim rods together total 9 in number. t-heyare 
disposed in a reotangular lattioe to make .3 J"01I1I of .3 bai-. _oh. !'he 
upper oorner rods are chosen for fine control 'beoauae of their relat1ve17 
low etfeot' OD k. Introd.uot1on of all 9 rod.s 1. calculated to lOWl" 
the reproduction faotor about 1.7 percent (22 • .3.6,3). !bat this 1s .. 

-~ J 3'4 
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MECRANIS~ OF CONTROL 

The philosophy of operation of the oontrols, especially tho 
regulating rod. has changed in the period be~yeon tr~ start-up of the 
first experimental pile and the design of the Hanford. production units. 
In the beginning no one could exclude the possibility that the multi­
plication factor would inorease with rising temperature. The reaotion 
might be intrinsically unstable, alld a. major oatastrophe was not out of 
the question. In this state of uncertainty it was obviously neoessary 
to place a lreavy burden of responsibility on the control system. It 
should be able automatically to keep the power level within preassigned 
tolerances and to prevent the temperature fram approaching the critical 
point for in~tability. Ccr.sequently. much effort went into the design 
of ingenious circuits and meohanisms wh1ch would so far as possible take 
out of the hands of the operator the routine job of pile regulation. 
Concurrently experiments were in progress to determine the temperature 
coefficient of the reactivity (Chap. 16). When measurements made it 
clear that the multiplication factor or toth the Clinton semi-works unit 
and the Hanford. water cooled piles ,,;culd decrease on heatl~g, a cha~ 
to~k place in the principle of design. The limitations so far imposed 
by electronic relays on the freedom of the operator were much li~htened, 
and the electrical circuits were simplified. The operator now has no 
greater possibil1ty tha.n before to cause a catastrophe; on'.y today 
safety is assured more by the self-stabilizing property of ~o neutron 
reaction than by the d.esign of the regula tine; rod clr~ul ts. 

The nature of: the operator's job is apparent fram a brlet aooount 
of the operation of the Hanford oontrol system. The mana.ger-lent of the 
regulating, shim and safety rods is ooncentrated. in the control room 
seen in Fig. l~.6. For this purpose the roam is provided not only 
with switches to regUlate the motion of the rods but also with indicators 
to reoord their positions and with instruments tc keep track of operatin& 
conditions 'Within the pile and in the water systan. Most of the switches 
tor remute control of the rods are locatad on a control panel. The 
panel lllustrated in Fig. 22.6.27 was developed for the one JIl6£8,watt air 
cooled pile at Clinton and is somewr4t simplur than the corresponding 
Banford. panel. The Banf'ord control room oontains in ad.dltion a panel 
board which gives readings on the pressure of the water to eaoh tube of 
the pile and another panel which indicates the temperature ot the water 
emerg~ f'r0Jll each tube. Other instruments record the temperature ot 
the graphite at. _rious points in the pile, the temperature rise of the 
whole water supply on passage· through the pile, and. the power output of 
the reactor • 

, 
On the control palJel i tselt are concentrated the tel" indicators. 

A galvanometer scale in the oenter of the board registers a spot of 
light whioh moves mar~edly tc right or lett when the activity in the 
pile rises or talls slightly with respect to a preassigned level. 
Pointers 1ndioate the position of tberegulating rod and. shim rods. 
f~e pointers are driven by so-called. nSelsyn" motors whioh rotate in 
aynobroniam with pneratons or the S8JII8 construotion which are coupled 
dlrectl7 to the oorrespond1ng rode. Position can be read to 0.1 inch 
in 400 inches with the aid ot the two pointers on each d1&l. In ad.dltlcm. 
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we now have the pile operating at the desired. power level. Here 22.8.31 
it remains so long as the multiplication !"actor is constant and the .flow Steady 
and inlet temperature of cooling are unvaried. A small change in any operation 
one of these three quantities will produce a temporary disturbance in 
the temperature of the metal and the power output of the pile. First 
the temperature of the uranium will adjust itself to a new value in a tj 
of the order of 12 seconds. then t~e power output and temperature will 
hand in hand shift to the new equilibrium figures in a period of the 
ord~r of magnitude of 40 second.s. as illustrated in Fig. 22.7.53. , ,So 
long as initial equil~brium condition and .final equilibrium condition 
are satisfactory from an operating point of view, the smooth thermal selt 
stabilization of the pile Itsel.f guarantees that the conditions during 
the intermediate period of transition will, also be aatlsfactor,r. !he 
problem of fluctuations in output there.fore re~uces it'sell; to theques­
tion 01' possible tlgctuations in the temperature or supply of cooling 
water. '!B.king 100 C as the order of magnitude 01' the elew.tion of the 
e.f.fective average temperature of the metal above the level 01' the inlet 
water, we conclude that a ,change of 10C in, the temperature o.f tlie water 
oom.ing from the river will result ,in an, alteration of the order 01' I per-
cent in the power output of the pile. A comparable change ,in heat 
generation will be induced by a 1 percent alteration in 1I8.ter tlow. 
Reither type 01' variation should occur quickly and neither should be the 
source of any concern. It 1s not even necessary to change the po~i tion 
or the regulating rod. U one chooses to do so, however, he can hold 
the pOW8r output oonstant to better than I percent. !he operating 
characteristics or the pile are evidently thoroughly aatisf'aotor,r. 

After a long period of normal operation the level' of prOduct oon­
centration will reaoh the point where some of the uranium is due 1'01" 
elischarge. At suoh a time, and also on occaaions when ""paira or other 
ohange. are necessary, the pUe ia shut ,down by,running into it ta 
regulating rod. and the sh.:lmrocla. !he operator can alao cut off power 
produotion by m&nl.:ally tripping one ot' the a.tet;y dev~oe. provided for 
emergency steppage 01' the rea'ltion. bcept in caaes 01' danger. suoh 
.. rgency ahutclown will ncrmally be avoided. thermal ahook to pile aDd. 
equipment should be kept at a minimum to avoid damag.t to the ,reactor. 
on thia aoccunt the operator at the control rod. should extinguish the 
re&ction by introduoing the contrcl rods and. bymo"ing the auf't'icientl,. 
slowly so that the power output dropa approx1matell 1 megawatt per ,minute 
!bus equipment will ):ave • period of the order at 4 hours to adjust It-

, seU to ohanges in t_perat'ure. . 

Emergenoy stoppage of the ohain reaction is aocaapllabed in the 
Jljt.n.forQ pile by any one of thres separate and quite di.tinct ... .reV 
devices I " ' 

(1) sapid insertion o.f the ahm rocls dri"nR1 by the h1d1'8.ull0 
rluid stored in the accumulators. 

(2) Dropping the safety rods. 

(3) Diaolar&1Dc boJ.'Iu solution into the th1:mb1e ... lle 'at tM 
clrop ... M7 'roda. 

== -- ....... 'If '-/3 --' 
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ftue _rCeD07 devioe. are aotivated by a1mor..lit7 1D certain pile 
op8rat1D& oonditioDa. Intormation on thelle an4 other· oonditione 1s 
al.o t:ran8lll1tted througb an annunoiator system to the operator hSmselt. 
Be i8 then in a position to take further measures it he oonsiders this 
aotion desirable. Hanver, be i8 not at l1be~y to. prevent the opera­
tion of the aatet7 devices 'When oonditions arise which have been previous 
lJ agreed. upon al dangerou.. !he following list of these oonditions 1a 
adapted from CbIlpter 'I of the BAntord Bng1Deer Worke technioal Jalnual, 

(1) the shim roda are drlv~n . into the pile under any one of the 
following oiroum.tanoe8. 

H~gh or low _ter pressure on 8117 one of the 1500 (or aoo4) 
tube. in the pile. ~ 

'High ezlt _ter taperatare • 
. BiSh paw.r output .lsmalled frau the ion oba-barwhloh 

normally control. tbe regulating . rod. 
1Dw lev.l o~ ~l"&ul1o fluid ln a.ny one of the three 

. aooumulato ... provided for C!III1IIrgenq clriTe of .h1a roda. 
1Dw flow ot cooliDg _ter through control roU. 
Operator pro.... rel ••• button. 

(2) Aut.atio olrou1t. drive in the shim- rods. an4 a180 drop the 
eafet7 rods in 8117 one of the follc:nr1ng events: 

.' . 
low pressure on oh111ed or UDohi.11ed _ter header •• 
B1&h pc:rnr output as signalled from 8D1 one of three 

ion ohambers. 
Power failure. . 
OpeJ'ILtor pre.sea rol ••• button. 

(.~) Boru: -aolutlan _ 1s foroe4 1Dto the .. tety rod well. 1D &n;Y 
one o~ the ~ollow1Dg 011"QtD8tanoeal 

Jlallur. ot the· aatet7 rods to operate. 
aztr-el7 1_ pnlaure on Wet water hea4el'8. 
)lmual .• 1gsl 'b7 opel"&~. 

lone ot the tilINe .r.v 4evioe. juat ment10ne4 1. op.rate4 in _. 
oertain ab.no~l 00D41t1011.8 4 ..... lop which are -not .1uaocU.at;e17 cla.Dge1"OU8. 
JlGWftr. the operator il not1t1ed b7 the e01lDd1D&. of an alara and he 08Il 
t:bIm ezerol.. hi. jwtgment whe'ther or not to eat ott on. of the _r,-,07 
oontrol.. Mo. the oOlxlitloDi about whioh he thu8 re.lva 1ntelliPlo 

. aN tbtl foll.ow1llcl . 

1DW pre •• UJ"e on cooling .. ter to thenaal ab1,14.' 
Approach to b1gh or low level of hydraulio tlll1cl 1D 

aocumulators whiGh OODDeotwlth shia rocla. 
Low level in ,.. .. rve 011 auPP17' for accumulaton. 
IIJIr leftl of _tel" store4 in high taDk tor -.erprlo7 

oool1D& o~ pile. 
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IBCIWlISII or COJrlIOL 

to th1. _ean. ot 1Dd.loatlDg rod. poai tioD there are ro.. ot ooloNel. 
lights whiob. aooompUsh the eue end in a less aocurate mumer. Lighta 
f'lash red when the saf'8ty rocls are in the out position and shine green 
when tlw7 have been dropped. 1Dto the pile. Switches are at the hand of' 
the operator by means 01" whioh he OaD. move in or out the regulating rocl 
or any ohosen shim 1"04. )lost critical element on the control panel 1s 
the release buttcn. It 18 only to be touched in an emergency to cause 
the satety rods to fall. 

The control rOOlll is the nerve Denter of the pile building. stand­
ing there we can watoh the whole sequenoe of normal operation, inoluding 
start-uP. maintenanoe otpowr at oonstant level, and shutdown. 

Preliminary to start-up the fUll ... ter 8upply 'ia sent through the 
pile and all instrument. and oontrols are oheoked.. Measurements have 
been made to determine the local multiplIcation taotor; sufticient 
surplus metal las been loaded in the pile to compensate the loss in re­
aotlYiv which w111 cccur when the pile 1s heated. Additional excess 
multipiioation faotor may be provided on the tirst run to compensate 
possible poisoning by tissioD preduota. After the magnitude or this 
ef'f'eot shall have been determined the loading will be made in such a way 
aa to take this etteot into aocount more exactly. How the pile is ready 
to go. The tollowing description ot the next steps in the start-up are 
taken rrom Chapter VI .01" the Bantord Tochnical ... nual, pp. 619-621-
"The drop safetY rods are withdrawn. This should produoe essentially 
no change in the power output of the pile since k 18 still below 1.000 
(actually about 0.990). After withdrawing the regulating rod the shim 
rods are withdrawn successively until the k of the pile. as determined 
trom previous experiments, 1s about 1 •. 002. 4The pile power then starts 
to rise tram the slrutdown value ot about 10- watts and should reach 
100 kw in about 10 minutes, doubling intensity every 20 seconds. During 
~18 per1od, the rate 01" rise is checked trom time to time to see if it 
is too large or too small. It the power output is rising too .fast, the' 
regulat'-ng rod is inserted into the pile by an amount to check the power 
output rise back to the desired level. If the r1se 1s too slow, the 
shim rod is pulled out fUrther. Atter a power outpl~t or about 100 lew 
is reached, it l38.y be desirable to reduce the rate of rise to two-thirds 
or a halt that used in br1nbing tho power output up to this level. This 
is done by making a euitable adjustment TIith c~ther tho control rcd or 
with a shim rod. As scon a8 the power level has rea.ohed several thous­
and kw. the various temperatures of the pUe and of the exit \\later have 
risen by an cbservable amount. Duo tc the nego.tlve temperature co- , 
ertioient of k, the raising of the pile tomperatu're reduces the rate ot 
ri8e ot the power output so that the shim rod, or rods, must be pulled 
out additional amounts to maintain the desired rate rise. The magnitude 
01" this effect is suoh thRt k is reduoed by about 0.003 between zero 
power level and a power level ot 250,000 kw. This requires tho removal 
ot about one and a halt shim rods. As the desired power level 1s 
approaohed, the rate of rise in power must be fUrther decreased by 
shoving, in the regulating rod. Tho power output is then controlled at 
250.000 kit by moving the regulating rod in or out, depending cn. whether 
the power level 1s above or below the control pcintft .. 
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Wi th this desoription ot nonal 8.lI4 emergenoy shut40wn wa have 
oompleted our survey ot the oontrol system ot the Hanf'ord. pila. lJ.'his 
survay illustrates themeohanism and operation ot oontrol devioes. It 
complements the analysis earlier in this chapter. of the prinoiples ot 
·oontrol. Both theory and practioe reveal the neutronio chain as a 
reaction susceptible to close and reliable regulation. 
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