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'!'HE. LEAKAGE OF NEUTRONS FROM A HEn~ROOEl\lEOUS PILE 

The number of neutrons diffusir,g from a heterdgeneous pile with 

:f'init~ sides oan be oaloulated more aocurately than in the. usual-simple 

theory by extending the oaloulations given in CP"'992~ !~The Diffusion 

Le~~h and the Utilization of Thermal Neutrons ina Heterogeneous Pile" 

(referred to hereafter as I). The same notation will be used in this r~= 

port as in I with~ut:f'urther explanationo The method used here takes 

aocount of changes in the behavior of a neutron because of th~ finite 

overall gradient of n across the pile and beoause of the variation of 

the density naarthe individual multiplying . lUmps 0 

Let _e be the leakage per o~ per seoond from the pile divided by 

the produotion per o~ per ·second (let P be t~iS produotion) f) Then it 

is evident thate can be oalculated by obtaining the total leakage from 
. \ 

a unit cell and dividing by. the volume of the cello Therefore we have 

that 

. ~". 11" • 

e =- .-:. 3 j]' ( tv; ~I IT 

'ITT (Y"o+Yj)3 P fl. t. }1, '2 
[ -:In] . (,.-,+r;)"sir> tJJ.&JI, 

?rJr=r;,+Yj . 

From the equation 1~ediately after Eqo~ (40) in I, we have~ . ..,.... ' . 
(.. 50\"".. . ~, 

expanding the e \ J.n powers of S ~that 

n.:: [fs (r) t i g·:i,f/r)-+ [3ts;(rii- 5'?Jf.Jr~{i of 

, ~ 1\ 'i'l (.-,. /")~iJ ~ s: r ' 
f.,rS-m----- s"m .t') ::? (;;,. , 

. " 

Ta~~.:IC~ th'!3 t:l0r~:'1'etive of th:i.s with respEHdi to ~ and noting that all' 

-~"",!",,----------I!1"'---""'IIIIIIIIIIIIII~_'2~ F' 5'.TW_'·:'-'·"-'·~~~~" .. ., ... ' ,E, 
'nat ~.. •••• _ oJ OIlJll 

(1) 

(2) 

THE LEAKAGE OF :NEUTRONS FROM A HET!t;ROGE:NEOUS PILE 

The number of neutrons diffusing from a heterdgeneous pile with 

finite. sides oan be oaloulated more accurately than in the. usual-simple 

theory by extending the oaloulations given in CP"'992~ laThe Diffusion 

Le~~h a~d the Utilization of Thermal Neutrons in ~ Heterogeneous Pile" 

(referred to hereafter as I). The same notation will be used in this r~= 

port as in I with~utfurther explanationo The method used here takes 

acoount of changes in the behavior of a neutron beoause of the finite 

overall gradient of n across the pile and because of the variation of 

the density near "the individual multiplying . lUmps 0 

Let ~ be the leakage per o~ per second from the pile divided by 

the produotion per o~ per ·second (let P be thiS production) 0 Then it 

is evident the.te can be oalculated by obtaining the total leakage from 
\ 

a unit 01911 and dividing by the volume of the celL Therefore we have 

that 

e= 

From the equation immediately after Eq.~ (40) in I» we have 9 
,~..... ' . 
I. 5' r.' . ----,. 

expandiXlg the e \ l.n powers of S ,that 

(1) 

(2) 



,'::.+'1 

'·r 

';,: 

,( 

I 

" 

,I" 
I 

., :, 

'f 
...;::,..)t:.~ 

Gxoep'b two of thoe termo ·va.nish ),,/i1S11 substituted in tb.i9 integ;l:'al of (1) ~ 

we havs that 

--) ;.:rr rr 
\.~ 6.: .. [: . -, I .., 1:f . ,.r. __ _ dt_ LLn~-- l \ t /, ,I {,,~·k ~ A"-:;;': " ~ - 'Iff }{,:'i P :5-;;, (r.Hi J -ri.Jr; Hi~e (5. m) SI,(,f) 6 ~d/. (3) 

;) o. 

Evaluatir,g the integrG.l gives us thlllt 

, Ni (,;"U"" '2 r.c I ) C I I ,l 
e= ~-S LJs1 (f;i-r, +YPI n~-+r,.!Je 

I 

I,... To) 
I.s.,rr 

Sincs we n:f€t only :tnte1"6sted· in cl:).lcule:ting l~e" correot to 'barms 

in S::?ji P is given to the desired degree of sp"pl"o:ximation fry 

-.,. 
,....g;. I ~ 
"s .. rr 

e r= '3 .3' (ro-l- i /) ~~ 
~ 

(~ -\' rl'i; .. 

There1.'ol's 

eo:.:: 
;Z I ___ 

\..J 6:: \.T~ $ .'" :3 IV, ~__ ~ 

-';'2 I~ ;yr. - (r; + ,,) 

t- 1--' L. ~51 ('1~ +Yj ).+ ffj 010 +~ )J 

.f;. 

.)$, and .r: loarl be cbtained from Eos 4 (26) and (27) of I" )~i . \ 

.. 

AftreI' GOiiW alg,ab:ndo <lsnoela1;ioll and l'eal"I'!U'.gernellt of tar'ms ,. it is found 

" the.t the com.bim;d;;ion of is, and ff'\ occurring in 'gq. (6) can be written 

simply h1 1;;erTl'lf> of i'ou:;~ of the o011stants 11 ()(!.l , {3t; » Y» 6 ~ used in I. 

(4) 

(5 ) 

(6) 

I 

" 

we have that 

Sincs we f.\J:'e only :i.nterested· in c:::.lculating !~e" correot to 'carms 

';l 
in S j) P is given to the desired degree of approximation by 

There.tore 

... -
-.,. 

~ t~ If 
e 

" 

.J:. and :£,1 oal'~ be obtained from Ega" (26) nnd (27) of 10 
J St 'fr 

Af'tar soml!) !.l:.lgebn:d.o canoelaticn:l and rsal"ra~ernr:tllt of t<SI'ms I· it is f'oUl'ld 

the.t the oom.bintJi-Gion of fs, and ~,~ occurring in },~q. (6) can be written 

s imply ill terms: of. i'our of 'I:;lla 0011s-cants ~ tfJf!) , f3;; J if:l 6 > used in I. 

(3) 

(4) 

(5 ) 

(6) 
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Th('~ result is that 

r- ..... 1 r ~ [~ ~I.- .,,"" £ • 

e :::: _1l!1L.~..?- { l-*~--L=""'~~'--l If,!, h 
L. \ " -;.t I I' r: :3 --, II Co 'Ji/ r, 

1"'/ .-J. - ~ r+r; 
(yO+~)"3.J _I> 

'1~ e $' h ;WI Yj ...-

J t -I,,")' J- I I ., ... " .,( do G n 'H, tJ -,( (::/)() :.; h rlI r; + -i,;-:-;-- I 
, U- I Q41 _J ~ 

l<1t us mw'define P::1C a~1 't:he numoor of' neutl"onfJ absorbed in the 

moder!\tor per C~. pal' seo in. a with finite sides divided by the 

numbel' produced pel' 00 peT r.ee .. Let f'~(), be the oOrl"espcnd tng quanti 

for eo pile Tdth i:nt'init0 sid$s. L18'1; P::I!.t a.nd. ?=:?lH' be the the!'mal ut5.lizerJ 

"tiiol:1s usua.lly denoted by these symbols without the subscript It 111 
\.t 0 Thei"! 

vvidently wahave that 

P~DC .,. p~ov_:: J J (8) 

e -r p;(. + P2 U == J (9) 

By subtraotion we imJnad.ia.tt~ly obtain that 

,p~o" .,~, f~c ::: e .- (P:?OI.L."- P:?l1.) (10) 

The quant i t-y P:;'/(H4 - P.:1U C~Ul bog 0 btsined .from the exact :cume rical 

oalouls.tion of L ~ 1'or the ton part:i.culal' !.·~dH ohosan ill I by mereJy us5.l".g 

Eq 0 (11) of. r" The quant i toJ a ;) e.n be 0 btail1~'Ci from Eq. ( 7) us blg the 

va.lues of the oonstants ~:, flo I' Y);) 6 obtail!eo f:rom the calculstions 

of !" 'l'he num13:l:'ica! c[~lcul!):l;i()n of e is thus E:d;!'!'.dg;ht1'orward. 'One must 

be 0[":'1'l£'f111.1' h"we'vlf) I' , to compu'te ~~Mh il'ldi-';lidu.sl term to e. sufficient degree 

of aooure.cy as the .. e is Q large amount of ca.noelation when the indiVidual 

(1) 

f 
I) 

. i 
,\" 

·.r, 
J ' 

Th(~ I'esul t is that 

Lat; us mw 'define l'~c M1 ·the number of' f16ut,rona absorbed in the 

moder!;'.tor pel" ~.'. pel' sao in. a 1'1.10 with finite sides c1ividodby the 

for a pile wi tb inf'initG sides. Let Y:::!!.I and Pd'O!.l. be the the!"mal utHiza~~ 

tiona usually denoted by thftse symbols without the subscript Then 

vvidently wohave that 

(8) 

(9) 

By subtraotion we iunnedia'\:;<illy obtain that 

(10) 

The quanti1.,y P:;?"~4 - P.:?Uo can be obts:1.ned from th0 exac'i.; numerical 

oaloul&tion of L;;C 1'01' the ten particulal' ~·s.dii chosen ill I by merely using 

Eqo (11) of. Ie, The quanti~1 8 oan be obte.il1(~Ci from Eq. (7) using the 

valuer; of the oonstants ~o" flD II Y, 6 obtS.1l'lSd from the calcul$,tions 

of ! 0 'i'he nmn;,H'ical oalcu19.tion of e is thus a'l:;raightforward 0 'One must 

be crn'~rul5' howe'vel', to compu'\:;e f.1nch ind.b'idual tGl'm to a sufficient degree 

o£ aoourney as there is a large amount of canoelation when the individual 

(7) 
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terms are ~ddGd ana sub'Graotad ill Eq. (1)" Tabla 1 gives th(';) ''lalues 

otlmputed in this way fox' the thres seta of quantities of in·l;~n""fJf.dj in 

Eq" (10)" 

TABLE I 
e f --p~ f'~I~G - f:a~ - ::;r;1). ! 1."- _~ ... __ wt"_~ 

~- lj S~ -~ ':i - ;( .:;, s 6 
2 4: 111." 106,,1 5",6 

.J 5 177 163 14,,1 ., 
2 6 260,,2 229,,9 30.,3 

;:?, '7 358,,6 30!',3 57.3 

2. 8 1,.\69.7 371,,6 96 .. 1 

3 S 138.:t 129..,8 8,9 

3 '7.,5 22108 199,,1 22 

!3 9 325/f 27'7 QO 48 ,," 

3 10,,5 446 0 6 '35506 91.,0 

:,:; 12 580.1 427,,3 152 .. 8 

This oaloulation g iv-es accurately the dif'ference he"Lween 

gow. - ?:2t.A p;;>"" - 'f.7'" _.--..r--... . .......-. aM ~""'-... ... -~ <> 

'5 p~1)1,.t S ::t -p.,c G 
'fhGS13 quantitieo era given in 'I'able II. 

The last column gives the pr-;l'oentage by 'which p~o,:~~ is ---;:?o 
greater than 

.- I ~D G 
~ 

:? 
S r;o>pt.,t 

=5= 

CCllnputad in this way fOl' -the three sets of quantities of inoCel'fJs'G in 

l'~q. (10) .. 

TABLE I 

e f: -¥~ 9;?I.lG - P:at;. - ~()l). I y. !...~ r ~ S~ ----:;--- s:Z C) s;, 
2 -4 111.1 106 .. 1 5 .. 6 

0) 5 177Q4 163,,3 14,,1 .; 
2 6 280,,2 229,,9 30,,3 

2 7 358,,6 301,,3 57.3 

2 e 1169. '7 371,,6 913 .. 1 

3 6 138,,'/ 129'08 e~9 

3 7,,5 221,,6 199,,1 22.7 

h :3 g 325.« 27'7.0 48,,'1 
'\ 
'I 

:3 10,,5 44606 '35506 9laO 
.~ 

.3 12 580.1 427,,3 152,,8 

grae;cer than 
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2 4 

2 5 

2 6 

2 '7 

2 8 

:5 6 

'Z ,) '7 

:3 9 

::; 10 .. 5 

:5 12 

=0"" 

TABLE II 

1'77 .. 2 

259 .. 7 

351.9 

408~5 

138,,6 

221,,5 

525,,0 

445,,4 

578,,2 

~~.::f:;?.!:. 
s:Z fZl/:'c 

113 .. 6* 

179 .. 8* 

263 .. 7* 

3S2 .. 2* 

47~,,1 

140 .. 4lf< 

22405* 

329 .. 5* 

451 .. 2 

585.,4 

% dH'fere1tC~ 

1 "f~fo'" 

1,,5%* 

1 .. 5~* 

'I fltrt' * _ fJ,c~/O 

1,,2'% 

1,,3%* 

10 4%* 

1,,4%* 

1,,$ 

1,,2% 

.,'1'he :rind figure of the '\1Q1'Vles marked with an asterik is not sign:i.f'i-
(j:,u.rt t) 

It 1& seen that thIS relative ohs!1gE'.! in the fraction of' l'lGutl'Ol1S 

a'baorbeo, by the oa.1"bon l.s a little more than 1% greater than the BG!'!Wt 

fraotion ror the uraniumo 

APPE )\1'0 IX 1: 

'!'ho It usualll values for' the coustants ware used in both CP-992 

and in this reporto Thay ~ra 

tv'!) ~j):: 0.,271 

)fCi/ ::l 0 c 732 

lV, 6~1 ::; 00000418 

)(, r. 0.0208 

i' 
) 

~ 

TABLE II 

., r-' .1 

2 4. 

2 5 1'77 .. 2 179 .. 8* 

2 6 259 .. 7 

2 '7 351.9 

2 8 468,,5 41~ .. 1 

3 6 138 .. 0 140 .. 4* 

3 '/ 221,,5 224,,5* 

3 9 

3 10 .. 5 445,,4 45102 

3 12 68.5 .. 4 

"'1'he final figure of the ·vQlt.~es marked with an asterik i?l not signif'i-
(H.ure .. 

It is seen that tho ~eletive Oh8!1g6 in the fraction of neutl'Ol'lS 

absorbed 110; the oarbon is a litt10 more than 1% g:reater than the samG 

fraction for the urnniuruo 

APPE)'x'D IX I 

'l'ho Itusualll values for' the o\)m~tal"lts were used in both CP-992 

hlo 6';Q:': 0,,271 

)f" ~ 0 .. 732 

N, 6~1 ::; 0 .. 000418 

)(, =: 0 .. 0208 
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APPENDIX II 

Tf.l.blo !II {f~ives ths values for 'the fH'J .... en constants) et,. ~ <:10!J 

(3!l I) b, y, Cf ~ a
l 

:> divl.oed by 'I.i that were obtaiMd ii'om the f"Ul'rt(H"i.eel 

calculations destn'ibed 1l.'1 CP~992., These results should p:roperly hf.l.i1t'J been 

ind uded iti that report .. 

TABLE III 

1-------'------- , .- --.~ .. '~,' .... -,~" 
1_ ---=.-r-va::sT°t: the __ O~l'1eta:nts .diVided by ~as d_~ten:ined by ~~~"_~.O.~!)d.ln~ ~onbitio:n:j 
I~'T 1/ ~o ri" (3~ bYe: --L 4, 
~ 99.02205 .4,582.093 ~l -444.3566 "-i3,621.43 -327,626.11 ",j'i:S'97':'S"--1 
21 5 1154 .. 5295/--4",41580325 ",l04 11 850 .. 1 70:3.,6322 .. 131'192 .. 65 1-317,,31205 -28 .. 612 .. 6 I 
21 '6 1223<046981\-4,327.480 .100,323.98 1,027.694 -12.666.731-304,421.71 .. 60,112.7 I 

304.1444 ",,4:>1620423 ",95,019 .. 80 1>410q324 -'12;023 .. 961~'2B9,20L21-n2.913L8 2 7 

I 394 •3314 1 ~S ,977.906 -89,090 .2711.840.664 -11 ,312 .28 1-212 ,083.21,·189,651.3 

31 6 II ~6 .443771-6,837.1091-105,958.6\ 418.3604 -20,0:8.82 \ .~22 ,35: .11 -11,480.4 

3! 9 11;)608366" ",,6,427,,5891,,94;1966:70 962 .. 2016 -18;2,1.4.88 =292;28,:, .. 91 ~57 ,785..4-I " .' " I 

31 10 ,,5 226<>4551,.6,17108281",,88,124 .. 32 1-:-308 .. 148 -17:.022,,84 -273~155oal-l0f',460 
S 112 288 .. 7732 -5 11 895 .. 206 'I' -80,723.8511,686.295 -15,719.8381-252.241.21-173 ,688 

) I I I L.........L._....;. ________ ._~ _____ ... L-.. .... """""'P'--""'_ .... _,_\_ ... __ ---&. ... ,._"""" ......... _ .. _~_"" ........ ____ __ 

21 8 

{ 
--\ ",'::, 

r , 

'fablo III glV£iS ths values for the seven constants,) !4~:1 .:;vIc tI 

(:Jfj;) b, Y, ef t eLI !I divided by V" that were cbtaiood :from the fl'mn~l!"ical 

oaloulntion!s desoribed h1 CP~992 l} These rrasul ta should p?operly havG been 

inoluded in that reportu 

TABLE III 

2 e S94 .. ~i314 1=3 11 977e906 =69,,090027 J. g 840a654 -11,312,,281-212.1083,,2 ~·189$65L3 

I 31 6 '/6.443771-6,837.1091-106,938 ,sl 418.3604 I -20,088.82 I .322,354.1 -1.l.480.4 

3 9. 16eo83661~ .. 6J42705891·'94,966.10 962 .. 2016 -:-18,214.88 =292;283,,9 ~57,785 .. 4 

31 10 ... 51ZtH5 .. 4551 ~6, 17L,82SI ... 88,124 .. 32 1,308 .. 148 -17,022,,8," -273,155,.8. -105,460 

L tz 
1288.7732 J _5,895.20el ~~::23·::ll.S86'295 .~~~:9~::t~52~~7_±~:3'~:_J 



, "
 

., 

, "
 

., 


