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PILE 'tHEORY LECTURE l\lOTES 

*** 
A. WELl\IBERG 

. APRn.. 20,1) 1943 

Dr' f\J:t *{'t .... ,,\) ;", 1"""fII D' ': . 
t~LAJS;t It . ii;r~~tr;~nso1 

Co 2. ~icati(··n to diffusion length measurement:; ';h,-, .I ~ . ---t?v----- ----~---_. . ~ .. - I~.,-.-v /, 7( ;.:1. 

At great distance .from. sou~ce» no produ-ction s-F' SU VISO~ JBO~A~ORDS, 
of thermal. neutX'ons.. Herrce . / .. ----~. . ,;7]. 

2 .-!.'t -. -~1"'2a An - yi n= 0 I 
2h . 

= 1r' x Tr' ._..;, c 
• • nm - Amn cos ill 28:- COiS n tfbZ e 'I:J/ l1l.\1 I '" .- --, ~ --_. ---/' 

.,;' . /' .--_ .. -.-... ,--..,,_. 

2_2 2" 2 
-. m 'lr. - ~'Q.J!' t «_L - '}t ;;: 0 l'llhel"'e In" n aJ'.'e odd integers 

4
· 2. 1 .•• 2 2 
a. ,+1.) c ron 

, 

2 .2 
X 2 --'2(m '&"'0) Il:: _ II -~ I _. 

. 4.2 
mn 413 4'b 

'For 1.1 harlllon.ic, if ill. ::;: b, 

r
-=------=-m~. '-=""i 

. (1) X 2 ::: _~ _ 'jf_~ 
2 2a2 c . 

Hence from. measurement ot c' (arld So) one can get X 2 
" l~ote tb~,t 

(2) ; )( 2 ~ An 
·n 

is the 2.2!:liant valu.e which the normalized Laplacian has; the qua.ntity 

l\~ is a measure o! £H:..rvat~ of n at each pointo It is positive 

for absorption, negati"'ie for production .. 

To consider higher ha,rwlJrdcs, suppose di.stribution in z "" CI 

plane is 'n(x, y) 0 Then we can expand n(x: y) in. a Fourier series; 
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PILE 'fHEORY LECTUR'~ ~O'f£S 

*** 
A. .M. WEL"iBERG 

'For 1.1 harmollic, if a. = b, 

r
--

2 
' 1='-' 2~ 

X ::: ~- _ 'lC_ 
2 2 2 c _a. - - -

, 

2 
Hence from measurement of c (a.nd a) one can gISt X ~ Note the.t 

(2) 

is the £2Pstant value which the normalized Laplac..i.a.n haa; the q\!\a.ntity 

ful is a measure of 'the Cllr.rature of n at each point.. It is positive n "'. 
for absorption, negat,iV'e for production .. 

To consider M*gher harmordcs, suppose ai.atribution in 3 c .. 0 

'plane is 'n(xp y) 0 Then 'ne can expand n(x, y) in a Fourier seI'ies; 
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n (x, y) :: L: L A.mn cos mllX cos n~ 
nm, 2& 2b 

b a 
f f cos n(xl' 
-b-a 

be,. 
y) cos m1lX cos nIrx. dxdy :: Amn j /' cos

2ms' cos
2

n1!Y. dxdy 
2a 2b -b-a 2e 2b 

<> Amn:: JJ.nJxy) ,q..U2F9,.Y= -LJ/n(x!Jl) cos mJr1k cos rAJ1Y, dxdy 

j 'r 2 2 .1~d' L~s.b "a 2b v cos cos ;.u!.! y . 

This issom.ei,'ihat academic: as it stands because a pure 
Pl"'imary thermal S'OUl'ce is unkno\'lln. For point sourees, Il(X, y,' 0) is 
a d -r~ction, d (x) d (x) ::: 0, x#:o 

'a 
/d(x) r (x) dx= r (0) 

-a 
d( ): ' . _'(X)2 
. x ::: lira e r 

j d{x) - (~) r(x) dx :: f' (~) r~o 

c.) Actual ~eterminaticn of ~ 

In pract,ice ca.rdlot make measurements oo1y wher'B 111 s are 
thermal. In this case!l 

:2 ' 
Any - ).Cml + .1_ q :; 0 

J.. 
where q = number becoming th~r.mal/cm1sec : ttnascent thermal densitytt 0 

If cd. sheet is placed at :x ::: 0, have erfect:1.ve1y placed a sink at, 
x = Oe .New thermal distribution, n'v obeys 

2 i 

6.n'v - PC !1 v+t q :: 0 

Introduce 'V:: n ""' n v, then· 

(1) t,11 V-- X~/~:_../ 
which is identical with Co 2 (1) and so can use, sarne equations as in 
C,,2. Hence by measurement witlland without sheet can eliminate effect 
of go 'Ihis is method actually used for measurement of yt 

:Exel~cise: Find t.ile distribution of thermal neutrons far l'X-Olll 

the source in an intinit~l.y long block of diffusion length:it . if' a 
uS8ndl'dCh" of thickl:fes5 )~ oJ:.' a material with different d.ifftt~hon 
length it} is inserted 0 

• 

n (x, y) ::: :E L Amn COB mux COS nn, 
n m . 2& 2b 

J j cos n(x, 
-b-a 

be. 
) ,."._ ~ '/ 2 w~_ . 2 'IY-Y cos m.!Bf: cos n& dxdy :: Amn j . cos m:~ COB n.,!!Z dxdy 

2a 2b -b-a. 2<:'. 2b 

<>. IL_:; j]n(NlL .t;t.U.at2X == lJjn(X,l) C06 mix cos rAJlt dxdy 
• ."".WIl l( 2. 2. 4ab '2i 2b v v cos 008 dxdy' ' 

This is somewhat academi~ as it stands because a pure 
Pl"'imary thermal s·:;mrce is unknOlllU. For point sources" n(x, y, 0) is 
a d -t~ction, d (x) d (x) ::: 0, X :j: 0 

'a 
/d(x) t (x) dx= f (0). 

-a 
d(x) :: 'Uni e _(~)2 

j d(x) - (~) t(x) dx ::: f' (~) r~o 

Co3 Actual d.nerroinaticf.J. ot 'l.i 

In pract.ice cannot make measurements ocly wher'e n ~ s are 
thermal. In this case!l 

2 . 
AnV' - "'K -mil + .1_ q :: 0 

A 
where q = number becoming thermal/cm1sec :: I1nascent thermal densityrt 0 

It cd., sheet is placed at X .w 0, have ertectlve1y placed a sink at 
x ::: ow New thermal distribution, nlv obeys 

. 2. ¥ 

Lln'v-'P( nv+~q=o 

Introduce 'V:: n ... n e, then, 

(1) ttl V - ~~/~~~J 
which 13 identical with Co 2 (1) and so can use. same equations as in 
C,,2. Hence by measurement with and without sheet can eliminate effect 
of yo 'Ihis is Iflethod actui:ilJ.y used for measurement of It" 

Exercise: find the distribution of thermal neutrons ftl!" i.'rom 
the source in an infinitel.y long block of diffusion length:/~ if:' a 
flsand1rfichn of thichliess J:" of a material with different diffwd.on 
length' n..

1 
is insert.ed. ' 

• 



-0, 

'\ 
\; 

-:.,. 

1 . 

/] , ' 

r'l 
-.) 

~:3-

Exeroise: Find the distribution of thermal neut.lI"ons in a. 
finite bl?ck of length ,,( for a poi.nt so'uree at Je; """, Y :;;: z .: 00 

Corrections III for.t!u.liL for )'(. 

1) Absorption 
Yl = N .j 3~; (1 - I: ) 

"'. 
2) Forward scattering (isotropic sce.tts1"'ing in of. &,. 

systell\) and absorption 

Yl == N ";3c/::7& (1'- £ 
5 
~) ( ) 

cos e::: ~ 
3M 

. M = mass ot scattering atoms 

If scatterer is a "molecule", O"t cos e :: .&(a '0"2) 
, 3, +-~ 

- 1 !II: ,. 2 

-- crM J....O'M.. cos e = 2 -1 2 1 2~ 

J (01 + 0"2) M:tM; 

This is valid 2utside rsgion of chemical binding~ 

To deri va cos a 

t," 

~ ~ angle in Cogo system. 
e Q angle inlabo system 

e g: e (0/) ~--7~fi ~ .. SL . .LJ_. 
1 

cos -a :: 1 ./ cos e d(cos t.p) IIfii: ~ 1I since 
2-1 3A 

cos e :: L+ A COS t.ft .. it.. (Tbis\lIay be left as an 
(1 + A2 .... A cos t.p )~~, exercisso) 

,J~ previous derivation of D, assumed that history of 
particle before it made collision in volume element dv was inm~terialo 
Actua.lly those \vhich came from right. direction on previous collision 
are somew~at more likely to continue in right direction on next 
.flight 0 Moreover", if there is n ,gradient, then weighting in right 
direction due to those from above dv more tha,n compensates weighting 
in wrong direction due to those from below dV4 We could thus -
calculate velocity ,!!ctor distribution out of d~r and from that the 
transport equation .. 

" 

Exercise: Find the distribution of thermal neutl~ns in ~ 
finite bl~ck of length ~ for a point soUrce at x ~y ~ z = 00 

Cor:reetiQ.,DS 111 formula for X. 

) 

2) Forward scattering (isotropic sea,ttering in £0 ot K. 
system) and absorption 

Yt :: Ih/3c/7a (1 '- ~ C;) ( V 1- Cos~ ) 

cos e:= L 
3M 

, M = mass of scattering atoms 

, It 5catterer is a "molecule", 

This is vaJ.id gutside rsgion' of chemical binding! 

'To deri:ve cos a 

c:p = angle in Cogo system 
6= angle in lab. system 

1 
COsa :: 1 j cos a d(cos rp) £ ~!J sinco 

2-1 3A 

cos a ::: ). + A ~os .top ":\.. (This may be left as au 
(1 + A .... A cos <9) "~ exercise 0 ) 

,J~ previous derivation of D, assumed that history or 
particle before it made collision in volume element dv was ~naterialo 
Actually those \vhich came from right. direction on p~eviou5 collision 
are somewpat ffiorG likely to continue in right direction on next 
flight 0 Moreover, if there is n gradient, then weighting in right 
direction due to those from above dv more tha,n compensates weighting 
in wrong direction due to those from below dv, We could thus . 
calculate velocity ,!!ctor distribution out of dy and from that the 
transport equatiQno 
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The result of this calculation is tha.t 

n=l 
3 

t\ V' 

(1'-- cos e 
and Y1. is changed correspondingly. The quantity 

'", 
/1 -"108 #8 

is ofU?n called the "t.I"ansporttl mean free path. 

3) Boundary correction 

~Augmentation length =~I ~ Can get ~ tromthiso 
This correction arises in considering transition from Giffueion to 
"transpon" flow, where ?\ is :fairly app'recie.bleo At a. boundary 'With 
a. perfect absorber, condition is that Fiak 0 slaw flolV and transport 
.flow m.ust match. ' 

~roblem: Show that in 2 dimensions the diffusion coefficient 
is given by D #:I 1\ 'If, " 

(I) 

(2) 

• 
(3) • 

:2 

Note onl-dimensional ditfusion. (See Bethe, Revp Mod. Physics, Vol" . 9) 

Suppose r atoms move to right, ~ t.o 1e.ft 0 Then 

.!L.t = -( ~ '-to ?'a) r + ::§. 1. 
dx 2,".2. 

!!! = -( ~f! -+ <-t)) + "~ r. 
2 ' .2 

dx '. 

'scatt~ring results in revers~ of directien 1/2 ot time .. 

r'l =: - (O"a+~) r' +Gl ((1+cr)R ~ 
f;J' ,. 

....! 1'} 
:2 

= - (!!:i +,as~,) 1"8_ CJs2 r T ~ (~ 'i" t1)X 
a 2 4..2 2. 

Then trom (1) x (3): '1':\t1::: _A + a 1" ~\.!. r:=e a '1" a r . (Cf (5 )2 '~:1 2 (l!) cr 0' 2 ) 

, 2. 4 
c (as ... ca.)O& r 

Diffusion coe.f' u = )... in l-dimenslon 
. 0 

• 1 r' 0:: a r 
... ·a ..La aT S 

(=. ocr 1 )" 
a,+' S 

I 

\ 

J 
) 

The result of this calculat:Lon is tha.t 

,\. v 

ri-'~e 

and Y1. is changed correspondingly. The quantity 

is often called the flt,l"ansport" mean. free path. 

3) Boundary correction 

~Augmentation length =~/ ~ Can get ~ frOmthie. 
This correction arises in considering transition from GiffuBion to 
"transport" flow, where A is tairly appreciable.. At a boundary with 
a perfeet absorber, condition 1s that Fickos law .flow and transport 
flow must match. 

Problem: Show that in 2 dimensions the diffusion coefficient 
is given by D ::: A3;. . 

(1) 

• . . 

2 

Note onl-dimensional diffusion.. (See Bethe, Rev" Mod. Physics, .Vol .. ,9) 

Suppose r atoJ1U3 move to right, ~ to lett.. Then 

iLt :: -( ~+ ?'a) r + 5t J.. 
~ .2.'. 2 

g! :: -(~Et +~))+'~ ~ 
. 2 . 2 

dx '. 

·sca.tt~rlng results in rever8~ of direction 1/2 of time. 

r'l =_(0' +~) rt+tl((1"+'r)g ~ 
.a 2 l'2' 2 

Diffusion coat. I: A. in l-d1m.ension 

1 rio:. O'a r 
.... CJ' .d.. a 

aT S 

a \. 
Ji 1"1 

2 

1 ). od" 
a,+' s 
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, In one dimensional. "1"", "l·t Wl!!¥sis, th~ bound.a.r,y correction 
turns out to be just A.~ (instead of). Ir'J) 11 since at -a. boundary (on right) 
there are nol pal:·tiGles, hence g from equations (1) and (2) 

dn (0' +0' ) ... di:: .... sa·' at boundary 

:3 "" r/}." 

-
Hence extra.polation ,distance is just). in l-dirnensional modslo 

, 
" • 

1 

In one dimensional "i~t1, fill. an~sis, th~ boundary correction 
turns out to be just i..~ (instead of).. Ir3h since at -a boundary (on right) 
there are no 1 particles, hence g from. equations (1) and(2) 

dri (a +0' ) n 
--::: II'U) S a 
dx 

at boundary 

Hence extrapolation distance is just A in l-dimensional modelo 
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